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Some of the most intriguing phenomena in condensed matter physics arise 
from the splitting of ‘accidental’ degeneracies.
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When do interesting things happen?

interacting  
many-body system

E
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residual effects
select ground state

Some of the most intriguing phenomena in condensed matter physics arise 
from the splitting of ‘accidental’ degeneracies.

But they are also notoriously difficult to handle, due to

•  multiple energy scales
•  complex energy landscapes / slow equilibration
•  strong coupling 
•  macroscopic entanglement
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Example – frustrated magnetism
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Example – quantum Hall liquids

interacting  
many-body system

E

‘accidental’  
degeneracy

residual effects
select ground state

Landau level degeneracy integer quantum Hall fractional quantum Hall

incompressible liquid incompressible liquid

filled level partially filled level
2�/�0 Coulomb repulsion

orbital states
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Example – twisted bilayer graphene

interacting  
many-body system

E

‘accidental’  
degeneracy

residual effects
select ground state

electronic band structure with a flat band in twisted bilayer graphene

Jarillo-Herrero group, Nature 556, 43 (April 2018)

Depending on electronic structure details, bands can have non-zero Chern numbers10,11,32,33, allowing 
for the possibility of orbital magnetism and anomalous Hall effects.  Gapped states at non-zero + occur 
only when interactions are strong enough to shift band energies by more than the flat band width when 
they are occupied, otherwise they lead to semi-metallic states.  
 
Correlated states at all integer moiré filling factors 
 

 
 
 

Figure 1 | Integer-filling correlated states and new superconducting domes. a, Schematic of a 
typical hBN encapsulated MAG device with a graphite back gate. b, AFM image and four-probe 
measurement schematic, with the scale bar 2 µm. c, 4-terminal longitudinal resistance Rxx as a function 
of carrier density n at different perpendicular magnetic fields from 0T (black trace) to 480mT (red 
trace). d, Color plot of Rxx vs. n and T, showing different phases including metal, band insulator (BI), 
correlated state (CS) and superconducting state (SC). The boundaries of the superconducting domes 
indicated by yellow lines are defined by 50% resistance values relative to the normal state. Note that 
the metal-SC transition is not sharp at some carrier densities, adding uncertainty to the Tc extraction e, 
Longitudinal resistance Rxx at optimal doping of the superconducting domes as a function of 
temperature. The resistance is normalized to its value at 8K. f, Conductance Gxx vs. inverse temperature 
at n corresponding to + = 0, 1, ±2	and	3 . The straight lines are fits to ~	?@A	(−∆/2DE)  activated 
behavior and give gap values of 0.35 meV (+ = −2), 0.14 meV (+ = 1), 0.37 meV (+ = 2), 0.27 meV 
(+ = 3) and 0.86 meV (CNP/	+ = 0). g, Mean-field phase diagram for neutral + = 0 (CNP) twisted 
bilayer graphene, as a function of twist angle θ and interaction strength ε-1, showing differnet 
configurations of C2T symmetry and Chern number (C). 

 
Fig. 1a shows the typical device schematic of a graphite back-gated, hexagonal boron nitride (hBN) 
encapsulated MAG hetero-structure. Our stack was fabricated using a previously developed “tear and 

Efetov group, Nature 574, 653 (2019)
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�$ -ATER� � �����	 ������ * !TTIG ET AL

&IGURE �� &EATURES IN THE BAND STRUCTURE OF MOIR� MATERIALS� 3HOWN IS A TYPICAL BAND STRUCTURE OF 4"'� WITH ZOOMS INTO THE BAND
STRUCTURE �C	 AND TWO CUTOUTS ��A	 AND �B		 AS WELL AS DENSITY OF STATES �D	 FOR TWO LAYERS OF GRAPHENE TWISTED BY A COMMENSURATE
ANGLE OF θ ≈ �.�◦�

IMPLIED BY THE LARGE NUMBER OF BANDS INTO AN
ADVANTAGE AND USES IT AS THE BASIS FOR A STATISTICAL
APPROACH ;��n��=� /UR THEORY BUILDS ON THREE BASIC
PRINCIPLES�

• ,ATTICE PERIODICITY� 4HE PRESENCE OF AN EFFECTIVE
MOIR� POTENTIAL REPEATING ITSELF OVER LARGE DISTANCE
SCALES DEFINES A LATTICE STRUCTURE OF PERIODICITY ,!
� ATOMIC LATTICE SPACINGS� A� 4HE LATTER MAY BE
LOOKED AT IN REAL SPACE OR� PREFERABLY FOR OUR PUR
POSES� IN MOMENTUM SPACE� )N THAT REPRESENTATION�
THE SYSTEM IS DESCRIBED BY A FINITE LATTICE OF SPA
CING 'M ∼ �/(,A) WITH O(,�) SITES CORRESPONDING
TO THE NUMBER OF ATOMS IN THE MOIR� UNIT CELL�
4HE MOIR� POTENTIAL DEFINES AN EFFECTIVE HOPPING
(AMILTONIAN IN THIS LATTICE� AND THE DISPERSION RELA
TION OF THE UNPERTURBED LAYERS THAT OF AN EFFECTIVE
ONSITE POTENTIAL�

• !NDERSON LOCALIZATION� 4HE APERIODIC SITETOSITE
VARIATIONS OF THAT POTENTIAL DEFINE A SOURCE OF
EFFECTIVE IRREGULARITY OR QUANTUM DISORDER� &OR
WEAK MOIR� POTENTIALS� HOPPING ALONG THE EFFECT
IVELY ONEDIMENSIONAL EQUIPOTENTIAL &ERMI SUR
FACES IS IMPEDED BY THE MECHANISM OF !NDER
SON LOCALIZATION �IN MOMENTUM SPACE	� 7E WILL
SEE THAT THIS MANIFESTATION OF QUANTUM LOCALIZA
TION IS AN EFFICIENT PROMOTER OF STRONG ENERGY BAND
DISPERSION ;��=�

• 1UANTUM CHAOS� 7ITH INCREASING MOIR� HOP
PING THE &ERMI SURFACES BROADEN AND EVENTUALLY
TURN INTO QUASI TWODIMENSIONAL STRUCTURES� 4HE
INCREASING HOPPING STRENGTH DRIVING THIS DEVELOP
MENT DELOCALIZES WAVE FUNCTIONS� UP TO A POINT THAT
THEY COVER A TWODIMENSIONAL SUBSET OF THE LATTICE
ALMOST ERGODICALLY� )N SUCH REGIMES� THE COMBIN
ATION OF RESIDUAL QUANTUM DISORDER AND DISCRETE
SYMMETRIES CHARACTERIZING THE MOIR� LATTICE DEFINES
WEAKLY DISPERSIVE BAND STRUCTURES CONTAINING ACCU
MULATIONS OF ALMOST� BUT NOT FULLY FLAT BANDS�

!S WE WILL SEE� THE COMBINATION OF THESE THREE ELE
MENTS GOES A LONG WAY IN QUANTITATIVELY DESCRIBING THE
UNIVERSAL FEATURES OF THE MOIR� BAND STRUCTURE� (OW
EVER� IT ALSO EXPLAINS VARIOUS NONUNIVERSAL FEATURES�
AMONG THEM THE FORMATION OF DIFFERENT TYPES OF FLAT
BANDS OR VAN (OVE STRUCTURES�

7E CONCLUDE THIS INTRODUCTORY DISCUSSION WITH A
GENERAL REMARK ON THE LATTICE STRUCTURE OF THE PROB
LEM� -OST MOIR� SYSTEMS ARE QUASI CRYSTALS� THE MOIR�
UNIT CELLS ARE NOT PERIODICALLY REPEATED� AND TRANS
LATIONAL INVARIANCE IS ABSENT INCLUDING AT THE LARGEST
LENGTH SCALES� !S WE DEMONSTRATE IN APPENDIX ! �SEE
ALSO ;�� ��=	� THIS LACK OF COMMENSURABILITY SHOWS
AT ORDERS IN PERTURBATION THEORY ROUGHLY EQUAL TO
THE LINEAR EXTENSION , OF THE MOIR� CELLS� )N A SERIES
OF RECENT PAPERS ;��n��= IT HAS BEEN FOUND THAT

�

spin-valley models
hexagonal moiré superlattice

Universal principles of moiré band structures 
J. Attig et al., 2D Materials 8, 044007 (2021)
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spin-valley models

Hubbard model with spin and 

valley d.o.f. on Moiré super lattice

spin-valley 
model

U ≫ t

Example: Trilayer graphene on hexagonal boron nitride (TG/h-BN)

H =
J1

8 ∑
⟨ij⟩

(1 + σiσj)(1 + τiτj) +
1
8 ∑

⟨ij⟩

J1
p;ij(1 + σiσj)(τx

i τx
j + τy

i τy
j )

+
J2

8 ∑
⟨⟨ij⟩⟩

(1 + σiσj)(1 + τiτj) +
1
8 ∑

⟨ij⟩

J2
p;ij(1 + σiσj)(τx

i τy
j − τy

i τx
j ) + O ( t3

U2 )
SU(4) symmetric

 symmetricSU(2)spin ⊗ U(1)valley

Y. Zhang and T. Senthil 

Phys. Rev. B 99, 205150 (2019)

∑
sl

f †
isl fisl = 1,2

quarter or half filling

electronic correlations

U, JH

hexagonal moiré superlattice

Y. Cao, V. Fatemi, A. Demir et al., Nature 556, 80 (2018).

interlayer hybridization at K and K’ points (valleys)

Phys. Rev. Research 2, 013370 (2020).
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spin-valley models
H = J∑

⟨ij⟩

SiSj S = (Sx, Sy, Sz) [Sa
i , Sb

j ] = iϵabcScSU(2) symmetric Heisenberg model  Lie algebra𝔰𝔲(2)

H = J∑
⟨ij⟩

TiTj [Ta
i , Tb

j ] = if abcTcT = (T1, …T15)SU(4) symmetric Heisenberg model  Lie algebra𝔰𝔲(4)

SU(4) spin-valley model
spin valley

σ = (σx, σy, σz) τ = (τx, τy, τz)
Represent  by  

“coupled  degrees of freedom”
𝔰𝔲(4)

𝔰𝔲(2)
H =

J
8 ∑

⟨ij⟩

(1 + σiσj)(1 + τiτj)

General spin-valley Hamiltonian with symmetry-breaking terms (e.g. Hund’s coupling, …)

H =
1
8 ∑

ij

(σμ
i Jμν

s,ijσ
ν
j )(τκ

i Jκλ
v,ijτ

λ
j ) =

1
8 ∑

ij

(σμ
i ⊗ τκ

i ) (Jμν
s,ij ⊗ Jκλ

v,ij) (σν
j ⊗ τλ

j )

arXiv:2202.05029
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General spin-valley Hamiltonian with symmetry-breaking terms (e.g. Hund’s coupling, …)

H =
1
8 ∑

ij

(σμ
i Jμν

s,ijσ
ν
j )(τκ

i Jκλ
v,ijτ

λ
j ) =

1
8 ∑

ij

(σμ
i ⊗ τκ

i ) (Jμν
s,ij ⊗ Jκλ

v,ij) (σν
j ⊗ τλ

j )

spin-valley models

fermionic creation/annihilation operators

Pauli matrices θ0, θx, θy, θz

: spin index    


: valley/orbital index

s ∈ ( ↑ , ↓ )

l ∈ ( + , − )

