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For the quantum phase transition in the transverse-field Ising chain, Kramers-Wannier duality not only pro-
tects its critical properties but also pinpoints the location of the phase transition. Its role in out-of-equilibrium,
monitored dynamics, however, remains largely unexplored beyond time-periodic Floquet protocols where self-
duality turns into a statistical average symmetry. Here we explore the emergence of dynamical self-duality
in the absence of time-translation symmetry by investigating the monitored dynamics of one-dimensional
Ising/Majorana chains where measurements are arranged in a quasiperiodic Fibonacci sequence. We find that
the dynamical extension of this non-invertible symmetry to an out-of-equilibrium setting allows one to organize
the dynamical phase diagram of entangled phases, both predicting the transition locations and protecting uni-
versal critical behavior. Analytically and numerically, we identify two distinct critical lines, both related to the
golden ratio, for Born-rule weak measurements and for random Clifford projective measurements. The latter
coincides with the transition of a pure imaginary-time evolution, which can be viewed as a post-selected trajec-
tory. The universality classes of the long-time critical steady states at Fibonacci times are determined, while the
transient dynamics between Fibonacci times is deformed by measurements, realizing dynamical measurement-
altered quantum criticality in real time.

Introduction.— Quantum circuits enable unprecedented
control over the entanglement dynamics of quantum many-
body systems through discrete sequences of elementary gates.
With mid-circuit measurements, the resulting non-equilibrium
monitored dynamics [1, 2] is non-unitary and conceptually
distinct from equilibrium Hamiltonian or driven Floquet dy-
namics. A paradigmatic example is the monitored Ising chain
where an observer monitors the Ising interaction and the trans-
verse field (via two-qubit parity checks and single-qubit mea-
surements, respectively) [3, 4]. In contrast to its Hamilto-
nian variant [5, 6], where the ground state undergoes an Ising
transition between ferromagnetic and paramagnetic phases,
the monitored circuit dynamics is best described in terms of
a mixed state [7] undergoing a strong-to-weak spontaneous
symmetry breaking (SW-SSB) transition [8–12]. The critical
state is drastically changed, from unitary Ising criticality to
a weak self-dual, critical state [7] described by a non-unitary
conformal field theory (CFT) [13–15]. In the limit of pro-
jective measurements [4], also dubbed the “projective Ising
model” [3, 16, 17], the dynamics reduces to a Clifford cir-
cuit whose criticality is described by the percolation CFT in-
stead [3, 18–22]. The three distinct transitions – Ising, weak
self-dual, and percolation – share that they obey Kramers-
Wannier self-duality. While this is a strong symmetry for the
Ising transition, it turns into a weak symmetry in the latter two
cases, i.e. only the statistical ensemble of trajectories exhibits
Kramers-Wannier symmetry (but not individual trajectories).

When viewing the monitored Ising chain as a monitored
Kitaev chain [7, 23–25] with a transition between topological
and trivial phases, the self-duality at criticality simply reflects
the spatial translation symmetry of the Majorana lattice, both
for the Hamiltonian and the circuit model. In the latter case, a

duality transform modifies the space-time circuit of measure-
ments. In the absence of time-translation symmetry, the mon-
itored quantum system is no longer guaranteed to possess a
self dual structure. In such a dynamical and statistical setting,
the emergence of self-duality becomes highly non-trivial.

In this manuscript, we characterize the steady-state phase
transition and critical dynamics in prototypical quasiperiodic
monitored Ising circuits without time-translation symmetry.
The two competing measurements are arranged according to
a “Fibonacci word” as illustrated in Figs. 1(a,b) [26–38], inter-
polating between Floquet-periodic and fully random circuits.
Apart from the quasi-random sequence of measurements, the
dynamics exhibit inherent quantum mechanical randomness
in the measurement outcomes, which determine the quantum
trajectories of the state evolution. We consider three distinct
measurement protocols: (I) post-selection, (II) Born-averaged
and (III) Clifford (projective) dynamics.

The respective phase diagrams [Fig. 1(c)] differ qualita-
tively in both the extent of the phases and the criticality.
With post-selection, the system dynamics are equivalently
described as imaginary-time evolution with Ising-symmetric
“local Hamiltonians.” The phase transition occurs when the
ratio of the measurement strengths of the Ising interaction and
the transverse field equals the golden ratio ϕ = (1+

√
5)/2 =

1.618.... This contrasts with Floquet circuits [7], where the
transition occurs at a ratio of one. At the Fibonacci times,
the effective circuit Hamiltonian is self-dual symmetric and
described by the unitary Ising CFT in the long wavelength
limit. For non-Fibonacci times, the quantum state exhibits
measurement-altered Ising criticality [39–44]. For Born-
averaged dynamics without post-selection, we find a paramet-
rically enlarged long-range entangled (LRE) phase. The phase
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Figure 1. Quasiperiodically measured quantum Ising model. (a) Fibonacci circuit of weak measurements using Kraus operators Mx and
Mzz for X- and ZZ measurements, respectively. Measurement outcomes are post-selected in protocol (I) and Born-averaged in protocol (II).
(b) Random projective measurements with i.i.d. rates px, pzz (per layer) in the Clifford protocol (III). (c) Phase diagrams as a function of
measurement strengths τx and τzz , extracted from the entanglement entropy. In the blue area, the 1D chain is long-range entangled for all
three protocols. The post-selected protocol gives rise to spontaneous symmetry-breaking (SSB), while the Born and projective protocols exhibit
weak breaking of the Z2 symmetry (strong-to-weak symmetry breaking, SW-SSB). In the gray area, the system is short-range entangled with
unbroken strong Z2 symmetry. In the green area, the Born average trajectory is long-range entangled on average, while the uniformly post-
selected trajectory s = −1 remains short-range entangled, signaling SW-SSB. Blue data points are numerical results for the phase transition
in the post-selected case (I), green data points numerical results for the Born-average model (II). The blue and green lines indicate analytical
estimates for the asymptotic form in the weak measurement limit (lower left corner). The diagonal gray dashed line shows the conventional
Floquet self-dual location where the evolution times of ZZ and X are equal.

boundary is non-linear in the plane of measurement strengths,
occurring at a ratio of

√
ϕ in the weak-measurement limit and

near the Floquet ratio of one in the projective limit. Increas-
ing measurement strength thus expands the LRE phase. In
contrast, for the Clifford protocol, the phase boundary is es-
sentially linear in the plane of measurement strengths and, sur-
prisingly, agrees well with the phase transition line for post-
selected trajectories.

