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Motivated by the observation of a learning-induced tricritical point, at which three phases with strong, weak,
and broken Z2 symmetry meet, we revisit the phase diagram of a deformed toric code wavefunction subjected
to weak measurements. This setting is exactly dual to the classical Bayesian inference problem of the 2D
classical Ising model under bond-energy measurements. Here we demonstrate that this tricritical point lies
on a distinct higher Nishimori line, which has an emergent gauge-invariant formulation, just like the ordinary
Nishimori line but with a higher replica symmetry as a replica stat-mech model in the replica number R → 2
limit, where disorder is averaged according to the Born / Bayes rule. As such, the learning tricritical point
is in fact a higher Nishimori critical point. Using this identification, we obtain a number of exact results at
this higher Nishimori critical point; e.g., we show that the power-law exponent of the Edwards-Anderson (EA)
correlation function is exactly equal to that of the spin correlation function at the unmeasured Ising critical
point – an observation that is readily supported in our numerical simulations. In addition, we obtain a number of
exact bounds on the power-law exponents of higher measurement-averaged moments of the spin-spin correlation
function. We also show that the scaling dimension for the second moment of the dual spin correlation function
at the higher Nishimori critical point vanishes, and that the scaling dimensions of all moments higher than
second are non-positive. An analogous higher Nishimori critical point exists also for the Bayesian inference
problem of the general D-dimensional classical Ising model when D > 1, which again allows us to obtain
exact results for the EA correlator, and to use its existence to determine the phase diagram of the classical Ising
critical point (or, equivalently, the corresponding conformal quantum critical ‘Rokhsar-Kivelson’ wavefunction)
subjected to bond-energy measurements in general dimension D. Finally, coming back to the two-dimensional
case, we establish – using the tools employed in the proof of a recent c-effective theorem [arXiv:2507.07959]
– that the Casimir effective central charge ceff , a characteristic of the universality class, decreases under the
renormalization group (RG) flow from the higher Nishimori critical point to the unmeasured 2D Ising critical
point, and is thus greater than 1/2. This is corroborated by extensive numerical simulations finding a Casimir
effective central charge ceff = 0.522(1), and a sharp decrease towards ceff = 1/2 as one moves towards the
Ising critical point. The analytical result also explains, with a certain physically motivated assumption, the
numerically observed increase of the Casimir effective central charge under the RG flow from the ordinary
Nishimori critical point to the clean Ising critical point in the 2D random-bond Ising model.

I. INTRODUCTION

Mappings to statistical mechanics systems with quenched
randomness have served as a powerful tool to understand the
effects of decoherence or measurements on quantum mem-
ories. At the center of these efforts resides the problem of
the toric code [1] with incoherent errors, for which the de-
coding problem can be mapped to the Nishimori line in the
2D random-bond Ising model (RBIM) [2] such that the op-
timal threshold for quantum error correction (QEC) in the
presence of such incoherent errors maps exactly to the Nishi-
mori critical point in the 2D RBIM [3–5]. More recently,
the problem of state preparation using quantum measurements
has also been mapped to the Nishimori line in the RBIM, es-
tablishing a threshold for successful state preparation [6–8].
In both settings, the decodability transition at the threshold
can be understood as a mixed-state phase transition, which
has been studied by a number of recent works in the con-
text of both decoherence and measurements on the toric code
ground state [9–23]. Interestingly, the Nishimori line and the
Nishimori critical point also permit a classical Bayesian in-
ference perspective [24] that predates the quantum measure-
ment/decoherence perspectives – as it turns out, the prob-
lem of an infinite temperature 2D classical Ising model un-

der Bayesian bond-energy measurements is exactly dual to the
problem of performing Born-rule Pauli-Z measurements on
the toric code ground state [6, 7, 21, 23, 25]. Recently, some
of us expanded this perspective and studied [25] a deformed
toric code wavefunction [26–32], away from its stabilizer
limit, subjected to Born-rule measurements with the Pauli-Z
operator, which is exactly dual to the classical Bayesian in-
ference problem for the 2D classical Ising model but now at
finite temperatures. In this analysis, a novel tricritical point
was discovered in this expanded learning/Bayesian inference
phase diagram [25], in parallel to independent work [33] argu-
ing for the existence of an additional critical point in the con-
text of the 2D classical critical Ising model under Bayesian
bond-energy measurements. In the dual quantum (Rokhsar-
Kivelson wavefunction) formulation [25], this novel learning
tricritical point sits at the junction of strong, weak and bro-
ken Z2 symmetric phases. Its universal critical properties are
dominated by the intrinsic randomness of quantum measure-
ments.

In this work, we revisit this special tricritical point and
reveal some of its novel universal critical properties exactly.
We show that this tricritical point in the deformed toric code
or 2D classical Ising learning phase diagram is a higher
Nishimori critical point, which resides in a different univer-
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(a)  : 2D Random-Bond Ising Model (RBIM)R → 0 (b)  : 2D Learning Ising Model (LIM)R → 1
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FIG. 1. Comparison of the phase diagram for the 2D RBIM (the replica R → 0 theory) and the (classical) 2D Learning Ising
Model (LIM) (the replica R → 1 theory), with Gaussian bond-disorder and Gaussian measurements, respectively. The latter phase diagram
is equivalent to the phase diagram of the deformed toric code wavefunction under Pauli-Z measurements, in which the paramagnetic, ‘spin
glass’, and ferromagnetic phases with strong, weak, and broken Z2 symmetry of the dual quantum (Rokhsar-Kivelson) formulation, correspond
to the topological quantum memory, topological classical memory and no-memory phases, respectively (see Ref. [25]). The dotted light orange
line in the left phase diagram and the dotted orange line in the right phase diagram denote, respectively, the ordinary T = p̃ (with p̃ being
the variance in bond-disorder of unit mean strength) and the higher Nishimori line T = 1/γ̃2 (where γ̃2 = ∆ characterizes the strength
of Gaussian measurements, see Eq. (21) below). Note that the ordinary Nishimori line (in light orange) also appears as the β = 0 line in
the learning phase diagram, and the ordinary Nishimori critical point N (1) also appears in both the left (a) and the right (b) phase diagrams.
The tricritical point N (2) in the (right) learning phase diagram lies on the higher Nishimori line (dotted orange line), and is hence a higher
Nishimori critical point. Since the universal critical properties are expected to be independent of whether we perform Gaussian or binary
measurements [see the discussion at the end of Sec. III], the long-distance properties of the tricritical point for binary measurements are also
governed by the same higher Nishimori critical point.

sality class than the ordinary Nishimori critical point. The
familiar ordinary Nishimori line [3, 4] and the corresponding
ordinary Nishimori critical point, which appears ubiquitously
in a variety of problems with criticality in monitored quantum
circuits [6, 8, 23, 25, 34, 35], mixed-state phase transitions
in toric code states under decoherence [9, 11–20, 22], related
quantum error correction problems [2, 36–38] and also
Bayesian inference problems in classical statistical mechanics
models [24, 25, 33, 39], was originally understood as a line
in the random-bond Ising model (RBIM) that has a gauge
invariant formulation with enlarged replica permutation
symmetry [40–43]. More specifically, the phase diagram of
the RBIM, illustrated on the left-hand side of Fig. 1(a), is gov-
erned by a R → 0 replica theory and the ordinary Nishimori
line in this phase diagram has a gauge-invariant formulation
as an enlarged replica-symmetric theory in the R → 1 limit.
The entire deformed toric code or 2D classical Ising learning
phase diagram discussed in Refs. [25, 33], which is a problem
with quenched randomness introduced by measurements
and not a traditional ‘impurity-type’ uncorrelated quenched
disorder problem like the RBIM, is governed by a replica
theory in the limit of R → 1 replicas [44, 45]. As illustrated
on the right-hand side of Fig. 1(b), the ordinary Nishimori line
appears at inverse temperature β = 0 (undeformed toric code)
in the learning phase diagram. As we will discuss below, there
is a distinct second Nishimori line with a gauge-invariant
and enlarged replica permutation-symmetric formulation that
governs the long-distance behavior of a distinct part of the

deformed toric code or the 2D classical Ising learning phase
diagram. In particular, the replica permutation symmetry of
the gauge-invariant formulation of this new Nishimori line is
larger than that of the ordinary Nishimori line, and we refer
to it as the higher Nishimori line. To contrast with the RBIM
(the replica limit R → 0) and the ordinary Nishimori line (the
gauge-invariant replica limit R → 1), the higher Nishimori
line has a gauge-invariant formulation with enlarged replica
permutation symmetry described by the R → 2 replica limit
in the learning phase diagram which is otherwise described
by the R → 1 replica limit. We show that the critical point on
this higher Nishimori line governs the universal properties of
the tricritical point in the learning phase diagram of Ref. [25]
for the deformed toric code or the 2D classical Ising model,
using a logic analogous to that found in Ref. [40–42]. That is,
we show that the novel tricritical point in the deformed toric
code or 2D classical Ising learning phase diagram is a higher
Nishimori critical point.

Summary of results

Let us summarize some of our key results before going
through the analytical arguments in great detail in the follow-
ing.
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Power-law decay of Edwards-Anderson correlator
and dual spin correlations

We use this gauge-invariant and enlarged replica-symmetric
formulation in the R → 2 replica limit to obtain exact
results for the universal properties of the learning tricriti-
cal point, i.e. the higher Nishimori critical point. This in-
cludes the exact critical exponent for the power-law decay
of the Edwards-Anderson (EA) correlator, an exact equality
of the long-distance properties of the measurement-averaged
(2k − 1)th and (2k)th (with k being an arbitrary positive inte-
ger) moments of any multipoint spin correlation function, and
a number of rigorous bounds on the scaling dimensions of the
measurement-averaged higher moments of the spin-spin cor-
relation function, measurement-averaged moments of its ab-
solute value, and the typical spin-spin correlation function.
See Table (I) for a summary of our results for various scal-
ing dimensions at the higher Nishimori critical point. As we
demonstrate, the emergent gauge invariant and enlarged per-
mutation symmetric formulation allows us to conclude in par-
ticular that the power-law exponent for the EA correlator is
exactly equal to that of the measurement-averaged expectation
value (first moment) of the spin-spin correlator at the higher
Nishimori point. In measurement-averaged first moments, av-
eraging over the measurement outcomes gets rid of any con-
ditioning on the measurement outcomes (a consequence of
the ‘POVM [46] condition’ satisfied by the Kraus operators
in the quantum formulation), and hence the power-law of the
measurement-averaged first moment of the spin-spin correla-
tor at the higher Nishimori critical point is the same as that at
the unmeasured 2D Ising critical point. Thus, the power-law
exponent of the EA correlator at the higher Nishimori critical
point is the same as that of the two-point spin correlator at the
unmeasured 2D Ising critical point, i.e.

⟨σiσj⟩2m⃗ ∼ 1

|i− j|1/4
.

This analytical value of the exponent is in excellent agreement
with the numerically obtained value presented in Fig. 2. Note
that the unmeasured 2D classical Ising critical point yields
⟨σiσj⟩2 ∼ 1

|i−j|1/2 instead, also in agreement with Fig. 2.
We also show, following the logic in [47], that the

measurement-averaged second moment of the dual spin corre-
lation function at the higher Nishimori critical point has van-
ishing scaling dimension, while the scaling dimension of the
measurement-averaged first moment of the dual spin corre-
lation function, analogous to other correlation functions, is
equal to its value at the unmeasured Ising critical point [48]
(= 1

8 ). This, assuming analyticity in the moment order, im-
plies multifractality in the spectrum of scaling dimensions
for the dual spin correlation function at the higher Nishimori
point, and also implies that the higher moments of the dual
spin correlation after the second moment have non-positive
scaling dimensions. This result at the higher Nishimori criti-
cal point should be contrasted with that at the ordinary Nishi-
mori critical point in the 2D RBIM, where a multifractal
spectrum of scaling dimensions has been established for the
dual spin correlation function and where all the higher bond-
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FIG. 2. Power-law exponent of the EA correlator. Shown is the
power-law exponent 2X2 of the EA correlator as a function of the
measurement strength γ for the case of binary measurements. Right
at the higher Nishimori critical point N (2) (at γc = 0.598(2) [25]),
the power-law exponent takes a value of 2X2(γc) = 0.2508(8) close
to the analytical value 1/4. The data shown is obtained by fitting the
EA correlator in the bulk of a 512× 512 system with open boundary
conditions, as illustrated explicitly in Fig. 6 below. Note that towards
the unmeasured 2D Ising critical point, (marginally irrelevant) finite-
size effects lead to a small deviation from the known exact value of
1/2.

randomness averaged moments beyond the first moment have
non-positive scaling dimensions [47].

Casimir effective central charge, RG flows, and c-effective theorem

In addition, by making use of the tools used in the proof
of the c-effective theorem in Ref. [49], we also demonstrate
the decrease of the Casimir effective central charge under
the renormalization group (RG) flow from the higher Nishi-
mori critical point to the unmeasured 2D Ising critical point.
That is, we show that the Casimir effective central charge of
the higher Nishimori point, which characterizes the universal
finite-size scaling of the Shannon entropy of the measurement
record [22, 33, 50, 51] at this point, is greater than 1/2, the
central charge of the Ising critical point. Interestingly, this re-
sult together with a certain physically motivated assumption,
also explains the numerically observed [52, 53] increase of
the Casimir effective central charge under the RG flow from
the ordinary Nishimori critical point to the clean Ising critical
point in the 2D RBIM (see App. E 2, particularly Fig. 11, for
details of this argument).

General D > 1 spatial dimensions

Let us further note that using the analogous argument, we
can establish the existence of the higher Nishimori critical
point, which admits a formulation as an emergent gauge-
invariant and enlarged replica-symmetric theory in the R → 2
replica limit, in the phase diagram of the classical Ising model
in arbitrary D > 1 dimensions under Bayesian bond-energy
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FIG. 3. Casimir effective central charge and RG flows. Shown
is the Casimir effective central charge along the β = βc line of
our numerical phase diagram. Right at the higher Nishimori crit-
ical point N (2) in this numerical phase diagram (at γc = 0.598(2)
[25]), the Casimir effective central charge takes a value of ceff(γc) =
0.524(1). Moving away from the critical measurement strength, the
Casimir effective central charge quickly drops, as shown in the inset,
indicating renormalization group (RG) flows away from the higher
Nishimori point. This data is obtained by fitting the slope of the free
energy density as a function of π/(6L2) in the bulk of a cylinder
with circumference L and length 1000L for system sizes of L = 8 to
L = 24, as illustrated for a number of representative points in Fig. 7
below. [Note that the Casimir effective central charge estimated here
is slightly different from the one obtained from fits to system sizes
L = 8, . . . , 32 shown in Fig. 7 below, which we otherwise refer to.]

measurements. This higher Nishimori critical point is the gen-
eralization to arbitrary dimensions D > 1 of the novel tricrit-
ical point found in the learning phase diagram of the 2D clas-
sical Ising model in Ref. [25], where the classical Bayesian
inference problem in any D dimensions is equivalent to
the problem of performing Born-rule measurements with the
bond-energy operator on the quantum Rokhsar-Kivelson (RK)
wavefunction [29, 54] corresponding to the D-dimensional
classical Ising model (see, e.g., [25] and Appendix C of [49]).
While the ordinary Nishimori critical point appears at a fi-
nite measurement strength and zero inverse-temperature in the
classical Ising learning phase diagram, the latter higher Nishi-
mori critical point appears at a suitable finite measurement
strength and at the temperature corresponding to the critical
point of the unmeasured D-dimensional classical Ising model.
In particular, for Gaussian measurements, given the location
of the critical point in the (unmeasured) D-dimensional clas-
sical Ising model, we can also determine the exact location of
the higher Nishimori critical point in the learning phase di-
agram. Moreover, using exactly the same argument as that
used in two dimensions, we can show that the power-law ex-
ponent for the EA correlator at the higher Nishimori critical
point in the learning phase diagram of the D > 2 dimensional
classical Ising model (or of the corresponding RK wavefunc-
tion) is also equal to the power-law exponent of the spin-spin
correlator at the (unmeasured) D-dimensional classical Ising
critical point. Of course, the scaling dimension of the spin op-
erator at the (unmeasured) 3D Ising critical point is not known
exactly, however, we can use the numerical conformal boot-

strap [55, 56] estimate for the latter, and that then also serves
at the same time as an accurate estimate for the power-law ex-
ponent of the EA correlator at the higher Nishimori critical
point in the 3D Ising or the corresponding RK wavefunction
learning phase diagram. For D ≥ 4, the scaling dimension
of the spin-operator at the (unmeasured) classical Ising criti-
cal point is given by its mean field value, and from the above
argument that also gives us the power law exponent of the EA
correlator at the higher Nishimori critical point in the D ≥ 4
dimensional learning phase diagram. [57]

Finally, we use the existence of the higher Nishimori criti-
cal point to understand the structure of the phase diagram for
the classical Ising critical point under Bayesian bond-energy
measurements in arbitrary dimension D. In particular, two
logical possibilities for the Bayesian inference/learning phase
diagram of the D-dimensional classical Ising critical point un-
der bond-energy measurements were discussed in Ref. [33]
(see Fig. 4 in Ref. [33]), and we can rule out one of the pos-
sibilities by using the existence of the higher Nishimori criti-
cal point at the temperature corresponding to the unmeasured
critical point and at a finite strength of measurements in all
dimensions D > 1. In particular, building on the discussion
in Ref. [33], and using the fact that the higher Nishimori criti-
cal point occurs at decreasing measurement strengths with in-
creasing dimension D, we arrive at the phase diagram shown
in our Fig. 10.

