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instead, only water molecules with different amounts of 
excitation energy. These may follow any of three paths: 

(a) The excitation energy is lost without dissociation 
into radicals (by collision, or possibly radiation, as in 
aromatic hydrocarbons). 

(b) The molecules dissociate, but the resulting radi-
cals recombine without escaping from the liquid cage. 

(c) The molecules dissociate and escape from the 
cage. In this case we would not expect them to move 
more than a few molecular diameters through the dense 
medium before being thermalized. 

In accordance with the notation introduced by 
Burton, Magee, and Samuel,22 the molecules following 

22 Burton, Magee, and Samuel, J. Chern. Phys. 20, 760 (1952). 
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paths (a) and (b) can be designated H 20* and those 
following path (c) can be designated H 20t. It seems 
reasonable to assume for the purpose of these calcula-
tions that the ionized H 20 molecules will become the 
H 20t molecules, but this is not likely to be a complete 
correspondence. 

In conclusion we would like to emphasize that the 
qualitative result of this section is not critically de-
pendent on the exact values of the physical parameters 
used. However, this treatment is classical, and a correct 
treatment must be wave mechanical; therefore the 
result of this section cannot be taken as an a priori 
theoretical prediction. The success of the radical diffu-
sion model given above lends some plausibility to the 
occurrence of electron capture as described by this 
crude calculation. Further work is clearly needed. 
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A general method, suitable for fast computing machines, for investigatiflg such properties as equations of 
state for substances consisting of interacting individual molecules is described. The method consists of a 
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere 
system have been obtained on the Los Alamos MANIAC and are presented here. These results are compared 
to the free volume equation of state and to a four-term virial coefficient expansion. 

I. INTRODUCTION 

T HE purpose of this paper is to describe a general 
method, suitable for fast electronic computing 

machines, of calculating the properties of any substance 
which may be considered as composed of interacting 
individual molecules. Classical statistics is assumed, 
only two-body forces are considered, and the potential 
field of a molecule is assumed spherically symmetric. 
These are the usual assumptions made in theories of 
liquids. Subject to the above assumptions, the method 
is not restricted to any range of temperature or density. 
This paper will also present results of a preliminary two-
dimensional calculation for the rigid-sphere system. 
Work on the two-dimensional case with a Lennard-
Jones potential is in progress and will be reported in a 
later paper. Also, the problem in three dimensions is 
being investigated. 

* Now at the Radiation Laboratory of the University of Cali-
fornia, Livermore, California. 

II. THE GENERAL METHOD FOR AN ARBITRARY 
POTENTIAL BETWEEN THE PARTICLES 

In order to reduce the problem to a feasible size for 
numerical work, we can, of course, consider only a finite 
number of particles. This number N may be as high as 
several hundred. Our system consists of a squaret con-
taining N particles. In order to minimize the surface 
effects we suppose the complete substance to be periodic, 
consisting of many such squares, each square contain-
ing N particles in the same configuration. Thus we 
define dAB, the minimum distance between particles A 
and B, as the shortest distance between A and any of 
the particles B, of which there is one in each of the 
squares which comprise the complete substance. If we 
have a potential which falls off rapidly with distance, 
there will be at most one of the distances AB which 
can make a substantial contribution; hence we need 
consider only the minimum distance dAB. 

t We will use two-dimensional nomenclature here since it 
is easier to visualize. The extension to three dimensions is obvious. 
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Monte Carlo sampling nevertheless became one of the most widely 
used algorithms for its ability to sample from arbitrary distributions. 

In putting together this issue of Computing in 
Science & Engineering, we knew three things:
it would be difficult to list just 10 algorithms;
it would be fun to assemble the authors and
read their papers; and, whatever we came up
with in the end, it would be controversial. We

tried to assemble the 10 algorithms with the greatest
influence on the development and practice of science
and engineering in the 20th century. Following is our
list (here, the list is in chronological order; however,
the articles appear in no particular order):

• Metropolis Algorithm for Monte Carlo
• Simplex Method for Linear Programming
• Krylov Subspace Iteration Methods
• The Decompositional Approach to Matrix

Computations
• The Fortran Optimizing Compiler
• QR Algorithm for Computing Eigenvalues
• Quicksort Algorithm for Sorting
• Fast Fourier Transform
• Integer Relation Detection
• Fast Multipole Method

With each of these algorithms or approaches, there
is a person or group receiving credit for inventing or
discovering the method. Of course, the reality is that
there is generally a culmination of ideas that leads to a
method. In some cases, we chose authors who had a

hand in developing the algorithm, and in other cases,
the author is a leading authority.

In this issue
Monte Carlo methods are powerful tools for evalu-

ating the properties of complex, many-body systems,
as well as nondeterministic processes. Isabel Beichl and
Francis Sullivan describe the Metropolis Algorithm.
We are often confronted with problems that have an
enormous number of dimensions or a process that in-
volves a path with many possible branch points, each
of which is governed by some fundamental probability
of occurence. The solutions are not exact in a rigorous
way, because we randomly sample the problem. How-
ever, it is possible to achieve nearly exact results using a
relatively small number of samples compared to the
problem’s dimensions. Indeed, Monte Carlo methods
are the only practical choice for evaluating problems of
high dimensions.

John Nash describes the Simplex method for solv-
ing linear programming problems. (The use of the
word programming here really refers to scheduling or
planning—and not in the way that we tell a computer
what must be done.) The Simplex method relies on
noticing that the objective function’s maximum must
occur on a corner of the space bounded by the con-
straints of the “feasible region.”

Large-scale problems in engineering and science of-
ten require solution of sparse linear algebra problems,
such as systems of equations. The importance of iter-
ative algorithms in linear algebra stems from the sim-
ple fact that a direct approach will require O(N3) work.
The Krylov subspace iteration methods have led to a
major change in how users deal with large, sparse, non-
symmetric matrix problems. In this article, Henk van
der Vorst describes the state of the art in terms of
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0.295 (0.294) meV and Jl = 0.115 (0.117) meV for DMRG
(series expansions), both yield excellent agreement with
the one-magnon measurements, as shown in Fig. 1(b).

For a quantitative discussion of the scattering intensity,
we integrate S(Q,!) over specific energy ranges and con-
sider the resulting structure factor, I(Q). The quantity
I(Q) obtained by integrating over the full one-magnon
energy range (0.19!0.43 meV) is shown in Fig. 1(c).
Our DMRG (solid line) and series-expansion calculations
reproduce not only the dispersion but also the spectral
weight to very high accuracy. To analyze the one-magnon
intensity, we exploit the dominance of this mode in the
spectrum to apply the single-mode approximation (SMA,
Sec. S3). With prior knowledge of Jr and Jl, the average
spin correlations, hS1 · S2i, can be extracted separately
for the rung and leg bonds [38]. Here, however, the un-
known overall scale factor restricts us to deducing their
ratio [35], whose expected theoretical value (Sec. S3) is
0.26(1). From our data, we obtain a correlation ratio
of 0.22(1) and the fit to I(Q) shown by the dashed line
in Fig. 1(c). Thus our one-magnon intensity measure-
ments both quantify the correlations (entanglement) in
the quantum wave function and set the scale factor for
intensity calculations in all other scattering sectors.

The intensity distribution for wave vectors transverse
to the ladder direction, shown in Figs. 1(f) to 1(i),
probes the diagonal (Jd) and interladder (J 0) interac-
tions. We find that the one-magnon mode is completely
non-dispersive within the instrumental resolution, plac-
ing (Sec. S2) an upper bound of 0.006(1) meV on any
possible couplings of these types. While this is a maxi-
mum of 2% of Jr, in fact a far more stringent bound on
J
0 is provided by the absence of magnetic order down to

35 mK, making the ladders in BPCC at least as isolated
as those in BPCB, where J

0
/Jr ⇡ 0.2% [17].

Next we consider multi-magnon excitation processes,
whose intensity contributions we separate unambiguously
by exploiting the parity of the ladder structure (Sec. S1).
The symmetric (qy = 0) channel in Fig. 2 is the maxi-
mum of all excitation processes changing the triplet count
by an even number and is dominated by two-magnon ex-
citations into both continuum states and bound states.
The zero-field spectrum of DIMPY has been found to
exhibit both features [20]. However, in BPCC the con-
tinuum contributions are extremely weak, allowing the
dispersion, spectral weight, and termination of the two-
magnon bound state to be measured in a degree of detail
extremely di�cult to achieve either in DIMPY or in the
dimerized-chain material Cu(NO3)2·2.5D2O [42].