Models and protocols.— To create a quasiperiodic se-
quence of measurement operations, we consider binary Fi-
bonacci wordswn, which concatenate the two previous words,
wn−1wn−2. With the initial conditions w0 = 1 and w1 = 10,
one generates the infinite sequence w∞ = 10110101... illus-
trated at the top of Fig. 1(a). We then assemble the two com-
peting measurements in our quantum circuits according to the
sequence of binary values in w∞, translating 0 to ZZ parity
checks and 1 to X measurements as shown in Figs. 1(a) and
(b). The Kraus operators for local measurements at site i are

Mx ∝ eτxsx,iXi , Mzz ∝ eτzzszz,iZiZi+1 , (1)

where τx(zz) ∈ [0,∞) quantifies the measurement strength of
the Xi and ZiZi+1 measurements, respectively. The binary
measurement outcomes sx,i = ±1 and szz,i = ±1 are Ising
variables whose distributions follow Born’s rule. Normaliza-
tion factors 2 cosh

(
τx(zz)

)
are omitted in Eq. (1) for brevity.

The monitored Ising chain evolves according to the resulting

product of Kraus operators,

|Ψ(s, t)⟩ =M(s, t) |Ψ(0)⟩ , (2)

where s denotes the trajectory defined as the collection of
measurement outcomes at all spatial locations and times, up
to layer t. As the state is not normalized, the Born probability
of a trajectory is given by the norm

P (s) = ⟨Ψ(s, t)|Ψ(s, t)⟩ . (3)

We initialize our circuit in the +x-polarized state |Ψ(0)⟩ =
|++ . . .⟩ with X |±⟩ = + |±⟩, which preserves the Z2 sym-
metry P =

∏L
j=1Xj [45].

Protocol (I) considers weak-measurement dynamics with
uniform post-selection onto s = +1 for all measurements.
In this conceptually simple case, the dynamics are equivalent
to the discrete imaginary-time evolution of a quantum Ising
chain under the Fibonacci drive. Protocol (II) allows for ran-
dom measurement outcomes according to Born’s rule, so that
specific measurement trajectories are sampled with probabil-
ity P (s). Finally, protocol (III) [Fig. 1(b)] considers the ex-
treme limit of projective measurements (τx(zz) = ∞), so that
the circuit falls into the Clifford class [46, 47]. In this proto-
col, we tune the dynamics by randomly diluting the measure-
ment gates. The projection operators Πx = (1 ± Xj)/2 and
Πzz = (1 ± ZjZj+1)/2 are measured with probabilities px
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and pzz , which are drawn independently and uniformly, see
Fig. 1(b). For a unifying phase diagram, we parametrize these
measurement probabilities as px,zz = 1− e−τx,zz in terms of
an effective measurement strength τ , which can be compared
with the measurement strength in protocols (I+II).

Phase diagrams.— A joint entanglement phase diagram
for all three protocols is shown in Fig. 1(c). It has been
mapped out by calculating the (Born-averaged) von Neumann
entanglement entropy for a bipartition of the quantum chain
into two halves [48]. At late Fibonacci times this entropy
is found to approach a steady value SL/2(∞F ), saturating
to a constant in the “area-law” phases, while diverging at
the phase transition lines, exhibiting logarithmic scaling with
the total system size. Between Fibonacci times, the entropy
exhibits persistent fluctuations, which will be discussed be-
low. Beyond the entanglement scaling, the phases are char-
acterized by their behavior under the strong Z2 symmetry
Pρ = ρ = ρP of the ensemble of post-measurement states
with density matrix ρ =

∑
s P (s) |Ψ(s, t)⟩⟨Ψ(s, t)| ⊗ |s⟩⟨s|.

The register state |s⟩ records the classical measurement out-
comes, so that the trajectories can be unraveled. States in the
regime τx ≫ τzz remain close to a product state |+⟩⊗L with
unbroken strong Ising symmetry and SL/2(∞) ≃ 0. States
in the opposite regime τzz ≫ τx exhibit spontaneous symme-
try breaking phenomena. With post-selection (I), the system
spontaneously breaks the strong symmetry, developing ferro-
magnetic order. In particular, at τx ≃ 0 the dynamics reaches
a steady state 1√

2
(|↑↑↑ . . .⟩ ± |↓↓↓ . . .⟩), a ferromagnetic cat

state [49] with non-vanishing connected quantum correlation
⟨ZjZj+∞⟩c = 1. For the Born-average cases (II) and (III),
the system only possesses spin-glass order due to the random
measurement outcomes. For τx ≃ 0, the ensemble of post-
measurement states includes all random cat states with equal
probabilities, e.g. 1√

2
(|↑↑↓ . . .⟩ ± |↓↓↑ . . .⟩). The long-range

Ising correlations now have random signs, ⟨ZjZi⟩ = ±1, de-
pending on the measurement outcomes. The measurement-
averaged mixed state has statistical average long-range order

[|⟨ZjZj+∞⟩|] ̸= 0 , [⟨ZjZj+∞⟩] = 0 , (4)

where ⟨· · · ⟩ denotes the quantum average of the spin, and
[· · · ] ≡

∑
s P (s)(· · · ) the statistical average over trajectories,

i.e. the classical measurement outcomes s. This phase exhibits
SW-SSB of the Z2 symmetry [9, 10, 50–56], where the fidelity
correlator [8] can be reduced [7] to the spin-glass order param-
eter above: tr

√√
ρZiZjρZiZj

√
ρ =

∑
s P (s)|⟨ZiZj⟩| ̸= 0.

