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5d transition metal oxides
Largely accidental degeneracy of electronic correlations, spin-orbit entanglement, 

and crystal field effects results in a broad variety of metallic and insulating states.

W. Witczak-Krempa, G. Chen, Y. B. Kim, and L. Balents,  
Annual Review of Condensed Matter Physics 5, 57 (2014). 
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j=1/2 Mott insulators

d-orbitals

octahedral
crystal field

IrO6 cage

t2g

eg

~ 3eV

spin-orbit
coupling

j = 3/2

j = 1/2
~ 400meV

~L · ~�

Ir4+ (5d5)most common
Iridium valence

electronic
correlations

U
j=1/2 Mott
insulator

B.J. Kim et al. PRL 101, 076402 (2008)
B.J. Kim et al. Science 323, 1329 (2009)Sr2IrO4

(Na,Li)2IrO3

exhibits cuprate-like magnetism
superconductivity?

exhibits Kitaev-like magnetism
spin liquids?

G. Jackeli, G. Khaliullin, J. Chaloupka 
PRL 102, 017205 (2009); PRL 105, 027204 (2010)

Why are these spin-orbit entangled j=1/2 Mott insulators interesting?
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Family of Li2IrO3 compounds
hexagonal layers

harmonic honeycombhyperhoneycomb 

α-Li2IrO3

β-Li2IrO3

γ-Li2IrO3
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Tricoordinated lattices in 3D
How many such lattices exist?
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Tricoordinated lattices in 3D
Classification by elementary loop length (polygonality)

(10,3)

(9,3)

(8,3)

hyperhoneycombhyperoctagon
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Lattice classifications
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Tricoordinated lattices
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A.F.Wells, 1977
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Tricoordinated lattices

(10,3)

(9,3)

(8,3)

hyperhoneycombhyperoctagon

Classification by elementary loop length (polygonality)
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Tricoordinated lattices
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A family of 3D Kitaev models

xx� bond

yy � bond

zz � bond

H
Kitaev

= �JK
X

��bonds

��
i �

�
j

gapped spin liquid

gapless spin liquid
Majorana metal

Jz

Jx

Jy

Jx + Jz + Jy =  const.
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Solving 3D Kitaev models – fractionalization

Step 1: Represent spins in terms of 
four Majorana fermions �↵ = ia↵c

C

↵x

↵y

↵z

split spins

C

i↵x↵x

i↵y↵y

i↵z↵z

regroup
Majoranas

Step 2: Bond operators                        
realize an emergent Z2 gauge field

ûjk = ia↵j a
↵
k
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Solving 3D Kitaev models – the fine print

The emergent Z2 gauge field are static degrees of freedom.
Generically, one has to find its gapped ground-state configuration* via
educated guesses, Monte Carlo sampling or for some lattices via 
Lieb’s theorem.
 

C

i↵x↵x

i↵y↵y

i↵z↵z
}

Z 2
 g

au
ge

 fi
el

ds

Z2 gauge fields are constrained by minimal volumes.

There are only two lattices fulfilling Lieb’s theorem,
the two-dimensional honeycomb lattice and
the three-dimensional (8,3)b lattice.
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Solving 3D Kitaev models – the fine print

The emergent Majorana fermions are itinerant degrees of freedom.
Generically, they form a gapless collective state – a Majorana metal.

The emergent Z2 gauge field are static degrees of freedom.
Generically, one has to find its gapped ground-state configuration* via
educated guesses, Monte Carlo sampling or for some lattices via 
Lieb’s theorem.
*For 3D Kitaev models the gauge fields freeze out at a finite-temperature Ising transition.    Nasu, Udagawa, Motome PRL (2015)
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Z2 gauge fields are constrained by minimal volumes.
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Majorana metals
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Majorana metals
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Majorana Fermi lines

(10,3)b – hyperhoneycomb

X Γ Y A1 Γ Z T
momentum   K

-3

-2

-1

0

1

2

3

en
er

gy
   
E(
K
)

!
X

A1
Y

Z

T
kz

k
x

ky

http://www.thp.uni-koeln.de/trebst/
http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst
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Majorana Fermi surface
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Majorana Fermi surface

The hyperoctagon Kitaev model exhibits a full two-dimensional Majorana Fermi surface.

Recasting our result in the language of spin liquids,
what we have found is the first exactly solvable microscopic model

of a spin liquid with a spinon Fermi surface.

http://www.thp.uni-koeln.de/trebst/
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Experimental signatures?