S(Q,!) measured with qy = 0 is shown in Fig. 2(a).
We observe a clear, discrete mode lying at an energy of
0.58 meV at Qh = 0.5, below the continuum edge, and
dispersing downwards before disappearing into the con-
tinuum, whose contribution is indiscernible in Fig. 2(a).
From the selection rules for neutron scattering, this mode
is the triplet branch (Stot = 1) of the two-magnon bound

(a) BPCC
T = 60 mK, qy = 0
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FIG. 2. Two-magnon excitations in BPCC. (a) S(Q,!)
measured for qy = 0. The green line indicates the dispersion
[Eq. (S8)] and range [Eq. (1)] over which the triplet compo-
nent of the two-magnon bound state is expected in BPCC.
The white line marks the boundary of the two-magnon con-
tinuum [Eq. (S9)]. (b) Corresponding DMRG calculations.
(c) Bound-state (green) and continuum (grey) contributions
to I(Q), obtained by integrating over energy windows below
and above the two-magnon continuum edge; measured intensi-
ties (points) are compared with DMRG (solid line) and series-
expansion (dashed line) calculations. The black line denotes
the background and Qlmin is defined in Eq. (S4). Measured
(d) and calculated (e) structure factors for the qy = 0 sector
in the (Qh, Qk, Ql) plane; red and green lines as in Fig. 1.

state; the singlet (Stot = 0) branch is detectable by light
scattering [43], and both singlet and quintet (Stot = 2)
branches by neutron spectroscopy at higher temperatures
[44]. We note that one-magnon spectral weight is de-
tectable in this sector because the geometry of BPCC
excludes perfect destructive interference (Sec. S1). How-
ever, in contrast to the discussion of magnon “termina-
tion” [39], here the one- and two-magnon excitations are
prevented by their opposite parities from mixing where
they overlap in energy [as can be seen in Fig. 1(a)].
The bound state overlaps with the two-magnon con-

tinuum below a critical wave vector, Qc, and decays very
readily in this range [40]. It is therefore clearly visible
only when Qc < Qh < 1�Qc, with

Qc =
1
3 � 5

4
p
3⇡

� � 109
96

p
3⇡

�
2 +O(�3) (1)

in a strong-coupling expansion (Sec. S3). For BPCC,
Eq. (1) with � = 0.39 leads to Qc = 0.212. However, this

neutron scattering on 
quantum material

density matrix renormalization group (DMRG)

numerical simulation
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single-qubit gates chosen randomly from X Y W{ , , } on all qubits, 
followed by two-qubit gates on pairs of qubits. The sequences of gates 
which form the ‘supremacy circuits’ are designed to minimize the circuit 
depth required to create a highly entangled state, which is needed for 
computational complexity and classical hardness.

Although we cannot compute FXEB in the supremacy regime, we can 
estimate it using three variations to reduce the complexity of the circuits. 
In ‘patch circuits’, we remove a slice of two-qubit gates (a small fraction 
of the total number of two-qubit gates), splitting the circuit into two 
spatially isolated, non-interacting patches of qubits. We then compute 
the total fidelity as the product of the patch fidelities, each of which can 
be easily calculated. In ‘elided circuits’, we remove only a fraction of the 
initial two-qubit gates along the slice, allowing for entanglement 
between patches, which more closely mimics the full experiment while 
still maintaining simulation feasibility. Finally, we can also run full 
‘verification circuits’, with the same gate counts as our supremacy cir-
cuits, but with a different pattern for the sequence of two-qubit gates, 
which is much easier to simulate classically (see also Supplementary 
Information). Comparison between these three variations allows us to 
track the system fidelity as we approach the supremacy regime.

We first check that the patch and elided versions of the verification 
circuits produce the same fidelity as the full verification circuits up to 
53 qubits, as shown in Fig. 4a. For each data point, we typically collect 
Ns = 5 × 106 total samples over ten circuit instances, where instances 
differ only in the choices of single-qubit gates in each cycle. We also 
show predicted FXEB values, computed by multiplying the no-error prob-
abilities of single- and two-qubit gates and measurement (see also Sup-
plementary Information). The predicted, patch and elided fidelities all 
show good agreement with the fidelities of the corresponding full cir-
cuits, despite the vast differences in computational complexity and 
entanglement. This gives us confidence that elided circuits can be used 
to accurately estimate the fidelity of more-complex circuits.

The largest circuits for which the fidelity can still be directly verified 
have 53 qubits and a simplified gate arrangement. Performing random 
circuit sampling on these at 0.8% fidelity takes one million cores 130 
seconds, corresponding to a million-fold speedup of the quantum pro-
cessor relative to a single core.

We proceed now to benchmark our computationally most difficult 
circuits, which are simply a rearrangement of the two-qubit gates. In 
Fig. 4b, we show the measured FXEB for 53-qubit patch and elided ver-
sions of the full supremacy circuits with increasing depth. For the larg-
est circuit with 53 qubits and 20 cycles, we collected Ns = 30 × 106 samples 
over ten circuit instances, obtaining F = (2.24 ±0.21) × 10XEB

−3  for the 
elided circuits. With 5σ confidence, we assert that the average fidelity 

of running these circuits on the quantum processor is greater than at 
least 0.1%. We expect that the full data for Fig. 4b should have similar 
fidelities, but since the simulation times (red numbers) take too long to 
check, we have archived the data (see ‘Data availability’ section). The 
data is thus in the quantum supremacy regime.

The classical computational cost
We simulate the quantum circuits used in the experiment on classical 
computers for two purposes: (1) verifying our quantum processor and 
benchmarking methods by computing FXEB where possible using sim-
plifiable circuits (Fig. 4a), and (2) estimating FXEB as well as the classical 
cost of sampling our hardest circuits (Fig. 4b). Up to 43 qubits, we use 
a Schrödinger algorithm, which simulates the evolution of the full quan-
tum state; the Jülich supercomputer (with 100,000 cores, 250 terabytes) 
runs the largest cases. Above this size, there is not enough random access 
memory (RAM) to store the quantum state42. For larger qubit numbers, 
we use a hybrid Schrödinger–Feynman algorithm43 running on Google 
data centres to compute the amplitudes of individual bitstrings. This 
algorithm breaks the circuit up into two patches of qubits and efficiently 
simulates each patch using a Schrödinger method, before connecting 
them using an approach reminiscent of the Feynman path-integral. 
Although it is more memory-efficient, the Schrödinger–Feynman algo-
rithm becomes exponentially more computationally expensive with 
increasing circuit depth owing to the exponential growth of paths with 
the number of gates connecting the patches.

To estimate the classical computational cost of the supremacy circuits 
(grey numbers in Fig. 4b), we ran portions of the quantum circuit simu-
lation on both the Summit supercomputer as well as on Google clusters 
and extrapolated to the full cost. In this extrapolation, we account for 
the computation cost of sampling by scaling the verification cost with 
FXEB, for example43,44, a 0.1% fidelity decreases the cost by about 1,000. 
On the Summit supercomputer, which is currently the most powerful 
in the world, we used a method inspired by Feynman path-integrals that 
is most efficient at low depth44–47. At m = 20 the tensors do not reason-
ably fit into node memory, so we can only measure runtimes up to m = 14, 
for which we estimate that sampling three million bitstrings with 1% 
fidelity would require a year.

On Google Cloud servers, we estimate that performing the same task 
for m = 20 with 0.1% fidelity using the Schrödinger–Feynman algorithm 
would cost 50 trillion core-hours and consume one petawatt hour of 
energy. To put this in perspective, it took 600 seconds to sample the 
circuit on the quantum processor three million times, where sampling 
time is limited by control hardware communications; in fact, the net 

Single-qubit gate:
25 ns

Qubit
XY control

Two-qubit gate:
12 ns

Qubit 1
Z control

Qubit 2
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Coupler
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Fig. 3 | Control operations for the quantum supremacy circuits. a, Example 
quantum circuit instance used in our experiment. Every cycle includes a layer 
each of single- and two-qubit gates. The single-qubit gates are chosen randomly 
from X Y W{ , , }, where  W X Y= ( + )/ 2  and gates do not repeat sequentially. 
The sequence of two-qubit gates is chosen according to a tiling pattern, 
coupling each qubit sequentially to its four nearest-neighbour qubits. The 

couplers are divided into four subsets (ABCD), each of which is executed 
simultaneously across the entire array corresponding to shaded colours. Here 
we show an intractable sequence (repeat ABCDCDAB); we also use different 
coupler subsets along with a simplifiable sequence (repeat EFGHEFGH, not 
shown) that can be simulated on a classical computer. b, Waveform of control 
signals for single- and two-qubit gates.

quantum circuits are the “assembler-level” of quantum computing

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

(quantum)2 many-body

(2019)

Quantum processors are emerging as a new experimental platform  
to simulate “quantum on quantum”, i.e. the quantum dynamics 

of quantum systems with unprecedented control.