σμ
i τκ

i ≡ σμ
i ⊗ τκ

i = f †
islθ

μ
ss′ 

θκ
ll′ 

fis′ l′ 

σμ
i ≡ σμ

i ⊗ τ0
i = f †

islθ
μ
ss′ 

fis′ l

τκ
i ≡ σ0

i ⊗ τκ
i = f †

islθ
κ
ll′ 

fisl′ 

spin-valley operators

∑
sl

f †
isl fisl = 2

representation fixed by filling

∑
sl

f †
isl fisl = 1

filling dimensionality

4 choose 2 = 6

4 choose 1= 4

representation

self-conjugate

fundamental

arXiv:2202.05029

Depending on electronic structure details, bands can have non-zero Chern numbers10,11,32,33, allowing 
for the possibility of orbital magnetism and anomalous Hall effects.  Gapped states at non-zero + occur 
only when interactions are strong enough to shift band energies by more than the flat band width when 
they are occupied, otherwise they lead to semi-metallic states.  
 
Correlated states at all integer moiré filling factors 
 

 
 
 

Figure 1 | Integer-filling correlated states and new superconducting domes. a, Schematic of a 
typical hBN encapsulated MAG device with a graphite back gate. b, AFM image and four-probe 
measurement schematic, with the scale bar 2 µm. c, 4-terminal longitudinal resistance Rxx as a function 
of carrier density n at different perpendicular magnetic fields from 0T (black trace) to 480mT (red 
trace). d, Color plot of Rxx vs. n and T, showing different phases including metal, band insulator (BI), 
correlated state (CS) and superconducting state (SC). The boundaries of the superconducting domes 
indicated by yellow lines are defined by 50% resistance values relative to the normal state. Note that 
the metal-SC transition is not sharp at some carrier densities, adding uncertainty to the Tc extraction e, 
Longitudinal resistance Rxx at optimal doping of the superconducting domes as a function of 
temperature. The resistance is normalized to its value at 8K. f, Conductance Gxx vs. inverse temperature 
at n corresponding to + = 0, 1, ±2	and	3 . The straight lines are fits to ~	?@A	(−∆/2DE)  activated 
behavior and give gap values of 0.35 meV (+ = −2), 0.14 meV (+ = 1), 0.37 meV (+ = 2), 0.27 meV 
(+ = 3) and 0.86 meV (CNP/	+ = 0). g, Mean-field phase diagram for neutral + = 0 (CNP) twisted 
bilayer graphene, as a function of twist angle θ and interaction strength ε-1, showing differnet 
configurations of C2T symmetry and Chern number (C). 

 
Fig. 1a shows the typical device schematic of a graphite back-gated, hexagonal boron nitride (hBN) 
encapsulated MAG hetero-structure. Our stack was fabricated using a previously developed “tear and 

Efetov group, Nature 574, 653 (2019)
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spin-valley models

Spin-orbit entangled 
Mott insulators 

4d and 5d transition 
metals (Ir, Ru, Zr)


“spin-orbital models”

“Kugel Khomskii model”

Moiré materials 
TBG, TG/h-BN


“spin-valley models”
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spin-valley models

• additional degrees of freedom  enhanced quantum fluctuations


• geometric and/or exchange frustration

→

suppression of magnetic order
candidates for  

quantum spin-valley liquid (QSVL)  
ground states 

Goal: Determine ground state spin-valley order (FM/AFM/…) or its absence.

quantum spin-valley liquids 

• no magnetic order even at 


• long-range entanglement


• fractional excitations (e.g. Majorana fermions in the Kitaev model)

T = 0

http://www.thp.uni-koeln.de/trebst/
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pseudo-fermion FRG

