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Path integral representation

Interaction representation / off-diagonal term
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Partition function \ Pa———

B
Z=Tr(ePH) =T (6—5H0T6— I dTV(T))

Z ="Tr (e_ﬁH" [1 — /Oﬁ drV(r) + /03 dr V(1) /Tﬁ AV (m)V(m) + ...

)

Advantage: diagonal terms are treated exactly.



Path integral representation
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Each term represented by a world line configuration
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Disadvantage: keeping track of times can be computational expensive.



Continuous time representation

What data structures are used to represent
a world line configuration in continuous time?

Answer: kKinks and kink lists.
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Local updates in continuous time

Shift Kink

Insert / remove two kinks

P=1 P=(A7J/2)° -0
Vanishing acceptance rate  P_, = min [1, (ATJ/Q)Z} .0

Solution: Integrate over al possible insertions in a time window
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Path integral vs.

SSE representation

World lines in path integral
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Advantage
diagonal terms treated exactly

Disadvantage
continuous imaginary time

World lines in SSE
A
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integer index
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space direction

Disadvantage
perturbation also in diagonal
terms

Advantage
integer index instead of time



Local updates

Local changes using Metropolis updates

Problems
Restricted to canonical ensemble

No change of magnetization, particle number, winding number
Critical slowing down

Autocorrelation times grow fast

Solutions
Classical problem: cluster updates
Quantum problem: worm algorithm
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Exact, complete, and universal continuous-time worldline Monte Carlo approach
to the statistics of discrete quantum systems

N. V. Prokof'ev,*) B. V. Svistunov, and I. S. Tupitsyn

Kurchatov Institute, 123182 Moscow, Russia
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Zh. Eksp. Teor. Fiz. 114, 570-590 (August 1998)

We show how the worldline quantum Monte Carlo procedure, which usually relies on an
artificial time discretization, can be formulated directly in continuous time, rendering the scheme
exact. For an arbitrary system with discrete Hilbert space, none of the configuration update
procedures contain small parameters. We find that the most effective update strategy involves the
motion of worldline discontinuities (both in space and time), i.e., the evaluation of the

Green’s function. Being based on local updates only, our method nevertheless allows one to
work with the grand canonical ensemble and nonzero winding numbers, and to calculate any
dynamical correlation function as easily as expectation values of, e.g., total energy. The
principles found for the update in continuous time generalize to any continuous variables in the
space of discrete virtual transitions, and in principle also make it possible to simulate

continuous systems exactly. © 1998 American Institute of Physics. [S1063-7761(98)01508-X]




The worm algorithm
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Extend world line configuration space of closed world
lines by an open world line fragment, the “worm”.

Hworm:H_nZ(Sj_‘l_Sz_)

worm oS
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Additional world lines are seeded
at any point in space-time. q




Worm updates

Time shift
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Worm updates

Jump of worm head
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Worm updates

Creation of a worm
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Example of update sequence

St 01_,

STO o+
STQ ST Qi—» g-
closed worm shift / jump worm closed

world lines creation worm heads annihilation world lines



Ergodicity

Non-local updates in temporal and spatial directions.
The worm algorithm can simulate a grand-canonical

Wesge%bsl?Udy winding-number fluctuations, e.g. the stiffness.

Example: _(_L<—- :
L ] SJ/I\_)_ ——
ulls <::> r

> R

L L
——

i - :—4— i

|



Non-local interactions

Can we include diagonal site-site interactions?

Example

(i5)
Answer: Yes, but ...

- tedious calculation of
statistical weights for
local worm updates
= implemented in ALPS

- high computational cost
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An application of the worm code



BEC 1n ultracold atomic gases

 Ultracold 8’Rb atoms form a Bose-
Einstein condensate (BEC)

— first observed in 1995

« Standing laser waves form
an optical lattice

T. Esslinger, ETH Zurich



Realization of Bose-Hubbard model
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K(R) (radial mean)

Simulations of trapped bosons
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Summary

The worm algorithm
Path integral representation in continuous time
=» no error from time discretization.

Perturbation in off-diagonal terms only
= high acceptance rate for updates, also when

off — diagonal terms
<1

diagonal terms

Ergodicity in temporal and spatial directions
= grand-canonical ensembles, non-zero winding numbers

Non-local interactions
= high-computational cost
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