(quantum)2

many-body

IBM Quantum (cloud)

Nature | Vol 574 | 24 OCTOBER 2019 | 505

Article
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The promise of quantum computers is that certain computational tasks might be 
executed exponentially faster on a quantum processor than on a classical processor1. A 
fundamental challenge is to build a high-!delity processor capable of running quantum 
algorithms in an exponentially large computational space. Here we report the use of a 
processor with programmable superconducting qubits2–7 to create quantum states on 
53 qubits, corresponding to a computational state-space of dimension 253 (about 1016). 
Measurements from repeated experiments sample the resulting probability 
distribution, which we verify using classical simulations. Our Sycamore processor takes 
about 200 seconds to sample one instance of a quantum circuit a million times—our 
benchmarks currently indicate that the equivalent task for a state-of-the-art classical 
supercomputer would take approximately 10,000 years. This dramatic increase in 
speed compared to all known classical algorithms is an experimental realization of 
quantum supremacy8–14 for this speci!c computational task, heralding a much-
anticipated computing paradigm.

In the early 1980s, Richard Feynman proposed that a quantum computer 
would be an effective tool with which to solve problems in physics 
and chemistry, given that it is exponentially costly to simulate large 
quantum systems with classical computers1. Realizing Feynman’s vision 
poses substantial experimental and theoretical challenges. First, can 
a quantum system be engineered to perform a computation in a large 
enough computational (Hilbert) space and with a low enough error 
rate to provide a quantum speedup? Second, can we formulate a prob-
lem that is hard for a classical computer but easy for a quantum com-
puter? By computing such a benchmark task on our superconducting 
qubit processor, we tackle both questions. Our experiment achieves 
quantum supremacy, a milestone on the path to full-scale quantum 
computing8–14.

In reaching this milestone, we show that quantum speedup is achiev-
able in a real-world system and is not precluded by any hidden physical 
laws. Quantum supremacy also heralds the era of noisy intermediate-
scale quantum (NISQ) technologies15. The benchmark task we demon-
strate has an immediate application in generating certifiable random 
numbers (S. Aaronson, manuscript in preparation); other initial uses 
for this new computational capability may include optimization16,17, 
machine learning18–21, materials science and chemistry22–24. However, 
realizing the full promise of quantum computing (using Shor’s algorithm 
for factoring, for example) still requires technical leaps to engineer 
fault-tolerant logical qubits25–29.

To achieve quantum supremacy, we made a number of techni-
cal advances which also pave the way towards error correction. We 
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Nishimori transition across the error 
threshold for constant-depth  
quantum circuits

Edward H. Chen    1,2  , Guo-Yi Zhu    3  , Ruben Verresen    4  , Alireza Seif    5, 
Elisa Bäumer    6, David Layden    1,5, Nathanan Tantivasadakarn    4,7, 
Guanyu Zhu5, Sarah Sheldon    5, Ashvin Vishwanath4, Simon Trebst    3 & 
Abhinav Kandala    5

Quantum computing involves the preparation of entangled states across 
many qubits. This requires e!cient preparation protocols that are stable 
to noise and gate imperfections. Here we demonstrate the generation of 
the simplest long-range order—Ising order—using a measurement-based 
protocol on 54 system qubits in the presence of coherent and incoherent 
errors. We implement a constant-depth preparation protocol that uses 
classical decoding of measurements to identify long-range order that 
is otherwise hidden by the randomness of quantum measurements. By 
experimentally tuning the error rates, we demonstrate the stability of this 
decoded long-range order in two spatial dimensions, up to a critical phase 
transition belonging to the unusual Nishimori universality class. Although 
in classical systems Nishimori physics requires "ne-tuning multiple 
parameters, here it arises as a direct result of the Born rule for measurement 
probabilities. Our study demonstrates the emergent phenomena that can be 
explored on quantum processors beyond a hundred qubits.

Traditionally, measurements have been synonymous with extract-
ing information from physical systems. Yet, in the quantum realm, 
the extraordinary nature of measurements allows them to actively 
modify and steer quantum states, forging a new route to entangle-
ment generation. Among the more interesting entangled states 
are those with long-range correlations1–7; however, these cannot 
be prepared by any constant-depth unitary circuits, making them 
more sensitive to the finite coherence times of current quantum 
processors8–10. In contrast, recent theoretical studies have shown 
that the use of measurements, which are non-unitary operations, 
can be used to efficiently create quantum states with long-range 
order11–23 and critical quasi-long-range order18,21,24. In essence, 
measurement-based approaches trade off circuit depth for number 

of mid-circuit measurements and operations25 as compared with 
exclusively unitary approaches.

In this work, we study such measurement-induced long-range 
order and criticality. In particular, we consider the ‘hydrogen atom’ of 
long-range entangled states, the Greenberger–Horne–Zeilinger (GHZ) 
state |GHZ ⟩ ∝ |00⋯00⟩ +

|11⋯ 11⟩ , which can be thought of as one 
representative of a more general ‘Ising’ phase of matter. A necessary 
condition for realizing a GHZ state is a long-range Ising order that 
organizes the individual qubits into a macroscopic state. While recent 
experiments show the practicality of measurement-based protocols 
to create such Ising-like order in one-dimensional (1D) qubit geometries 
where stability is not guaranteed26, theoretical works suggest that this 
order should be robust against a range of imperfections when using a 
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<latexit sha1_base64="yFgpnonJ9Olr6FzR0fL2NhBrYak=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCCwmTolV3BTddVrAPaEKZTCft0MkkzEyEGvslblwo4tZPceffOOkDVPTAhcM593LvPUHCmdIIfVqFldW19Y3iZmlre2e3bO/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NHpWKxuNWThPoRHgoWMoK1kfp2+QFB7xS60JNYDDnt2xXkuFc5IHKqyOB8SarQddAMFbBAs29/eIOYpBEVmnCsVM9FifYzLDUjnE5LXqpogskYD2nPUIEjqvxsdvgUHhtlAMNYmhIaztTvExmOlJpEgemMsB6p314u/uX1Uh1e+hkTSaqpIPNFYcqhjmGeAhwwSYnmE0MwkczcCskIS0y0yapkQlh+Cv8n7arj1pzazVml3ljEUQSH4AicABdcgDpogCZoAQJS8AiewYt1bz1Zr9bbvLVgLWYOwA9Y718czZIl</latexit>

|0 1→
<latexit sha1_base64="JCk9Rh/ES1SDNJovGF4YSUPiSOg=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCCwmTolV3BTddVrAPaEKZTCft0MkkzEyEGvslblwo4tZPceffOOkDVPTAhcM593LvPUHCmdIIfVqFldW19Y3iZmlre2e3bO/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NHpWKxuNWThPoRHgoWMoK1kfp2+cGF3ilE0JNYDDnt2xXkuFc5IHKqyOB8SarQddAMFbBAs29/eIOYpBEVmnCsVM9FifYzLDUjnE5LXqpogskYD2nPUIEjqvxsdvgUHhtlAMNYmhIaztTvExmOlJpEgemMsB6p314u/uX1Uh1e+hkTSaqpIPNFYcqhjmGeAhwwSYnmE0MwkczcCskIS0y0yapkQlh+Cv8n7arj1pzazVml3ljEUQSH4AicABdcgDpogCZoAQJS8AiewYt1bz1Zr9bbvLVgLWYOwA9Y718c0pIl</latexit>

|1 0→
<latexit sha1_base64="1eNvyFe6sooI9uRbJNT5wMQpS/g=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCCxlmilbdFdx0WcE+oB1KJr3ThmYyQ5IRau2XuHGhiFs/xZ1/Y6YPUNED93I4515yc4KEM6Vd99PKrayurW/kNwtb2zu7RXtvv6niVFJo0JjHsh0QBZwJaGimObQTCSQKOLSC0XXmt+5AKhaLWz1OwI/IQLCQUaKN1LOLDx7unmLTJBEDDj275DreVQbsOmXX4HxJythz3BlKaIF6z/7o9mOaRiA05USpjucm2p8QqRnlMC10UwUJoSMygI6hgkSg/Mns8Ck+Nkofh7E0JTSeqd83JiRSahwFZjIieqh+e5n4l9dJdXjpT5hIUg2Czh8KU451jLMUcJ9JoJqPDSFUMnMrpkMiCdUmq4IJYflT/D9plh2v4lRuzkrV2iKOPDpER+gEeegCVVEN1VEDUZSiR/SMXqx768l6td7mozlrsXOAfsB6/wIeXpIm</latexit>