Z = ∫ 𝒟(ψ̄, ψ)e−S d
dΛ

γΛ
m = ℱΛ(γ1, γ2, …, γm+1)

introduce infrared cutoff Λ
partition function

flow equations
exact rewriting

infinite hierarchy of differential equations  
for one-particle irreducible vertex functions 

general concept
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numerical solution

  vertex components(100 ⋅ 4 ⋅ 2 ⋅ 2)4 ≈ 1016

100 lattice sites, 40 frequencies, 2 spin/valley values
 independent vertex components∼ 107

using pseudo-fermion Hamiltonian symmetries

• adaptive Runge-Kutta algorithm (ODE solver)


• adaptive frequency grids and integration


• multilinear frequency interpolation


• asymptotic frequency parametrization

PFFRGSolver.jl 
official Julia package

Dominik Kiese,

Tobias Müller

arXiv:2011.01269

JUWELS HPC cluster

(Forschungszentrum Jülich)

arXiv:2202.05029
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pseudo-fermion FRG

spin-valley spin-valley correlations


χΛμνκλ
ij (iω) = ∫

∞

0
dτeiωτ ⟨Tτ (σμ

i ⊗ τκ
i )(τ) (σν

j ⊗ τλ
j )(0)⟩

Λ

Fourier-transform  structure factors 
usually consider static contribution (  )

→
ω = 0

χΛs,μν
ij ≡ χΛμν00

ij ∼ ⟨σμ
i σν

j ⟩
Λ

spin-spin correlations

χΛv,κλ
ij ≡ χΛ00κλ

ij ∼ ⟨τκ
i τλ

j ⟩
Λ

valley-valley correlations

SU(4) point 

(no magnetic order)

phase with dominant

valley order

χΛcs(k) χΛcv(k)

dominant 120° valley order

Spin Valley

flow breakdown 
 magnetic order⟹

spin-spin and valley-valley correlations and structure factors
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quantum liquids

SU(2)spin ⊗ SU(2)valley
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twisted bilayer graphene (TBG)

twisted double-bilayer graphene (TDBG) 
trilayer graphene / hexagonal boron nitride (TLG/h-BN)

spin-valley model

spin-valley coupling in presence of Hund’s coupling gives  modelSU(2)spin ⊗ SU(2)valley

<latexit sha1_base64="rVjpMzz1ngLFp7/08eIIaJOl1OA="></latexit>
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X
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i ⌦⌧̂ bi )(�̂
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j ⌦⌧̂ bj )+Js�̂
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i �̂

a
j +Jv ⌧̂

b
i ⌧̂

b
j

SU(4) symmetric  symmetricSU(2)spin ⊗ SU(2)valley

Heisenberg coupling Hund’s coupling

Anna’s talk

Phys. Rev. Research 2, 013370 (2020).
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spin-valley model / Hund’s coupling
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spin-valley model / longer-range couplings
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Néel valley order
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SU(2)spin ⊗ U(1)valley
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spin-valley model for TLG/h-BN
X. Zhang et al., PRL 127, 166802 (2021)

displacement field D
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spin-valley model for TLG/h-BN

H =
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Translated into matrix form

parameters tunable by displacement field   potential difference D → ΔV
∑

sl

f †
isl fisl = 2

Half-filling

  spin-valley modelSU(2)spin ⊗ U(1)valley
Y. Zhang and T. Senthil, PRB 99, 205150 (2019)

SU(4) symmetric

 symmetricSU(2)spin ⊗ U(1)valley
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spin valley model for TG/h-BN
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spin valley models for TG/h-BN
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Where to go  
from here?
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summary
Take-away messages

•  Moiré materials are a new platform  
 for SU(N) physics

•  Interplay of spin and valley degrees of freedom 
 gives rise to rich phase diagrams

•  In proximity of SU(4) symmetry we find  
 spin-valley quantum spin liquid states

Outlook

•  Like for their SU(2) counterparts the intermediate coupling regime   
 between weakly coupled Hubbard physics and strongly coupled  
 spin-valley SU(4) models might be most interesting.
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