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Local moments with a spin § > 1/2 can exhibit a rich variety of elementary quasiparticle excitations,
such as quadrupolar excitations, that go beyond the dipolar magnons of conventional spin-1/2 systems.
However, the experimental observation of such quadrupolar excitations is often challenging due to the
dipolar selection rules of many linear response probes, rendering them invisible. Here we show that
nonlinear spectroscopy, in the form of two-dimensional coherent spectroscopy (2DCS), can be used to
reveal quadrupolar excitations. Considering a family of spin-1 Heisenberg ferromagnets with single-ion
easy-axis anisotropy as an example, we explicitly calculate their 2DCS signature by combining exact
diagonalization and generalized spin wave theory. We further demonstrate that 2DCS can provide access to
the quadrupolar weight of an excitation, analogous to how linear response provides access to the dipolar
weight. Our work highlights the potential of nonlinear spectroscopy as a powerful tool to diagnose

multipolar excitations in quantum magnets.
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Quantum magnets admit a veritable zoo of distinct
quasiparticle excitations, offering a versatile playground
for the investigation of a diverse array of physics and
phenomena. Alongside conventional dipolar excitations,
such as the well-known magnons of spin-1/2 magnets,
there is growing interest in the study of elementary
excitations with multipolar character [1-3]. Such excita-
tions arise in higher-spin magnets, or those with a more
complex doublet structure, and greatly enrich the landscape
of quasiparticle physics. As an example, in spin-1 systems,
a purely on-site quadrupolar |AM?| =2 excitation is
possible as an elementary excitation, usually referred to
as a single-ion bound state (SIBS) [4], whereas in spin-1/2
systems, a |AM?| =2 excitation will necessarily only
appear as a composite excitation, consisting of two dipolar
excitations. Understanding the interplay of such excitations
can provide deeper insights into fundamental phenomena
like quasiparticle decay and renormalization [5].

Experimentally, studying multipolar excitations is ham-
pered by the fact that they cannot be straightforwardly
probed via linear response, which typically exhibits dipolar
selection rules. However, there has been some recent
progress [6,7] in revealing quadrupolar excitations under
certain conditions: Although purely quadrupolar excita-
tions cannot be created by a dipole operator, weakly
breaking spin-rotational symmetry can hybridize quadru-
polar and dipolar excitations, allowing both to appear even
in conventional probes that follow dipolar selection rules.
An alternative approach, which does not rely on such
hybridization, involves using a probe that can couple with
quadrupolar operators via local higher-order processes.
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This latter approach has been demonstrated with RIXS
spectroscopy [8].

Here, we show that one can straightforwardly access
multipolar excitations via nonlinear response, encoded in a
system’s nonlinear susceptibilities and expressed in terms of
higher-order dynamical correlation functions. As an exam-
ple, for a spin-1 magnet with local moment at site i in the
|+ 1) state, the third-order response can naturally encode
elementary quadrupolar excitations via the matrix element
(+1|8710)(0|S]| = 1)(=1]S7]0)(0|S;7| + 1). In general, the
nth order response involves n + 1 spin operators, enabling
the observation of AM* = (n + 1)/2 excitations for n odd.

An ideal technique for probing the nonlinear response of
quantum magnets is two-dimensional coherent spectros-
copy (2DCS). Using two THz field pulses separated by a
time delay 7, one measures the magnetization a measure-
ment time ¢ after the second pulse. The technique can
extract the second-order susceptibility y* (w,, @, ), as well
as two types of third-order susceptibilities: y*!)(w,, w,)
and y3?) (@,, w,). There is a significant amount of ongoing
research, from both experiment and theory, in trying to
better understand THz 2DCS in magnetic materials [9-27].

In particular, we establish how 2DCS can reveal
quadrupolar excitations, using a spin-1 ferromagnetic
Heisenberg model with single-ion anisotropy as an exam-
ple case study. Using a combination of exact diagonaliza-
tion (ED) and linear generalized spin-wave theory
(GSWT), we show that the energy of the SIBS can be
measured by the third-order nonlinear susceptibility,

;(g;)?(a),wr) Furthermore, we show that the other
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third-order nonlinear susceptibility, ;(S)i? (w,, ®,), can pro-
vide a measure of the quadrupolar weight of an excitation,
even in cases with finite hybridization between dipolar and
quadrupolar excitations, information not discernible from
linear response alone.