|1 1→
<latexit sha1_base64="1eNvyFe6sooI9uRbJNT5wMQpS/g=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCCxlmilbdFdx0WcE+oB1KJr3ThmYyQ5IRau2XuHGhiFs/xZ1/Y6YPUNED93I4515yc4KEM6Vd99PKrayurW/kNwtb2zu7RXtvv6niVFJo0JjHsh0QBZwJaGimObQTCSQKOLSC0XXmt+5AKhaLWz1OwI/IQLCQUaKN1LOLDx7unmLTJBEDDj275DreVQbsOmXX4HxJythz3BlKaIF6z/7o9mOaRiA05USpjucm2p8QqRnlMC10UwUJoSMygI6hgkSg/Mns8Ck+Nkofh7E0JTSeqd83JiRSahwFZjIieqh+e5n4l9dJdXjpT5hIUg2Czh8KU451jLMUcJ9JoJqPDSFUMnMrpkMiCdUmq4IJYflT/D9plh2v4lRuzkrV2iKOPDpER+gEeegCVVEN1VEDUZSiR/SMXqx768l6td7mozlrsXOAfsB6/wIeXpIm</latexit>

|1 1→

<latexit sha1_base64="JCk9Rh/ES1SDNJovGF4YSUPiSOg=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCCwmTolV3BTddVrAPaEKZTCft0MkkzEyEGvslblwo4tZPceffOOkDVPTAhcM593LvPUHCmdIIfVqFldW19Y3iZmlre2e3bO/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv3NHpWKxuNWThPoRHgoWMoK1kfp2+cGF3ilE0JNYDDnt2xXkuFc5IHKqyOB8SarQddAMFbBAs29/eIOYpBEVmnCsVM9FifYzLDUjnE5LXqpogskYD2nPUIEjqvxsdvgUHhtlAMNYmhIaztTvExmOlJpEgemMsB6p314u/uX1Uh1e+hkTSaqpIPNFYcqhjmGeAhwwSYnmE0MwkczcCskIS0y0yapkQlh+Cv8n7arj1pzazVml3ljEUQSH4AicABdcgDpogCZoAQJS8AiewYt1bz1Zr9bbvLVgLWYOwA9Y718c0pIl</latexit>

|1 0→
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<latexit sha1_base64="J7U5i6VeoTqcYwXesRCAJYzeYno=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgKiRFq+4KbrqsYB/QhjKZTtqhk0k6MymU2O9w40IRt36MO//GSR+gogcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR7eZ35pQqVgk7vU0pl6IB4IFjGBtJO8BjXsu6kosBpz2iiXHdm8yIMcuOwaXK1JGru3MUYIl6r3iR7cfkSSkQhOOleq4Tqy9FEvNCKezQjdRNMZkhAe0Y6jAIVVeOj96hs6M0kdBJE0Jjebq94kUh0pNQ990hlgP1W8vE//yOokOrr2UiTjRVJDFoiDhSEcoSwD1maRE86khmEhmbkVkiCUm2uRUMCGsPkX/k2bZdit25e6iVK0t48jDCZzCObhwBVWoQR0aQGAMj/AML9bEerJerbdFa85azhzDD1jvX0xckdg=</latexit>

|q1→
<latexit sha1_base64="HnQcuYJ6hj0A7HzcC+k+qJr09mc=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFZKiVXcFN11WsA9oQ5lMb9qhk0k6MymU2O9w40IRt36MO//GSR+gogcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PmipKJIUGjXgk2z5RwJmAhmaaQzuWQEKfQ8sf3WZ+awJSsUjc62kMXkgGggWMEm0k7wGPe2XclUQMOPSKJcd2bzJgxy47BpcrUsau7cxRQkvUe8WPbj+iSQhCU06U6rhOrL2USM0oh1mhmyiICR2RAXQMFSQE5aXzo2f4zCh9HETSlNB4rn6fSEmo1DT0TWdI9FD99jLxL6+T6ODaS5mIEw2CLhYFCcc6wlkCuM8kUM2nhhAqmbkV0yGRhGqTU8GEsPoU/0+aZdut2JW7i1K1towjj07QKTpHLrpCVVRDddRAFI3RI3pGL9bEerJerbdFa85azhyjH7DevwBN6JHZ</latexit>

|q2→
<latexit sha1_base64="Dn5L3T06XaSkziDLwYXY79ioYV8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgKiRBq+4KbrqsYB/QhDCZTtqhk0mcmQglFjf+ihsXirj1K9z5N076ABU9MHA45x7u3BOmjEpl25/GwuLS8spqaa28vrG5tW3u7LZkkglMmjhhieiESBJGOWkqqhjppIKgOGSkHQ4vC799S4SkCb9Wo5T4MepzGlGMlJYCc//OS7RfxHN4E7gQjj2BeJ+RwKzYlnNRANqWa2uczokLHcueoAJmaATmh9dLcBYTrjBDUnYdO1V+joSimJFx2cskSREeoj7paspRTKSfT04YwyOt9GCUCP24ghP1eyJHsZSjONSTMVID+dsrxL+8bqaicz+nPM0U4Xi6KMoYVAks+oA9KghWbKQJwoLqv0I8QAJhpVsr6xLml8L/Scu1nKpVvTqp1OqzOkrgAByCY+CAM1ADddAATYDBPXgEz+DFeDCejFfjbTq6YMwye+AHjPcvNciXWg==</latexit>

|q2→
<latexit sha1_base64="irQFpf1wDuMMfYnRKE6CEltA0HU=">AAACAnicdVDLSgMxFM34rPU16krcBIvgapgpWnVXcNNlBfuAdhgyaaYNzSRjkhHKWNz4K25cKOLWr3Dn35jpA1T0QOBwzj3c3BMmjCrtup/WwuLS8spqYa24vrG5tW3v7DaVSCUmDSyYkO0QKcIoJw1NNSPtRBIUh4y0wuFl7rduiVRU8Gs9Sogfoz6nEcVIGymw9++6wvh5PIM3gQfhuCsR7zMS2CXX8S5yQNcpuwanc1KGnuNOUAIz1AP7o9sTOI0J15ghpTqem2g/Q1JTzMi42E0VSRAeoj7pGMpRTJSfTU4YwyOj9GAkpHlcw4n6PZGhWKlRHJrJGOmB+u3l4l9eJ9XRuZ9RnqSacDxdFKUMagHzPmCPSoI1GxmCsKTmrxAPkERYm9aKpoT5pfB/0iw7XsWpXJ2UqrVZHQVwAA7BMfDAGaiCGqiDBsDgHjyCZ/BiPVhP1qv1Nh1dsGaZPfAD1vsXNDqXWQ==</latexit>

|q1→ <latexit sha1_base64="SCSP+rVNPqy1mWLKmn5nJ8cSz2A=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Gno06y3gJccEzALJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sLIKKPih4vFdFVT0vFlxpQj6szMbm1vZOdje3t39weJQ/PumoKJEM2iwSkex5VIHgIbQ11wJ6sQQaeAK63vRm4XfvQSoehbd6FoMb0HHIfc6oNlJLDfMFYpNykdRKmNgl4lSvnRWpVSrYsckSBbRGc5h/H4wilgQQaiaoUn2HxNpNqdScCZjnBomCmLIpHUPf0JAGoNx0eegcXxhlhP1Imgo1XqrfJ1IaKDULPNMZUD1Rv72F+JfXT7RfdVMexomGkK0W+YnAOsKLr/GIS2BazAyhTHJzK2YTKinTJpucCeHrU/w/6VzZTtkut4qFemMdRxadoXN0iRxUQXXUQE3URgwBekBP6Nm6sx6tF+t11Zqx1jOn6Aest09KiI1P</latexit>s