C(T ) / T ln(1/T )

C(T ) / T

C(T ) / T 2

U(1) spin liquid

Z2 spin liquid 
with spinon Fermi surface

Z2 spin liquid 
with spinon Fermi line

γ = C/T  diverges

γ = C/T  constant

γ = C/T  vanishes

spin-spin correlations               decay exponentially.hSz
i S

z
j i

bond-bond energy correlations                         exhibit
algebraic divergence on Majorana Fermi surface.

h(Sz
i )

2(Sz
j )

2i

correlation functions

specific heat
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Why is the Fermi surface stable?

Symmetry relations

✏(k) = �✏(�k)Particle-hole symmetry

Sublattice symmetry

Time-reversal symmetry

Inversion symmetry

✏(k) = �✏(k� k0)

✏(k) = ✏(�k+ k0)

✏(k) = ✏(�k+ k0)

k0 is the reciprocal lattice vector 
of the translation vector of the sublattice 

hyperoctagon lattice

~a3

~a1

~a2

honeycomb lattice

~a1~a2

~a1

~a2

square lattice
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complex-valued function
E(k) = ±|f(k)|

Stability of gapless modes in the honeycomb model

H =

✓
0 if(k)

�if?(k) 0

◆

Stability of gapless modes in the hyperhoneycomb model

H =

✓
0 A
A† 0

◆

E(k) = ±|�j(k)|
complex matrix

generic band Hamiltonian with TR symmetry

Stability of gapless modes in the hyperoctagon model

H =

0

B@
0 A

. . .
A† 0

1

CA However, there is only a single Majorana 
zero-mode at a given momentum.

Why is the Fermi surface stable?
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The generic instability is a spin-Peierls instability, i.e. the system spontaneously dimerizes 
at exponentially small temperatures and forms a spin liquid with a Fermi line.

Peierls instability of Fermi surface
Fermi surface instabilities arise from additional spin interactions (e.g. a Heisenberg term),
which introduce interactions between the Majorana fermions.

conventional
BCS instability

Ek0/2+k = Ek0/2�k

time-reversal symmetry

f†
k0/2+k

T�! f†
k0/2�k

(complex) fermionMajorana fermions

perfect nesting
between the two surfaces

✏k = ✏k+k0

cj(R)
T! (�1)jeik0·Rcj(R)

time-reversal symmetry

k0

http://www.thp.uni-koeln.de/trebst/
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The generic instability is a spin-Peierls instability, i.e. the system spontaneously dimerizes 
at exponentially small temperatures and forms a spin liquid with a Fermi line.

Peierls instability of Fermi surface
Fermi surface instabilities arise from additional spin interactions (e.g. a Heisenberg term),
which introduce interactions between the Majorana fermions.

Majorana fermions

perfect nesting
between the two surfaces

conventional
BCS instability

Ek0/2+k = Ek0/2�k

time-reversal symmetry

f†
k0/2+k

T�! f†
k0/2�k

(complex) fermion

Pairing terms

f†
k0/2+kf

†
k0/2�k

carry finite momentum      
and can only arise if translational 
symmetry is spontaneously broken.

k0

k0
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Peierls instability of Fermi surface
Fermi surface instabilities arise from additional spin interactions (e.g. a Heisenberg term),
which introduce interactions between the Majorana fermions.

He↵ =
X

k

✏kf
†
kfk +

X

k1,k2,k3

V 1
k1,k2,k3

f†
k1
f†
k2
fk3

fk1+k2�k3

+
X

k1,k2,k3

V 2
k1,k2,k3

f†
k1
f†
k2
f†
k3
f†
�k1�k2�k3

+ h.c.

Recast the Majorana Hamiltonian in terms of
complex fermions (at low energies)

f†
kf

†
�k

f†
k1
f†
k2
f†
k3
fk1+k2+k3

Generic form of the induced interactions
between Majorana fermions

Hint = �U
⇣
cos↵

X

~R

c1(~R)c2(~R)c3(~R)c1(~R+ ~a2)

+ sin↵
X

~R

c1(~R)c2(~R)c3(~R)c4(~R) + sym.
⌘

HBCS =
X

k

✏kf
†
kfk+

X

k
x

>0

�k f
†
k0/2+kf

†
k0/2�k + h.c.

spinless fermions ⟶ p-wave superconductivity

Tc = E0,↵ e�c↵J/U U ⌧ Jfor

high-energy

http://www.thp.uni-koeln.de/trebst/
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Peierls instability of Fermi surface
Fermi surface instabilities arise from additional spin interactions (e.g. a Heisenberg term),
which introduce interactions between the Majorana fermions.
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Generic form of the induced interactions
between Majorana fermions

Hint = �U
⇣
cos↵

X

~R

c1(~R)c2(~R)c3(~R)c1(~R+ ~a2)

+ sin↵
X

~R

c1(~R)c2(~R)c3(~R)c4(~R) + sym.
⌘

All phases break translational symmetry.