The critical lines in the phase diagram differ between the
three quasiperiodic protocols [Fig. 1(c)], in contrast to the
Floquet case where all three coincide at τx = τzz . For post-
selection (I) and the Clifford protocol (III), we find linear crit-
ical lines with a slope τx/τzz = 1/ϕ given by the golden ratio.
At smaller measurement ratios below this line [blue region in
Fig. 1(c)], the states are always ordered, realizing SSB for
the post-selection trajectories (I) and SW-SSB for the Born-
averaged Clifford projective measurements (III). In contrast,
for the Born weak measurement protocol (II), the critical line

is non-linear. At small measurement strengths, its slope is ap-
proximately τx/τzz ≃ 0.786 > 1/ϕ, while for large τx,zz , it
approaches the Floquet self-dual line τx/τzz = 1. The tran-
sition occurs at larger measurement ratios τx/τzz than for (I)
and (III), implying that weaker ZZ Born measurements suf-
fice to order the system. In the parameter regime between the
two critical lines [green region in Fig. 1(c) ], typical quantum
states are ordered for Born weak measurements, but not for
post-selected trajectories.

We infer the universality class of the phase transitions by
extracting the entanglement scaling dimension cent [58] from
fits of the Cardy-Calabrese “entanglement arcs” [59, 60] (see
End Matter). Our data in Fig. 2 shows three categories of
cent consistent with: (I) an Ising transition with cent = 1/2
for post-selection, (II) a non-unitary CFT transition with
cent ≈ 0.795 for the Born weak measurement protocol [7, 61],
and (III) bond percolation on the two-dimensional square
lattice with cent ≈ 0.573 [3, 57] for the Clifford protocol.
For all protocols, we find cent to remain unchanged along
the entire transition line. Remarkably, these values all agree
with those of the universality classes for the corresponding
monitored Floquet circuits. While self-duality is an explicit
symmetry in the Floquet case, quasiperiodic monitored
Fibonacci circuits break time-translation symmetry and
self-duality is no longer present at the microscopic level. Our
results indicate that self-duality is still an emergent property
of the long-time evolution of the quasiperiodic circuit. This
notion of “emergence” is similar in spirit to equilibrium set-
tings where imaginary-time evolution leads to ground states
which exhibit a larger set of symmetries than the Hamiltonian.
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Figure 2. Monitored quantum criticality at late Fibonacci times.
Shown is the entanglement entropy scaling for (a) post-selected tra-
jectories, (b) Born trajectories, and (c) Clifford projective measure-
ments as a function of the logarithmic chord distance R(l, L) =
sin(πl/L). The fitted slopes indicate the effective entanglement scal-
ing dimension cent of the underlying transition. In the post-selected
case (a) the estimated value cent = 0.501(1) agrees with the Ising
conformal field theory with central charge 1/2. For the weak Born
measurements (b) the estimated value cent = 0.793(1) is in good
agreement with the value cent = 0.795(1) found for the Floquet
circuit in Ref. [7]. For the Clifford projective measurements, our
estimated value cent = 0.570(1) matches the expectation for a per-
colation transition with cent = 3

√
3/(2π) ln 2 = 0.573... [57].
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Analytical results.— We provide a deeper understanding of
the transitions and universality classes via self-duality argu-
ments. In protocol (I), recasting the circuit as a transfer matrix
gives the Fibonacci recursion relation

M(fk−1)M(fk) =M(fk+1) . (5)

This reflects the Fibonacci structure on the level of a single,
clean trajectory. At small measurement strengths, the Kraus
operator of the circuit can be written as M(t) ≃ e−tHeff ,
where we neglected all higher-order commutators in the high-
frequency expansion. The effective Hamiltonian is a renor-
malized quantum Ising Hamiltonian, at Fibonacci times,

Heff ≃ τx
ϕ

∑
i

Xi +
τzz
ϕ2

∑
i

ZiZi+1 . (6)

The rescaled measurement strengths reflect the multiplicities
of X or ZZ measurement gates in the circuit [62]. A duality
transformation KW : Xj → Zj− 1

2
Zj+ 1

2
, ZjZj+1 → Xj+ 1

2

exchanges the measurement layers, Mx ↔ Mzz . This maps
the Fibonacci word to its dual word w̃∞ = 1−w∞, implying
that the circuit is again Fibonacci with 1/ϕ → 1/ϕ2. Corre-
spondingly, the measurement strengths are mapped upon each
other as τx ↔ τzz/ϕ. Therefore at τx = τzz/ϕ the model
possesses [7] a strong self-duality symmetry

KWρ = ρ .

This symmetry is dynamical, as it acts on the output state ρ
of the transfer matrix M(fk) at asymptotic Fibonacci times
(k ∈ N) rather than at the level of individual layers. The
corresponding critical point is then described by the Ising CFT
with central charge cent = 1/2, consistent with our numerical
finding, Fig. 2(a). For a free-fermion perspective on this Ising
transition, see End Matter.

In protocol (II), random measurement outcomes break
translation invariance in space as well as the temporal Fi-
bonacci structure of the Kraus operator in Eq. (5). In the
weak-measurement limit τx,zz ≪ 1, the binary measure-
ment outcome has vanishing mean and unit variance, anal-
ogous to continuous weak measurements [7] with measure-
ment outcomes approximately following a Brownian mo-
tion [7, 24, 63, 64]. We can then construct a Magnus expan-
sion for a single realization of the circuit, M(t) ≃ e−tHeff ,
with an effective Hamiltonian

Heff ≃ τx√
ϕ

∑
j

Sx,jXj +
τzz
ϕ

∑
j

Szz,jZjZj+1 . (7)

This averages the sums over measurement outcomes
over time, Sx,j =

√
ϕ
t

∑t/ϕ
n=1 sx,j(n) and Szz,j =

ϕ
t

∑t
n=t/ϕ szz,j(n). Both Sx,j and Szz,j are normally dis-

tributed with zero mean and 1/
√
t width, reflecting self-

averaging over the stochastic measurement record. This al-
lows us to formulate a statistical self-duality [7, 65, 66],
which applies to the ensemble of measurement trajectories
rather than individual trajectories. A duality transformation

exchanges the random variables Sx,j ↔ Szz,j . The stochas-
tic time-coarsening thus induces a dynamical statistical self-
duality, provided that the variances of the rescaled random
couplings match. This happens at criticality. At the level
of the post-measurement ensemble ρ, duality translates into
a weak symmetry at asymptotic Fibonacci times [7]

KW ρKW = ρ .