0

1

<latexit sha1_base64="xFMx4xZzWoZAfjUVqi4lQA23o/E=">AAAB9HicdVBNS8NAEN3Ur1q/qh69LBZBKISkaNVbwUuPFWwttKFstpN26WYTdzeFEvs7vHhQxKs/xpv/xk0/QEUfDDzem2Fmnh9zprTjfFq5ldW19Y38ZmFre2d3r7h/0FJRIik0acQj2faJAs4ENDXTHNqxBBL6HO780XXm341BKhaJWz2JwQvJQLCAUaKN5D2UMS7jriRiwKFXLDm2e5UBO3bFMThfkgp2bWeGElqg0St+dPsRTUIQmnKiVMd1Yu2lRGpGOUwL3URBTOiIDKBjqCAhKC+dHT3FJ0bp4yCSpoTGM/X7REpCpSahbzpDoofqt5eJf3mdRAeXXspEnGgQdL4oSDjWEc4SwH0mgWo+MYRQycytmA6JJFSbnAomhOWn+H/Sqthu1a7enJVq9UUceXSEjtEpctEFqqE6aqAmougePaJn9GKNrSfr1Xqbt+asxcwh+gHr/Qt0iZFN</latexit>

|++→ <latexit sha1_base64="tjMaIhoar2OEifETTAh372F4Iis="></latexit>

(|01→+ |10→) /
↑
2

<latexit sha1_base64="ps1UYy/WecKAu+Ou/OhIs1QGKt4="></latexit>

(|00→+ |11→) /
↑
2

p = 1/2

p = 1/2
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<latexit sha1_base64="VNSXvbIbSk7SI/+3VFhGgm33Is8="></latexit>

|++→ = 1

2
(|00→+ |01→+ |10→+ |11→)

CNOT 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quantum circuit for 2-qubit 
joint measurement

}
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<latexit sha1_base64="xdOYoNKTHnwC3YmQsuS/VNS8tvY=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8LbNBo94CXnKMYB6wWcLspDcZMju7zMwKIeYzvHhQxKtf482/cTYPUNGChqKqm+6uMBVcG0I+nZXVtfWNzcJWcXtnd2+/dHDY0kmmGDRZIhLVCakGwSU0DTcCOqkCGocC2uHoJvfb96A0T+SdGacQxHQgecQZNVbyHzDBXUXlQECvVCaud50DE7dCLC6WpII9l8xQRgs0eqWPbj9hWQzSMEG19j2SmmBCleFMwLTYzTSklI3oAHxLJY1BB5PZyVN8apU+jhJlSxo8U79PTGis9TgObWdMzVD/9nLxL8/PTHQVTLhMMwOSzRdFmcAmwfn/uM8VMCPGllCmuL0VsyFVlBmbUtGGsPwU/09aFderutXb83KtvoijgI7RCTpDHrpENVRHDdREDCXoET2jF8c4T86r8zZvXXEWM0foB5z3L7yHkPM=</latexit>

|0→
<latexit sha1_base64="J7U5i6VeoTqcYwXesRCAJYzeYno=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgKiRFq+4KbrqsYB/QhjKZTtqhk0k6MymU2O9w40IRt36MO//GSR+gogcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR7eZ35pQqVgk7vU0pl6IB4IFjGBtJO8BjXsu6kosBpz2iiXHdm8yIMcuOwaXK1JGru3MUYIl6r3iR7cfkSSkQhOOleq4Tqy9FEvNCKezQjdRNMZkhAe0Y6jAIVVeOj96hs6M0kdBJE0Jjebq94kUh0pNQ990hlgP1W8vE//yOokOrr2UiTjRVJDFoiDhSEcoSwD1maRE86khmEhmbkVkiCUm2uRUMCGsPkX/k2bZdit25e6iVK0t48jDCZzCObhwBVWoQR0aQGAMj/AML9bEerJerbdFa85azhzDD1jvX0xckdg=</latexit>

|q1→
<latexit sha1_base64="HnQcuYJ6hj0A7HzcC+k+qJr09mc=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFZKiVXcFN11WsA9oQ5lMb9qhk0k6MymU2O9w40IRt36MO//GSR+gogcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PmipKJIUGjXgk2z5RwJmAhmaaQzuWQEKfQ8sf3WZ+awJSsUjc62kMXkgGggWMEm0k7wGPe2XclUQMOPSKJcd2bzJgxy47BpcrUsau7cxRQkvUe8WPbj+iSQhCU06U6rhOrL2USM0oh1mhmyiICR2RAXQMFSQE5aXzo2f4zCh9HETSlNB4rn6fSEmo1DT0TWdI9FD99jLxL6+T6ODaS5mIEw2CLhYFCcc6wlkCuM8kUM2nhhAqmbkV0yGRhGqTU8GEsPoU/0+aZdut2JW7i1K1towjj07QKTpHLrpCVVRDddRAFI3RI3pGL9bEerJerbdFa85azhyjH7DevwBN6JHZ</latexit>

|q2→

<latexit sha1_base64="SCSP+rVNPqy1mWLKmn5nJ8cSz2A=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Gno06y3gJccEzALJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sLIKKPih4vFdFVT0vFlxpQj6szMbm1vZOdje3t39weJQ/PumoKJEM2iwSkex5VIHgIbQ11wJ6sQQaeAK63vRm4XfvQSoehbd6FoMb0HHIfc6oNlJLDfMFYpNykdRKmNgl4lSvnRWpVSrYsckSBbRGc5h/H4wilgQQaiaoUn2HxNpNqdScCZjnBomCmLIpHUPf0JAGoNx0eegcXxhlhP1Imgo1XqrfJ1IaKDULPNMZUD1Rv72F+JfXT7RfdVMexomGkK0W+YnAOsKLr/GIS2BazAyhTHJzK2YTKinTJpucCeHrU/w/6VzZTtkut4qFemMdRxadoXN0iRxUQXXUQE3URgwBekBP6Nm6sx6tF+t11Zqx1jOn6Aest09KiI1P</latexit>s
<latexit sha1_base64="Dn5L3T06XaSkziDLwYXY79ioYV8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgKiRBq+4KbrqsYB/QhDCZTtqhk0mcmQglFjf+ihsXirj1K9z5N076ABU9MHA45x7u3BOmjEpl25/GwuLS8spqaa28vrG5tW3u7LZkkglMmjhhieiESBJGOWkqqhjppIKgOGSkHQ4vC799S4SkCb9Wo5T4MepzGlGMlJYCc//OS7RfxHN4E7gQjj2BeJ+RwKzYlnNRANqWa2uczokLHcueoAJmaATmh9dLcBYTrjBDUnYdO1V+joSimJFx2cskSREeoj7paspRTKSfT04YwyOt9GCUCP24ghP1eyJHsZSjONSTMVID+dsrxL+8bqaicz+nPM0U4Xi6KMoYVAks+oA9KghWbKQJwoLqv0I8QAJhpVsr6xLml8L/Scu1nKpVvTqp1OqzOkrgAByCY+CAM1ADddAATYDBPXgEz+DFeDCejFfjbTq6YMwye+AHjPcvNciXWg==</latexit>

|q2→
<latexit sha1_base64="irQFpf1wDuMMfYnRKE6CEltA0HU=">AAACAnicdVDLSgMxFM34rPU16krcBIvgapgpWnVXcNNlBfuAdhgyaaYNzSRjkhHKWNz4K25cKOLWr3Dn35jpA1T0QOBwzj3c3BMmjCrtup/WwuLS8spqYa24vrG5tW3v7DaVSCUmDSyYkO0QKcIoJw1NNSPtRBIUh4y0wuFl7rduiVRU8Gs9Sogfoz6nEcVIGymw9++6wvh5PIM3gQfhuCsR7zMS2CXX8S5yQNcpuwanc1KGnuNOUAIz1AP7o9sTOI0J15ghpTqem2g/Q1JTzMi42E0VSRAeoj7pGMpRTJSfTU4YwyOj9GAkpHlcw4n6PZGhWKlRHJrJGOmB+u3l4l9eJ9XRuZ9RnqSacDxdFKUMagHzPmCPSoI1GxmCsKTmrxAPkERYm9aKpoT5pfB/0iw7XsWpXJ2UqrVZHQVwAA7BMfDAGaiCGqiDBsDgHjyCZ/BiPVhP1qv1Nh1dsGaZPfAD1vsXNDqXWQ==</latexit>

|q1→

aux. qubit

measurement
CNOT 
gate

CNOT 
gate

=
<latexit sha1_base64="WCGuWJa1atRL+SlezZz1t/sQ2eY=">AAAB6XicdZDLSgMxFIbP1Futt6pLN8EiuBoyxbYui25cVrF2oB1KJs20oZkLSUYoQ9/AjQtF3PpG7nwbM+0IKvpD4PD955Bzfj8RXGmMP6zSyura+kZ5s7K1vbO7V90/uFNxKinr0ljE0vWJYoJHrKu5FsxNJCOhL1jPn17mfu+eScXj6FbPEuaFZBzxgFOiDbpx3WG1hu0GduotjLCNF0I5qTcbGDkFqUGhzrD6PhjFNA1ZpKkgSvUdnGgvI1JzKti8MkgVSwidkjHrmzIiIVNetth0jk4MGaEgluZFGi3o94mMhErNQt90hkRP1G8vh395/VQH517GoyTVLKLLj4JUIB2j/Gw04pJRLWamIFRysyuiEyIJ1Sacignh61L0f3FXt52m3bg+q7UvijjKcATHcAoOtKANV9CBLlAI4AGe4NmaWo/Wi/W6bC1Zxcwh/JD19gmTUI1p</latexit>