Phases A – D break additional 
(rotational) lattice symmetries.

� ⇠ hf†
k0+qf

†
k0�qi

4

FIG. 3. (color online) Upper figure: The largest eigenvalue of the
linearized BCS equation determines c

↵

in Eq. (9). Middle fig-
ure: Phase diagram for U = 0.4J as function of the angle ↵.
There are 4 different phases distinguished by symmetry (see ta-
ble I). Lower figure: For the five phases A-E the angular distribu-
tion of the order parameter �

q

on the Majorana surface is shown
(↵ = 0.5⇡, 0.7⇡,⇡, 1.35⇡, 1.48⇡, 1.75⇡). While there is a single
line node in phase A, there are three non-crossing line nodes for B,
C, D, and three line nodes with 6 crossing points for E.

order parameter point group domains line nodes
A, A’

B k
x

+ k
y

+ k
y

D3 (32) 8 1
3

C k
x

D4 (422) 6 3
D c1kx + c2ky C2 (2) 24 3
E k

x

k
y

k
z

O (432) 2 3 (crossing)

TABLE I. Overview of the symmetry broken phases, see Fig. 3. In
all phases the unit cell is doubled. The first column shows schemati-
cally the symmetry of the order parameter (momenta measured from
k0/2). Furthermore, the point group of the symmetry broken phase,
the number of domains and the number of line nodes are tabulated.

at Tc the eigenvalue c↵ is three-fold degenerate, the phase di-
agram can be understood best in terms of a three-component
order parameter, � = (�1,�2,�3) where �i corresponds to
an eigenvector transforming like ki. Close to Tc, one can use
a Landau description of the free energy of the form

F ⇡ (T�Tc)�
2
+g(�2

)

2
+g0(�4

1+�

4
2+�

4
3)+O(�

6
) . (12)

It predicts that just below Tc the order parameter points for

g0 > 0 in one of the (111) directions (phases A, A’, and B
colored in red in Fig. 3). The order parameter therefore has
a 120�-rotation symmetry around this axis, see also the lower
panel in Fig. 3. In the crystal structure this (111) direction
will be shortened or elongated (depending on the sign of the
coupling to the lattice). In total the number of domains is
8, corresponding to four possible structural transformations
times two different translational domains.

For g0 < 0, in contrast, the order parameter points along
a (100) direction (phase C with 6 domains) and the lattice
will shrink or expand along that direction. Interestingly, it
turns out that all phases besides the phase A are character-
ized by three line nodes instead of a single one, see Fig. 3.
In the language of superconductivity, one would call this an
“extended p-wave order parameter” [22]. The simple Landau
theory (12) can fail at low T and indeed phase D cannot be
described by terms up to order �4. Here further symmetries
are broken (see table I), � points in a low-symmetry direction,
e.g., (c1, c2, 0), and the ordered phase is characterized by 24
different domains. In this case the only remaining symmetry
of the order parameter is that it changes sign by 180�-rotation
around the (001) axis.
Experimental signatures.– The spin-Peierls instability of 3D
Kitaev spin liquids with a Majorana Fermi surface and its re-
sulting nodal-line QSL provide a distinct experimental fin-
gerprint, which could facilitate the ongoing search for Ki-
taev spin liquids in spin-orbit entangled j = 1/2 Mott in-
sulators. In thermodynamics, one expects to observe (i) the
absence of magnetic order breaking time-reversal symmetry,
(ii) an approximately constant specific heat coefficient cv/T
over a wide intermediate temperature range (indicative of the
Majorana Fermi surface), (iii) a structural phase transition
with unit-cell doubling at small temperatures Tc, and (iv) a
low-temperature specific heat with cv/T ⇡ T (indicative of
the nodal lines) with possible logarithmic corrections (arising
from the crossing points of the nodal lines for phase E). Be-
sides the structural phase transition discussed in this publica-
tion, three dimensional Z2 gauge theories (without monopoles
[4]) also show a finite-T phase transition [23, 24] of (inverted)
Ising universality class. Note that we have implicitly assumed
in our calculation that the Tc of the structural transition is well
below this transition temperature where flux lines proliferate.
Summary.– We have shown that a time-reversal symmetric
spin liquid with Majorana surface is always unstable and
spontaneously undergoes a spin-Peierls transition to a nodal
QSL at low temperatures. We expect that this is a generic
property of Majorana surfaces. To show this, it is useful to
classify time-reversal invariant Majorana systems by the value
of the vector k0 characterizing the time-reversal operation in
Eq. (4) or, equivalently, Eq. (5). If k0 vanishes, terms of the
form f†