The remaining parts of the paper are structured as follows:
In Sec. II, following Ref. [25], we discuss the setup of three
equivalent measurement problems: of the deformed toric code
wavefunction, of the quantum RK wavefunction correspond-
ing to the 2D classical Ising model, and the Bayesian infer-
ence problem for the 2D classical Ising model. Then we dis-
cuss the replica theory that governs the long-distance proper-
ties of these measurement problems. In Sec. III, we discuss
the gauge-invariant and higher replica-symmetric formulation
of a line in this replica theory and we argue that the critical
point on this line, the higher Nishimori critical point, gov-
erns the long-distance physics of the novel learning tricritical
point. In Sec. IV, we discuss a number of exact results for
the universal critical properties at this higher Nishimori criti-
cal point. In Sec. V, we present our numerical results for the
higher Nishimori critical point. In Sec. VI, we discuss the
phase diagram of the arbitrary D > 1 dimensional classical
Ising critical point under bond-energy measurements.
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II. THE SETUP

Following Ref. [25], in this section we will discuss the de-
formed toric code wavefunction and the setup of performing
weak measurements on it. As discussed below, this prob-
lem is dual to the classical Bayesian inference problem of
performing Bayesian bond-energy measurements on the 2D
classical Ising model. Let us first consider a square lattice
on a cylinder with qubits on the links ⟨ij⟩ of the square lat-
tice. The usual toric code (undeformed) Hamiltonian can be
defined on this cylinder with suitable boundary conditions at
the open boundaries, and given any toric code ground state
|TC⟩, we can define the deformed toric code wavefunction
as [6, 26, 27, 29, 30, 58],

|TC⟩β ∝ exp
{β
2

∑
⟨ij⟩

σ̂z
ij

}
|TC⟩, (1)

where σ̂z
ij is the Pauli-Z operator on the link ⟨ij⟩. We want

to study the effects of weak Born-rule measurements with the
σ̂z
ij operator on the qubits of the above deformed toric code

wavefunction. The Kraus operator for these measurements is
given by

K̂m⃗ =
e

γ̃
2

∑
⟨ij⟩ mij σ̂

z
ij

(2 cosh γ̃)Nb/2
, mij = ±1, (2)

where m⃗ = {mij} denotes the measurement outcomes,
γ̃ ∈ [0,∞] quantifies the measurement strength, and Nb is
the number of bonds/links on the square lattice. It is eas-
ily verified that the above Kraus operators K̂m⃗ satisfy the
‘POVM’ [46] condition:

∑
m⃗ K̂†

m⃗K̂m⃗ = 1̂, where 1̂ is the
identity operator.

To study the above problem, we note that the wavefunction
in Eq. (1) is exactly dual [59] (see e.g. [6, 58]) to the ‘Rokhsar-
Kivelson’ (RK) wavefunction [54] corresponding to the 2D
classical Ising model with different spins σ̂z

i defined on the
sites i, as opposed to the links, of the square lattice [60]

|RK⟩ = 1√
Z

∑
{σi}

e−
β
2 H[{σi}]|{σi}⟩ (3)

Z =
∑
{σi}

e−βH[{σi}] (4)

where H[{σi}] (σi = ±1) is the Hamiltonian of the 2D clas-
sical Ising model given by

H[{σi}] = −
∑
⟨ij⟩

σiσj (5)

with suitable boundary conditions at the open boundaries. [In
this work, we will be interested in the bulk critical phenom-
ena and hence not worry about boundary conditions [61].]
In turn, the problem of performing weak Born-rule measure-
ments with the σ̂z

ij operator on the deformed toric code wave-
function in Eq. (1) is exactly dual [59] to the problem of
weak Born-rule measurements with the bond-energy operator
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σ̂z
i σ̂

z
j [60] on the RK wavefunction in Eq. (3). Analogously to

Eq. (2), the Kraus operator for weak measurements with the
bond-energy operator σ̂z

i σ̂
z
j on all links ⟨ij⟩ of the RK wave-

function in Eq. (3) is given by

K̂m⃗ =
e

γ̃
2

∑
⟨ij⟩ mij σ̂

z
i σ̂

z
j

(2 cosh γ̃)Nb/2
, mij = ±1, (6)

which also clearly satisfy the ‘POVM’ [46] condition,∑
m⃗

K̂†
m⃗K̂m⃗ = 1̂. (7)

We can thus focus on studying the latter equivalent mea-
surement problem for the RK wavefunction, where the post-
measurement state of the RK wavefunction corresponding to
measurement outcomes m⃗ is given by,

|Ψm⃗⟩ = K̂m⃗|RK⟩√
⟨RK|K̂†

m⃗K̂m⃗|RK⟩
, (8)

and the Born rule probability of obtaining these measurement
outcomes is

P̃ (m⃗) = ⟨RK|K̂†
m⃗K̂m⃗|RK⟩

=
(2 cosh(γ̃))

−Nb

Z

∑
{σi}

e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj .

(9)

Finally, using Eq. (3) and (8), the expectation value of a
general operator Ô1 = σ̂z

i1
σ̂z
i2
σ̂z
i3
· · · σ̂z

ik
, which is diagonal

in |{σi}⟩ basis, in the above post-measurement state |Ψm⃗⟩ is
given by

⟨Ô1⟩m⃗ = ⟨Ψm⃗|Ô1|Ψm⃗⟩

=

∑
{σi} O1 e−βH[{σi}]+γ̃

∑
⟨ij⟩ mijσiσj

Z[m⃗]
(10)

where O1 = σi1σi2σi3 · · ·σik is the eigenvalue of the oper-
ator Ô1 = σ̂z

i1
σ̂z
i2
σ̂z
i3
· · · σ̂z

ik
in the basis state |{σi}⟩, and we

have defined Z[m⃗] as

Z[m⃗] =
∑
{σi}

e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj . (11)

Since the measurement operator σ̂z
i σ̂

z
j is diagonal in the

|{σi}⟩ basis, the above discussed problem of performing
Born-rule measurements on the RK wavefunction for the 2D
classical Ising model is in turn equivalent [25, 49] to a clas-
sical Bayesian inference problem [5, 24, 62] for the classical
model, and we will now discuss the classical inference prob-
lem following Ref. [25] and also Ref. [33]. Note that, the
probability of obtaining a spin configuration {σi} in the 2D
classical Ising model is given by the Boltzmann weight,

P ({σi}) =
e−H[{σi}]

Z
, (12)

where H[{σi}] is the Hamiltonian for the 2D classical Ising
model given in Eq. (5). Now consider performing weak
‘classical’ measurements of the bond-energies on the classi-
cal Ising model, such that given a spin configuration {σi},
the probability of receiving binary measurement outcomes
{mij = ±1} is given by

P ({mij}|{σi}) =
∏
⟨ij⟩

(
1 +mijγσiσj

2

)
, (13)

where we have defined

γ := tanh γ̃. (14)

Then, we can consider the ‘updated’ ensemble of spin config-
urations {σi} conditioned on the received measurement out-
comes {mij}, and from Bayes’ theorem the conditional prob-
abilities are given by

P ({σi}|{mij}) =
e−βH[{σi}]+γ̃

∑
⟨ij⟩ mijσiσj

Z[{mij}]
, (15)

where Z[{mij}] [Eq. (11)] is proportional to the probability
of obtaining measurement outcomes m⃗ = {mij}:

P (m⃗) =
Z[{mij}]∑

{mij=±1}
Z[{mij}]

=
(2 cosh(γ̃))

−Nb

Z

∑
{σi}

e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj .

(16)

Given any measurement trajectory m⃗ = {mij}, we can cal-
culate the expectation value of a general classical observable
O1 = σi1σi2σi3 · · ·σik conditioned on the measurement out-
comes m⃗ as follows

⟨O1⟩m⃗ =
∑
{σi}

P ({σi}|m⃗)O1

=

∑
{σi} O1 e−βH[{σi}]+γ̃

∑
⟨ij⟩ mijσiσj

Z[m⃗]
. (17)

Clearly, in any given measurement trajectory m⃗, the expec-
tation value of a classical observable made out of product of
spins O1 = σi1σi2σi3 · · ·σik in Eq. (17) in the classical infer-
ence problem and the expectation value of the corresponding
operator Ô1 = σ̂z

i1
σ̂z
i2
σ̂z
i3
· · · σ̂z

ik
in Eq. (10) for the quantum

measurement problem on the RK wavefunction match, and
so do the expressions for the classical probability P [m⃗] in
Eq. (16) and the Born-rule probability P̃ [m⃗] in Eq. (9). We
will then just study the classical inference problem and con-
sider calculating the following measurement-averaged prod-
uct of expectation values for general observables O1, O2, · · ·
and ON in the classical inference problem,

⟨O1⟩m⃗⟨O2⟩m⃗...⟨ON ⟩m⃗ =
∑
m⃗

P (m⃗)⟨O1⟩m⃗⟨O2⟩m⃗...⟨ON ⟩m⃗.

(18)
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Using the replica trick, as discussed in App. A, the above
measurement-averaged product of expectation values can be
written as

⟨O1⟩m⃗⟨O2⟩m⃗...⟨ON ⟩m⃗ ∝ lim
R→1

∑
{σ(a)

i }

O(1)
1 O(2)

2 · · · O(N)
N ×

× exp
{
β
∑
⟨ij⟩

R∑
a=1

σ
(a)
i σ

(a)
j +

γ̃2

2

∑
⟨ij⟩

R∑
a,b=1
a̸=b

σ
(a)
i σ

(a)
j σ

(b)
i σ

(b)
j

+O(γ̃4)
}
.

(19)

The above replica theory allows us to calculate all the
measurement-averaged products of expectation values and
study the effects of ‘learning’ local energy densities in the 2D
classical Ising model. The latter problem, as discussed above,
is equivalent to the problem of Born-rule bond-energy mea-
surements on the corresponding RK wavefunction [Eq. (3)],
which is in turn dual to the problem of Born-rule measure-
ments with the Pauli-Z operator on the deformed toric code
wavefunction [Eq. (1)]. We will now drop the terms of order
O(γ̃4) from the weight in the exponent of the replica theory in
Eq. (19) and study the following replica theory in the R → 1
replica limit

−H = β
∑
⟨ij⟩

R∑
a=1

σ
(a)
i σ

(a)
j +

∆

2

∑
⟨ij⟩

R∑
a,b=1
a̸=b

σ
(a)
i σ

(a)
j σ

(b)
i σ

(b)
j ,

(20)
where we have defined ∆ := γ̃2. We expect the replica the-
ory in Eq. (20) to capture all the key long-distance physics
of measurement-averaged products of expectation values in
Eq. (19), i.e. we expect the ‘higher-spin’ terms with cou-
plings of order O(γ̃4) appearing in the exponent on the RHS
of Eq. (19) to not change the long-distance physics in the
phase diagram. This is because in the case of Gaussian
measurements with continuous measurement outcomes of the
bond-energies in the 2D classical Ising model, i.e. replacing
Eq. (13) by

P ({mij}|{σi}) ∝ e−
∆
2

∑
⟨ij⟩(mij−σiσj)

2

, (21)

for mij ∈ (−∞,∞), in contrast to binary measurements
mij = ±1, the replica theory in Eq. (20) serves as an exact
replica theory description of the measurement problem in the
R → 1 replica limit. We discuss the case of Gaussian mea-
surements in App. C. We do not expect the universal proper-
ties of phases and critical points, including those of the tricrit-
ical point, in the deformed toric code or the 2D classical Ising
‘learning’ phase diagram [see Fig. 4] to depend on whether
we consider Gaussian or binary measurements. Therefore,
the replica theory in Eq. (20), with all O(γ̃4) terms dropped,
should also capture the long-distance physics in the case of
binary measurements.

We will now briefly discuss the sketch in Fig. (4) of the
phase diagram of the replica theory in Eq. (20) in the R → 1
replica limit that governs the problem of performing discussed

I

N(1)

Paramagnet 

Toric Code
⟺

Inverse temperature β
0 0

N(2)

M
ea

su
re

m
en

t s
tre

ng
th

 Δ

‘Spin Glass’ 

Dephased
⟺

Ferromagnet 
 

Trivial
⟺

 Nishimori lineR → 1

 Nishimori lin
e

R → 2
β = Δ

FIG. 4. Phase diagram and renormalization group (RG) flows
for the replica theory in Eq. (20) in the R → 1 replica limit. As dis-
cussed in Sec. II, in the R → 1 replica limit, we expect this replica
theory to govern the long distance physics of the deformed toric code
under Pauli-Z measurements or the 2D classical Ising model under
Bayesian bond energy measurements, and this sketch of the phase
diagram is based on the phase diagram obtained in Ref. [25] for
the case of binary measurements. [For Gaussian measurements, the
replica theory forms an exact description of the measurement prob-
lem(s) valid at all length scales.] The novel tricritical point in the
learning phase diagram of the deformed toric code or the 2D clas-
sical Ising model is governed by the higher Nishimori critical point
N (2) lying on the higher Nishimori line β = ∆ [dotted orange line]
of the replica theory [Eq. (20)] in the R → 1 replica limit.

measurements on the deformed toric code wavefunction and
the 2D classical Ising model, i.e. we discuss their ‘learning’
phase diagram. This sketch is based on the phase diagram
obtained in Ref. [25] for binary measurements. At small de-
formation for the toric code corresponding to small inverse-
temperature β in the 2D classical Ising model, and at low
measurement strength quantified by ∆, we have a topological
‘quantum memory’ phase that corresponds to the paramag-
netic (PM) phase characterized by the absence of long-range
order in both the measurement-averaged first and second mo-
ment of the spin-spin correlation function ⟨σiσj⟩m⃗ in the dual
2D classical Ising Bayesian inference problem. At small
deformation β for the wavefunction and large measurement
strength ∆, we have a topological ‘classical memory’ phase,
and that corresponds to the ‘spin glass’ (‘SG’) phase, charac-
terized by the short-ranged first moment ⟨σiσj⟩m⃗ and long-
range order in the second moment i.e. the Edwards-Anderson
(EA) correlator ⟨σiσj⟩2m⃗, in the Bayesian inference prob-
lem. For large deformations corresponding to large inverse-
temperature, the ‘memory’ is lost for the toric code wavefunc-
tion and that corresponds to the ferromagnetic (FM) phase of
the Bayesian inference problem characterized by the presence
of long-range order in both the first moment and the EA cor-
relator. We refer the reader to Ref. [25] for a more detailed
discussion of this ‘learning’ phase diagram, including an in-
formation theoretic perspective on the phases using the co-
herent information [9, 63], and also a strong-to-weak sponta-
neous symmetry breaking (SWSSB) perspective [12, 17, 64].
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We will be primarily interested in the tricritical point that
lies at the ‘heart’ of the phase diagram where the deformed
toric code’s (2D Ising model’s) topological ‘quantum mem-
ory’ (PM), dephased ‘classical memory’ (‘SG’) and the trivial
‘no memory’ (FM) phases meet. In particular, the line of tran-
sitions between the topological ‘quantum memory’ (PM) and
the trivial ‘no memory’ phase (FM) characterized by the 2D
Ising universality class [solid red line in Fig. 4] and the line of
transitions between the topological ‘quantum memory’ phase
(PM) and the dephased ‘classical memory’ phase (‘SG’) char-
acterized by the 2D ordinary Nishimori critical universality
class [3, 4] [solid dark-blue line in Fig. 4] meet at this tricrit-
ical point [65]. In the next section, we will demonstrate that
this novel learning tricritical point is a higher Nishimori crit-
ical point with a higher replica symmetry than the ordinary
Nishimori critical point.

III. A HIGHER NISHIMORI CRITICAL POINT:
EMERGENT GAUGE INVARIANCE AND ENLARGED

PERMUTATION SYMMETRY

In this section, we will demonstrate that the tricritical
point N (2) in Fig. 4 for the R → 1 replica theory in
Eq. (20) is a higher Nishimori critical point, which admits a
gauge-invariant and higher replica-symmetric formulation as
a replica theory in the R → 2 replica limit. To demonstrate
this, we will use the logic used in Ref. [40–42] (also Ref. [43])
for the ordinary Nishimori critical point. To this end, we will
study the replica theory in the R → 1 replica limit in Eq. (20)
on the line β = ∆.

Note that when β = ∆, the replica theory in Eq. (20) can
be written as

−H =
β

2

∑
⟨ij⟩

( R∑
a=1

σ
(a)
i σ

(a)
j + 1

)2
+ const., (∆ = β) .