XX
<latexit sha1_base64="GlC3nqec8+6J5ITpmqTrB8Ap1fA=">AAAB6XicdVDLSgMxFM34rPVVdekmWARXQ6bttLorunFZxb5oh5JJM21oJjMkGaEM/QM3LhRx6x+5829MpxVU9MCFwzn3cu89fsyZ0gh9WCura+sbm7mt/PbO7t5+4eCwpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/cjX32/dUKhaJOz2NqRfikWABI1gb6bbbHRSKyEbuRRW5ENkuKlUq5YygGipDx0YZimCJxqDw3h9GJAmp0IRjpXoOirWXYqkZ4XSW7yeKxphM8Ij2DBU4pMpLs0tn8NQoQxhE0pTQMFO/T6Q4VGoa+qYzxHqsfntz8S+vl+jg3EuZiBNNBVksChIOdQTnb8Mhk5RoPjUEE8nMrZCMscREm3DyJoSvT+H/pFWynart3lSK9ctlHDlwDE7AGXBADdTBNWiAJiAgAA/gCTxbE+vRerFeF60r1nLmCPyA9fYJuvSNhA==</latexit>

Y Y

<latexit sha1_base64="zRft+9aSjrqrjB/j9g3o1D8R18c=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtBo94CXnKMYB6QLGF2djYZMzuzzPQKIeQfvHhQxKv/482/cTYPUNGChqKqm+6uMBXcgOd9Oiura+sbm4Wt4vbO7t5+6eCwZVSmKWtSJZTuhMQwwSVrAgfBOqlmJAkFa4ejm9xvPzBtuJJ3ME5ZkJCB5DGnBKzU6olIgemXyp7rX+fAnlvxLC6WpIJ915uhjBZo9EsfvUjRLGESqCDGdH0vhWBCNHAq2LTYywxLCR2RAetaKknCTDCZXTvFp1aJcKy0LQl4pn6fmJDEmHES2s6EwND89nLxL6+bQXwVTLhMM2CSzhfFmcCgcP46jrhmFMTYEkI1t7diOiSaULABFW0Iy0/x/6RVcf2qW709L9fqizgK6BidoDPko0tUQ3XUQE1E0T16RM/oxVHOk/PqvM1bV5zFzBH6Aef9CxVrj4I=</latexit>. . .

parity checks in different basis checks instead of projectors
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measurement-induced phase transitions
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measurement-induced phase transitions
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single-qubit 
measurement What happens if, for the toric code,  

we weakly monitor all system qubits?
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Is there a threshold?

Nishimori transition
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Nishimori physics
Nishimori (1981)
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protocol on IBM heavy-hexagon lattice

|0⟩

H|0⟩

|0⟩ H

H

initialization

σ
validate

 state

H s

collapse ancilla

system qubit: site of honeycomb lattice

auxiliary qubit: bond of honeycomb lattice

/

RZ(α)R Z
Z(

α) =

•  injects tunable coherent error 
• generically a non-Clifford gate

α < π/4

ABA

A

B

B

R Z
Z(

2
)t A

R Z
Z(

π/
2)

entanglers
IBM_Sherbrooke

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

incoherent & coherent errors
Dennis, Kitaev, Landahl, Preskill 2002
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coherent error transition
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entanglement by measurement: surface code
Kitaev (1997)

The toric/surface code  
is an ingenious
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phase transitions & deformations
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terms λ generate hopping of matter fields located at adjacent vertices, 
as mediated by a gauge field on their connecting link.

Since the foundational work of Fradkin and Shenker, it has been 
known that the zero-temperature phase diagram of H has two distinct 
phases38–41 (Fig. 1b). One phase is the deconfined and topologically 
ordered phase that exists near hE, λ ≈ 0. The quantum phase transition 
along the λ = 0 line can be understood by a duality mapping to the 
transverse-field Ising model1, in which domain walls of the Ising model 
correspond to closed strings in H. For small but non-zero λ, the duality 
breaks down: we must include contributions to dynamics from open 
strings, which cannot correspond directly to domain walls. Crossing 
this transition into the confining phase leads to a condensation of 
magnetic excitations and confinement of electric excitations. The 
deconfinement to confinement transition can be seen in the non- 
equilibrium dynamics of a pair of charge excitations. In the deconfined 
case, the excitations move freely, whereas in the confined case, the 
string between them acquires a tension and restricts their motion 
(Fig. 1c).

For hE = λ = 0, H reduces to the celebrated toric code Hamiltonian13, 
which underlies several quantum computing error-correction codes. 
In that limit, all terms in H commute with each other, [Av, Bp] = 0 ∀ v, p; 
hence H is exactly solvable. The efficient preparation of the toric code 
ground state is well studied and can be achieved with circuits that scale 
linearly with the shorter dimension of the lattice42–44. In the limit 
hE, λ ≫ 1, the ground state is a product state of the qubits with all qubits 
pointing in the same direction, which can be prepared with single-qubit 

operations. A key aspect of H at the system sizes we study is the exist-
ence of an efficient algorithm to prepare states at energy densities low 
enough to resolve characteristic dynamics throughout the phase dia-
gram. We make use of a variational ansatz based on a parameterization 
of the gate sequence used to generate the toric code wavefunction, 
which we call the weight-adjustable loop ansatz (WALA)45,46 (Fig. 2a,b 
and Methods). To implement this ansatz, we use a grid of qubits with 
fourfold connectivity (diamonds) and ancilla qubits (circles; Fig. 2a) 
at the centre of each plaquette of the link qubits. All qubits begin in the 
|0% state. The state-preparation sequence starts with a single-qubit 
rotation Ry(θ) on each of the ancilla qubits at the centre of the pla-
quettes. The rest of the gate sequence does not have any adjustable 
parameters and is composed of controlled NOT (C-NOT) gates that 
generate entanglement between the qubits, starting with the centre 
columns of plaquettes and spreading to the edges of the lattice. The 
final C-NOT gate disentangles the ancilla qubits, returning them to the 
|0% state. We use a classical computer to find the optimal angle θ that 
minimizes the initial state energy, as a function of hE (Fig. 2b and 
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Fig. 1 | An LGT and its phase diagram. a, A full two-dimensional LGT (top left)  
can be realized by placing charged matter (grey circles) on vertices of a square 
lattice and gauge fields on the links between them (green diamonds). The local 
gauge structure can be used to eliminate the matter field and arrive at an effective 
theory involving gauge fields only (right). The presence/absence of charge 
excitations (red/blue) or magnetic fluxes (yellow/purple) is then sensed 
through the links. b, Zero-temperature phase diagram of the LGT in equation (1). 
c, In the deconfined phase, charges move freely. In the confined phase, charges 
oscillate around an equilibrium configuration. We can picture an elastic string 
connecting them that fluctuates in both longitudinal and transverse directions, 
limiting their motion.