Model and its excitations—As a paradigmatic example,
we study the spin-1 ferromagnetic Heisenberg model with
single-ion anisotropy on a regular d-dimensional lattice,

H=-J]YS;-S;-DY (8} (1)
(i) i

where J > 0 is the ferromagnetic Heisenberg coupling
and D > 0 the single-ion anisotropy [4,28]. The model
has a U(l) x Z, symmetry and the ground state, for
D/J > 0, is a fully polarized ferromagnet along the z axis,
|PF) = | £ 1)®V, spontaneously breaking the discrete Z,
symmetry.

The U(1) symmetry allows us to divide the Hilbert space
into sectors with fixed M* =), S7. Since the application
of M* =), S¥ can only change M* by £1, focusing solely
on the M*=N,N —1,N —2 sectors is sufficient when
considering zero-temperature 2DCS. Combined with trans-
lational symmetry, the dimension of the Hilbert space to be
considered is thus O(N), enabling us to evaluate nonlinear
response using ED up to relatively large system sizes of
O(100) sites (see Ref. [29] for details on the ED approach
to 2DCS).

The energy spectrum at zero momentum, and its various
excitations, calculated from ED for such a spin-1 ferro-
magnet is shown in Fig. 1. The simplest elementary
excitation is a single magnon, a dipolar |AM?| =1 exci-
tation created by applying M* to the fully polarized ground
state. It has an energy w;,, = D relative to the ground state.
Above this, there is a continuum of 2-magnon states,
spanning an energy range 2D < @, < 2D + 4zJ, with z
the coordination number of the lattice. These are |[AM?| =2
composite excitations which consist of pairs of dipolar
single magnon excitations. Schematically, for, say, the |¥;)
ground state, the 1-magnon and 2-magnon excitations can
be understood as flipping | + 1); — |0), on a single site and
flipping | + 1),/ + 1); — [0);]0); on two different sites,
respectively.

Crucially, for the S = 1 model, there is an additional
elementary excitation with an intrinsic multipolar character.
This is the SIBS [4], which, in the limit D/J — oo, can be
understood as a full |AM?| = 2 spin flip on a single site,
e.g., |+ 1); = | — 1);. In this limit, the energy of the SIBS
wsgs — 2zJ. Note that such an on-site quadrupolar exci-
tation cannot occur in a purely spin-1/2 system, and is
furthermore completely absent in linear response, which
is only sensitive to dipolar excitations. At finite D/J it is
important to realize that the nature of the SIBS is no longer
as simple as the schematic | + 1); — | — 1), full spin flip
presented in Fig. 1(b) (such a simple excited state is not
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FIG. 1. Invisibility of quadrupolar excitation in linear response.
(a) The energy spectrum, at zero momentum, of the spin-1 FM
Heisenberg model with single-ion anisotropy D exhibits a 1-
magnon excitation, a continuum of 2-magnon excitations, and a
sharp single-ion bound state (SIBS). The size of the circles is
proportional to the transition amplitudes |(n|M*|0)|* (red) and
[(n|(M*)?|0)|> (blue), with n =0,1,... corresponding to the
ground and excited states. Blue circles in the inset indicate
|(n]Q¥ =" |0)|2. As a representative example, the spectrum shown
here is for a 1D L = 100 site chain. (b) Illustration of the
schematic form of the various excitations. (c) Linear response at
large D = 5.0 reveals only the 1-magnon excitation, while the
quadrupolar SIBS is completely invisible.

even an eigenstate of the Hamiltonian due to the XY
exchange terms contained within the Heisenberg inter-
actions). We can dissect its true character by expanding
(M*)? as

T~ o2 1 -
(M*)? :EzQi ’ +§Z(Si+sikl +S87Si1)

1
tg D (SIST SIS+ (2)
i) j+1

where the first term represents a purely on-site quadrupolar
excitation (unique to spin-1 systems), the second represents
a 2-magnon bound state (two magnons bound on neighbor-
ing sites), the third a regular 2-magnon state, and the
ellipses |[AM?| = 0 terms which do not play a role for the
SIBS at the moment. Taking D/J = 5 in the 1-d chain as an
example, the largest contribution for the SIBS comes from
the first term, ~65% of the total weight, while the second
and third terms contribute ~30% and ~5% respectively (see
Supplemental Material [30] for D/J dependence). On the
other hand, the lowest energy state in the 2-magnon
continuum is fully dominated by the third term, ~99%,
which creates two magnons on two different sites. Thus,
though the SIBS and 2-magnon states are both quadrupolar
excitations, they have a fundamentally distinct underlying
nature. The SIBS is a single, sharp elementary excitation
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while the 2-magnon states form a continuum, and the SIBS
has primarily on-site quadrupolar character while the
2-magnon states are composed of pairs of I-magnon
excitations. At small enough D/J, the SIBS merges with
the 2-magnon continuum and loses its distinct nature.
2DCS quadrupolar signatures—Having understood
the structure of the excitation spectrum, we now turn to
how 2DCS can be used to reveal the presence of the