(22)
Following Ref. [40–42] and also the discussion in Ref. [43],
we can write the partition function ZR for the above R-replica
theory in Eq. (22), which is thus that of Eq. (20) on the line
β = ∆, as the partition function for a theory with R + 1
replicas with enlarged permutation symmetry as follows: Note
that the partition function ZR for the replica theory in Eq. (22)
can be written as

ZR =
∑

{σ(a)
i }R

a=1

exp
{β
2

∑
⟨ij⟩

( R∑
a=1

σ
(a)
i σ

(a)
j + 1

)2}
(23)

Now consider the variable transformation

σ̃
(a)
i = siσ

(a)
i ⇔ σ

(a)
i = siσ̃

(a)
i (24)

where we choose a fixed but arbitrary value si = ±1 at each
site i on the square lattice. Then the partition function ZR can

be written as

ZR =
∑

{σ(a)
i }R

a=1

exp
{β
2

∑
⟨ij⟩

( R∑
a=1

siσ̃
(a)
i sj σ̃

(a)
j + 1

)2}

=
∑

{σ(a)
i }R

a=1

exp
{β
2

∑
⟨ij⟩

( R∑
a=1

σ̃
(a)
i σ̃

(a)
j + sisj

)2}

=
∑

{σ̃(a)
i }R

a=1

exp
{β
2

∑
⟨ij⟩

( R∑
a=1

σ̃
(a)
i σ̃

(a)
j + sisj

)2}

=
∑

{σ(a)
i }R

a=1

exp
{β
2

∑
⟨ij⟩

( R∑
a=1

σ
(a)
i σ

(a)
j + sisj

)2}
,

(25)

where in the second-to-last step above, we have changed the
sum over spins σ

(a)
i from a = 1 to R to the sum over trans-

formed spins σ̃
(a)
i from a = 1 to R, and in the last step we

have dropped the ‘tilde’ notation over the dummy variables.
Clearly, Eq. (25) is independent of the values for {si}. Let us
then define si as a spin in an extra ‘(R+ 1)th’ replica copy

σ
(R+1)
i := si (26)

and sum the RHS of Eq. (25) over all choices of σ(R+1)
i := si

for all i, such that

ZR =
1

2Ns

∑
{σ(R+1)

i }

∑
{σ(a)

i }R
a=1

exp
{β
2

∑
⟨ij⟩

( R∑
a=1

σ
(a)
i σ

(a)
j +

+ σ
(R+1)
i σ

(R+1)
j

)2}
⇒ ZR =

1

2Ns

∑
{σ(a)

i }R+1
a=1

exp
{β
2

∑
⟨ij⟩

(R+1∑
a=1

σ
(a)
i σ

(a)
j

)2}
(27)

Note that in the above equation, Eq. (27), at each site i there
is a number of (R + 1) replicas of Ising spins, σ(a)

i , where
a = 1, 2, ..., R, (R + 1). This is in contrast to Eq. (20),
where at each site there are only R replicas, σ

(a)
i , where

a = 1, 2, ..., R. The above representation, Eq. (27), of the
partition function allows us to see that the replica theory in
Eq. (20), which we want to study on the line β = ∆ [dot-
ted orange line in Fig. 4] and in the R → 1 replica limit,
has a formulation with larger replica permutation symmetry
SR+1 instead of just SR. Moreover, the above formulation in
Eq. (27) of the replica theory in Eq. (20) on the line β = ∆
also has gauge invariance, where the weight in the exponen-
tial of Eq. (27) is invariant under the following local (gauge)
transformation at any site i:

σ
(a)
i → −σ

(a)
i ∀a = 1, 2, · · · , R,R+ 1 . (28)

We note that indeed, if we were interested in studying the
replica theory in Eq. (20) in the R → 0 replica limit, the
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line β = ∆ is nothing but the ordinary Nishimori line [3, 4]
and the above described logic was used to study the proper-
ties of the ordinary Nishimori line in the R → 0 replica limit
in Ref. [40–43]. That is, it was demonstrated in Ref. [40–
43] that the R → 0 replica limit random-bond Ising model
(RBIM), with partition function in Eq. (20), on the ordinary
Nishimori line β = ∆ can be written as a gauge-invariant
R → 1 replica theory in Eq. (27). Since in the present pa-
per we are already interested in studying the replica theory in
Eq. (20) in the R → 1 replica limit, the above representa-
tion in Eq. (27) allows us to study the R → 1 replica limit of
Eq. (20) on the β = ∆ line as the equivalent gauge-invariant
and replica-symmetric theory [Eq. (27)] in the R → 2 replica
limit. [The gauge-invariant R-replica theory in the exponen-
tial of Eq. (27) is the same as that for the ‘spin glass’.] Since
the ordinary Nishimori line already occurs as the β = 0 line
in the phase diagram of the replica theory in Eq. (20) in the
replica limit R → 1 [see Fig. 4], we will refer to the line
β = ∆ [dotted orange line in Fig. 4] of the replica limit
R → 1 replica theory in Eq. (20) as the higher Nishimori
line

β = ∆ : higher Nishimori line. (29)

We will now demonstrate that there is a novel critical point
of the replica theory in Eq. (20) in the replica R → 1 limit
on the higher Nishimori line in Eq. (29), which we will refer
to as higher Nishimori critical point. As discussed in Sec. II,
since the replica theory in the R → 1 replica limit governs
the long-distance physics of the ‘learning’ phase diagram for
the deformed toric code or the 2D Ising model, the location of
this higher Nishimori critical point can be identified by noting
that the measurement-averaged first moment of the expecta-
tion value for any observable O1 is equal to its expectation
value in the unmeasured classical Ising model. This follows
from Eq. (18): for N = 1 the RHS of Eq. (18), upon using
Eq. (16) and Eq. (17), reduces to

⟨O1⟩m⃗ =
1∑

m⃗ Z[m⃗]

∑
m⃗

(∑
{σi}

O1 e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj
)

Then using Eq. (11) for Z[m⃗], and exchanging the order of
summations over {σi} and m⃗ = {mij}, we obtain

⟨O1⟩m⃗ =

∑
{σi}

(
O1 e−βH[{σi}]

∑
m⃗ eγ̃

∑
⟨ij⟩ mijσiσj

)∑
{σi}

(
e−βH[{σi}]

∑
m⃗ eγ̃

∑
⟨ij⟩ mijσiσj

) .

(30)

Now,∑
mij=±1

eγ̃mijσiσj = 2 cosh(γ̃σiσj) = 2 cosh(γ̃) , (31)

where the last equality follows because cosh is an even func-
tion and σiσj = ±1. Then from Eq. (30) and Eq. (31),

⟨O1⟩m⃗ =

∑
{σi} O1 e−βH[{σi}]∑

{σi} e
−βH[{σi}]

= ⟨O1⟩ , (32)

where the expectation value ⟨O1⟩ is evaluated in the unmea-
sured Ising model. [In the quantum RK formulation, Eq. (32)
can be understood as a simple consequence of the POVM con-
dition (Eq. (7)) [66].] Coming back to the higher Nishimori
line β = ∆, the location of the higher Nishimori critical point
on it, can be identified by requiring that the measurement-
averaged first moment of observables such as the spin-spin
correlation function are power-law decaying. Now since the
first moments of expectation values are equal to the unmea-
sured expectation values (corresponding to ∆ = 0), we im-
mediately see that the higher Nishimori critical point occurs
at the point where β = βc, the (inverse) temperature corre-
sponding to the critical point of the unmeasured 2D classical
Ising model. Therefore, the higher Nishimori critical point
of the R → 1 replica theory in Eq. (20) lies on the higher
Nishimori line at the following point

β = ∆ = βc =
1

2
ln
(
1 +

√
2
)
, (33)

where in the last equality we have used the famous result of
Kramers and Wannier [67] that gives the location of the 2D
Ising critical point.

The gauge-invariant and higher replica-symmetric formu-
lation Eq. (27) of the higher Nishimori line, and hence of
the above higher Nishimori critical point [Eq. (33)] for the
replica theory in Eq. (20) in the R → 1 replica limit is in-
variant under RG flow. Therefore, the universality class for
the higher Nishimori critical point is clearly distinct from the
ordinary Nishimori critical point that occurs at (β = 0,∆ ≈
1) [68] [53, 69] and the (unmeasured) 2D Ising critical point
that occurs at (β = βc =

1
2 ln(1+

√
2),∆ = 0) for the R → 1

replica theory in Eq. (20). This can also be verified by noting
that the universal critical properties at the higher Nishimori
critical point, some of which we will derive exactly in the
next section [Sec. IV], are clearly distinct from the numeri-
cally known (see e.g. [53]) universal critical properties of the
ordinary Nishimori critical point and also the exactly known
critical properties of the (unmeasured) 2D Ising critical point.
As discussed above, apart from the ordinary Nishimori critical
point and the ‘unmeasured’ 2D Ising critical point, Ref. [25]
discovered a novel unstable tricritical point that occurs at the
temperature corresponding to that of the unmeasured 2D Ising
critical point and a finite strength of measurements. Thus, the
universal critical properties of this novel learning tricritical
point must be governed by the above-discussed higher Nishi-
mori critical point [Eq. (33)] of the replica theory in Eq. (20)
in the R → 1 replica limit.

We note that in the case of binary measurements, the higher
Nishimori line β = ∆ does not itself lie in the deformed toric
code or the 2D Ising learning phase diagram, because at the
lattice level, the terms of order O(γ̃4) in Eq. (19) spoil the
higher replica-symmetric formulation [Eq. (27)] of the replica
theory in Eq. (20) on the β = ∆ higher Nishimori line. Con-
sequently, we have not been able to determine the exact loca-
tion of the tricritical point in the learning phase diagram with
binary measurements (this was determined numerically in
Ref. [25]), since it is a ‘non-universal’ detail in the RG sense.
However, since the replica theory in Eq. (20) in the R → 1



10

replica limit is expected to capture the long-distance physics
of the learning phase diagram, the long-distance physics at the
tricritical point in the case of binary measurements should also
be the same as that of the higher Nishimori critical point, the
critical point [Eq. (33)] on the higher Nishimori line β = ∆
of the R → 1 replica theory in Eq. (20). The replica theory in
Eq. (20) is an exact description of the measurement problem
in the case of Gaussian measurements. For Gaussian mea-
surements of strength ∆ [Eq. (21)], as discussed in App. C,
the entire higher Nishimori line β = ∆ lies in the learning
phase diagram, and that also allows us to determine the exact
location of the tricritical point in the Gaussian measurement
case, which is exactly the same as the location of the higher
Nishimori critical point given in Eq. (33). Since we do not ex-
pect the universality class of the tricritical point in the learning
phase diagram to depend on whether we use binary or Gaus-
sian measurements, the tricritical point in the case of binary
measurements should also lie in the universality class of the
tricritical point in the case of Gaussian measurements. Thus,
we expect the long-distance physics at the tricritical point in
the case of binary measurements will also be governed by the
higher Nishimori critical point Eq. (33) of the R → 1 replica
theory in Eq. (20), which is equivalent to saying that the order
O(γ̃4) terms in Eq. (19) are irrelevant at the higher Nishimori
critical point in the RG sense. The agreement between the ex-
act result discussed in Sec. IV A for the power-law exponent
of the EA correlator [Eq. 40] and the numerically obtained
value for the same with binary measurements [Sec. V, Fig. 6]
is a testament for the RG irrelevance of the latter terms, which
quantify the microscopic deviation between binary and Gaus-
sian measurement protocols.

IV. EXACT RESULTS FOR CRITICAL EXPONENTS

In this section, we discuss various exact results for the
novel learning tricritical point, which, as we discussed in
the previous section, is a higher Nishimori critical point. In
Sec. IV A, we discuss exact equivalence of the long-distance
properties of the measurement-averaged (2q)th and (2q − 1)th

moments of any multipoint spin correlation at the tricritical
point. In particular, we use the latter equivalence to obtain
the exact power-law exponent for the measurement-averaged
second moment, i.e. the Edwards-Anderson correlation func-
tion at the novel tricritical point. In Sec. IV B, we discuss
various rigorous bounds on the power-law exponents for the
measurement-averaged higher (> 2) moments of the spin-
spin correlation function, moments of its absolute value, and
the typical spin-spin correlation function. In Sec. IV C, we
use the tools used in the proof of the recent c-effective theo-
rem [49] for 2D Bayesian inference problems to establish the
decrease of the Casimir effective central charge under the RG
flow from the novel tricritical point, i.e. the higher Nishimori
critical point, to the unmeasured 2D Ising critical point. Fi-
nally, in Sec. IV D, we discuss various exact results for the
measurement-averaged moments of the dual spin correlation
function at the novel higher Nishimori critical point.

A. Measurement-averaged First and Second Moments of Spin
Correlation Functions

From Eq. (32) [or using the POVM condition [66] in quan-
tum RK formulation], the measurement-averaged first mo-
ment of the expectation value for any observable O1 =
σi1 · · ·σik at the learning tricritical point, which at long-
distances is governed by a higher Nishimori critical point, is
equal to its expectation value at the unmeasured 2D Ising crit-
ical point. In particular, at long-distances

⟨σi1 · · ·σik⟩m⃗ ∼ ⟨σi1 · · ·σik⟩Ising critical , (34)

where ‘∼’ denotes equivalence at long-distances. For exam-
ple, the long-distance behavior of the measurement-averaged
expectation value of the spin-spin correlation function at the
higher Nishimori critical point is given by

⟨σiσj⟩m⃗ ∼ 1

|i− j|2X1
=

1

|i− j|1/4
⇒ X1 = Xσ =

1

8
,

(35)
where Xσ = 1/8 is the scaling dimension of the spin operator
at the 2D classical Ising critical point.

The gauge invariant formulation of the higher Nishimori
critical point, which governs the long-distance behavior of the
tricritical point, also allows us to obtain the long-distance be-
havior of the measurement-averaged second moment of cor-
relation functions at the tricritical point. As is well-known,
the spin correlation functions on the ordinary Nishimori line
in the RBIM [4, 40, 53] [R → 0 replica limit of Eq. (20) on
the line β = ∆], satisfy the following equality [3, 4][

⟨σi1 . . . σik⟩
2q−1

]
=
[
⟨σi1 . . . σik⟩

2q
]

(36)

where the square bracket [· · · ] denotes average over quenched
bond randomness in the random-bond Ising model (RBIM).
The analogous equality is also satisfied by the correlation
functions on the higher Nishimori line β = ∆ in the R → 1
replica limit of the replica theory in Eq. (20), which is equiv-
alent to the R → 2 replica limit of the gauge invariant and
enlarged permutation symmetric theory in Eq. (27). To this
end, we note the following identity for the R-replica theory in
Eq. (20) on the β = ∆ line

⟨(σ(a1)
i1

· · ·σ(a1)
ik

) · · · (σ(a2q−1)
i1

· · ·σ(a2q−1)
ik

)⟩R =

⟨(σ(a1)
i1

· · ·σ(a1)
ik

) · · · (σ(a2q−1)
i1

· · ·σ(a2q−1)
ik

)(σ
(a2q)
i1

· · ·σ(a2q)
ik

)⟩R ,

(37)

where the replica indices a1, a2, ..., a2q−1, a2q are all pairwise
unequal, and where the correlation functions ⟨· · · ⟩R are eval-
uated in the R-replica theory of Eq. (20) on the β = ∆ line.
This equality can be obtained by following the argument in
Ref. [41–43] and the details are given in our App. B. The
replica limit R → 0 version of the equality in Eq. (37) is pre-
cisely the famous equality in Eq. (36) due to Nishimori [4].
However, the equality in Eq. (37) exists for the replica the-
ory in Eq. (20) for any number of replicas R when β = ∆,
and we can apply it in the R → 1 replica limit which is of
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relevance to the learning phase diagram of the deformed toric
code wavefunction or the 2D classical Ising model. Since the
higher Nishimori critical point [Eq. (33)] on the higher Nishi-
mori line describes the long-distance physics of the tricritical
point in the learning phase diagram, using Eq. (37) for the
replica theory [Eq. (20)] on the β = ∆ line in the R → 1
replica limit, we obtain the following equality at the learning
tricritical point

⟨σi1 . . . σik⟩
2q−1
m⃗ ∼ ⟨σi1 . . . σik⟩

2q
m⃗ , (38)

where q is an arbitrary positive integer. That is, the long-
distance behavior of the measurement-averaged (2q−1)th and
(2q)th moment of any multipoint spin correlation is equivalent
at the learning tricritical point. In particular, the long-distance
behavior of the measurement-averaged second moment of the
expectation value for any observable O1 = σi1 · · ·σik at the
tricritical point must be equal to that of the measurement-
averaged first moment of the expectation value for the same
observable. This relation between the measurement-averaged
first and second moments at the tricritical point in the learning
phase diagram for the deformed toric code or the 2D classi-
cal Ising model is very powerful. This is because we already
know, from Eq. (32), that the measurement-averaged first mo-
ment of the expectation value for any observable at the tri-
critical point is equal to its expectation value at the (unmea-
sured) 2D Ising critical point. Therefore, we obtain the result
that the long-distance behavior of the measurement-averaged
second moment of the expectation value for any observable
O1 = σi1 · · ·σik at the learning tricritical point, is equal to its
expectation value at the (unmeasured) 2D Ising critical point,

⟨σi1 · · ·σik⟩2m⃗ ∼ ⟨σi1 · · ·σik⟩Ising critical (39)

where again ‘∼’ denotes equivalence at long-distances. In
contrast to binary measurements, for the tricritical point in
the phase diagram with Gaussian measurements, the above
equation indicating identical long-distance behavior becomes
an exact equality at all length scales, and, as demonstrated
in App. C, the latter equality in the case of Gaussian mea-
surements can be shown without introduction of replicas.
Eq. (39) implies that the power-law exponent of the Edwards-
Anderson (EA) correlation function at the tricritical point in
the learning phase diagram, in either the case of binary mea-
surements or Gaussian measurements, is given by the scaling
dimension of the spin (Xσ = 1/8) at the (unmeasured) 2D
Ising critical point, i.e.

⟨σiσj⟩2m⃗ ∼ 1

|i− j|2X2
=

1

|i− j|1/4
⇒ X2 = Xσ =

1

8
.

(40)

The above equation is one of the key results of the present pa-
per that shows that the gauge invariant and enlarged replica-
symmetric formulation of the higher Nishimori critical point
[Eq. (33)], which governs the long-distance physics of the tri-
critical point, allows us to calculate the exact power-law ex-
ponent for the EA correlation function at this ‘frustrated’ and
‘finite-measurement-strength’ tricritical point in the learning
phase diagram.

Our analytical results in Eqs. (35) and (40), for the
measurement-averaged moments at the higher Nishimori crit-
ical point that describes the tricritical point in the learning
phase diagram, are to be contrasted with the numerical re-
sults for the bond-randomness averaged moments at the or-
dinary Nishimori critical point in the 2D RBIM reported in
Ref. [53]. In particular, the numerically obtained values in
Ref. [53] (also compare other numerical studies [52, 70]) for
scaling dimensions X ′

1 and X ′
2 of the bond-randomness av-

eraged first and second moment of the spin-spin correlation
function, respectively, at the ordinary Nishimori critical point
are given by

X ′
1 = X ′

2 ≈ 0.0924 . (41)

These scaling dimensions for the bond-randomness averaged
first and second moments at the ordinary Nishimori critical
point in the 2D RBIM are also equal to each other due to the
analogous gauge and replica-symmetric formulation of the or-
dinary Nishimori critical point that lets us write it as a R → 1
gauge-invariant replica theory starting from the RBIM which
is a R → 0 replica theory [3, 4, 40–42]. The latter R → 1
gauge-invariant replica theory is precisely the line β = 0
in the learning phase diagram in Fig. 4. Note that the scal-
ing dimension in Eq. (41) of both the bond-randomness av-
eraged first and second moment of the spin-spin correlation
function at the ordinary Nishimori critical point in the RBIM
correspond to the measurement-averaged second moment of
the spin-spin correlation function in the Bayesian inference
(replica limit R → 1) formulation of the ordinary Nishimori
critical point as the critical point on the line β = 0 in the learn-
ing phase diagram of Fig. 4 [6, 25, 33] (see App. D). [The
measurement-averaged first moment of the spin-spin corre-
lation function vanishes identically everywhere on the line
β = 0 in the learning phase diagram of Fig. 4, because it is
equal to the spin-spin correlation function in the unmeasured
model (Eq. (32)) and the unmeasured model is at infinite tem-
perature.] The numerical value in Eq. (41) for the scaling di-
mension of the measurement-averaged second moment of the
spin-spin correlation function at the ordinary Nishimori crit-
ical point on the β = 0 line in the learning phase diagram
[Fig. 4], is clearly distinct from the exact scaling dimension
= 1/8 = 0.125 in Eq. (40) for the measurement-averaged
second moment of the spin-spin correlation function at the tri-
critical point in the learning phase diagram [Fig. 4], where the
tricritical point, as discussed above, is a higher Nishimori crit-
ical point. This clearly implies that the tricritical point and the
ordinary Nishimori critical point are in two different critical
universality classes. In fact, in the deformed toric code or the
2D classical Ising learning phase diagram of Ref. [25] (see the
sketch in Fig. 4), it has been observed numerically that under a
particular RG relevant perturbation the tricritical point, which
lies at a finite value of temperature and measurement strength,
flows under RG to the ordinary Nishimori critical point, which
lies at infinite temperature (β = 0) but at a finite measurement
strength in the learning phase diagram.