At the same time, KWρ ̸= ρ as some trajectories violate self-
duality. For τx,zz ≪ 1, the resulting Hamiltonian is self-dual
for τx/τzz = 1/

√
ϕ ≃ 0.786. This estimate [dashed green

line in Fig. 1(c)] agrees with our numerical results for weak
measurement strengths. The next term in the Magnus expan-
sion also yields an effective quantum Ising chain with renor-
malized couplings [see End Matter]. Statistical self-duality
requires τx

√
ϕ ≃ τzz + τ3zz/(8ϕ

2), which reproduces the
boundary of the SW-SSB phase for larger τzz quite well [solid
green line, Fig. 1(c)]. In the strong-measurement limit of pro-
tocol (II), most qubits are effectively measured projectively.
As repeated projective measurements of the same type do not

change the state,
(

1±Xj

2

)2

=
1±Xj

2 , the circuit asymptoti-
cally approaches the corresponding Floquet case. As a result,
the phase transition line of the Born weak measurement pro-
tocol approaches the Floquet self-dual transition line in the
strong-measurement limit [Fig. 1(c)].

Finally, in protocol (III), the dynamics maps onto
anisotropic bond percolation on a square space–time lattice
[3] as illustrated in the End Matter.

Entanglement dynamics.— Away from Fibonacci times,
the quasiperiodicity of the circuit induces a dynamically-
deformed criticality. We analyze the entanglement evolu-
tion in the Born weak measurement protocol (II) at critical-
ity in the “steady” state. While the entropy saturates to a
constant at Fibonacci times, it fluctuates at generic integer
times. We first consider the projective-measurement limit.
The time-evolved state is |+⟩⊗L after layers of completely
packed X measurements, and a random GHZ state after lay-
ers of completely packed ZZ measurements. Thus its bipar-
tite entanglement entropy SvN exactly follows the Fibonacci
word [Fig. 3(a), top]. Its Fourier spectrum, F [SvN ](ω) =∑

n Fωn
[SvN ]δ(ω − ωn), has peaks at integer multiples of

the golden ratio, ωn = 2πn/ϕ, [Fig. 3(b), top]. The ampli-
tudes decay algebraically as |Fωn

[SvN ]| ∝ sin
(
nπ/ϕ2

)
/n,

see App. B and [67]. Their scaling differs between Fi-
bonacci (n = fk) and non-Fibonacci harmonics. For non-
Fibonacci harmonics, we find a 1/n-power-law which reflects
the square-pulse nature of the drive. In contrast, Fibonacci
harmonics show a stronger 1/n2 scaling. This stronger decay
originates from the oscillatory sine factor, which contributes
an additional 1/n-factor [Fig. 3(c), top].

At finite measurement strengths, the bipartite entanglement
entropy SvN (t) shows weak quasiperiodic oscillations on top
of the critical steady-state entanglement [Fig. 3(a), bottom].
The Fourier spectrum remains dominated by integer mul-
tiples of the golden ratio [Fig. 3(b), top], but generic Fi-
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Figure 3. Entanglement dynamics and Fourier amplitudes in the Born-averaged protocol (II). Top panels show the projective measure-
ment limit where the state oscillates between a GHZ state with ln 2 entropy and a paramagnetic state with zero entropy, following the Fibonacci
word; the bottom panels are for finite measurement strength on the critical line with τx ≈ 0.3823, τzz ≈ 0.4856 (a) Half-cut entanglement
entropy dynamics up to Fibonacci time f19 = 4181. (b) Fourier amplitudes of SvN (t), with frequency compactified within [−π, π]. Domi-
nant peaks correspond to integer multiples of ωn = 2nπ/ϕ, such that the period is a fractional number of the golden ratio, 2π/ωn = ϕ/n.
The transform is performed for data within the time window [f15 = 610, f19 = 4181]. (c) Scaling of the relative peak heights of Fourier
amplitudes. The amplitudes are lower- and upper-bounded by a power law decay n−α with increasing n.

bonacci and non-Fibonacci harmonics obey the same power
law |Fωn

[SvN ]| ∝ n−α [Fig. 3(c), bottom]. Decreasing the
measurement strength continuously lowers α ≤ 2.

The states beyond Fibonacci times can be understood as
“dynamical” measurement-altered criticality with deformed
cent which governs the logarithmically scaling entanglement
entropy. As a consequence, all Fourier amplitudes are also
expected to scale logarithmically with system size. As shown
in End Matter, the zero frequency amplitude yields a scaling
dimension cω=0 ≈ 0.790(1), close to the value for the
Fibonacci times in Fig. 2(b).

Outlook.— We generalized monitored quantum circuits be-
yond the previously studied Floquet and fully random set-
tings to time-quasiperiodic measurement protocols, showcas-
ing the Fibonacci sequence as a paradigmatic example. While
unitarily driven systems generically heat to infinite temper-
ature [68, 69] (with notable exceptions such as prethermal
or spectrally engineered drives [70–73]), measurements read-
ily prevent the system from heating, enabling area-law scal-
ing or critically entangled states. Quasiperiodicity enriches
the measurement-induced dynamics and qualitatively modi-
fies self-dual criticality. Critical monitored Floquet circuits
are on average self-dual already after a single period. In con-
trast, in the quasiperiodic setting self-duality only emerges at
the level of the full circuit sequence as a dynamical weak sym-
metry. Another generalization would extend the quasiperiodic
structure to space, transforming the well-known static space-
quasiperiodic Ising chain [33–36] into a monitored version,
in a spirit similar to lifting the Ising critical state to the weak
self-dual critical state [7].

Our results open a new direction for exploring the interplay
between quasiperiodic driving and mid-circuit measurements,
potentially enabling novel non-equilibrium phases of matter
and new classes of dynamical quantum error correction
codes. Beyond the influence of the quasiperiodic space-time
structure on many-body entanglement, it might be intriguing
to study its impact on an encoded “logical qubit”, or the
classical measurement record, when monitored quantum
circuits are viewed as quantum error correction codes (with
the Floquet code as an example [74–77]).