SIBS. We focus on the third-order diagonal susceptibility

)(glx(t%tz,tl) (the second-order diagonal susceptibility

vanishes). In the two-pulse setup used for 2DCS,

there are two distinct contributions, )(,(;xl)?(t 7,0) and

;(Sf)? (1,0, 7). For now, we focus on the Fourier transformed

;gii)})?(wt w,), which corresponds to two field interactions
at time / = 0 and one at ¢ = 7.

As a useful comparison, we first consider a spin-1/2
XXZ model with longitudinal field, with Hamiltonian
H=~=J>;lr(SiS} + SIVS;) + 8783 = h.>2;Si,  and
y/J=1.1,h,/J =5.0. The ground state is also a fully
polarized ferromagnet along the z axis, with a 1-magnon
excitation with energy w;, ~ h, and a 2-magnon con-
tinuum for w,,, > 2w, [Fig. 2(a)]. As shown in Fig. 2(c),
in the 2DCS spectrum, there is a pump-probe (PP) peak at
(0, ;) = (w1, 0) due to the 1-magnon excitation [9]. In
addition, the lower edge of the 2-magnon continuum is
visible as a 2Q peak at (@, 2@1,) [9].
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FIG. 2. 2DCS signatures of quadrupolar excitations. Sche-
matics of excitation energies for (a) spin-1/2 FM XXZ model
with longitudinal field and (b) spin-1 FM Heisenberg model with
single-ion anisotropy in the large-D limit. Third-order suscep-
tibility, )(SCXQ , for L = 100 chain, calculated using ED for (c) spin-
1/2 model and (d) spin-1 model at D/J = 5.0, with linear GSWT
results in (e).

Now we consider our S =1 model with D/J > 1.
In this limit, the SIBS is well separated from both the
I-magnon excitation and the 2-magnon continuum
[Fig. 2(b)]. In the 2DCS spectrum, we again observe the
same PP and 2Q peaks from the 1-magnon excitation
and 2-magnon continuum, respectively, just as in the spin-

1/2 model. However, ;(53)3)2 now also contains three
additional peaks, rtoughly located at (@n,®smss),
(@1m — wsBs. Wsips), and (@1, — wsips, 0). These addi-
tional peaks reveal quadrupolar excitation processes as can
be intuitively understood, for instance, for the first of these
peaks as follows: at time ¢ = 0, the two field interactions
generate a SIBS excitation with energy wgps Via
M*(0)M*(0). The system then evolves for a time r,
generating a peak at @, = wgps. At time ¢ = 7, the single
field interaction demotes the SIBS to a single magnon
excitation via M*(7), which, after the system evolves for a
time ¢, generates a peak at w, = w;,. Finally, at time
' =t-+1, the system returns to the ground state via
M*(t+ 7).

A more intuitive understanding of the 2DCS spectra can
be obtained by comparing the numerical ED calculations
with the linear GSWT approach [2], which treats magnon
and quadrupolar excitations on equal footing. In GSWT,
the Hamiltonian can be re-expressed using an SU(3)
Schwinger boson (f; 1. f:0.fi-1) representation. In the
FM case, the exact ground state, which we take here to be
the fully polarized state [¥) = | + 1)®", can be consid-
ered as a condensation of the f; .| bosons. The remaining
two flavors of bosons, f;, and f; _; correspond to |0);
and | — 1); on-site excitations, which can then be used
to represent the f;,; operator as ﬁhl =pin =
(1= oBio — Bi_1Bi—1)"/*. Expanding the square root to
quadratic order in f;,f; _;, and inserting these into
Eq. (1), we obtain the linear GSWT Hamiltonian in
momentum space, for a lattice with a single-site unit
cell, as