Of course, one of the key-points here is that we knew the
measurement-averaged first moments at the learning tricriti-
cal point because of the equality in Eq. (32), which is seen
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as a consequence of the ‘POVM’ condition [66] in the quan-
tum RK formulation of the problem. Then the emergent gauge
invariant and enlarged replica permutation symmetric formu-
lation at the learning tricritical point, i.e. the higher Nishimori
critical point, allowed us to evaluate the long-distance behav-
ior of the EA correlation function. On the other hand, for the
ordinary Nishimori critical point in the 2D RBIM, we do not
know the bond-randomness averaged first moment of the spin-
spin correlation function analytically, and consequently one
has to rely on numerical results for the scaling dimension of
the bond-randomness averaged first moment to calculate the
scaling dimension of the bond-randomness averaged second
moment, i.e. the EA correlation function.

B. Bounds on the Exponents for the Measurement-averaged
Higher (n > 2) Moments

Now, knowing the scaling dimension for the first [Eq. (35)]
and the second [Eq. (40)] moment allows us to obtain bounds
on the power-law exponents for higher measurement-averaged
moments of the spin-spin correlation function at the learning
tricritical point, i.e. the higher Nishimori critical point. In
particular, note that from Jensen’s inequality [71]

f(⟨σiσj⟩m⃗) ≥ f
(
⟨σiσj⟩m⃗

)
(42)

where f(x) is a convex function. For example, if we take
f(x) = x2k, where k ≥ 1 is a positive integer, we obtain the
following inequality

(⟨σiσj⟩m⃗)2k ≥
(
⟨σiσj⟩m⃗

)2k
. (43)

At the novel tricritical point in the learning phase diagram,
which occurs at the intersection of lines of continuous phase
transitions in the 2D Ising [solid red line in Fig. 4] and the
2D ordinary Nishimori critical universality [solid dark-blue
line in Fig. 4] classes, we expect that all the moments of
the spin-spin correlation function exhibit power-law decay at
long-distances, i.e.

⟨σiσj⟩qm⃗ ∼ 1

|i− j|2Xq
. (44)

Then from Eq. (43), the power-law exponent X2k for the
measurement-averaged (2k)th moment of the spin-spin cor-
relation function must be less than 2kX1, where X1 = 1/8
from Eq. (35). Therefore, we obtain that

X2k ≤ 2k

8
, k ∈ Z+. (45)

Clearly, the exact power-law exponent X2 = 1/8 [Eq. (40)]
for the Edwards-Anderson correlation function (second mo-
ment, 2k = 2) satisfies the above bound. In fact, we
can obtain a tighter bound on the scaling dimensions of the
measurement-averaged even moments of the spin-spin corre-
lation function. To this end, we apply Jensen’s inequality in

Eq. (42) to the square of the expectation value of the spin-spin
correlation function ⟨σiσj⟩2m⃗, as follows

f(⟨σiσj⟩2m⃗) ≥ f
(
⟨σiσj⟩2m⃗

)
, (46)

where f(x) is again a convex function. Note that ⟨σiσj⟩2m⃗ ≥
0, and for x ≥ 0 f(x) = xr is a convex function for any
r ≥ 1. Therefore, we obtain the following inequality

|⟨σiσj⟩m⃗|2r ≥
(
⟨σiσj⟩2m⃗

)r
, r ≥ 1. (47)

Let us consider the above inequality in Eq. (47) with r = k
where k ≥ 1 is a positive integer,

(⟨σiσj⟩m⃗)2k ≥
(
⟨σiσj⟩2m⃗

)k
, k ∈ Z+. (48)

Therefore, analogous to Eq. (45) and using Eq. (40), we obtain
the following bound on the power-law exponent X2k for the
measurement-averaged (2k)th moment of the spin-spin corre-
lation function,

X2k ≤ k

8
, k ∈ Z+, (49)

which is a tighter bound than the one in Eq. (45). Moreover,
from Eq. (38), we know that at the tricritical point the scal-
ing dimension of the measurement-averaged (2k)th moment
of the spin-spin correlation function must be equal to the scal-
ing dimension of the measurement-averaged (2k − 1)th mo-
ment of the spin-spin correlation function. Therefore, from
Eq. (49), we also obtain a bound on the scaling dimension of
the measurement-averaged (2k−1)th moment of the spin-spin
correlation function,

X2k−1 = X2k ≤ k

8
, k ∈ Z+. (50)

Of course, from Eq. (35) and Eq. (40), the inequality in
Eq. (49) and Eq. (50) is saturated for k = 1.

Using Eq. (47), we can also obtain a bound on the power-
law exponent X̃2k−1 for the measurement-averaged (2k−1)th

odd moment of the absolute value of the spin-spin correlation
function, where X̃q , analogous to Eq. (44), is defined as

|⟨σiσj⟩m⃗|q ∼ 1

|i− j|2X̃q

. (51)

In particular, taking r = 2k−1
2 in Eq. (47), where k ≥ 2 is a

positive integer, we obtain that

|⟨σiσj⟩m⃗|2k−1 ≥
(
⟨σiσj⟩2m⃗

) 2k−1
2

, k ≥ 2 . (52)

Therefore, using Eq. (40), we find that the power-law expo-
nent X̃2k−1 for the measurement-averaged (2k−1)th moment
of the absolute value of the spin-spin correlation function must
be less than ( 2k−1

2 )X2 = 2k−1
2

1
8 , i.e.

X̃2k−1 ≤ 2k − 1

16
, k ≥ 2 . (53)
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The case of k = 1, i.e., the scaling dimension X̃1 of the
measurement-averaged (first moment of) absolute value of
the spin-spin correlation function is slightly more interesting.
Firstly, note that

⟨σiσj⟩m⃗ ≤ |⟨σiσj⟩m⃗| . (54)

Now for 0 < r < 1, f(x) = xr is a concave function for
x ≥ 0, and consequently the inequality sign in Eq. (47) gets
flipped, e.g. for r = 1/2 we obtain

|⟨σiσj⟩m⃗| ≤
(
⟨σiσj⟩2m⃗

)1/2
. (55)

Then using Eqs. (54) and (55), we obtain the following up-
per and lower bound for the scaling dimension X̃1 of the
measurement-averaged absolute value of the spin-spin corre-
lation function

1/16 ≤ X̃1 ≤ 1/8 , (56)

where we have used the exact scaling dimension for the
measurement-averaged first and second moment of the spin-
spin correlation function from Eq. (35) and (40), respectively.
Finally, we can also obtain a lower bound on X̃typ, the typical
scaling dimension for |⟨σiσj⟩m⃗| correlation function, defined
as follows

log |⟨σiσj⟩m⃗| ∼ −2X̃typ log|i− j|, |i− j| ≫ 1 . (57)

As noted above, f(x) = xr is a concave function for 0 < r <
1, and

|⟨σiσj⟩m⃗|r ≤
(
|⟨σiσj⟩m⃗|

)r
, r < 1 , (58)

and using Eq. (56), the power-law exponent X̃r of |⟨σiσj⟩m⃗|r
for r < 1 must be greater than r

16 . The typical scaling dimen-
sion is given by

X̃typ =
dX̃r

dr

∣∣∣
r=0

= lim
r→0

X̃r

r
, (59)

and hence,

X̃typ ≥ 1

16
. (60)

The summary of above results is presented in Table I.

C. Monotonicity of the Casimir Effective Central Charge
ceff > cIsing = 1/2

We discussed in Sec. III that the higher Nishimori critical
point Eq. (33) of the replica theory in Eq. (20) in the R → 1
replica limit describes the long-distance properties of the tri-
critical point. Due to the replica limit, the tricritical point
is described by a non-unitary CFT and we can associate a
Casimir effective central charge [72, 73] with this non-unitary
CFT. As demonstrated in Ref. [33] (also see Ref. [22, 50, 51]),

TABLE I. Summary of exact results for power-law exponents of
various moments of the spin-spin correlation function and its abso-
lute value at the higher Nishimori critical point.

correlation function scaling dimension

moments ⟨σiσj⟩qm⃗
first moment X1 X1 = 1/8

second moment X2 X2 = 1/8

(2k)th and (2k−1)th moments (k ≥ 1) X2k = X2k−1

bound on power-law exponents X2k = X2k−1 ≤ k/8

moments of absolute values |⟨σiσj⟩m⃗|q

first moment X̃1 1/16 ≤ X̃1 ≤ 1/8

other odd moments X̃2k−1 (k ≥ 2) X̃2k−1 ≤ (2k − 1)/16

typical scaling dimension X̃typ X̃typ ≥ 1/16

this Casimir effective central charge characterizes the finite-
size scaling of the Shannon entropy of the measurement
record for critical points in 2D Bayesian inference problems,
which can equivalently be thought of as the problems of per-
forming Born-rule measurements on Rokhsar-Kivelson wave-
functions [25, 49]. Recently, some of us derived a c-effective
theorem [49] that non-perturbatively demonstrates the mono-
tonic decrease of the Casimir effective central charge under a
relevant RG flow induced by performing weak Bayesian mea-
surements on a 2D classical critical point. As we discuss in
App. E 1, we can use the tools used in the proof of the c-
effective theorem to demonstrate that the Casimir effective
central charge decreases under RG flow from the tricritical
point to the (unmeasured) 2D Ising critical point [see Fig. 4].
That is, we can show that the Casimir effective central charge
ceff of the tricritical point (the UV fixed point) must be greater
than the central charge of the 2D Ising critical point (the IR
fixed point), i.e.

ceff >
1

2
. (61)

To this end, we first note that the c-effective theorem in
Ref. [49] is directly applicable to setups where a relevant RG
flow is caused by performing weak measurements on a unitary
(translationally-invariant) 2D classical critical point, which in
the infrared takes us to some non-unitary fixed point at non-
vanishing measurement strength. However, the present setup
of interest is different, because reducing the strength of mea-
surements at the novel tricritical point is relevant in an RG
sense, and that in the infrared takes us to a relatively simple
fixed point – the (unmeasured) 2D Ising critical point. So we
cannot directly apply the c-effective theorem in Ref. [49] to
this problem. Nevertheless, the tools used in the proof of the
c-effective theorem [49] turn out to be useful also in demon-
strating the decrease of the Casimir effective central charge
under the RG flow from the novel tricritical point to the (un-
measured) 2D Ising critical point. Under fairly standard as-
sumptions listed at the start of App. E 1, the derivation of this
result [Eq. (61)] is given in App. E 1.
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FIG. 5. Hierarchy of Casimir central charges. Shown are the
Casimir effective central charges of the three principal critical points
of the learning phase diagram as a ladder. Renormalization group
(RG) flows between the critical points are shown on the left and
right, where the left-hand side shows RG flows in the presence of
R → 0, i.e. conventional quenched ‘impurity-type’ disorder, while
the right-hand side shows RG flows in the presence of R → 1, i.e.
learning/measurement-induced disorder. The RG flow from the or-
dinary Nishimori point to Ising criticality in the random-bond Ising
model (with R → 0 disorder) was discussed, e.g., in the early
Refs. 69, and 74, for a slightly more recent discussion see, e.g., the
summary presented in the Introduction of Ref. 43. The RG flows
from the higher Nishimori point introduced in this work were nu-
merically identified in the context of the learning phase diagram of
Ref. 25, with the RG flow from our higher Nishimori point to the
conventional Ising criticality concurrently discussed in Ref. 33.

We also note that in contrast to the RG flow in the learning
phase diagram [Fig. 4] from the tricritical point, i.e. the higher
Nishimori critical point, to the unmeasured Ising critical point,
for the RG flow in the 2D RBIM from the ordinary Nishimori
critical point [3] to the ‘clean’ Ising critical point the corre-
sponding (replica R → 0) Casimir effective central charge is
known to increase [52, 53]. Using the decrease of the replica
R → 1 Casimir effective central charge established in Eq. (61)
and a certain physically motivated assumption, an argument
can be made to understand this increase of the replica R → 0
Casimir effective central charge [49]. We refer the reader to
App. E 2 (see, e.g., Fig. 11) for the discussion on the RG flow
from the ordinary Nishimori critical point to the ‘clean’ 2D
Ising critical point in the 2D RBIM and the argument for the
corresponding increase of the (replica R → 0) Casimir effec-
tive central charge. The different RG flows between the three
principal critical points of our manuscript in the presence of
either Born-rule measurement randomness (replica R → 1) or
quenched impurity-type disorder (R → 0) are summarized in
the ‘ladder plot’ of Fig. 5.

An extension of the c-effective theorem for R → 1 disorder

Finally, coming back to the demonstrated decrease of the
replica R → 1 Casimir effective central charge in Eq. (61), we
note that the corresponding argument that uses the tools in the

proof of the c-effective theorem [49] straightforwardly gener-
alizes to other scenarios where an unstable novel fixed point
can be obtained by performing Bayesian measurements (say
Gaussian analogous to Ref. [33]) of suitable strength with a lo-
cal observable on a 2D (unmeasured) classical critical point:

• If there is an RG flow from an unstable fixed point
at finite measurement strength back to an unmeasured
critical point (i.e. an RG flow triggered by reducing
the corresponding measurement strength), then we can
non-perturbatively demonstrate that the Casimir effec-
tive central charge ceff at the unstable fixed point is al-
ways greater than the central charge of the unmeasured
critical point and monotonically decreases along the RG
flow.

This can be viewed as a generalization/extension of the above
mentioned c-effective theorem derived in Ref. [49], which
non-perturbatively demonstrated the decrease of the Casimir
effective central charge under a relevant RG flow caused by
performing measurements on a 2D (unitary) classical criti-
cal point (or the corresponding RK wavefunction) and that in
the infrared takes us to a non-unitary fixed point. That is,
the c-effective theorem of Ref. [49] concerns an RG flow in
the opposite direction, namely from a unitary (unmeasured)
theory to a non-unitary theory at finite measurement strength,
whereas here we instead consider a flow from a non-unitary
theory to a unitary theory. An analytical derivation of Eq. (61)
is presented in detail in App. E 1. It uses the tools employed
in Ref. [49], which straightforwardly generalize to other sce-
narios and demonstrate the decrease of the Casimir effective
central charge under the RG flow triggered by reducing the
measurement strength from a non-unitary critical point, occur-
ring at a finite strength of the corresponding measurements, to
an unmeasured (unitary) classical critical point.

A general discussion of the RG monotonicity of the Casimir
effective central charge for measurement problems will be
presented in an upcoming paper by two of the present au-
thors [75].

D. Dual Spin Correlation Functions

Merz and Chalker [47] demonstrated that the scaling di-
mensions of the bond-randomness averaged moments of the
dual spin correlation function [76] at the ordinary Nishimori
critical point in the 2D RBIM are symmetric about the mo-
ment order q = 1/2. This consequently implied that the
bond-randomness averaged first moment of the dual spin cor-
relation function at the ordinary Nishimori critical point in the
2D RBIM has zero scaling dimension and that the higher mo-
ments after the first moment have non-positive scaling dimen-
sions. At the learning tricritical point [Fig. 4], i.e. the higher
Nishimori critical point, we can demonstrate that the scaling
dimensions ηq of the measurement-averaged qth moments of
the dual spin correlation functions are symmetric about the
first moment order q = 1. We demonstrate this result in
App. C 3 by suitably defining the dual spin correlation func-
tion in the present problem [48, 76], and then by following the
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logic in [47]. This result at the higher Nishimori critical point
on the symmetry of scaling dimensions for the measurement-
averaged moments of the dual spin correlation function about
the first moment order should be contrasted with the above-
mentioned result of Merz and Chalker at the ordinary Nishi-
mori critical point [47]. In particular, our result implies that
the measurement-averaged second moment of the dual spin
correlation function at the learning tricritical point has zero
scaling dimension [77] and all the higher moments after the
second moment have non-positive scaling dimensions, i.e.

η2 = 0 (62)

and

ηq ≤ 0 for q > 2 . (63)

We have explicitly derived Eqs. (62) and (63) in App. C 3 for
Gaussian measurements. However, analogous to the discus-
sion in previous sections, the universal scaling behavior in
Eqs. (62) and (63) is expected to hold also at the learning
tricritical point in the case of binary measurements. Finally,
analogous to other correlation functions [Eq. (32)], the scal-
ing dimension η1 of the measurement-averaged first moment
of the dual spin correlation function is equal to the scaling
dimension of the dual spin correlation function at the unmea-
sured 2D Ising critical point, and due to the KW duality [48],
the latter scaling dimension is equal to the scaling dimension
of the spin operator (= 1/8), and we obtain

η1 =
1

8
. (64)

Since η0 is trivially equal to zero [77], assuming analyticity in
the moment order, the result for η1 [Eq. (64)] and η2 [Eq. (62)]
imply a multifractal spectrum for the scaling dimensions of
the dual spin correlation function at the learning tricritical
point, i.e. the latter scaling dimensions are non-linear func-
tions of the moment order.

V. NUMERICAL RESULTS

Let us now turn to a high-level summary of our numerical
simulations, which demonstrate that the previously identified
tricritical point [25] in the learning phase diagram with binary
measurement outcomes is a higher Nishimori critical point.
Here we concentrate on two principal observables, the decay
of the Edwards-Anderson correlators and the Casimir effec-
tive central charge. Our general numerical approach is similar
to the one used in Ref. [25], which combines tensor network
methods with Monte Carlo sampling. For the numerically in-
clined reader, we provide further details on our numerical sim-
ulations in Appendix F.