Data availability.– The numerical data shown in the figures
is available on Zenodo [78].
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End Matter

Extended data

The measurement outcomes encode information about the
quantum dynamics. Figure 4(a) shows the non-monotonic
behavior of the nearest-neighbor temporal correlation of the
measurement records as the measurement strength increases.
Figure 4(b) shows the critical scaling of the zero-frequency
Fourier amplitude of SvN (t).

𝜏zz (on critical line)0 1 2 3 4

⟨P(s t=
s t+1)⟩

0.5
0.6
0.7 12816 12816XZZ

1 −
1
ϕ

+
1

2ϕ
≈ 0.69

1
2

L
8 16 32 64 128 256

|F 0(S vN)
|

0.81.01.21.4 c = 0.790(1)
(b)

(a)

Figure 4. (a) Probability for a measurement correlation on the
critical line. P (st = st+1) gives the probability that a measure-
ment outcome stays the same in the next time step of the same kind.
Mzz and Mx have distinct behavior due to their different occurrence.
Dashed lines mark the projective-limit expectations PZZ = 0.5
and PX = 1 − 1/ϕ + 1/(2ϕ). Data are for L = 128, 64, 32, 16
on the critical line of the Born average; L = 64, 32 overlap with
L = 128. (b) Scaling of the Fourier peak at ω = 0 for weak mea-
surement. Parameters correspond to a point on the Born-averaged
critical line with τx ≈ 0.3823, τzz = 0.4856 (star in Fig. 1(c)).
The entanglement scaling dimension cω=0 = 0.790(1) is close to
cent = 0.793(1) at Fibonacci times found in Fig. 2. Note that in
Ref. [7], cent = 0.795(1) for Floquet circuit of system sizes up to
L = 512.

Extended methods

Entanglement arcs

We fit the conformal field theory (CFT) prediction
SCFT(l) =

cent
3 ln

[
L
π sin

(
πl
L

)]
[59, 60] for periodic boundary

conditions at criticality, where cent is the central charge for
the unitary CFT but the scaling dimension of the boundary-
condition-changing operator for measurement-induced criti-
cality [13].

Protocol (I): free-fermion picture

We analytically establish the transition in the post-selected
protocol (I) via the gap-closing condition of the fermion rep-
resentation. A Jordan-Wigner transformation maps the circuit
to a Fibonacci-driven Kitaev chain in imaginary time [31].
Translation symmetry labels modes by momentum k, and the
single-particle Kraus operators Mk(t) are 2 × 2 matrices in
particle-hole space (Pauli matrices σi). They follow the re-
cursion Eq. (5) with elementary transfer matrices Mzz(k)⇔
ei

k
2 σ

z

e2τzzσ
y

e−i k
2 σ

z

, Mx(k)⇔ e−2τxσ
y

. The transition fol-
lows from gap closings of the single-particle relaxation spec-
trum Γk in Mk(t) = e−Γktσ

z

, occurring at k = 0. The spec-
trum is gapless for τx/τzz < 1/ϕ and gapped otherwise, sig-
naling a change in steady-state degeneracy and hence in entan-
glement. At criticality, the spectrum is linear around k ≃ 0,
producing a Dirac cone Γk ≃ ±vk with v = sinh(2τx/ϕ),
consistent with the post-selected dynamics remaining in the
Ising universality class for all measurement strengths.

Protocol (II): Magnus expansion

We derive a Magnus expansion for the effective Hamil-
tonian in the weak Born protocol (II). The transfer ma-
trix of a single trajectory up to time t is M(s, t) =∏t

n=1Mwn
({sj(n)}), where wn = 0, 1 denotes an X,ZZ

measurement layer with outcomes {sj(n)}. The Born proba-
bility for outcome s of operatorO = Xi, ZiZi+1 at strength τ
is p(s) = 1

2 (1 + s tanh τ ⟨O⟩ (t)). In the weak-measurement
regime τ ≪ 1, the measurements are approximately unbi-
ased and temporally uncorrelated (numerically corroborated
in Figs. 4(a) and 10).

The weak-measurement limit admits a Magnus expan-
sion [79, 80] M(t) = e−tHeff with Heff =

∑∞
l=0Hl and

Hl = O(τ l), derived for quasiperiodic Fibonacci driving in
Ref. [26]. Keeping the first two orders yields

H0 =
τx√
ϕ

∑
j

Sx,jXj +
τzz
ϕ

∑
j

Szz,jZjZj+1, (8)

H1 =
τxτzz
2

∑
j

Rxz,j [Xj , ZjZj+1], (9)
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pzz

0.0 0.2 0.4 0.6 0.8 1.0

p x

0.0
0.2
0.4
0.6
0.8
1.0

px ≈ 0.4173

p
x + p

zz = 1

S(L/2)

0.0
0.5
1.0
1.5
2.0

(d)
(a) px = 0.8

(b) px ≈ 0.4

(c) px = 0.2

Figure 5. Bond-percolation transition in space-time (protocol III). (a–c) A ZZ projective measurement entangles two neighboring qubits
and corresponds to a vertical link gluing the two sites; the qubit world lines stretch left to right. An X projective measurement disentangles
a qubit and corresponds to a broken horizontal link. (d) Random projective-measurement phase diagram in p-space. The solid line marks
px + pzz = 1, while the dashed line shows τx = τzz/ϕ projected into p-space via p = 1 − e−τ , visualizing the behavior at infinite τ .
Simulation depth is fib17, averaged over 98, 304 random trajectories.

with the (bare) sums over measurement outcomes Sx,j =√
ϕ
t

∑t
n wnsj(n) and Szz,j =

ϕ
t

∑t
n(1−wn)sj(n). The cross

term Rxz,j = 1
t

∑
n,m<n sj(n)sj(m)(wn − wm) represents

the first correction to the time average. The expansion is con-
trolled for sufficiently short times satisfying ln ∥M(s, t)∥ <
1, which defines a stopping time t∗ = 1/max(τx,zz), suf-
ficient to coarse-grain the dynamics. Evaluating the com-
mutator and locally rotating around the x-axis diagonalizes
H0 + H1 into an effective transverse-field Ising model with
rescaled couplings S̃zz,j ≃ Szz,j + (τxϕRxz,j)

2/Sx,j .
The phase transition follows from statistical self-duality. At

leading order, the bare measurement sums satisfy ⟨S2
x,j⟩ =

⟨S2
zz,j⟩ = 1/t, yielding τx/τzz ≃ 1/

√
ϕ. Including the next-

order correction via the cross-term width ⟨R2
xz,j⟩ = 1/(8ϕ3)

and replacing random variables by their widths reproduces the
critical line quoted in the main text.