Hoswr = Y oo+ 4 SLib.  (3)
k k

where wy, = zJ + D — Jyy, with y, = > 5e™% and e, the
z nearest-neighbor vectors. At k = 0, the energies of the 1-
magnon and 2-magnon states are identical to the numerical
ED results. On the other hand, the energy of the SIBS wgpg
is given as exactly 4/, which agrees with the ED only in the
limit D/J > 1. The inclusion of higher-order terms in the
expansion of the square root is thus necessary to obtain the
correct energy of the SIBS at smaller D/J. Indeed, the XY
exchange part of the Hamiltonian produces a quartic term
proportional to M° which, following a mean-field decom-
position, will result in a correction to the SIBS dispersion.
Using the GSWT approach, we can calculate the third-order

susceptibility ;(,(;lx(t 7,0) in the time domain using
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1 .
)()(c:jclx(ta 7, 0) = ——ZAPQR[Z S (AEPRT + AEPQI)
NPQR

+ Sin(—EQT + AEPQI)
+ sin (Eg7 + Egt)], (4)

where we have defined AE,,, = E, — E,, (for simplicity
we have set E; =0), and Appg = (0|M*|P)(P|M*|Q)
(Q|M*|R)(R|M*|0) is the transition amplitude. The result,
shown in Fig. 2(d), demonstrates that, apart from the 2Q
peak, the GSWT calculations successfully reproduce all of
the qualitative features of the ED results. Indeed, all three
peaks unique to the spin-1 model are confirmed to originate
from processes in which the intermediate state |Q) is the
SIBS fj_,_|vac). Not only does the GSWT approach
provide insights into the origins of the various peaks, but
much more importantly it can also be straightforwardly
applied to other magnetically ordered states.

Evolution of excitations—So far, we have focused on the
limit D/J > 1. Let us now consider what happens to the
2DCS spectrum as we lower the value of D/J. As D/J
decreases, both @, and wgpg decrease, with their relative
difference w,,, — wgps changing sign at, e.g., for the 1D
chain, D ~ 3 (see Supplemental Material [30] for 2D and
3D cases). Consequently, the 2DCS peaks move within the
2D frequency plane, as indicated by the arrows in Figs. 3(b)
and 3(c). Further decreasing D/J brings wggs close to the
lower edge of the 2-magnon continuum, and mixing
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FIG. 3. Evolution of excitations. (a) The relative positions of

the 1-magnon, SIBS, and 2-magnon continuum shift as D/J

decreases. (b)—(d) )(Sm],z (w,, w;) for different D/J values, ob-
tained by ED for an L = 100 chain. Arrows near the three SIBS
peaks show the directions these peaks move towards the reference
points at (@;,,,0) and (@, 2@,,). All peaks highlighted with
solid/dotted circles eventually merge at small D/J. Insets display
the line cut at w, = 0.

between the states results in the SIBS acquiring dominant
2-magnon character. In this limit, the 2DCS spectrum now
resembles that of the spin-1/2 model, in which only PP and
2Q peaks are visible [Fig. 3(d)]. However, as the PP peak
consists of contributions from both the SIBS and the
I-magnon, an @, = 0 line cut reveals a sign change at
approximately o, & @, ® wsps — @1, (insets of Fig. 3).

Note that the small D/J regime is of direct relevance to
the material NiNb,Og, considered to be an experimental
realization of a spin-1 chain with easy-axis single-ion
anisotropy [31]. There, the ratio D/J is estimated to be
around 0.3 [31], which would put the material into the
regime described above in which the SIBS has a strong
2-magnon character and the unique spin-1 peaks cannot be
easily discerned [Fig. 3(d)].

Quadrupolar weight—In low symmetry models, in
which the SIBS can hybridize with 1-magnon, the resulting
hybridized mode can already be observed with conven-
tional linear response probes such as neutron scattering
[2,6,7]. As an example, consider the effect of a tilted
magnetic field, —h,>; S; —h,_; S, on our FM spin-1
Heisenberg model [30]. The transverse field &, breaks the
U(1) symmetry of the model and thereby hybridizes the
SIBS and the 1-magnon excitation, generating two modes,
lw) and |y,), which are both visible within linear response
(the longitudinal field 4, is simply added to prevent, for the
1-d chain, the creation of free propagating domain walls on
either side of the SIBS). The intensity of the linear response
peaks, given by the matrix element | {y,,|M*|0)|?> and shown
in Fig. 4(a), is a measure of the dipolar weight of the
excitations. We fix D/J = 6 such that, in the limit hy, — 0,
the modes |y) and |w,) smoothly connect to the SIBS and
I-magnon excitation, respectively.