Edwards-Anderson correlators

We compute the Edwards-Anderson correlator ⟨σiσj⟩2m⃗ at
various points along the critical β = βc line in the learning

phase diagram of the 2D classical Ising model under binary
measurements. Representative data for a 512×512 square lat-
tice with open boundary conditions are shown in Fig. 6. We
find the power-law exponent of the EA correlator at the tri-
critical point to be 2X2(γc) = 0.2508(8). This is remarkably
close to the analytically predicted value of 1/4 of Eq. (40),
strongly supporting the identification of the tricritical point as
a higher Nishimori critical point.
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FIG. 6. Edwards-Anderson correlator. Shown is the Edwards-
Anderson correlator at the Ising and higher Nishimori critical points
in the learning phase diagram of the 2D classical Ising model under
binary measurements. We fit the slope in a log-log plot to extract the
power-law exponent 2X2 for the EA correlator, for a system size of
512 × 512. Simulations are performed on a 512 × 512 square lat-
tice with open boundary conditions. The EA correlator is computed
in the bulk of the system, averaging over ∼ 100 000 samples. Note
that towards the unmeasured 2D Ising critical point, (marginally ir-
relevant) finite-size effects lead to a small deviation from the known
exact value of 1/2.

Casimir effective central charge estimates

In order to extract the Casimir effective central charge ceff,
we also compute the free energy density f along the critical
β = βc line in the learning phase diagram with binary mea-
surements. Interpreting the 2+0 dimensional model as a 1+1
dimensional imaginary time evolution, we map the model, for
any given disorder realization, to a non-interacting Majorana
fermion model, derived explicitly in Appendix F. This map-
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FIG. 7. Casimir central charge estimates. Shown is the free energy
density at the three principal critical points of the learning phase di-
agram discussed in this manuscript. We fit the slope as a function
of π/(6L2) for system sizes from L = 8 to L = 32 to extract
the Casimir effective central charge ceff. The free energy density is
computed using the transfer matrix method for a cylinder of circum-
ference L and length 1000L, averaging over 800 000 (higher Nishi-
mori) and 200 000 (Nishimori) samples.

ping allows us to compute the free energy density of a cylin-
der with circumference L and length 1000L by computing the
leading Lyapunov exponent for the product of random transfer
matrices along the long direction of the cylinder (following,
e.g., [22, 47, 50]).

By averaging over 200 000 − 800 000 samples and fitting
system sizes L = 8 to L = 24 for various points along the
critical β = βc line, we have produced the evolution of the
Casimir effective central charge from the Ising critical point
towards the tricritical / higher Nishimori critical point for in-

creasing measurement strength that we show in Fig. 3 above.
Right at the higher Nishimori point we find that the Casimir
effective central charge takes a value of

ceff = 0.522(1) , (65)

performing fits up to system size L = 32, as shown in Fig. 7
where we also plot fits for the ordinary Nishimori point (on
the β = 0 line) and the conventional Ising critical point.

Higher Nishimori line

Finally, we can also identify the location of an emer-
gent higher Nishimori line in the numerical simulations of
the learning phase diagram with binary measurement out-
comes. To do so, we calculate the EA correlation and the
measurement-averaged Ising spin-spin correlation function
(first moment), which is equal to the Ising spin-spin correla-
tion function in the unmeasured model [Eq. 32], for horizontal
cuts away from the critical β = βc line. Then, by match-
ing the long-distance behavior of the averaged Ising spin-spin
correlation and the EA correlation, we can construct a higher
Nishimori condition also away from criticality in the form of

⟨σiσj⟩2m⃗ ≃ ⟨σiσj⟩m⃗ , (66)

or by simply matching their respective correlation lengths, in
the paramagnetic phase, at large distance

⟨σiσj⟩2m⃗ ∝ e−|i−j|/ξ(2) ,

⟨σiσj⟩m⃗ ∝ e−|i−j|/ξ(1) ,

ξ(2) = ξ(1) . (67)

Note that for Gaussian measurements the correlation func-
tions in the equations above are exactly equal even off criti-
cality along the higher Nishimori line in Fig. 1(b), as stated
in App. C, Eq. (C20). Employing the same condition for the
binary measurement phase diagram allows us to pin down the
location of the emergent higher Nishimori line in the respec-
tive binary measurement phase diagram, Fig. 9, as shown in
the following.

Figure 8 shows such a cut for β = βc/2, i.e. for a cut
going from the paramagnetic phase to the ‘spin glass’ phase
[compare Fig. 1(b)]. Notably, right where this cut hits the
predicted location of the higher Nishimori line for Gaussian
measurement outcomes we see that the EA correlation length
is close to the value of the Ising spin-spin correlation length
for the unmeasured Ising model, satisfying the higher Nishi-
mori condition of Eq. (66). Additional data along cuts for dif-
ferent inverse temperatures are shown in Fig. 14 [Appendix
F] confirming for each temperature (within the paramagnetic
phase) that the higher Nishimori condition is met in proximity
to where the higher Nishimori line is predicted for Gaussian
measurement outcomes [Eq. (29), with ∆ = (arctanh γ)2].
Together, this provides a strong indication that also the learn-
ing phase diagram with binary measurement outcomes ex-
hibits a higher Nishimori line with an emergent gauge symme-
try, though the microscopic model appears to lack that gauge
symmetry [25].
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gram at β = βc/2 varying the measurement strength γ. The (inverse)
EA correlation length is extracted from a fit ⟨σiσj⟩2m⃗ ∝ e−|i−j|/ξ(2)

and compared to the (inverse) Ising spin-spin correlation length
1/ξ(1) ≈ 1.088 (horizontal line), which is known analytically [78],
also from the fermion gap [79], as 1/ξ(1) = 2 |KW(β)− β|. The
point where the EA correlation length ξ(2) matches the Ising spin-
spin correlation length ξ(1) is indicated by the orange star, which is
the numerical estimate for the location of the higher Nishimori line
for binary measurements. The inset shows the EA correlator at the
point closest to the higher Nishimori condition (circle), as well as
one point with larger (up triangle) and smaller (down triangle) in-
verse correlation length. We do this procedure for different cuts (see
Fig. 14) to obtain the numerical estimate for the higher Nishimori
line in the binary measurement phase diagram, as shown in Fig. 9.

βc

0 10.598(2)

‘Spin Glass’

Paramagnet

Ferromagnet
N(2)

binary

Measurement strength γ

In
ve

rs
e 

te
m

pe
ra

tu
re

 β

0

 Gaussian  
Nishimori line

R → 2

1.6

N(2)
Gaussian

 binary  
Nishimori line
R → 2

FIG. 9. Numerical estimate of the higher Nishimori line. Shown
is the numerical phase diagram with binary measurement outcomes.
The orange higher Nishimori line is drawn for Gaussian measure-
ment outcomes, while the light orange dots are the numerical es-
timates for the location of the higher Nishimori line in the binary
measurement phase diagram. The latter is obtained by checking
where the higher Nishimori condition in the paramagnetic phase
ξ(2)(γ) = ξ(1)(γ) is satisfied for cuts at different inverse temper-
atures β, as shown, e.g., in Fig. 8 above for the cut at β = βc/2 or in
Fig. 14 in Appendix F for additional cuts.

VI. LEARNING TRANSITIONS IN D-DIMENSIONAL
(D > 1) ISING MODELS

Let us now broaden our perspective and discuss the exis-
tence of a higher Nishimori critical point in the Bayesian in-
ference/learning phase diagram for the D-dimensional (D >
1) classical Ising model under bond-energy measurements, or
equivalently that of the corresponding RK wavefunction un-
der Born-rule measurements with the bond-energy operator.
We will also discuss exact results for the Edwards-Anderson
correlator at this higher Nishimori critical point that are anal-
ogous to those in D = 2 dimensions. Finally, we discuss the
phase diagram and the RG flows for the arbitrary D > 1 di-
mensional classical Ising critical point (or the corresponding
conformal quantum critical RK wavefunction) under Bayesian
(Born-rule) bond-energy measurements.

As long as we have a critical point in the unmeasured clas-
sical Ising model, we can follow the argument in Sec. III to
establish the existence of a higher Nishimori critical point that
admits an emergent formulation as a gauge-invariant and en-
larged replica permutation symmetric theory in the R → 2
replica limit in the learning phase diagram of the classical
Ising model under Bayesian bond energy measurements gov-
erned by the R → 1 replica limit. That is, the argument dis-
cussed in Sec. III is independent of the number of spatial di-
mensions provided the number of dimensions is D > 1. The
latter higher Nishimori critical point is the arbitrary D > 1 di-
mensional generalization of the novel tricritical point found in
the learning phase diagram of the 2D classical Ising model in
Ref. [25], and it will also appear in the learning phase diagram
of the equivalent problem of the quantum RK wavefunction
[Eq. (3) and Eq. (5) on the D-dimensional hypercubic lattice]
under Born-rule bond-energy measurements. With Gaussian
measurements of strength ∆ [Eq. (21)], analogous to our dis-
cussion in Sec. III (also see App. C), the higher Nishimori line
β = ∆ (β is the inverse temperature) exists in the learning
phase diagram of the D-dimensional classical Ising model,
and analogous to Eq. (33), the higher Nishimori critical point
is the critical point on this line that occurs at

∆ = β = β(D)
c , (68)

where β = β
(D)
c > 0 is the location of the critical point for the

unmeasured D-dimensional (D > 1) classical Ising model.
In Ref. [33], the Bayesian inference/learning phase dia-

gram of the D-dimensional classical critical Ising model un-
der Bayesian bond-energy measurements, which is equivalent
to the phase diagram [25, 49] of the corresponding confor-
mal quantum critical RK wavefunction [28] under Born-rule
bond-energy measurements, was examined; however, their
study did not yield a conclusive phase diagram, and instead
two alternative possibilities for the phase diagram were pre-
sented. As we will discuss now, realizing that the unstable
fixed point U discussed in Ref. [33] is a higher Nishimori
critical point with an emergent gauge-invariant and enlarged
replica-symmetric formulation, we can exclude one of the dis-
cussed possibilities of the phase diagram in Ref. [33].

From the study of the D-dimensional random bond Ising
model (see, e.g., Ref. [80]), one can establish, in the R → 0
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FIG. 10. Learning Transitions in D-Dimensional Ising Models.
Sketch of fixed points and RG flows for the D-dimensional classi-
cal Ising critical point under Bayesian bond-energy measurements,
which is also equivalent to the phase diagram for the correspond-
ing conformal quantum critical RK wavefunction under Born-rule
bond-energy measurements. The magenta curve denotes the attrac-
tive fixed point known to exist near D = 2 + |ϵ| spatial dimensions
and we have shown its extrapolation using a dashed line. The teal
curve that starts at (D = 4,∆ = 0) denotes the repulsive fixed
point known to exist near D = 4+ |ϵ| spatial dimensions, and again
we have shown its extrapolation using a dashed line. The solid light-
blue curve denotes the D-dimensional higher Nishimori critical point
whose location is given by Eq. (68) for Gaussian measurements.

replica limit, an attractive fixed point in spatial dimensions
D = 2 + |ϵ|, whose universal properties can be studied per-
turbatively in ϵ [81]. An analogous fixed point can be seen to
govern the long-distance properties of the D = 2+ |ϵ| dimen-
sional classical Ising critical point under weak measurements
of the bond-energies [33], which is governed by an analo-
gous replica theory, but in the R → 1 replica limit. More-
over, as discussed in Ref. [33], for a classical Ising critical
point in D = 4 + |ϵ| dimensions under weak measurements
of bond-energies, there exists another repulsive fixed point,
whose universal properties can be again studied perturbatively
in ϵ [33]. Both of these perturbative fixed points, the one in
D = 2 + |ϵ| dimensions and the one in D = 4 + |ϵ| dimen-
sions, are clearly distinct from the higher Nishimori critical
point [82]. So we know the existence of (i) a perturbatively
accessible attractive fixed point in D = 2+ |ϵ| spatial dimen-
sions, (ii) a perturbatively accessible repulsive fixed point in
D = 4 + |ϵ| spatial dimensions, and also of (iii) the unstable,
higher Nishimori critical point, which corresponds to the U
fixed point in the notation of Ref. [33], and which, as argued
above, exists for all spatial dimensions D > 1 at the Gaussian
measurement strength ∆ given by Eq. (68). Then, assuming
analytical continuity in the number of dimensions D and as-
suming the fewest possible number of fixed points, we arrive
at the possible phase diagram in Fig. 10 for the classical Ising
critical point in D > 1 dimensions under bond-energy mea-
surements as a function of dimensions D and measurement
strength characterized by ∆.

The sketch in Fig. 10 is based on the second possibility dis-
cussed in Ref. [33] (see their Fig. 4). Here we have, however,
used the fact that the critical inverse-temperature β

(D)
c of the

D-dimensional classical Ising model should decrease with in-
creasing spatial dimension D, and therefore, from Eq. (68),
the strength ∆ of Gaussian measurements corresponding to
the higher Nishimori critical points (solid light-blue line in
Fig. 10) should also decrease with increasing dimension D.

We can also obtain that, exactly analogous to Eq. (34) and
Eq. (39), the long-distance properties of the measurement-
averaged first and second moment of any multipoint spin cor-
relation function at the higher Nishimori critical point should
be identical to that of the given correlation function at the un-
measured critical point of the D-dimensional classical Ising
model. More generally, using the arbitrary D-dimensional
version of Eq. (38), we again obtain that the long-distance
behavior of the measurement-averaged (2q)th and (2q − 1)th

moments of any multipoint spin correlation function at the D-
dimensional higher Nishimori critical point are also identi-
cal. In particular, the power-law exponent of the Edwards-
Anderson correlation function at the higher Nishimori criti-
cal point in the learning phase diagram of the D-dimensional
classical Ising model (or of the corresponding quantum RK
wavefunction) should be equal to the scaling dimension of the
spin operator at the unmeasured D-dimensional classical Ising
critical point. In spatial dimensions D ≥ 4, the power-law ex-
ponent of the Edwards-Anderson correlation function at the
higher Nishimori critical point is then equal to the mean-field
scaling dimension of the spin operator, equal to (D − 2)/2.
In particular, in dimensions D = 4, the subleading logarith-
mic corrections that are present in the spin-spin correlation
function at the (unmeasured) classical Ising critical point are
also present in the Edwards-Anderson correlation function at
the higher Nishimori critical point. For the 3D classical Ising
critical point, we do not know the exact scaling dimension of
the spin operator analytically, but we know a very accurate
numerical estimate for it X1 = 0.518148806(24) from nu-
merical conformal bootstrap calculations [55, 56]. The latter
value then also provides a very accurate numerical estimate
for the power-law exponent of the Edwards-Anderson corre-
lation function at the higher Nishimori critical point in the 3D
classical Ising Bayesian inference/learning phase diagram.

VII. DISCUSSION AND OUTLOOK

Exact results for universal critical phenomena in systems
with quenched randomness are rather scarce in (quantum) sta-
tistical physics. One such ground-breaking exact result is the
existence of the well-known Nishimori line [3, 4] that admits a
gauge-invariant formulation as a replica theory in the R → 1
replica limit in the phase diagram of the random-bond Ising
model (RBIM), which is otherwise governed by the R → 0
replica limit [40–43]. This Nishimori line in the 2D classical
RBIM has been connected, in later ground-breaking work [2],
to the problem of quantum error-correction (QEC), where the
critical point on the Nishimori line captures the criticality of
the threshold for the optimal decoder of the toric code ground
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state with incoherent errors. More recently, it has also been
appreciated that it also characterizes the mixed-state phase
transitions of the toric code ground state under decoherence
or weak measurements [9, 11–23, 36, 38]. The appearance of
the Nishimori line in quantum measurement problems is not a
coincidence, as the correlated randomness generated by quan-
tum entanglement through Born-rule measurements naturally
corresponds [44, 45] to the R → 1 replica limit instead of the
R → 0 replica limit corresponding to traditional uncorrelated
quenched impurity-type disorder. In this work, we revisited
the phase diagram of the deformed toric code wavefunction
(away from its stabilizer limit) [26–32] subjected to Pauli-
Z measurements that some of us had recently studied [25],
which is dual to a Bayesian inference problem with the 2D
classical Ising model subjected to bond-energy measurements.
This problem, characterized, in its entirety, by the randomness
generated by Born’s rule (or Baysian randomness [5, 24, 62]
in the dual picture), is naturally a problem in the R → 1
replica limit, and the ordinary Nishimori line also appears in
this problem in the undeformed limit of the quantum problem
and at the infinite temperature in the dual classical Bayesian
inference problem. In this work, we demonstrated the exis-
tence of a new, distinct higher Nishimori line that admits a
gauge-invariant formulation as a replica theory in the R → 2
replica limit, and which governs the long-distance physics of a
distinct part of the learning phase diagram [Fig. 1 (b)], which
is otherwise governed by the replica limit R → 1. In particu-
lar, we have been able to demonstrate that the novel tricritical
point discovered in Ref. [25] (and independently in Ref. [33]),
which sits at the interface of three phases with strong, weak,
and broken Z2 symmetry in the learning phase diagram [Fig. 1
(b)], is a higher Nishimori critical point. This higher Nishi-
mori criticality is a universality class in its own right and, in
particular, distinct from the ordinary Nishimori critical point.

The gauge-invariant and enlarged replica-symmetric for-
mulation in the replica R → 2 limit allowed us to obtain
a number of exact results for universal critical exponents at
the learning tricritical point, i.e. the higher Nishimori criti-
cal point. In particular, we showed that the power-law ex-
ponent for the Edwards-Anderson (EA) correlator (i.e. the
measurement-averaged second moment of the spin-spin cor-
relation function) at this higher Nishimori critical point is
exactly equal to that of the spin-spin correlation function at
the critical point in the unmeasured model, which is equal
to 1/8 for the (unmeasured) 2D Ising critical point. More
generally, we proved that the long-distance behavior of the
measurement-averaged (2q)th even moment of any general
multipoint spin correlation function is equal to that of the
(2q−1)th odd moment at the tricritical point. Recall that such
an equality of the (2q)th even moment and the (2q − 1)th odd
moment had been known [4] for the bond-disorder averaged
moments at the ordinary Nishimori critical point in the RBIM
(also see App. D). Our work thus demonstrates correspond-
ing equalities for the measurement-averaged moments at the
previously identified tricritical point in the learning phase di-
agram which, as we discovered, is a higher Nishimori criti-
cal point. In particular, since the measurement-averaged first
moment of any general multipoint spin correlation function

at the tricritical point is equal to the correlation function at
the unmeasured Ising critical point [see Eq. (32)], the long-
distance behavior of the measurement-averaged second mo-
ment is also given by that correlation function at the unmea-
sured Ising critical point. Using this exact result for the equal-
ity of the power-law exponents of the first and second moment
of the (two-point) spin-spin correlation function, we have also
obtained various rigorous bounds on the power-law expo-
nents for the measurement-averaged higher (> 2) moments of
the spin-spin correlation function, the measurement-averaged
moments of the absolute value of the correlation function, and
also the typical spin-spin correlation function. See Table I for
a summary of the above results.