Protocol (III): bond-percolation transition in space-time

The Clifford protocol (III) maps to anisotropic bond per-
colation on a square space-time lattice [Fig. 5(a-c)]: ZZ (X)
measurements activate vertical (horizontal) bonds, and the en-
tanglement of the final state tracks the Bell cluster spanning
a percolating cluster in space-time. Spatial translation sym-
metry holds on average, while time-translation symmetry is
broken by the Fibonacci structure.

The critical line can then be obtained using statistical dual-
ity arguments for bond percolation [81]. Taking into account
the probability of the recurrence ofX measurements in the Fi-
bonacci word, we find an analytic expression for the self-dual

critical location

pzz
ϕ

= px − p2x
2ϕ

+O
(
p3x

)
. (10)

The leading correction accounts for repeatedX measurements
where the bond is already activated, occurring with prob-
ability ∼ p2x. The Fibonacci structure is key here: only
the segment “11” appears in the Fibonacci word, never “00”
[Fig. 1(a)], so only repeated X measurements are counted,
giving Eq. (10). Higher-order corrections from longer corre-
lated sequences are suppressed by additional powers of 1/ϕ.
In the opposite limit px, pzz → 1, the line terminates at
px = pzz = 1. Figure 5(d) shows the phase diagram in
(px, pzz)-space; the boundary pzz = 1 − (1 − px)

ϕ, inferred
from the linear τx = τzz/ϕ relation, reproduces Eq. (10) upon
expansion for small px.

The critical behavior of protocol (III) lies in the univer-
sality class of two-dimensional bond percolation with central
charge cent = 3

√
3

2π ln(2), which is consistent with our nu-
merics. Despite the absence of time-translation symmetry, the
long-wavelength behavior matches the Floquet case, indicat-
ing that quasiperiodicity is irrelevant in the renormalization-
group sense at criticality.
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Appendix A: Supplemental data

Phase diagram numerics and critical behavior

Coherent information and critical length exponent

The phase diagram in Fig. 1(c) can be diagnosed by the
coherent information of the one-dimensional chain, with a
LRE state such as the GHZ state serving as a logical mem-
ory. The coherent information then indicates, whether this
logical memory is still intact at the end of the circuit, or
whether it (or a part of it) has been lost. Viewing the GHZ
state as a repetition code, the coherent information is deter-
mined by entangling a reference qubit R with the initial state
state of the qubit chain to form a joint GHZ state |ψ0⟩QR =
|00...00⟩Q⊗|0⟩R+ |11...11⟩Q⊗|1⟩R. The coherent informa-
tion is then given by

Ic = SvN (ρQ)− SvN (ρQR) (A1)

It indicates the amount of information retained in the chain.
Our setup here is similar to the one of Ref. [7], but we sig-
nificantly increase the system sizes in order to pinpoint the
critical location for emergent self-duality not present on the
microscopic level.

Projective measurement of the chain would collapse the
LRE and reduce the coherent information to zero. An observer
could then completely construct the logical information out
of the measurement outcomes, while there is no information
left in the state of the chain itself. In contrast, for vanishing
measurement strength the measurement outcomes do not ob-
tain any information. Instead the LRE phase is preserved and
the logical memory still stored in the chain, thus obtaining
a coherent information of Ic = log(2). Mzz measurements
form LRE and nudge the chain towards a (glassy) GHZ state,
while Mx measurements reduce the entanglement and nudge
the chain towards a trivial product state. Therefore the co-
herent information tends to one in the blue (post-selected) or
blue and green (Born average) region, while it tends to zero
in the gray (Born average) or gray and green (post-selected)
region. The transition in between can be directly observed in
the coherent information as a crossing point of different sys-
tem sizes with constant time-space ratio. Figure 6 shows this
transition for the Floquet circuit (a) and the Fibonacci circuit
(b) as a direct comparison. The crossing point can be deter-
mined by a finite-size scaling analysis, where the parameter
is rescaled by (θ − θc)L

1/ν (Floquet) or (τ − τc)L
1/ν (Fi-

bonacci). In particular, this also accesses the scaling dimen-
sion of the coherent information, the critical length exponent
ν. The obtained values ν = 1.87(5) for the Floquet circuit
and ν = 1.92(5) for the Fibonacci circuit are in reasonable
agreement with one another, which supports that both transi-
tions are of the same universality class. Furthermore, Fig. 6
(c) shows the critical length exponent for different measure-
ment strengths along the post-selected (blue) and Born aver-
age (green) critical line. On both critical lines ν stays constant

𝜃/𝜋0.00 0.25 0.50

I c/log(2
)

0.0
0.5
1.0

(𝜏 − 𝜏c)L1/𝜈−0.5 0.0 0.5I c/log(2
)

0.00.51.0
L645648403224 𝜏zz0.0 1.5

𝜏 x0.0
1.5

θc = 0.2501(4)
ν = 1.87(5) θ = π/2

θ = 0.0

(a)

𝜏0.0 0.2 0.4 0.6 1/�𝜙
I c/log(2

)
0.0
0.5
1.0

(𝜏 − 𝜏c)L1/𝜈−0.5 0.0 0.5I c/log(2
)

0.00.51.0
L89553421

𝜏zz0 1

𝜏 x0
1τc = 0.4786(4)

ν = 1.92(5)
τ = 0

τ = 1/ ϕ

(b)

𝜏zz (on critical line)0.0 0.5 1.0 1.5

𝜈

0.501.001.501.92(c)

