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Conditional probability distributions describe the effect of learning an initially unknown classical state
through Bayesian inference. Here we demonstrate the existence of a learning transition, having signatures in the
long distance behavior of conditional correlation functions, in the two-dimensional classical Ising model. This
transition, which arises when learning local energy densities, extends all the way from the infinite-temperature
paramagnetic state down to the thermal critical state. The intersection of the line of learning transitions and the
thermal Ising transition is a novel tricritical point. Our model for learning also describes the effects of weak
measurements on a family of quantum states which interpolate between the (topologically ordered) toric code
and a trivial product state. Notably, the location of the above tricritical point implies that the quantum memory
in the entire topological phase is robust to weak measurement, even when the initial state is arbitrarily close to
the quantum phase transition separating topological and trivial phases. Our analysis uses a replica field theory
combined with the renormalization group, and we chart out the phase diagram using a combination of tensor
network and Monte Carlo techniques. Our methods can be extended to study the more general effects of learning
on both classical and quantum states.

In classical statistical mechanics the state of a many-body
system is a high-dimensional probability distribution, and the
effects of learning can be captured through Bayesian infer-
ence [1–4]. In this framework, a broad initial probability dis-
tribution (for example, a Boltzmann distribution) is updated
to a sharper conditional probability distribution which reflects
our improved state of knowledge. This setting is dual to one
arising in many-body quantum mechanics: the measurement
of an observable causes a back-action on a quantum many-
body state described by Born’s rule. There, a fundamental
problem is to determine when it is that quantum information
is robust to measurement and decoherence [5–7]. However, in
both classical and quantum settings the change in the many-
body state depends sensitively on the initial correlations. This
sensitivity raises the question of when it is that the effects of
learning (or measurements) are universal, depending only on
qualitative features of the initial states and learning protocols.

Here, we first study the effects of learning on high-entropy
probability distributions describing the states of correlated
classical binary degrees of freedom, or ‘spins’. Our focus
is on the two-dimensional classical Ising model on a square
lattice, with our state of knowledge initially described by
classical Gibbs states parametrized by inverse temperature β.
We show that, throughout the entire high temperature phase
β < βc, and also at the thermal phase transition β = βc, learn-
ing two-point correlations between neighboring spins leads to
a sharp transition in our knowledge of long-distance correla-
tions. These transitions occur only when the local entropy
reduction, parameterized by a variable γ, exceeds a system-
dependent γc(β).

Such a transition has previously been identified [8] at infi-
nite temperature β = 0, and the fact that the learning transition
with finite γ extends down to the thermal phase transition im-
plies a novel tricritical point in the β − γ plane, at β = βc

and γT ≡ γc(βc) > 0. By adapting a replica field theory to
describe the effects of learning and by leveraging the renor-
malization group to describe this theory, we provide evidence
that the above behavior is universal to two-dimensional sys-
tems with global Z2 symmetry and when learning the values
of local Z2 symmetric observables. We then probe the learn-
ing transitions in the Ising model numerically, and we reveal
that the critical exponents governing the transition at β = βc
(i.e. at the tricritical point) are distinct from those at β < βc.

After characterizing the effects of learning on the classi-
cal Ising model, we exploit a duality relation to study the
effects of weak measurements on a family of topologically
ordered many-body quantum states which include the toric
code [9]. Coherent superpositions of locally indistinguishable
toric code states, belonging to different topological sectors,
define robust quantum memories. These memories are well
known to be robust to weak decoherence [10–12], and there-
fore also to the weak measurements that we consider [13, 14].
A basic question is whether the quantum memory remains ro-
bust when it is constructed from initial states that are far from
the stabilizer limit of the toric code.