We have further demonstrated, following the logic of
Merz and Chalker [47], that the scaling dimension of the
measurement-averaged second moment of the dual spin corre-
lation function at the higher Nishimori critical point vanishes,
and consequently, all the higher moments of the dual spin
correlation function beyond the second moment have non-
positive scaling dimensions. Assuming analyticity in the mo-
ment order, our results also imply multifractality in scaling
dimensions for the moments of the dual spin correlation func-
tion at the higher Nishimori critical point, and they should
be contrasted with the multifractal spectrum of scaling di-
mensions of the dual spin correlation function at the ordinary
Nishimori critical point in the 2D RBIM, for which scaling
dimensions of all the bond-randomness averaged higher mo-
ments beyond the first moment are non-positive [47]. We also
note that, in the quantum formulation(s), the multifractality at
the higher Nishimori critical point is a result of the Born-rule
randomness of quantum measurements dominating its scaling
behavior, which breaks translational symmetry in any given
realization, and such scaling behavior is, in particular, quali-
tatively far richer (see, e.g., [50, 58, 83–85]) than that familiar
from translationally invariant critical points.

In addition, using the tools employed in the proof of the
c-effective theorem in Ref. [49], we have also shown that
the Casimir effective central charge decreases along the RG
flow from the higher Nishimori point to the unmeasured
Ising critical point, i.e. the Casimir effective central charge
at the higher Nishimori critical point, which characterizes the
finite-size scaling of the Shannon entropy of the measurement
record [33, 49] at this point, is greater than 1/2. Our ex-
tensive numerical simulations finding ceff = 0.522(1) at the
higher Nishimori critical point thus observe the monotonic be-
havior of the Casimir effective central charge upon RG flow,
as expressed by the c-effective theorem result. Interestingly,
combined with a certain physically motivated assumption, the
above c-effective theorem result also explains the numerically
observed [52, 53] increase of the Casimir effective central
charge upon RG flow from the ordinary Nishimori critical
point to the clean Ising critical point in the 2D RBIM (see
App. E 2, particularly Fig. 11, for details of this argument).

Lastly, we discussed the existence of the corresponding
higher Nishimori critical point in the Bayesian infer-
ence/learning phase diagram of the D-dimensional classical
Ising model with D > 1 subjected to bond-energy mea-
surements which, as we have shown in this work, has an
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analogous gauge-invariant and enlarged replica-symmetric
formulation as a R → 2 replica theory. This higher Nishimori
critical point is the D-dimensional generalization of the novel
tricritical point found in the learning phase diagram of the
2D classical Ising model in Ref. [25], and it also appears
in the learning phase diagram of the RK wavefunction
(e.g. [29, 54, 58], Appendix C of [49]) corresponding to the
D-dimensional (D > 1) classical Ising model subjected to
Born-rule bond-energy measurements, which is an equivalent
problem. We showed that at this higher Nishimori critical
point in arbitrary dimension D > 1, the long-distance
behavior of both the measurement-averaged first and sec-
ond moment of any multipoint spin correlation function is
identical to that correlation function at the (unmeasured)
D-dimensional classical Ising critical point. Finally, using the
demonstrated existence of the higher Nishimori critical point
in all spatial dimensions D > 1, we can also understand the
structure of the Bayesian inference/learning phase diagram
for the general D-dimensional (D ≥ 2) classical Ising critical
point or that for the corresponding conformal quantum critical
RK wavefunction [28] under bond-energy measurements.
Ref. [33] discusses two logical possibilities (see Fig. 4 of
Ref. [33]) for the latter phase diagram, but their study could
not rule out one in the favor of the other. Using the existence
of the higher Nishimori critical point in all dimensions
D > 1, we can exclude one of the possible phase diagrams
discussed in Ref. [33], and using the fact that the higher
Nishimori critical point occurs at decreasing measurement
strengths with increasing dimension D, we arrive at the phase
diagram shown in our Fig. 10.

Taking a broader perspective, we expect that – analogous
to our discussion of the classical Ising model under Bayesian
measurements of bond-energies in two or arbitrary D > 1
spatial dimensions – higher Nishimori critical points should
appear generally in the Bayesian inference/learning phase
diagrams for measurements of local energy densities on other
classical statistical mechanics models at critical points in
two dimensions and also in arbitrary D > 1 dimensions.
As a point of comparison, it is known that, e.g., the phase
diagram of the 2D random-bond Potts model governed by
a R → 0 replica theory also has an ordinary Nishimori
critical point, which admits a representation as a R → 1
replica theory with gauge-invariance and enlarged replica
permutation symmetry [86–89]. Analogously, we expect
that certain Bayesian inference/learning phase diagrams for
classical stat-mech models under measurements of local
energy-densities, which are governed by R → 1 replica the-
ories, will also likely have a higher Nishimori critical point,
whose long-distance physics is governed by a gauge-invariant
and replica permutation-symmetric R → 2 replica theory.
Such higher Nishimori critical points, which are unstable,
finite-measurement-strength critical points, can be obtained
by tuning the unmeasured system to its critical point and
then by cranking up the measurement strength to a suitable
finite value. These higher Nishimori critical points should
possess a version of our Eqs. (34) and (39), which identify
the long-distance behavior of the measurement-averaged first
and second moments of correlation functions for suitable

observables to that of the corresponding correlation functions
at the unmeasured critical point. For example, we expect the
unstable fixed point U that was discussed in Ref. [33] for
the two-dimensional classical critical Q-state Potts model
(2 < Q ≤ 4) under Bayesian bond-energy measurements
to be such a higher Nishimori critical point. It would be
interesting to test this conjecture.

Data availability.– The numerical data shown in the figures
is available on Zenodo [90].
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Appendix A: Derivation of Replica Theory for Binary
Measurements

In this appendix, we will derive the replica theory expres-
sion in Eq. (19) for measurement-averaged moments of ex-
pectation values. As defined in Eq. (18),

⟨O1⟩m⃗⟨O2⟩m⃗...⟨ON ⟩m⃗ =
∑
m⃗

P (m⃗)⟨O1⟩m⃗⟨O2⟩m⃗...⟨ON ⟩m⃗

=
1∑

m⃗ Z[m⃗]

∑
m⃗

(Z[m⃗])1−N×

×
(∑
{σi}

O1 e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj
)

· · · ×
(∑
{σi}

ON e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj
)
,

(A1)

where the above equation follows from Eq. (16) and (17).
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Then

⟨O1⟩m⃗⟨O2⟩m⃗...⟨ON ⟩m⃗ ∝

∝
∑
m⃗

(∑
{σi}

e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj
)1−N×

×
(∑
{σi}

O1 e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj
)
× · · ·

· · · ×
(∑
{σi}

ON e−βH[{σi}]+γ̃
∑

⟨ij⟩ mijσiσj
)

= lim
R→1

∑
m⃗

(∑
{σi}

e−βH[{σi}]+γ̃
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where in the last step we have used the replica trick, which
will allow us to average over the measurement outcomes m⃗.
In particular, note that

∑
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a=1 σ
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i σ
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j = 2 exp
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= 2 exp
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}
(A4)

Then using Eq. (A2) and Eq. (A4), we obtain the replica
theory expression in Eq. (19) for measurement-averaged mo-
ments of expectation values.

Appendix B: Derivation of the Identity for Moments of the Spin
Correlation Function

In this section, we discuss the derivation of the equality in
Eq. (37), which is just an arbitrary R replica number version
of the famous identity due to Nishimori [4]. This derivation
of Nishimori’s identity obtained from studying the replica the-
ory was demonstrated in Ref. [40, 43], where they ultimately
used the R-replica theory identity in Eq. (37) for the theory in
Eq. (20) on the line β = ∆ in the R → 0 replica limit, which
is relevant for the ordinary Nishimori line in the RBIM. In this

work (in Sec. IV A), we use the same R-replica theory iden-
tity in Eq. (37) for the theory in Eq. (20) on the line β = ∆
but in the R → 1 replica limit, which is relevant for the higher
Nishimori critical point in the learning phase diagram.

Let us consider the following correlation function for the
R-replica theory in Eq. (20) on the β = ∆ line,
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· · ·σ(a1)
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)2}
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(B1)

where the odd number (2q − 1) of replica indices 1 ≤
a1, a2, ..., a2q−1 ≤ R are all pairwise unequal, and where ZR

is the partition function on the β = ∆ line given in Eq. (23).
Note that until this point we have not introduced the extra spin
into the above replica theory to write it as a theory of R + 1
replicas with gauge invariance and enlarged replica permuta-
tion symmetry. We will do that now. Let us first change the
sum over dummy spin variables σ(a)

i to σ̃
(a)
i and analogous to

Eq. (24) define the following subsequent variable change

σ̃
(a)
i = σ

(a)
i si. (B2)

Then analogous to Eq. (25) we obtain
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(The above equality follows because there is an odd number
(2q − 1) of pairwise unequal replica indices a1, a2, ..., a2q−1,
and si = ±1.) Then defining si as the ‘extra’ (R + 1)th spin
σ
(R+1)
i as in Eq. (26) and summing over all possible configu-

rations of {σ(R+1)
i }, we obtain
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=
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Then using the enlarged permutation symmetry SR+1 of the
(R + 1) replica copies, we can exchange the (R + 1)th copy
with a (2q)th replica copy whose replica index a2q (with
1 ≤ a2q ≤ R) is unequal to any of the previous (2q − 1)
replica indices, i.e. it satisfies a2q ̸= a1, a2, · · · , a2q−1, and
we obtain
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As noted already, the Boltzmann weight in the above partition
function is gauge invariant under local gauge transformation:
σ
(a)
i → −σ

(a)
i ∀a ∈ {1, · · · , R + 1}. In particular, we can

fix the gauge by setting the (R + 1)th spin σ
(R+1)
i to +1 for

all i. The Boltzmann weight then does not depend on σ
(R+1)
i

for any i and it becomes the same as in Eq. (B1). This gauge
fixing gets rid of the factor of 1/2NS appearing in the RHS of
Eq. (B6), and we obtain the result that on the β = ∆ line,
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Therefore, we have concluded the derivation of Eq. (37),
which holds for any number of replicas R. The R → 0 replica
limit of the above identity corresponds to the identity in our
Eq. (36) obtained by Nishimori [4] for the bond-randomness
averaged moments in the RBIM on the ordinary Nishimori
line. On the other hand, we use the R → 1 replica limit ver-
sion of the above identity for the measurement-averaged mo-
ments at the higher Nishimori critical point, i.e. the tricritical
point in the classical Ising learning phase diagram.

Appendix C: Gaussian Measurements

In this Appendix, we will discuss a different microscopic
measurement protocol with continuous measurement out-

comes mij ∈ R instead of the discrete measurement outcomes
mij ∈ {+1,−1} considered in Sec. II. We will refer to this
measurement protocol as the ‘Gaussian’ measurement proto-
col. This protocol is analogous to various measurement proto-
cols discussed in Ref. [33]. For Gaussian measurements, us-
ing Eq. (21) and Bayes’ theorem, the conditional probability
of a spin configuration {σi} given the measurement outcomes
{mij} is [instead of Eq. (15)] given by

P ({σi}|{mij}) =
e−βH[{σi}]−∆

2

∑
⟨ij⟩(mij−σiσj)

2

Z[{mij}]
, (C1)

where the Ising Hamiltonian H[{σi}] is given in Eq. (5) and
Z[{mij}] is given by

Z[{mij}] =
∑
{σi}

e−βH[{σi}]−∆
2

∑
⟨ij⟩(mij−σiσj)

2

. (C2)

Analogous to the discussion in Sec. II, the above setup with
Bayesian Gaussian measurements of bond-energies is equiv-
alent to the problem of Born-rule Gaussian measurements
with the bond-energy operator on the RK wavefunction cor-
responding to the 2D classical Ising model in Eq. (3). In con-
trast to binary measurements [Eq. (6)], the Kraus operator for
Gaussian measurements of the bond energy operator on the
RK wavefunction is given by

K̂m⃗ = e−
∆
4

∑
⟨ij⟩(mij−σ̂z

i σ̂
z
j )

2

, mij ∈ R, (C3)

where ∆ quantifies the strength of the measurements and the
Kraus operators satisfy the POVM [46] condition∫

m⃗

K̂†
m⃗
K̂m⃗ = 1̂, (C4)

where we have defined
∫
m⃗

by∫
m⃗

:=
∏
<ij>

∫
dmij√
2π/∆

. (C5)

See e.g. App. C of Ref. [49] for details on the general setup
of performing Born-rule Gaussian measurements on quan-
tum RK wavefunctions and its equivalence to the Bayesian
inference problem for the corresponding classical stat-mech
model.

1. Replica Theory

Following the steps in App. A, the measurement-averaged
moments of expectation values for the case of Gaussian mea-
surements are given by
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Then performing the integration over mij and using Eq. (5)
we obtain
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So with Gaussian measurements we have to study the replica
theory

−H̃ = β
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Clearly, the last term in the above equation vanishes in the
R → 1 replica limit, and thus in the R → 1 replica limit,
we obtain the replica theory in Eq. (20). So in the case of
Gaussian measurements, we see that the physics of the 2D
classical Ising learning phase diagram is exactly captured by
the R → 1 limit of the replica theory in Eq. (20). Note that
here we do not have to make the assumption of ignoring the
O(∆2) [∆ = γ̃2] terms that was made in the case of binary
measurements of strength γ̃ in going from Eq. (19) to Eq. (20).
That is, the replica theory in Eq. (20) captures the physics
of the 2D classical Ising model under Gaussian bond-energy
measurements at all length scales, unlike the case of binary
measurements where it is expected to be a valid description of
the problem only at long-distances.

2. Simplification of Edwards-Anderson Correlation Function
Without Replicas

In this appendix, we will demonstrate that with Gaussian
measurements various features of the higher Nishimori line
β = ∆ and the higher Nishimori critical point Eq. (33), which
is the tricritical point in the 2D Ising learning phase diagram,
are readily seen without the use of replicas. Although, for
brevity, we demonstrate this for the 2D classical Ising model
under Gaussian bond-energy measurements, it holds for any
D-dimensional classical Ising model (D > 1) under bond-
energy measurements. To illustrate this let us consider the
Edwards-Anderson correlator ⟨σiσj⟩2m⃗ with Gaussian mea-
surements

⟨σiσj⟩2m⃗ =

∫
m⃗

P (m⃗)⟨σiσj⟩m⃗⟨σiσj⟩m⃗. (C10)

Then analogous to Eq. (A1) with N = 2 and O1 = O2 =
σiσj , but now with Gaussian measurements, we obtain that
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where Nb is the number of bonds in the square lattice and Z is
the partition function of the unmeasured Ising model, which is
equal to

∫
m⃗
Z[m⃗] after performing the Gaussian integral over

m⃗ in Eq. (C2) by using Eq. (C5). We will now make the fol-
lowing variable change from mij to nij in Eq. (C11)

nij = β +∆mij , (C12)

and we obtain [91]
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where the integral n⃗, following the measure of integration
∫
m⃗

in Eq. (C5), is defined as∫
n⃗
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∏
<ij>

∫
dnij√
2π∆
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Let us now consider the theory on the higher Nishimori line
β = ∆ and analogous to Nishimori [3], we will consider mak-
ing the following transformations

σi → σisi, nij → nijsisj , si = ±1, (C15)

where we choose a fixed but arbitrary value si = ±1 at each
site i on the square lattice. Then
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(C16)
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where in the last equation above we have summed over all
possible 2Ns (Ns is the number of sites) choices for ‘gauge’
spins {si} in Eq. (C15). Now we see that the factor of∑

{si} exp {
∑

⟨ij⟩ nijsisj} in the numerator and the factor of∑
{σi} exp {

∑
⟨ij⟩ nijσiσj} in the denominator of Eq. (C16)

cancel exactly. Therefore, we obtain
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Note that the Boltzmann weight in the above equation is in-
variant under the local transformation σ

(1)
i → −σ

(1)
i and

σ
(2)
i → −σ

(2)
i at any given site i. This ‘gauge’ invariance can

be fixed by setting σ
(2)
i = +1 at all sites i and this ‘gauge’

fixing gets rid of the factor of 1
2Ns

in the above equation, and
we obtain
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Thus, on the higher Nishimori line β = ∆, the Edwards-
Anderson correlator, i.e. the measurement-averaged second
moment of the spin-spin correlation function is given by

⟨σiσj⟩2m⃗ = ⟨σiσj⟩, (C18)

where the correlation function on the RHS, given by ⟨σiσj⟩,
is evaluated in the unmeasured 2D Ising model at inverse tem-
perature β = ∆. As we already know, the measurement-
averaged first moment of the spin-spin correlation function,
for any measurement strength ∆, is equal to the spin-spin cor-
relation function in the unmeasured 2D Ising model [see e.g.
Eq. (32)], i.e.