Figure 6. Critical length exponent of the coherent information.
(a) Phase transition and finite-size scaling of the coherent infor-
mation for the Floquet circuit. The parametrization of θ realizes
the space-time dual of the Floquet circuit (marked in red on the
right). The finite-size scaling obtains a critical length exponent of
ν = 1.87(5). (b) Phase transition and finite-size scaling of the co-
herent information for the Fibonacci circuit. τ follows a linear sweep
through the phase diagram (marked in red on the right). The finite-
size scaling obtains ν = 1.92(5). The two critical length exponents
thus agree with each other supporting that both transitions share the
same universality class. (c) The critical exponent of multiple finite-
size scaling on the Born averaged critical line (green) and the post-
selected critical line (blue). The ν on the Born averaged critical line
agrees with the more precise finite-size scalings of the Floquet ((a),
grey) and the Fibonacci circuit ((b), green). On the post-selected
critical line ν agrees with the Ising exponent ν = 1. On both critical
lines the critical exponents stay approximately constant, indicating
that the complete line shares the same universality class.

up to numerical fluctuations. On the post-selected critical line,
it agrees with the value ν = 1 for Ising transitions, on the
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Born average critical line it agrees with the more precise fi-
nite size scalings of (a) and (b). The numerical estimates for
the exponent ν obtained here improve the previous estimate
ν = 1.72(8) of Ref. [7] obtained for the Floquet circuit for
modest system sizes L = 4, 8, 16, 32.

Entanglement scaling on critical line of Born weak measurement

The scaling of the entanglement arc of a system on one of
the critical lines can be described by the conformal field the-
ory (CFT) prediction [59, 60]

SCFT(l) =
cent
3

ln

[
L

π
sin

(
πl

L

)]
(A2)

for periodic boundary conditions at criticality. For a uni-
tary CFT, cent is the central charge, while for measurement-
induced criticality it captures the scaling dimension of the
boundary-condition-changing operator [13].

By fitting the numerical data for different measurement
strengths on the Born average critical line, we observe the
behavior of cent. We find that cent generally approaches the
result of cent = 0.793(1) of Fig. 2. For larger measurement
strengths, cent exhibits strong finite-size effects. The largest
simulated system size, L = 128, still shows significant devia-
tion from 0.793. The central charge has not yet saturated and
continues to shift with increasing system size. Extrapolating
the shift of cent yields cent,0 = 0.76(1), which approximately
recovers a similar scaling dimension. Up to these finite-size
effects, cent stays approximately constant, signaling that there
is no change in universality class. The nature of the finite-size
effects is displayed in Fig. 8: For the measurement strength
with precisely cent = 0.793(1), the peak of the entanglement
entropy is close to the transition already for system sizes of
L = 16 to L = 64 [Fig. 8(a)]. In contrast, for larger measure-

1/Lx

1/128 1/16 1/8

c 0.00.20.40.60.8

𝜏zz (on critical line)0.0 0.5 1.0 1.5

c en
t

0.40.50.60.70.8
128643216

c0 = 0.76(1)

0.793

Figure 7. Entanglement scaling dimension cent on the Born av-
erage critical line. The entanglement scaling dimension extracted
from fits of the entanglement arc for each system according to
Eq. A2. cent tends to 0.793(1) as observed in the precise scaling
of Fig. 2. For strong measurements we observe that the finite-size
effects grow larger. L = 128 thus does not observe the scaling di-
mension of the thermodynamic limit. The triangle point for weak-
est measurement strength but largest size L = 128 has not reached
steady state even after 4181 layers of gates.

S v
N/log(2)

0.00.51.01.52.0

𝜏0 0.2 0.4 0.6 1/�𝜙

S v
N/log(2)

0.00.51.01.52.0

64321682
τZZ = 0
τX = 1.0

τZZ = 0
τX = 4.0

τZZ ≈ 3.14
τX = 0

τZZ ≈ 0.786
τX = 0

(b)

(a)

Figure 8. Born average entanglement entropy transition. (a)
Born average entanglement entropy of a weak measurement sweep
going from τzz = 0 and τx = 1.0 to τzz ≈ 0.786. (b) Born aver-
age entanglement entropy of sweep of stronger weak measurement
going from τzz = 0 and τx = 4.0 to τzz ≈ 3.14. The behavior of
the entanglement entropy changes around the transition with larger
measurement strength. In addition to a small shift of the transition
matching the critical line, the finite-size effects increase, with the en-
tanglement entropy peak of finite systems showing larger deviations
from the transition for increasing measurement strength. Nonethe-
less, in the thermodynamic limit the peak always tends to the transi-
tion.

ment strengths the peak has a finite-size shift [Fig. 8(b)]. Ex-
trapolation shows that the peak position of SvN still matches
the transition location in the thermodynamic limit, but finite
system sizes experience a deviation that leads to a changed
value of cent. It should also be noted that the number of time
steps needs to be sufficient for the system to reach equilib-
rium. The simulations in this paper utilize Ly = 4181 (layers
of gates in the circuit), which is enough for equilibrium to be
reached in all of the data points, except the very first data point
for very weak measurement strength and our largest system
size L = 128 marked as a triangle, which signals that lower
measurement strengths would require a larger number of time
steps to reach equilibrium.

Fourier peak scaling exponent along the critical line

We consider the Fourier spectrum of the time evolution of
the entanglement entropy and determine the scaling behav-
ior of the Fourier peaks as in Fig. 3. As detailed there, the
amplitudes of the Fourier peaks decay as a power law of the
form |Fωn [SvN ]| ∝ n−α for integer multiples of the golden
ratio ωn = 2πn

ϕ . In the projective limit, where the entangle-
ment entropy exactly tracks the Fibonacci word, the scaling
exponent evaluates to α = 2 for Fibonacci numbers and os-
cillating behavior bounded by α = 1 for non-Fibonacci num-
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𝜏zz (on critical line)

0.5 1.0 1.5

𝛼

1.0

1.2

1.4

1.6

1.8
128
64
32
16

Figure 9. Fourier peak scaling exponent α along the critical line
of Born weak measurements. The exponent α is taken from linear
fits to the Fibonacci-numbered peaks of the Fourier transform of the
entanglement entropy as in Fig. 3 in the main text.

bers. Fitting the power law of the Fibonacci-numbered peaks
determines characteristic values of α for finite measurement
strengths. This indicates that α exhibits a monotonic and con-
tinuous increase (Fig. 9).