To address this question we study the effects of weak mea-
surements on quantum memories defined by deformed toric
code wavefunctions, where now β ≥ 0 parameterizes the
wavefunction deformation. In the absence of measurement,
these deformations drive a quantum phase transition [15] from
topologically ordered (β < βc) to trivial (β > βc) wavefunc-
tions. Remarkably, we find that the quantum memory is robust
even when constructed from states that are arbitrarily close to
the quantum phase transition. Using the duality to the clas-
sical learning problem this robustness follows from the fact
that, at the thermal phase transition of the Ising model, the
effects of measurements are (marginally) irrelevant, i.e. that
γT > 0. We illustrate this behavior, and its manifestations in
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FIG. 1. Schematic setup, numerical phase diagram, and duality. (a) For a classical Ising model with spins σi, learning sij that is correlated
with σiσj (via a ‘strength’ γ) changes our state of knowledge from the Boltzmann distribution P (σ) ∼ e−βE(σ) to the conditional distribution
P (σ∣s). Similarly, when measuring a quantum system initially in a Rokhsar-Kivelson state ∣ψ⟩ = ∑σ

√

P (σ) ∣σ⟩, the post-measurement
state takes the form ∣ψ(s)⟩ = ∑σ

√

P (σ∣s) ∣σ⟩. Here these states are Wegner-dual to those of deformed toric codes, where β is the strength
of the wavefunction deformation. (b) Phase diagram according to the classical Bayesian rule or the quantum Born rule. The paramagnet
and ‘spin glass’ phases correspond to short- and long-range nonlinear correlations [⟨σiσj⟩

2
s] ≡ ∑s[∑σ P (σ∣s)σjσj]

2, respectively, but
both have short-range linear correlations [⟨σiσj⟩s] = [⟨σiσj⟩], while the ferromagnet has long-range linear correlations. The three different
universality classes of the transitions we study are indicated I (Ising), N (Nishimori) and T (tricritical). (c) Relation between phases of the
classical inference problem and the measured and deformed toric code, and symmetries of the Rokhsar-Kivelson classical-quantum state
∑s P (s) ∣s⟩ ⟨s∣ ⊗ ∣ψ(s)⟩ ⟨ψ(s)∣ consisting of both the measurement record ∣s⟩ and post-measurement states ∣ψ(s)⟩.

the two problems, in Fig. 1. We note in passing that a simi-
lar structure of the phase diagram is found for a measurement
version of the all-to-all interacting Ising ferromagnet, which
is a 1-replica generalization of the Sherrington-Kirkpatrick
model. In particular, there is also a tricritical point at finite
γc(βc) where the three phases meet, see Supplementary Ma-
terial (SM) [16].

We note that the β = 0 limit of our quantum problem [13]
is dual to those studied in Ref. [17, 18]. More gener-
ally, the effects of measurements on quantum ground states
can be understood by considering boundary perturbations to
Euclidean spacetime path integrals [19–30]. Like those in
Refs. [17, 18], the quantum states studied in this work are
of Rokhsar-Kivelson (RK) form [15, 31], which is connected
to the statistical mechanics of the classical Ising model. The
measurement-induced critical points of such RK states are
essentially described by non-unitary conformal field theories
(CFT) [32], as recently discussed in Ref. [33]. Similarly, non-
unitary CFTs describe [34–38] the critical (1+1)D monitored
quantum dynamics, whose learnability aspects have been elu-
cidated in Refs. [39–43].

Classical learning problem.– For a classical configuration
of spins σj = ±1 on the vertices j of a square lattice, the Gibbs
distribution is

P (σ) = e−βE(σ)/Z , Z =∑
σ

e−βE(σ) , (1)

where E(σ) = −∑⟨ij⟩ σiσj denotes the Ising energy of a full
configuration σ of spins σj . The Gibbs distribution max-
imizes the entropy subject to the constraint of fixed E =

∑σ P (σ)E(σ) [1, 2]. The ensemble undergoes a phase tran-
sition from the paramagnet phase at high temperature to the

ferromagnetic phase at low temperature across the 2D Ising
critical point at βc = ln

√
1 +
√
2.