Fig. 2 | WALA. a, WALA gate sequence used for a two-dimensional grid of 35 
qubits, consisting of 17 link qubits (diamonds) and 18 ancilla qubits (circles). 
The sequence begins with applying Ry(θ) to ancilla qubits of each plaquette, 
followed by applying C-NOT gates to qubit pairs, starting at the centre columns 
and moving outwards. b, Optimized θ angle used in WALA. The green curve is 
based on numerical calculations for a 35-qubit grid and the grey curve shows 
the thermodynamic limit. c, Energy error, compared with the exact ground 
state, of three ansatzes: (1) WALA (green); (2) toric code, θ = π/2 (blue); and  
(3) product state, |0%⊗N (yellow), for λ = 0.25. Solid lines correspond to circuit 
simulations and filled circles are extracted from our experiment after readout 
error mitigation (Supplementary Information Section III.A). d, Experimentally 
measured expectation values of plaquette, vertex and Pauli-Z operators, for 
λ = 0.25 and hE ∈ {0, 0.3, 0.6, 1.0}, from WALA. We post-select the measured data 
on the ancilla being in the expected |0% state to mitigate decoherence of the 
device for this and all other figures of the main text (Methods).
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Visualizing dynamics of charges and strings 
in (2 + 1)D lattice gauge theories

Lattice gauge theories (LGTs)1–4 can be used to understand a wide range of phenomena, 
from elementary particle scattering in high-energy physics to e!ective descriptions of 
many-body interactions in materials5–7. Studying dynamical properties of emergent 
phases can be challenging, as it requires solving many-body problems that are generally 
beyond perturbative limits8–10. Here we investigate the dynamics of local excitations in 
a Z2 LGT using a two-dimensional lattice of superconducting qubits. We "rst construct 
a simple variational circuit that prepares low-energy states that have a large overlap 
with the ground state; then we create charge excitations with local gates and simulate 
their quantum dynamics by means of a discretized time evolution. As the electric "eld 
coupling constant is increased, our measurements show signatures of transitioning 
from decon"ned to con"ned dynamics. For con"ned excitations, the electric "eld 
induces a tension in the string connecting them. Our method allows us to experimentally 
image string dynamics in a (2+1)D LGT, from which we uncover two distinct regimes 
inside the con"ning phase: for weak con"nement, the string #uctuates strongly in the 
transverse direction, whereas for strong con"nement, transverse #uctuations are 
e!ectively frozen11,12. We also demonstrate a resonance condition at which dynamical 
string breaking is facilitated. Our LGT implementation on a quantum processor 
presents a new set of techniques for investigating emergent excitations and string 
dynamics.

Present models for fundamental forces are formulated as gauge  
theories. The common element of these theories is a local symme-
try action and its corresponding gauge field that mediates interac-
tion between matter particles5. Gauge theories are not limited to 
high-energy physics but can also capture emergent phenomena in 
condensed matter physics6,7 and have seen applications in quantum 
information13. One of the earliest examples of the interplay between 
these research fields was the development of LGT, in which space is 
discretized to a lattice1–4. In particular, a motivation for introducing 
quantum LGTs was to describe a mechanism for confinement of quarks 
in quantum chromodynamics2. Within this framework, confined mat-
ter particles are the open ends of a string with finite tension. The dis-
crete nature of LGTs has also been important in forming a framework 
for numerical calculations of equilibrium properties, for instance,  
using Monte Carlo or tensor-network-based methods9.

Understanding the non-equilibrium dynamics of string excita-
tions in LGTs is of fundamental importance in various disciplines, 
ranging from transport properties of the quark–gluon plasma to 
spectral properties in correlated quantum materials. However, 
theoretical approaches to this problem face substantial obstacles: 
non-equilibrium dynamics is beyond perturbative treatments, 
numerical methods based on Monte Carlo run into sign problems 
and tensor-network approaches work only as long as entanglement 
remains sufficiently low8–10. Quantum devices have been proposed as 
a viable alternative for the study of LGTs (refs. 14–20 for early works 
and reviews); their experimental implementations, on the other hand, 
have been limited to one spatial dimension or small scales, which limits 
the ability to examine string fluctuations21–35. Because conventional 

LGT Hamiltonians have a constrained structure dictated by the local 
symmetry action, directly simulating their dynamics on quantum 
processors requires the ability to perform evolution generated by 
specific multibody local terms.

Here we realize a two-dimensional LGT on a superconducting quan-
tum processor and use this platform to investigate and visualize the 
string dynamics. We consider an LGT in which the interaction between 
matter fields (filled circles in Fig.%1a), placed on the vertices of a square 
lattice, is mediated by 2Z  gauge fields, located on the links that connect 
them3 (green diamonds in Fig.%1a). This structure is a simplification of 
quantum electrodynamics, in which both space and the gauge group 
are discretized: space becomes a lattice and the U(1) gauge group is 
discretized to Z2. We make use of the gauge redundancy to eliminate 
matter fields36,37. In the resulting ‘matter-free’ LGT, the motion and 
interaction of matter fields are captured by the Z2 gauge fields with 
the Hamiltonian:

∑ ∑ ∑ ∑J A J B h Z λ X= − − − − . (1)
v

v
p

p l lE M E
links links

H

The vertex operators Av = ∏i∈v Zi are products of local Z operators 
on link qubits emanating from a vertex v and represent the electric 
charge (red or blue tiles in Fig.%1a). The plaquette operators Bp = ∏i∈p Xi 
are products of Pauli-X operators on link qubits encircling a plaquette 
and represent the presence or absence of magnetic flux (yellow or pur-
ple tiles). We consider vertex and plaquette operators of equal strength, 
which sets the unit of energy, JE = JM = 1. The hE terms denote an electric 
field on each link that creates magnetic flux excitations. The coupling 
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toric code under weak measurement

Nishimori transition
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information
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Toric code under weak measurement

Nishimori transition

|πℋ − exp (± ρ
2 Zij) |πℋ

|πℋ −
(1 + tanh ρ

2 Zij) |πℋ

(1 ⟩ tanh ρ
2 Zij) |πℋ

+ + +⟨

coherent 
information decohered

ρ = □ρ = 0

Decoherence: superposition is lost, 

loop condensate into a mixed loop ensemble 

Eckstein, Han, Trebst, GYZ, PRX Quantum 5.040313 (2024)toric code

deg=2

deg=1

P(s) = ↔π(s) |π(s)ℋBorn’s rule
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PRX Quantum 5, 040313 (2024)

quantum  
loop gas

classical  
loop gas

- 5 5 -

A s s u c h t h e c o h e r e n t i n fo rmat ion reflects t h e fundamental capability
o f a g iven Q E C t o protect i t s logical qubits u n d e r a particular
n o i s e m o d e l . T h e c o h e r e n t i n fo rma t i o n thereby signals t h e fundamental
t h r e s h o l d e r r o r r a t e beyond w h i c h t h e quantum i n fo rmat ion c a n n o t

b e r e c o v e r e d b y a n y m e a n s . Only optimal decoders c a n a t t a i n t h e

threshold o b t a i n e d f r om t h i s c o h e r e n t i n fo rmat ion perspective. N e x t t o
i t s fundamenta l c h a r a c t e r t h e coherent i n fo rm a t i o n e x h i b i t s another

advantage - i t e x h i b i t s strikingly s m a l l f i n i t e - s i z e effects, thereby
allowing i t t o r e v e a l a precise th resho ld v a l u e already f o r very s m a l l
c o d e d i s t a n c e s (typically single digits, d = 3 ,5 , 7 , suffice t o i n fe r
t h e d → 0 0 th resho ld ) . S o , t h e c o h e r e n t i n fo rmat ion appears t o b e a

s omewha t m i r a c u l o u s o b s e r v a b l e - t h e deeper r e a s o n f o r t h i s a r e

c o n n e c t i o n s t o qu a n t um topology w h i c h w e w i l l n o t d i s c u s s h e r e .

Th e c o h e r e n t information w a s f i r s t i n t r o d u c e d i n t h e c o n t e x t o f
qu a n t um i n fo rmat ion theory a s a m e a s u r e o f t h e q u a n t um
i n fo rmat ion t r a n sm i t t e d through a noisy c h a n n e l ( S e t h Loyd, 1997).
( I ndeed maximizing t h e coherent information o v e r a l l possible encodings
yields t h e q u a n t um capacity o f a noisy quantum channe l . ) A t t h e s a m e

t i m e , t h e c o h e r e n t i n fo rmat ion w a s e s t a b l i s h e d a s a key ingredient
fo r t h e e x i s t e n c e o f a successful quantum e r r o r c o r r e c t i o n protocol.