Temporal correlation of measurement outcomes

Beyond the quasiperiodic arrangement of gates in our cir-
cuit protocol, the randomness arising from the measurement
operations gives rise to an ensemble of individual trajectories.
For multiple runs of the circuit, this ensemble is captured by
the distribution of measurement records (along the trajecto-
ries, corresponding to the bulk of the spacetime evolution).
Since the two types of measurements Mzz and Mx are dis-
tinct, we analyze their respective measurement records indi-
vidually. Averaging the record over time and space shows that
there are no biases in such a direct average: On average both
measurement results are equally probable for any system size
and measurement strength, as Fig. 10 illustrates. There the
average probability of a measurement result s = +1 is shown
for system sizes L = 16 to L = 128 on the Born average
critical line. For system sizes L = 32 to L = 128, data are re-
stricted to the exactly determined critical points. For L = 16,
additional data for estimated transition locations are provided.
All data points stay close to P (s = +1) = 1

2 and no particular
features are exhibited in this average.

Beyond the average value, we investigate the temporal cor-
relations within the measurement record. Figure 4(a) plots
the probability that subsequent measurements of the same op-
erator give identical result. Clear correlations between mea-
surements in time can be observed. We observe that the two
measurement types have clearly distinct behavior since two
Mx measurements can directly follow after one another in
the Fibonacci sequence, while Mzz measurements are always
separated by a layer of Mx measurements. In the projective
limit, this leads to uncorrelated measurement results for Mzz ,
while consecutive Mx measurements either give uncorrelated
results, if they sandwich a layer of Mzz measurements, or

XZZ

𝜏zz (on critical line)0 1 2 3 4

⟨P(s=
+1)⟩

0.498
0.499
0.500
0.501

128643216 128643216
Figure 10. Probability for a measurement outcome of +1 on the
critical line. P (s = +1) gives the probability for a measurement
outcome being +1, averaged over time and space (with no particular
additional features in time or space). Due to their different occur-
rence, Mzz and Mx have distinct behavior. The dashed lines signal
P = 0.5, so measurement outcomes are simply equally distributed,
which seems to be the case for the complete critical line (with nu-
merical fluctuation on the order of 10−4). The data are based on the
measurement outcomes for L = 128, L = 64, L = 32 and L = 16
on the critical line of the Born average. L = 16 is expanded further
to higher measurement strengths with an estimation of transition val-
ues.

strongly correlated measurement outcomes, if there are no in-
tervening Mzz measurements. The ratio of such directly con-
secutive time steps in the Fibonacci sequence determines the
projective limit of Mx to be PX,∞ = 1 − 1

ϕ + 1
2ϕ ≈ 0.69.

While Mzz displays completely random measurement results
in both limits, a peak of time correlation at finite measure-
ment strength can be observed. The behavior is independent
of system size, with all systems displaying the same numerical
behavior.

Appendix B: Fourier transform of the entanglement entropy

We consider the dynamics of the bipartite entanglement en-
tropy in the projective limit τ = ∞ in protocol (II). It exactly
tracks the Fibonacci word,

SvN (t) =

⌊
t+ 1

ϕ

⌋
−
⌊
t

ϕ

⌋
, t ∈ N, (B1)

where ϕ = (1 +
√
5)/2 denotes the golden ratio. Throughout

this Appendix, the entropy is measured in units of ln 2. We
derive its Fourier transform

F [SvN ](ω) =

∞∑
t=1

eiωtSvN (t) . (B2)

To obtain analytical expressions, we first continue to t ∈ R,
where S̃vN (t) = S̃vN (t+ ϕ) becomes periodic with period ϕ
and assumes the form of a square wave. Hence, the spectrum
contains harmonics at ωn = 2πn/ϕ. We expand in a Fourier
series,

S̃vN (t) =

∞∑
n=−∞

Fωn [S̃vN ]eiωnt , (B3)
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with Fourier coefficients Fωn
[S̃vN ] = 1

ϕ

∫ ϕ

0
dt S̃vN (t)e−iωnt.

We find for the Fourier coefficients

Fωn [S̃vN ] =
1

nπ
e
− inπ

ϕ2 sin

(
nπ

ϕ2

)
. (B4)

Next, we again restrict time to integer times t where the
drive is quasiperiodic. We write

Fωn [SvN ](ω) =

∞∑
n=−∞

Fωn [S̃vN ](ω)

∞∑
t=1

ei(ω+ωn)t . (B5)

We use Poisson summation and obtain
∑∞

t=1 e
iαt =

1
2

∑∞
m=−∞(∆m(α)− 1). The function ∆m(α) = iα/(α2 −

(2πm)2) has poles at α = 2πm and acts as a delta function.
Thus, restricting to integer times simply broadens the Fourier
transform as

F [SvN ] =
1

2

∞∑
n,m=−∞

Fωn [S̃vN ]

(
∆m(ω + ωn)− 1

)
.

(B6)

The factor 1/n in Eq. (B4) is the characteristic Fourier
scaling of a square pulse. However, for Fibonacci harmon-
ics n = fk (k ∈ N), one finds a different power law. Here,
the argument of the oscillating sine-factor becomes anoma-
lously small, since fk/ϕ2 ≃ fk−2 approaches an integer ex-
ponentially fast. To quantify the error, we use the Binet for-
mula fk = (ϕk+1 − ψk+1)/(ϕ − ψ) with ψ = −1/ϕ and
f0 = f1 = 1. Expanding for large k gives

fk
ϕ2

= fk−2 −
(−1)k√
5fk

+O
(
f−3
k

)
. (B7)

Thus, the sine in Eq. (B4) scales as 1/fk, leading to an ad-
ditional suppression of the Fourier coefficients at Fibonacci
harmonics

|Fωn=fk
[S̃vN ]| ≃ 1√

5πn2
. (B8)

Hence, while generic harmonics decay as 1/n, Fibonacci har-
monics exhibit a stronger 1/n2 scaling.
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