k0/2+kf
†
k0/2�k occur even in the absence of symmetry

breaking and – instead of a Fermi surface – only a state with
nodal lines forms [3, 24]. Fermi surfaces therefore exist only
for finite k0. In this case, however, time-reversal invariance
guarantees the existence of a BCS-type instability. As any
interaction of Majorana excitations always involves four dif-

http://www.thp.uni-koeln.de/trebst/
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Peierls instability of Fermi surface
The doubling of the unit cell will generically be reflected in shifts of the position of atoms 
and in valence bond correlations.

a) b)a) b)

valence bond correlations along v = (1/2, 1/2, 1/2)

hS(r0 + nv)S(r0 + (n+ 1)v) i ⇠ (�1)n�

space group I4132 space group P4132

spin-Peierls
instability
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Majorana metals
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nodal line
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gapped

Fermi surface
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Fermi surface
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✓
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Breaking time-reversal symmetry

(10,3)b – hyperhoneycomb

Fermi line

(10,3)a – hyperoctagon

Fermi surface

 = 0.1  = 0.5  = 0.75

Fermi surface deforms

Fermi line gaps out, but two Weyl nodes remain

H
Kitaev

= �JK
X

��bonds

��
i �

�
j �

X

j

~h · ~�j

���������

��������� ��������
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Weyl physics – energy spectrum

 > 0

X Γ Y A1 Γ Z T
momentum   K

-3

-2

-1

0

1

2

3

en
er

gy
   
E(
K
)

κ = 0.5
κ = 0.4
κ = 0.3
κ = 0.2
κ = 0.1
κ = 0

Weyl point

Touching of two bands in 3D is generically linear 

Ĥ = ~v0 · ~q +
3X

i=1

~vj · ~q �j Weyl nodes

(10,3)b – hyperhoneycomb
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Weyl physics – Chern numbers

 = 0.05

0

0.5

1

ch
er

n 
nu

m
be

r  
 N
(K
)

Weyl nodes are sources or sinks of Berry flux

with chirality sign[~v1 · (~v2 ⇥ ~v3)]

~Bn(~k) = r~k ⇥
⇣
ihn(~k)|r~k|n(~k)i

⌘

kz
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Weyl physics – surface states

 =
1

2

r
3

5
⇡ 0.39

 =
1

2

 = 0  = 0.1  = 0.4

 = 0.45  = 0.5  = 0.55

evolution of Weyl nodes
in the bulk

evolution of Fermi arcs
on the surface
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Experimental signatures?
specific heat

thermal Hall effect

Applying a thermal gradient to the system, a net heat current perpendicular to the gradient 
arises due to the chiral nature of the surface modes. 

Thermal Hall conductance given by 

see also T. Meng and L. Balents, Phys. Rev. B 86, 054504 (2012).

C(T ) ⇠ abulk · L3 · T 3 + asurf · L2 · T

Specific heat has bulk and surface contributions

K =
1

2

k2B⇡
2T

3h

d

2⇡
Lz

Could be distinguished via sample size variation.
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Majorana metals
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(8,3)n

(6,3)

Fermi surface
nodal line
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Weyl nodes
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Dirac nodes

Fermi surface
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Three scenarios for Weyl physics

(10,3)b – hyperhoneycomb

(9,3)a

(8,3)b

explicit breaking of time-reversal symmetry

spontaneous breaking of time-reversal symmetry

no breaking of time-reversal symmetry
(nor inversion symmetry)

symmetry class D

symmetry class D

symmetry class BDI

finite-temperature transition
possibly interesting (beyond Ising, LGW)

symmetry scenario
beyond electronic systems
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Summary
(stay tuned for more)

arXiv:1506.01379
PRL 114, 157202 (2015)
 PRB 89, 235102 (2014)

3D Kitaev models host a surprisingly 
rich variety of gapless Z2 spin liquids.

Kitaev models are paradigmatic examples
for spin fractionalization.

Analytical control of these models allows to 
provide first examples of tractable spin models

with a spinon Fermi surface or
a Weyl spin liquid ground state.

H
Kitaev

= �JK
X

��bonds

��
i �

�
j

��
j = i b�j cjspin-1/2

Majorana fermion
+

Z2 gauge field
Dirac points

Fermi lines

Fermi surfaces

Weyl nodes + Fermi arcs
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