Here i s t h e general setup

reference

10011m€ I R I t yBe l l p a i r
Vene

/ i o s /
S r a
densitymatrix②""##

"# ""

o f noisy s t a t eN qubits

1 0 )

Q E C c o d e n o i s e mode l

- 5 6 -

I n t h i s se tup, w e c o n s i d e r ( w i t h o u t l o s s o f genuality) t h e c o h e r e n t
information f o r a Q E C c o d e encoding a single logical q u b i t ( s u c h
a s t h e r o t a t e d su r face code) . W e s t a r t w i t h a B e l l p a i r b e t w e e n
t w o physical qub i t s , o n e o f w h i c h i s kept a s a n o i s e - f r e e

reference q u b i t R . T h e o t h e r qubit i s u s e d f o r preparing t h e logical
s t a t e o n t h e register o f N qub i t s Q . A n encoding unitary Vene
o n t h e s e d a t a qub i t s c r e a t e s a superposition o f logical s t a t e s ,
s u c h t h a t i n t h e R Q system w e h a v e a c omb i n e d s t a t e

y½ (10120<>+11,217)

After encoding, t h e Q system i s exposed t o n o i s e N according
t o s o m e n o i s e m o d e l ( b i t f l i p , please f l ip,. . .) . T h e c o h e r e n t information
o f t h e noisy s t a t e S R Q a l l o w s o n e t o e x t r a c t t h e fundamental
e r r o r t h r e s h o l d .

T h e c o h e r e n t information i s t h e n d e f i n e d a s

1=S(ga)-S(Sro
w h e r e S (Sra) i s t h e v o n N e u m a n n entanglement entropy o f t h e
noisy s t a t e ( o n t h e right-hand s i d e a b ove ) a n d S o = TrR (S ra )
i s t h e r e d u c e d density ma t r i x a f t e r tracing o u t t h e reference q u b i t
a n d S ( S a ) t h e respective entanglement entropy.

I n t h i s setup, t h e coherent i n fo rmat ion befo re application o f t h e
n o i s e i s I o = log( 2 ) .

I t signals t h e principal e x i s t e n c e o f a

q u a n t um e r r o r c o r r e c t i o n p ro c e d u r e t h a t r e c o v e r s t h e f u l l logical
i n fo rma t i o n a n d t h e logical s t a t e w i t h u n i t f ide l i ty f - 1 .
O n c e n o i s e i s a d d e d t h e c o h e r e n t i n fo rma t i o n c a n on ly d e c r e a s e
o r s tay c o n s t a n t . O n c e t h e n o i s e b e c ome s t o o strong a n d a n y
i n fo rmat ion recovery b e c ome s impossible t h e c o h e r e n t i n fo rmat ion

drops t o Z e r o . Right a t t h e e r r o r th resho ld t rans i t ion t h e coherent

i n fo rmat ion typically a l s o t a ke s a u n i v e r s a l v a l u e o f I = ½ , w h i c h
again i s c o n n e c t e d t o q u a n t u m topology, though exceptions t o t h i s

s t a t e m e n t e x i s t .
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<latexit sha1_base64="v+JFl1oKVUjMsIO3dhcVOtoxM9s=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbB05It0q23ohePVawttEvJptk2NJtdkqxQlv4DLx4U8eo/8ua/Mf0QVPTBwOO9GWbmhang2mD84RRWVtfWN4qbpa3tnd298v7BnU4yRVmLJiJRnZBoJrhkLcONYJ1UMRKHgrXD8eXMb98zpXkib80kZUFMhpJHnBJjpZte3i9XsOufW/gIu3WMcdVbEuwjz8VzVGCJZr/83hskNIuZNFQQrbseTk2QE2U4FWxa6mWapYSOyZB1LZUkZjrI55dO0YlVBihKlC1p0Fz9PpGTWOtJHNrOmJiR/u3NxL+8bmaiepBzmWaGSbpYFGUCmQTN3kYDrhg1YmIJoYrbWxEdEUWoseGUbAhfn6L/yV3V9Wpu7fqs0rhYxlGEIziGU/DAhwZcQRNaQCGCB3iCZ2fsPDovzuuiteAsZw7hB5y3Tw5vjbw=</latexit> {
<latexit sha1_base64="lJY61M4aoEyAJ92jiAKzvslV2Ws=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFchaS2tdkV3bisYh/QhjKZTtqhk0mYmQgl9A/cuFDErX/kzr9x+hBU9MCFwzn3cu89QcKZ0o7zYa2srq1vbOa28ts7u3v7hYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpNvetF8oOrZXq1TKJeTYjuOVK+eGeJ7n1lzkGmWGIizR6Bfee4OYpBEVmnCsVNd1Eu1nWGpGOJ3me6miCSZjPKRdQwWOqPKz+aVTdGqUAQpjaUpoNFe/T2Q4UmoSBaYzwnqkfnsz8S+vm+qw5mdMJKmmgiwWhSlHOkazt9GASUo0nxiCiWTmVkRGWGKiTTh5E8LXp+h/0irZbtWu3pSL9ctlHDk4hhM4AxcuoA7X0IAmEAjhAZ7g2Rpbj9aL9bpoXbGWM0fwA9bbJyXhjc0=</latexit>

} <latexit sha1_base64="yXXQW2YgMu5nE4A7WXFSOSM8MZ8=">AAAB6HicdVBNT8JAEN3iF+IX6tHLRmLiqWkRkN5QLx4hESSBhmyXKaxsP7K7NSENv8CLB43x6k/y5r9xC5io0ZdM8vLeTGbmeTFnUlnWh5FbWV1b38hvFra2d3b3ivsHHRklgkKbRjwSXY9I4CyEtmKKQzcWQAKPw603ucr823sQkkXhjZrG4AZkFDKfUaK01LoYFEuW6dSr1UoZW6ZlOZXqmSaO49h1G9tayVBCSzQHxff+MKJJAKGinEjZs61YuSkRilEOs0I/kRATOiEj6GkakgCkm84PneETrQyxHwldocJz9ftESgIpp4GnOwOixvK3l4l/eb1E+XU3ZWGcKAjpYpGfcKwinH2Nh0wAVXyqCaGC6VsxHRNBqNLZFHQIX5/i/0mnbNo1s9aqlBqXyzjy6Agdo1Nko3PUQNeoidqIIkAP6Ak9G3fGo/FivC5ac8Zy5hD9gPH2CRoyjSs=</latexit>

A

<latexit sha1_base64="jWwmyM3ZS9vEdamKAFHAlx4S+xk=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbNBsvEWzMVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOElWUNGChqKqm+4uPxFcaUI+rLX1jc2t7cJOcXdv/+CwdHTcUXEqGbRZLGLZ86kCwSNoa64F9BIJNPQFdP1pY+F370EqHke3epaAF9JxxAPOqDZSqzEslYntXhm4mNg1QkjFyQlxsWOTJcooR3NYeh+MYpaGEGkmqFJ9hyTay6jUnAmYFwepgoSyKR1D39CIhqC8bHnoHJ8bZYSDWJqKNF6q3ycyGio1C33TGVI9Ub+9hfiX1091UPMyHiWphoitFgWpwDrGi6/xiEtgWswMoUxycytmEyop0yabognh61P8P+lUbKdqV1uX5fp1HkcBnaIzdIEc5KI6ukFN1EYMAXpAT+jZurMerRfrddW6ZuUzJ+gHrLdPCNCNHg==</latexit>
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KWω → ω
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KW ωKW = ω

cCasimir = 0.447(1) cvN
ent = 0.795(1)cCasimir = 0.464(4) cvN

ent = 0.41956(3)
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measure

quantum monitoring & classical inference
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learning transitions
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learning transitions
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Nishimori / percolation & multifractality
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Both percolation and Nishimori criticality 
exhibit multifractal spectra  of scaling dimensions.

Different moments of correlations functions 

scale with distinct non-trivial exponents.

Scaling behavior of the boundary

condition changing (boundary) twist operators.
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statistical fluctuations of entanglement entropies. 
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Nishimori physics

• a staple of classical statistical physics 

• but ubiquitous in quantum physics


• enforced by Born’s rule 

• induced by coherent and incoherent errors 

• RG flow form percolation, self-dual, tricriticality


• an emerging fixed point universality class  
for non-unitary conformal QCPs?

theory – Phys. Rev. Lett. 131, 200201 (2023)

experiment (IBM) – Nature Physics 21, 161 (2025)
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Nishimori physics

Nishimori

Ising

weak  
self-dual

percolation

tricritical

theory – Phys. Rev. Lett. 131, 200201 (2023)

experiment (IBM) – Nature Physics 21, 161 (2025)

percolation – arXiv:2505.22720 
self-dual – arXiv:2502.14034, PRX Quantum 5, 040313 (2024) 

tricritical – arXiv:2504.12385 

• a staple of classical statistical physics 

• but ubiquitous in quantum physics


• enforced by Born’s rule 

• induced by coherent and incoherent errors 

• RG flow form percolation, self-dual, tricriticality


• an emerging fixed point universality class  
for non-unitary conformal QCPs?

RG flow
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