We can now use 2DCS to obtain additional information
on the nature of the hybridized excitations, not accessible
within linear response. To do so, we utilize the other third-
order susceptibility )(gf)?(w, w,) = FTb()@m(t, 0,7)]. As
shown in Fig. 4(b), the diagonal nonrephasing peaks of
lw) and |y,) are clearly visible, and the appearance of
cross peaks points to the hybridized nature of the two
excitations [32]. In addition, four peaks at (w,, w,) = (v, —
w;, tw,) and (0, — w, +®,) are observed. One can show
that the intensities of these additional peaks are given by

2

s

Ly, 2w,) & Mg My My R ‘<W2|(Mx)2|0>

2

; (5)

Ly, 2ay) & Mgy MUY, My R ‘@11 |(M*)*|0)

where my,, = (n|M*|m), and the last approximation is
justified since m;,,, for n > 2 is negligible and m;,, = 0. We
numerically confirm that the deviation between the inten-
sity 1(g,—g, +£,) and |(w|(M*)*|0)|? is less than 10% for
h, < 0.5 (and similar for the other peak), with the deviation
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FIG. 4. Extracting quadrupolar weight of hybridized magnon
and SIBS modes. (a) The evolution of the energy spectrum as a
function of H, obtained by ED with L = 12. The size of circles
are proportional to |(n|M*|0)| (red) and |{n|(M*)?|0)| (blue).
Inset shows the linear response at H, = 0.4, where two modes
|w1) and |y,) are visible due to the field-induced hybridization.
(b) Third-order response ;(,(;xz)z (0, w;) at H y = 0.4. In addition to
diagonal peaks of |y} (blue), |y,) (red), and off-diagonal peaks
(pink, suggesting the hybridized nature of the two excitations),
four peaks at (w;, w,) = (E, — E|, £E,) and (E, — E|, £E,) are
observed. These peaks measure the quadrupolar weight of the
modes.

largely due to contributions from higher excited states.
Thus, the intensity of these 2DCS peaks can provide a
measure of the quadrupolar weight of the excitations,
|(w,|(M*)?)0)|?, analogous to how the intensity of the
linear response peaks provides a measure of their dipolar
weight, |(w,|M*|0)|?, allowing for a more sophisticated
characterization of the quasiparticle spectrum. See
Supplemental Material [30] for the comparison with the
trivial hibyridization between two 1-magnon modes.

Outlook—For various magnetic materials quadrupolar
excitations have remained a theoretically expected but
typically experimentally hidden feature, which 2DCS
should now be able to clearly uncover. One material of
much current interest is the easy-axis triangular magnet
Fel,—another effective spin-1 magnet where the observa-
tion of a hybridized SIBS in neutron scattering experiment
has been discussed in great detail [2,7]. Our work suggests
that nonlinear spectroscopy could be used to directly probe
the putative quadrupolar nature of these excitations, in
particular, since for Fel, the SIBS is better separated from
the 2-magnon continuum than for the NiNb,Og chain
compound mentioned previously. Along similar lines,
one might reinspect other Ni** compounds [33] which
may also show well-separated SIBS.

Outside of higher-spin magnets, another interesting class
of materials expected to exhibit quadrupolar excitations are
systems with non-Kramers doublets [34,35] whose local
moments carry quadrupolar character. This includes the

rare-earth intermetallics Pr(Ti, V,Ir),(Al,Zn),, which
exhibit quadrupolar-octupolar non-Kramers doublets
[36,37] or 5d* vacancy-ordered halide double perovskites
[38]. As these systems lack any dipolar character, their
excitations remain invisible in many conventional probes,
but nonlinear 2DCS probes could be used to reveal their
quadrupolar excitations [30].

In general, it should be clear that nonlinear response has
enormous potential in probing multipolar excitations, both
elementary mutipolar excitations in S > 1/2 systems with
easy-axis anisotropy or field-induced polarized phases
[39,40] and non-Kramers doublets with multipolar char-
acter, as well as composite multipolar excitations such
as exchange bound states, feasible even in spin-1/2
systems [21,41-46]. Though we focused here on a rela-
tively simple spin-1 FM as a proof-of-concept example in
this work, the linear GSWT approach can be straightfor-
wardly extended to other ordered phases. However, to
properly incorporate nonlinear corrections into GSWT, it is
essential to renormalize the energies of one- and two-
particle excitations on an equal footing. This ensures that
the cancellation of different processes is accurately
accounted for (see Supplemental Material [30] for more
details). It can either be achieved through a mean-field
approach or via direct numerical diagonalization [7]. In the
latter case, it may be necessary to include subspaces beyond
the two-particle subspace.
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