⟨σiσj⟩m⃗ = ⟨σiσj⟩. (C19)

Therefore, from Eq. (C18) and (C19), on the higher Nishimori
line β = ∆

⟨σiσj⟩2m⃗ = ⟨σiσj⟩m⃗ = ⟨σiσj⟩. (C20)

In particular, at β = ∆ = βc, where βc = ln(
√

1 +
√
2)

is the critical point of the (unmeasured) 2D classical Ising
model, all of the correlation functions in the above equation
will be power law decaying, and this determines the location
of the higher Nishimori critical point, just as in Eq. (33). This
location of the higher Nishimori critical point exactly gives
the location of the tricritical point in the learning phase dia-
gram of the 2D classical Ising model for the case of Gaussian
bond-energy measurements. This is to be contrasted with the
case of binary measurements, where unlike the case of Gaus-
sian measurements, we expect the replica theory in Eq. (20)
to be only a valid long-distance description of the problem,
and hence we could not determine the exact location of the
tricritical point in the learning phase diagram for the case of
binary measurements. However, we expect the universal long-
distance behavior at the tricritical point to be the same, i.e. that
of the higher Nishimori critical point, regardless of whether
we use Gaussian or binary measurements. In particular, from
Eq. (C20) and using the known power-law exponent for the
spin-spin correlation function at the (unmeasured) 2D classi-
cal Ising critical point, we obtain that at the tricritical point
β = ∆ = βc

⟨σiσj⟩2m⃗ = ⟨σiσj⟩m⃗ = ⟨σiσj⟩ ∼
1

|i− j|1/4
. (C21)

Finally, for the case of binary measurements, as discussed
in Sec. III, we expect the replica theory in Eq. (20) to be a
valid description of the measurement problem only at large
distances. This is in contrast to Gaussian measurements dis-
cussed in this appendix, where the replica theory in Eq. (20) is
an exact description valid at all length scales. Consequently,
for the tricritical point in the case of binary measurements,
the first equality in Eq. (C21) is spoiled at short distances.
However, even in the case of binary measurements, at long
distances, we expect both the measurement-averaged first and
second moment of the spin-spin correlation function at the tri-
critical point to exhibit power-law decay with the exact same
exponent as that for Gaussian measurements in Eq. (C21).

3. Dual Spin Correlation Function at the Tricritical Point

In this section of the appendix, we will follow both
Kadanoff and Ceva [48] in the (unmeasured) 2D Ising model
and Read and Ludwig [76] in the 2D RBIM to define the
dual spin correlation function in a given measurement trajec-
tory {mij} and also its measurement-averaged moments. Fol-
lowing Ref. [48] and [76], in a given measurement trajectory
m⃗ = {mij}, a natural way to define the dual spin correlation
function ⟨µx̃µỹ⟩m⃗ for plaquettes at locations x̃ and ỹ is the
following:
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⟨µx̃µỹ⟩m⃗ =

∑
{σi} e

∑
⟨ij⟩/∈L[βσiσj−∆

2 (mij−σiσj)
2]+

∑
⟨ij⟩∈L[−βσiσj−∆

2 (−mij−σiσj)
2]∑

{σi} e
∑

⟨ij⟩(βσiσj−∆
2 (mij−σiσj)2)

, (C22)

where we have considered the ratio of the partition function obtained by flipping the sign of both the inverse temperature β and
the measurement outcomes {mij} on a string L of bonds connecting two plaquettes x̃ and ỹ in the partition function Z[{mij}]
in Eq. (C2) with that of the unchanged partition function Z[{mij}]. Analogous to Ref. [48, 76], it is easy to check that on the
infinite plane the above definition of the dual spin correlation function is independent of the actual string L of bonds where the
inverse temperature and measurement outcomes are flipped in their sign and it only depends on the locations x̃ and ỹ of the
plaquettes where the string ends. We can now consider the measurement-averaged qth moments of this dual spin correlation
function, which are given by

⟨µx̃µỹ⟩qm⃗ =

∫
m⃗

P (m⃗)⟨µx̃µỹ⟩qm⃗. (C23)

Then using Eq. (C22),

⟨µx̃µỹ⟩qm⃗ =
1

Z

∫
m⃗

(∑
{σi} e

∑
⟨ij⟩/∈L[βσiσj−∆

2 (mij−σiσj)
2]+

∑
⟨ij⟩∈L[−βσiσj−∆

2 (−mij−σiσj)
2]
)q

(∑
{σi} e

∑
⟨ij⟩(βσiσj−∆

2 (mij−σiσj)2)
)q−1 (C24)

=
e−

∆
2 Nb

Z

∫
m⃗

e−
∆
2

∑
⟨ij⟩ m

2
ij

(∑
{σi} e

∑
⟨ij⟩/∈L(β+∆mij)σiσj−

∑
⟨ij⟩∈L(β+∆mij)σiσj

)q
(∑

{σi} e
∑

⟨ij⟩(β+∆mij)σiσj

)q−1 , (C25)

and changing the variables to nij = β +∆mij [Eq. (C12)],

⟨µx̃µỹ⟩qm⃗ =
e−

∆
2 Nb

Z

∫
m⃗

e−
∑

⟨ij⟩
(nij−β)2

2∆

(∑
{σi} e

∑
⟨ij⟩/∈L nijσiσj−

∑
⟨ij⟩∈L nijσiσj

)q
(∑

{σi} e
∑

⟨ij⟩ nijσiσj

)q−1 . (C26)

Then, analogous to Merz and Chalker [47], on the higher Nishimori line β = ∆ [Fig. 4], we can consider performing the ‘gauge’
transformation in Eq. (C15) and sum over all ‘gauge’ spins {si}, to obtain [analogous to Eq. (C16)]

⟨µx̃µỹ⟩qm⃗ =
e−∆Nb

Z

∫
n⃗

e−
∑

⟨ij⟩
n2
ij

2∆

(∑
{si} e

∑
⟨ij⟩ nijsisj

)
2Ns

(∑
{σi} e

∑
⟨ij⟩/∈L nijσiσj−

∑
⟨ij⟩∈L nijσiσj

)q
(∑

{σi} e
∑

⟨ij⟩ nijσiσj

)q−1

=
e−∆Nb

Z × 2Ns

∫
n⃗

e−
∑

⟨ij⟩
n2
ij

2∆

(∑
{σi} e

∑
⟨ij⟩/∈L nijσiσj−

∑
⟨ij⟩∈L nijσiσj

)q
(∑

{σi} e
∑

⟨ij⟩ nijσiσj

)q−2 . (C27)

It is clear that the integrand in Eq. (C27) is invariant under the
following simultaneous change of variables:

q → (2− q),

nij → −nij if ⟨ij⟩ ∈ L,
nij → nij if ⟨ij⟩ /∈ L.

Since we integrate over all nij , this implies that

⟨µx̃µỹ⟩qm⃗ = ⟨µx̃µỹ⟩2−q
m⃗

. (C28)

The above equality between moments holds exactly on the
higher Nishimori line β = ∆ in the learning phase diagram
for Gaussian measurements. For binary measurements, even

though the exact equality in Eq. (C28) might be spoiled at
short distances, since the universal properties of the novel tri-
critical point in the learning phase diagram for binary mea-
surements are also expected to be governed by the higher
Nishimori critical point, this implies that the above equality
holds as an equivalence at long-distances at the novel learn-
ing tricritical point for binary measurements, i.e.

⟨µx̃µỹ⟩qm⃗ ∼ ⟨µx̃µỹ⟩2−q
m⃗

, |x̃− ỹ| ≫ 1 . (C29)

This means that the exponents ηq of the measurement-
averaged moments of the dual spin correlation function at the
tricritical point in the learning phase diagram satisfy

ηq = η2−q. (C30)
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This, in particular, implies that the measurement-averaged
second moment (q = 2) of the dual spin correlation function
has zero scaling dimension [77] at the tricritical point, i.e. the
higher Nishimori critical point, in the learning phase diagram,
i.e.

η2 = 0. (C31)

The results in Eqs. (C30) and (C31) should be compared with
those of Merz and Chalker [47], who obtained the equality
between the scaling dimensions for bond-randomness aver-
aged qth and (1 − q)th moments for the dual spin correla-
tion function at the ordinary Nishimori critical point in the
2D RBIM, and consequently also the result that the bond-
randomness averaged first moment of the dual spin corre-
lation function has zero scaling dimension at the ordinary
Nishimori critical point in the 2D RBIM. Analogous to the
argument in Ref. [47], we see that due to Jensen’s inequal-

ity ⟨µx̃µỹ⟩qm⃗ ≥
(
⟨µx̃µỹ⟩2m⃗

)q/2
[92], and hence the scaling

dimension ηq for the measurement-averaged qth moment of
the dual spin correlation function should be non-positive for
q > 2. Finally, analogous to the other correlation functions
that we discussed [see e.g. Eq. (32) or Eq. (C19)], it follows
from Eq. (C24) that the measurement-averaged first moment
(q = 1) of the dual spin correlation function at the higher
Nishimori critical point is just given by the dual spin correla-
tion function at the unmeasured 2D Ising critical point. Due
to the KW duality [67], the scaling dimension of the dual spin
operator at the unmeasured 2D Ising critical point is known
to be equal to that of the spin operator [48], and therefore

η1 =
1

8
. (C32)

In summary, we have obtained that the first and the second
moment of the dual spin correlation function at the learning
tricritical point, i.e. the higher Nishimori critical point, have
1/8 and zero scaling dimensions, respectively, and the rest of
the higher moments (q > 2) should have non-positive scaling
dimensions.

Appendix D: Translating observables between the ordinary
Nishimori line in the RBIM and in the learning phase diagram

It is important to distinguish between the measurement-
averaged observables in the Bayesian inference formulation
of the ordinary Nishimori line, the line β = 0 in the learn-
ing phase diagram [Fig. 4] governed by the replica R → 1
limit, and the bond-randomness averaged observables on the
ordinary Nishimori line in the RBIM, i.e. its R → 0 replica
limit formulation. The main point is that the measurement-
averaged (2q)th even moment of a multipoint spin correlation
function in the Bayesian inference formulation of the ordi-
nary Nishimori line as the β = 0 line in Fig. 4, which is given
by a replica limit R → 1 theory with gauge invariance, is
equal to both the bond-randomness averaged (2q)th even and
the (2q− 1)th odd moment of the same correlation function in
the RBIM formulation of the ordinary Nishimori line, which

corresponds to the ‘gauge fixed’ replica theory in the replica
R → 0 limit. That is,

⟨σi1σi2 · · ·σik⟩2q =
[
⟨σi1 . . . σik⟩

2q−1
]
=
[
⟨σi1 . . . σik⟩

2q
]
,

(D1)
where the correlation function ⟨σi1σi2 · · ·σik⟩2q is the (2q)th

measurement-averaged moment on the β = 0 line in
the learning phase diagram of the Ising model, and the
[⟨σi1 . . . σik⟩

2q−1
] and [⟨σi1 . . . σik⟩

2q
] are respectively the

(2q− 1)th and (2q)th bond-randomness averaged moments on
the ordinary Nishimori line in the RBIM, where the latter two
are known to be equal due to Nishimori [4]. This relation in
Eq. (D1) for the ordinary Nishimori line has been emphasized
in Ref. [33] and in a related context of a monitored quantum
circuit in Ref. [6], and we discuss it here for completeness.

The line β = 0 for the replica theory in Eq. (20) has lo-
cal symmetry: σ

(a)
i → −σ

(a)
i , ∀a = 1, · · · , R. Due to

this local symmetry, the measurement-averaged odd moment
of any multipoint spin correlation function anywhere on the
β = 0 line in the learning phase diagram [Fig. 4], which
is governed by the R → 1 replica limit of the replica the-
ory in Eq. (20) with β = 0, vanishes identically. In par-
ticular, the measurement-averaged first moment of the spin-
spin correlation function vanishes identically everywhere on
the line β = 0 in the learning phase diagram. For β = 0,
the replica theory in Eq. (20) in the R → 1 replica limit
can be written as a replica R → 0 theory in Eq. (20) with
β equal to ∆, where the latter is precisely the formulation
of the ordinary Nishimori line in the RBIM with Gaussian
bond-randomness [4, 40]. [This proceeds exactly analogous
to our discussion in Sec. III, where we demonstrated that the
line β = ∆ for the replica theory Eq. (20) with R repli-
cas can be written as the β = 0 line for the gauge-invariant
and enlarged replica-symmetric theory with R+ 1 replicas in
Eq. (27).] However, the measurement-averaged moments of
the correlation functions on the β = 0 line in the learning
phase diagram [Fig. 4], which has local symmetry as a replica
theory in the R → 1 replica limit, and the bond-randomness
averaged moments in the equivalent problem of the ordinary
Nishimori line in the RBIM, governed by the R → 0 replica
limit, are not in one-to-one correspondence. For example, as
we just discussed above, the measurement-averaged first mo-
ment of the spin-spin correlation function vanishes identically
on the β = 0 line in the learning phase diagram but that is
not true for the bond-randomness averaged first moment of
the spin-spin correlation function on the ordinary Nishimori
line in the RBIM. In particular, considering the replica R → 0
limit of Eq. (22), (27) from Sec. III and Eq. (B1), (B6) in
App. B, it is easily verified that the measurement-averaged
(2q)th moment of a spin correlation function on the β = 0
line in the learning phase diagram, described by the gauge-
invariant replica theory in the R → 1 replica limit, is equal to
the bond-randomness averaged (2q)th and (2q − 1)th moment
of the same correlation function on the ordinary Nishimori
line in the RBIM, governed by the R → 0 replica limit. [As
noted in our Eq. (36), the bond-randomness averaged (2q)th

and (2q−1)th moment of any multipoint spin correlation func-
tion on the Nishimori line in the RBIM are well-known to be
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equal to each other [4].] That is, we obtain the relation in
Eq. (D1) above.

Appendix E: Derivation of ceff > cIsing = 1/2

1. The Derivation

In this appendix, we will obtain the bound ceff > cIsing =
1/2 discussed in Sec. IV C. To obtain this bound, apart from
the usual assumptions about translational invariance, rota-
tional (Lorentz) invariance, conformal invariance, and (unbro-
ken) replica permutation symmetry of the discussed replica
CFTs, we will make the following fairly standard assump-
tions:

• The amplitudes and the scaling dimensions of discussed
replica correlation functions [see below] are analytic
functions of the number of replicas R around the num-
ber of replicas R = 1 of interest. (This assumption is
intimately connected to the validity of replica trick.)

• The scaling limit of the lattice replica theory [defined in
Eq. (E6)] and the R → replica limit commute with each
other.

To obtain the bound discussed in Sec. IV C, we will con-
sider the R-replica Nishimori critical point which occurs on
the line β = ∆ of the R-replica theory in Eq. (20). In partic-
ular, we will consider the following replica theory

ZR =
∑

{σ(a)
i }R

a=1

exp

{
βc(R)

∑
⟨ij⟩

R∑
a=1

σ
(a)
i σ

(a)
j

+
βc(R)

2

∑
⟨ij⟩

R∑
a,b=1
a̸=b

σ
(a)
i σ

(a)
j σ

(b)
i σ

(b)
j

}
,

(E1)

where (β = βc(R),∆ = βc(R)) denotes the location of the
R-replica Nishimori critical point on the line β = ∆ for the
R-replica theory [see Sec. III]. For example, the R → 1
Nishimori critical point is what we referred to as the higher
Nishimori critical point in this work, which governs the tri-
critical point in the learning phase diagram (Gaussian mea-
surements) in Fig. 4, and the R → 0 Nishimori critical
point corresponds to the ordinary Nishimori critical point in
the RBIM (Gaussian disorder). We expect that the R-replica
Nishimori critical point exists for an appropriate finite value
of (β = βc(R),∆ = βc(R)) for sufficiently small values of
number R of replicas comprising the interval 0 ≤ R ≤ 1.

We will now consider perturbing the R-replica Nishimori
critical point in Eq. (E1) with a particular operator O(R)

ij [after

subtracting its expectation value ⟨· · · ⟩∗ in Eq. (E1)] given by

O
(R)
ij =

(
−

R∑
a,b=1
a̸=b

φ
(a)
ij φ

(b)
ij + α(R)

R∑
a=1

φ
(a)
ij

)

〈(
−

R∑
a,b=1
a ̸=b

φ
(a)
ij φ

(b)
ij + α(R)

R∑
a=1

φ
(a)
ij

)〉
∗, (E2)

where we have defined φij as the bond-energy given by

φij = σiσj ,

and α(R) is chosen s.t. the perturbation (δ∆)
∑

ij O
(R)
ij

[(δ∆) > 0] induces the RG flow to the ‘clean’ 2D Ising criti-
cal point with decoupled R-replica copies. [The negative sign
in front of the inter-replica coupling in Eq. (E2) is chosen be-
cause at the ‘clean’ Ising critical point the replicas are decou-
pled and the inter-replica coupling vanishes.] Indeed, such
RG flow is known to exist from the ordinary Nishimori crit-
ical point, the replica R → 0 Nishimori critical point, to the
clean 2D Ising critical point in the 2D RBIM, where the per-
turbation is of the form in Eq. (E2) with some α(R = 0) ̸= 0
(see e.g. [53]). An analogous RG flow is seen from the tri-
critical point in the learning phase diagram in Fig. 4, which is
the replica R → 1 Nishimori critical point, to the unmeasured
2D Ising critical point. In the latter case of the replica R → 1
limit, the operator in Eq. E2 that induces the RG flow to the
2D Ising critical point has α(R = 1) = 0, but in general
α(R ̸= 1) ̸= 0, and assuming analyticity in replica index R
around R = 1, this implies that

α(R) = O(R− 1). (E3)

The lattice operator in Eq. (E2) at the R-replica Nishimori
critical point can be written as a superposition of scaling fields
of the fixed point 2D CFT that governs the R-replica Nishi-
mori critical point (see, e.g., [93, 94]),

O
(R)
ij ∼ ϵX0(R)C0O

(R)
0 (x) +

∑
p̸=0

ϵXp(R)CpO
(R)
p (x) (E4)

where ϵ is the lattice spacing, Cp are non-universal constants,
and O

(R)
p (x) [x is the continuum label] is the scaling field

with scaling dimension Xp(R) at the fixed point 2D CFT cor-
responding to the R-replica Nishimori critical point. We note
that the scaling fields O

(R)
p (x) in the expansion in Eq. (E4)

are not normalized to have amplitude = 1 in the two-point
correlation function at the CFT fixed point. Rather, assuming
the validity of the replica trick, since the two-point correla-
tion function of the lattice operator O

(R)
ij in Eq. (E2) is ex-

pected to be analytic in the replica index R around R = 1, the
amplitudes of the two-point correlation functions for the scal-
ing fields O(R)

p (x) on the RHS of Eq. (E4) are also expected
to be some analytic functions of the replica index R. More-
over, we also expect that in the expansion in Eq. (E4) only the
leading scaling field O

(R)
0 (x) is relevant in the RG sense, i.e.
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X0(R) < 2, and all the other fields O
(R)
p (x) with p ̸= 0 are

irrelevant corrections, i.e. Xp(R) > 2 for p ̸= 0.
Let us now consider the following partition function Z ′

R of
the R-replica Nishimori critical point in Eq. (E1) perturbed by
the operator O(R)

ij

Z ′
R =

∑
{σ(a)

i }R
a=1

exp

{
βc(R)

∑
⟨ij⟩

R∑
a=1

σ
(a)
i σ

(a)
j

+
βc(R)

2

∑
⟨ij⟩

R∑
a,b=1
a̸=b

σ
(a)
i σ

(a)
j σ

(b)
i σ

(b)
j

+ δ∆
∑
⟨ij⟩

O
(R)
ij

}
. (E5)

We will consider taking the scaling limit of the perturbed lat-
tice replica theory in Eq. (E5), where we will send the lattice
spacing ϵ → 0 and the perturbation strength δ∆ → 0 while
holding the ‘renormalized coupling’ g = (δ∆)ϵX0(R)−2 to a
fixed value:

Scaling Limit : ϵ → 0 δ∆ → 0

(δ∆)ϵX0(R)−2 = g = constant. (E6)

In this scaling limit, the perturbed partition function in
Eq. (E5) is described by the following continuum action

S = S
(R)
∗ + g

∫
d2x C0O

(R)
0 (x), (E7)

where S(R)
∗ is the fixed point 2D CFT action for the R-replica

Nishimori critical point and O
(R)
0 is the leading relevant scal-

ing field in the perturbation O
(R)
ij in Eq. (E4). [Note that in

the scaling limit in Eq. (E6) all the irrelevant scaling fields
O

(R)
p (x) (p ̸= 0) in Eq. (E4) drop out of Eq. (E7).] Then

we can consider applying Zamolodchikov’s c-theorem sum-
rule [95, 96], analogous to the proof of the c-effective theorem
in Ref. [49], to the field theory in Eq. (E7) to obtain

R

2
− c(R) = −6π2g2(2−X0(R))2×

×
∫ ∞

0

dr r3C2
0 ⟨O

(R)
0 (r)O

(R)
0 (0)⟩c,

(E8)

where the connected correlation function ⟨O(R)
0 (r)O

(R)
0 (0)⟩c

is evaluated with the field theory action in Eq. (E7), and c(R)
and R

2 are the replica dependent central charges of the R-
replica Nishimori critical point (the ‘UV’ central charge) and
the decoupled R-copies of the 2D Ising critical point (the ‘IR’
central charge), respectively. We are interested in the Casimir
effective central charge in the R → 1 replica limit

ceff =
dc(R)

dR

∣∣
R=1

. (E9)

The above Casimir effective central charge ceff, together with
the central charge of the unmeasured Ising critical point (=

1/2), characterizes the finite-size scaling of the Shannon en-
tropy of the measurement record [33] at the tricritical point in
the learning phase diagram [Fig. 4]. To this end, let us divide
both sides of Eq. (E8) by R − 1 and take the replica R → 1
limit. Thus, we obtain

1

2
− ceff = −6π2g2(2−X0(R = 1))2×

×
∫ ∞

0

dr r3
[
C2

0 lim
R→1

⟨O(R)
0 (r)O

(R)
0 (0)⟩c

R− 1

]
,

(E10)

where we have used the assumption that around R = 1
X0(R) < 2 and that X0(R) is an analytic function of R.

The correlation function ⟨O(R)
0 (r)O

(R)
0 (0)⟩c in the field

theory in Eq. (E7) is precisely given by the scaling limit
[Eq. (E6)] of the correlation function of the lattice perturba-
tion operator O(R)

ij [Eq. (E2)] in the perturbed lattice replica
theory in Eq. (E5). In particular, from Eq. (E4),

C2
0 ⟨O

(R)
0 (r)O

(R)
0 (0)⟩c

= lim
ϵ,δ∆→0

(δ∆)ϵX0(R)−2=g

ϵ−2X0(R)⟨O(R)
ij O

(R)
kl ⟩c, (E11)

where we have set the origin of the continuum space at the
bond kl in the lattice model and the lattice distance of bond ij
from the origin is given by r/ϵ, where r is the continuum dis-
tance from the origin and ϵ is the lattice spacing. In Eq. (E11),
the correlation function ⟨O(R)

0 (r)O
(R)
0 (0)⟩c is evaluated in the

field theory in Eq. (E7) and ⟨O(R)
ij O

(R)
kl ⟩c is evaluated on the

lattice using the lattice R-replica theory in Eq. (E5). Analo-
gous to Ref. [49], using the replica permutation symmetry of
the replica theory in Eq. (E5), one can easily verify that

⟨O(R)
ij O

(R)
kl ⟩c =

2(R− 1)

(
⟨φ(1)

ij φ
(1)
kl φ

(2)
ij φ

(2)
kl ⟩R=1 + ⟨φ(1)

ij φ
(2)
ij φ

(3)
kl φ

(4)
kl ⟩R=1

− 2⟨φ(1)
ij φ

(1)
kl φ

(2)
ij φ

(3)
kl ⟩R=1

)
+O((R− 1)2),

(E12)

where we have also used that α(R) in Eq. (E2) is O(R − 1)
[Eq. (E3)]. We note that the correlation functions ⟨· · · ⟩R=1

in Eq. (E12) are evaluated with the lattice replica theory in
Eq. (E5) in the replica R → 1 limit. Since the lattice replica
theory in Eq. (E5) in the replica R → 1 limit governs the
problem of measurements of bond-energies on the 2D classi-
cal Ising model, correlation functions ⟨· · · ⟩R=1 in Eq. (E12)
can be written in terms of measurement-averaged moments
of correlation functions of the bond-energy φij := σiσj . In
particular, from Eq. (E12),

⟨O(R)
ij O

(R)
kl ⟩c = 2(R− 1)

(
⟨φijφkl⟩m⃗ − ⟨φij⟩m⃗⟨φkl⟩m⃗

)2
+O((R− 1)2), (E13)

where the correlation function ⟨· · · ⟩m⃗ is calculated in a given
measurement trajectory m⃗ = {mij} and the overbar ‘(· · · )’
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denotes the average over Gaussian measurement outcomes.
[Recall that, as discussed in App. C, for the case of Gaus-
sian measurements the replica theory in Eq. (E5) is an exact
description of the measurement problem in the R → 1 replica
limit.] Then,

ϵ−2X0(R)⟨O(R)
ij O

(R)
kl ⟩c

R− 1
=

= 2ϵ−2X0(R)
(
⟨φijφkl⟩m⃗ − ⟨φij⟩m⃗⟨φkl⟩m⃗

)2
+ ϵ−2X0(R)O((R− 1)), (E14)

and assuming the commutativity of the replica and the scaling
limits, we obtain

lim
R→1

[
lim

ϵ,δ∆→0

(δ∆)ϵX0(R)−2=g

ϵ−2X0(R)⟨O(R)
ij O

(R)
kl ⟩c

R− 1

]
=

2 lim
ϵ,δ∆→0

(δ∆)ϵX0(R=1)−2=g

ϵ−2X0(R=1)
(
⟨φijφkl⟩m⃗ − ⟨φij⟩m⃗⟨φkl⟩m⃗

)2
.

(E15)

Then, using Eq. (E15) and Eq. (E11), we obtain that

C2
0 × lim

R→1

⟨O(R)
0 (r)O

(R)
0 (0)⟩c

R− 1
=

2 lim
ϵ,δ∆→0

(δ∆)ϵX0(R=1)−2=g

ϵ−2X0(R=1)
(
⟨φijφkl⟩m⃗ − ⟨φij⟩m⃗⟨φkl⟩m⃗

)2
,

(E16)

where since the RHS of the above equation is manifestly non-
negative this implies non-negativity of the quantity on the
LHS as well. Finally, using Eq. (E10) and the non-negativity
of the LHS of Eq. (E16), due to the overall negative sign on
the RHS of Eq. (E10), we obtain that

ceff >
1

2
, (E17)

which is the desired result discussed in Sec. IV C.

2. A comment on the effective central charge at the ordinary
Nishimori critical point

Lastly, an interesting observation can be made about the
R → 0 replica theory in Eq. (E1) and the corresponding
replica R → 0 Casimir effective central charge c

(R→0)
eff de-

fined as

c
(R→0)
eff :=

dc(R)

dR

∣∣∣
R=0

. (E18)

This replica R → 0 Casimir effective central charge charac-
terizes the ordinary Nishimori critical point in the 2D RBIM,
which also appears on the β = 0 line of the learning phase
diagram [Fig. 4] and also at the threshold of the optimal de-
coder for toric code under incoherent errors [2]. This replica

0 1|0

FIG. 11. Difference in the UV and IR replica central charge.
Shown is a schematic illustration of function f(R) = R/2 − c(R)
in Eq. (E20), which is known to have zeros at R = 0 and R = 1, and
the c-effective theorem result in Eq. (E17) implies a negative slope at
R = 1 for the function. The dashed line then schematically connects
these two roots assuming that there is no other root in the interval
0 < R < 1, and it implies that the slope at R = 0 is a non-negative
number as illustrated in the figure.

R → 0 Casimir effective central charge we have numerically
estimated (see Sec. V, Fig. 7) to be

c
(R→0)
eff = 0.462(1) , (E19)

which is consistent with previously obtained estimates in the
literature [52, 53]. This value is clearly less than 1/2. This
is in contrast to the replica R → 1 Casimir effective central
charge corresponding to the higher Nishimori critical point,
which is rigorously demonstrated to be greater than 1/2 by
the c-effective theorem result in Eq. (E17) and whose value
we have determined to be

c
(R→1)
eff = 0.522(1) ,

see Sec. V [Fig. 7]. The observation of the R → 0 Casimir
effective central charge in Eq. (E19) being less than 1/2 can
be understood by considering the following function f(R)

f(R) =
R

2
− c(R), (E20)

which represents the difference between the IR and the UV
central charge for the replica theory in Eq. (E5), which under
RG flows from the R-replica Nishimori critical point to the
‘clean’ decoupled replica 2D Ising critical point. Following
Ref. [49], note that the function f(R) has two ‘natural’ zeroes
[97] – one at R = 0 and one at R = 1, as illustrated in Fig. 11.
The latter zero at R = 1 follows because, exactly at R = 1,
we only have a single copy of the 2D Ising model at βc(R =

1) = βc =
1
2 ln(1 +

√
2) [Eq. (33)], which corresponds to the

critical point of the 2D clean Ising model and therefore has
central charge 1/2. The former zero at R = 0 results trivially
since f(R = 0) = 0× (1/2)− c(R = 0) = c(R = 0), which
vanishes because the partition function is unity in this limit by
the definition of the replica trick [98]. The result we obtained
in Eq. (E17) for the R → 1 replica limit implies that the slope
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of f(R) at R = 1 is negative i.e. (df/dR)|R=1 < 0; therefore,
when R < 1 and near R = 1, the function f(R) is positive,
i.e. f(R) > 0. Let us now assume that f(R) = R/2 − c(R)
has zeroes only at R = 0 and R = 1 in the interval 0 ≤ R ≤ 1,
since these are the only zeroes which are forced to appear due
to the very robust and concrete physical reasoning mentioned
above. If we assume that R = 0 and R = 1 are the only
zeroes of f(R) in the interval 0 ≤ R ≤ 1, as schematically
illustrated in Fig. 11, our result in Eq. (E17), which is equiva-
lent to (df(R)/dR)|R=1 < 0, implies that [99],

df(R)

dR

∣∣∣∣
R=0

≥ 0 ⇒ 1

2
≥ dc(R)

dR

∣∣∣∣
R=0

⇒ 1

2
≥ c

(R→0)
eff .

(E21)
Therefore, given the assumption that f(R) = R

2 − c(R) does
not have zeroes in the open interval 0 < R < 1, our result
in Eq. (E17) implies that the Casimir effective central charge
c
(R→0)
eff in the R → 0 replica limit, which characterizes the or-

dinary Nishimori critical point, should be less than 1/2, which
is consistent with numerical estimates for it.

Appendix F: Numerical simulations

Majorana mapping

In order to calculate the free energy density in our numeri-
cal simulations, we interpret the (2+0)D system as a (1+1)D
imaginary time evolution (see Fig. 12). The vertical couplings
in this picture are ZZ interactions, while the horizontal cou-
plings are X fields. We can write them as

= e(β+γ̃s)ZZ (F1)

= eβ+γ̃s1+ e−(β+γ̃s)X. (F2)

Performing a Jordan-Wigner-Transformation, we can then
fermionize the system: ZjZj+1 = ic2jc2j+1 , Xj =
ic2j−1c2j , where ck denotes the Majorana fermion at site k.

sp
ac

e

time

FIG. 12. One-dimensional imaginary time evolution. We interpret
the 2 + 0D system as a 1 + 1D imaginary time evolution, where the
vertical direction is space and the horizontal direction is imaginary
time. The red nodes represent ZZ interactions and the blue nodes
represent X fields. The dotted lines indicate, that we have periodic
boundary conditions in space and the system extends to very large
imaginary time.

The vertical couplings are straightforward to fermionize, re-
sulting in

= e(β+γ̃s)ic2ic2i+1 −→ e2(β+γ̃s)σx
2i,2i+1 , (F3)

where the last matrix is the corresponding transfer matrix
in the first quantization single-particle basis: ic2ic2i+1 =
1
4 (ic2i, c2i+1)(2σ

x)(−ic2i, c2i+1)
T . The Jordan-Wigner

transformation of the horizontal couplings is more subtle,
since we have to distinguish between two cases: β + γ̃s > 0
and β + γ̃s < 0. In the first case, we rewrite the horizontal
couplings as

= eβ+γ̃s
(
1+ e−2(β+γ̃s)X

)
= eβ+γ̃s (1+ tanh(KW(β + γ̃s))X)

=
eβ+γ̃s

cosh(KW(β + γ̃s))
eKW(β+γ̃s)X , (F4)

where KW(x) = tanh−1(e−2x) is the Kramers-Wannier
dual of x. In this form the Jordan-Wigner transformation is
straightforward, resulting in

β+γ̃s>0−−−−−→ eβ+γ̃s

cosh(KW(β + γ̃s))
e2KW(β+γ̃s)σx

2i−1,2i .

(F5)
In the case β+ γ̃s < 0, we rewrite the horizontal couplings as

= e−(β+γ̃s)
(
e2(β+γ̃s)1+X

)
= e−(β+γ̃s)X

(
1+ e2(β+γ̃s)X

)
= e−(β+γ̃s)X (1+ tanh(KW(−(β + γ̃s)))X)

=
e−(β+γ̃s)X

cosh(KW(−(β + γ̃s)))
eKW(−(β+γ̃s))X . (F6)

Now the Jordan-Wigner transformation results in

β+γ̃s<0−−−−−→ −12i−1,2i e
−(β+γ̃s)

cosh(KW(−(β + γ̃s)))
e2KW(−(β+γ̃s))σx

2i−1,2i ,

(F7)
where the −12i−1,2i comes due to the additional X operator
in the original expression

X = e
iπ
2 X −→ eiπσ

x
2i−1,2i = −12i−1,2i . (F8)

We treat this factor, by ‘pulling’ the Pauli X through the imag-
inary time axis of the system from the past to the future, which
results in a sign change for all vertical couplings adjacent
to the horizontal coupling in question. This is illustrated in
Fig. 13. Using this method, we get rid of the −12i−1,2i fac-
tors.

The vertical coupling matrices are either

=

(
cosh (2(β + γ̃s)) sinh (2(β + γ̃s))

sinh (2(β + γ̃s)) cosh (2(β + γ̃s))

)
(F9)

or

=

(
cosh (−2(β + γ̃s)) sinh (−2(β + γ̃s))

sinh (−2(β + γ̃s)) cosh (−2(β + γ̃s))

)
, (F10)
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sp
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time

FIG. 13. Propagating Pauli X through the Ising circuit. This
figure illustrates how we treat the X operator which appears in the
Jordan-Wigner transformation of the horizontal couplings when β +
γ̃s < 0 (blue diamonds). We ‘pull’ the X through the system until
it annihilates with another X or reaches the boundary of the system.
This propagation of the Xj flips the sign of all the vertical couplings,
as (ZjZj+1)Xj = −Xj(ZjZj+1), such that the red squares along
the path of the X are flipped to red diamonds.

depending on the propagation of the −12i−1,2i factors (if
any). The horizontal coupling matrices are

=

=

(
cosh (2KW|β + γ̃s|) sinh (2KW|β + γ̃s|)
sinh (2KW|β + γ̃s|) cosh (2KW|β + γ̃s|)

)
,

(F11)

where we dropped the common prefactor e|β+γ̃s|

cosh(KW(|β+γ̃s|)) .
We sample the measurement outcomes s, using classical

Monte Carlo methods, as explained in [25]. Evolving the
system in imaginary time, we iteratively re-orthogonalize the
eigenvectors of the fermionized system after each time step
using a QR decomposition [100]. The minus logarithm of the
diagonal entries − ln |rii| of the R matrix can be viewed as the
single particle energy spectrum [22]. By summing them over,
we can then calculate the free energy density of the respective
timestep y as

fy = −
∑

i log |rii|
2Lx

−
f correction
y

Lx
, (F12)

where

f correction
y =

(
Lx∑
x=1

log cosh
(
KW|β + γ̃sh

xy|
)
− |β + γ̃sh

xy|

)
(F13)

is a correction term which we have to subtract from the
free energy density, since we dropped the common prefactor

e|β+γ̃s|

cosh(KW(|β+γ̃s|)) in the horizontal coupling matrices. sh
xy is

the measurement outcome of the horizontal coupling at posi-
tion (x, y).

Additional numerical data for the higher Nishimori line

Let us close with providing supplementary numerical data,
which we used for the identification of the emergent higher

Nishimori line in the numerical phase diagram of Fig. 9 with
binary measurement outcomes.
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FIG. 14. Higher Nishimori condition for binary measurement
outcomes. This figure is analogous to Fig. 8, but for cuts at β =
βc/4 (a) and β = 3βc/4 (b).
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