We will study how this distribution is modified when we
‘learn’ the local correlation σiσj with i and j nearest neigh-
bors on the square lattice. Here ‘learning’ means that we ex-
tract a random binary variable sij = ±1 that is correlated with
σiσj , following a distribution P (sij ∣σiσj) = (1+γsijσiσj)/2
where γ ∈ [0,1] controls the learning precision and hence the
local entropy reduction, having an interpretation as a ‘mea-
surement strength’. For large γ we learn σiσj perfectly, max-
imally reducing the local entropy, while for γ = 0 we learn
nothing. The full set s of parameters sij (one for each edge of
the square lattice) then has a conditional product distribution

P (s∣σ) = ∏
⟨ij⟩

1 + γsijσiσj

2
, (2)

and unconditional distribution P (s) = ∑σ P (s∣σ)P (σ).
Having learned s, the distribution of σ is updated according
to Bayes’ theorem, see Fig. 1(a). The posterior probability
distribution is

P (σ∣s) =
1

Z(s)
exp
⎛

⎝
∑
⟨ij⟩

γ̃sijσiσj − βE(σ)
⎞

⎠
, (3)

with γ̃ ≡ tanh−1(γ). Here Z(s) is the normalization constant
that is proportional to the probability P (s) = Z(s)/∑sZ(s).
Note that, for β ≠ 0, this is a gauge asymmetric random bond
Ising model.

To study the effects of learning s, we ask how the correla-
tions between physical spins described by P (σ∣s) differ from
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FIG. 2. Finite threshold of the critical state. Shown is the domain
wall entropy Ic (equivalent to the coherent information), which sig-
nals the phase transition. (a) Ic for increasing measurement strength
at critical Ising temperature βc = ln

√

1 +
√

2. The pink shade high-
lights the critical region with finite fraction of Ic, between the Ising
critical point “I” and the tricritical point “T”, at γT ≈ 0.598(2). It is
found that Ic yields a nonzero scaling dimension η/ν at the tricritical
point, in contrast to scaling invariant at the Ising critical point. (b)
Ic along tuning temperature at a chosen finite measurement strength
below the threshold at γ = 0.3 < γT . Numerical computation is per-
formed for a square stripe of length d, which is dual to a deformed
surface code of code distance d. The error bars of standard deviation
are smaller than the markers.

the correlations described by P (σ). We can develop some
intuition by considering the limit γ = 1, where sij = σiσj .
In this case, P (σ∣s) = 1/2 for the two spin configurations σ
that are consistent with the observed s (and that are related
to each other by σ → −σ), while P (σ∣s) = 0 for all other
configurations. Therefore, the conditional correlation func-
tion ⟨σiσj⟩s ≡ ∑σ P (σ∣s)σiσj is simply ⟨σiσj⟩s = ±1.

More generally, the correlations described by the condi-
tional distributions P (σ∣s) depend sensitively on s, and the
relationship between ⟨σiσj⟩s and s can be quite complex. In
order to probe the effects of learning at the level of the en-
semble of all possible s, we will study averages of correla-
tion functions over this ensemble. We will denote averages
with respect to P (s) by [⋯]. For example, for γ = 1 we
saw above that [⟨σiσj⟩2s] = 1. Note that, on the other hand,
[⟨σiσj⟩s] = ⟨σiσj⟩ for all γ, where ⟨⋯⟩ is an (unconditional)
average with respect to P (σ).

Nonlinear probes of the effects of learning.– The above ex-
amples illustrate a general feature of learning problems: Av-
erages over linear functions of conditional correlations are in-
sensitive to the effects of learning, i.e. [⟨⋯⟩s] = ⟨⋯⟩, where

‘⋯’ is a function of σ. To probe the effects of learning at the
level of the ensemble of s, it is necessary to average nonlinear
functions of the conditional correlations. In the paramagnetic
(PM) phase (at small β and small γ) the Edwards-Anderson
correlation function [⟨σiσj⟩2s] vanishes at large separation be-
tween i and j, while in the ‘spin glass’ (SG) phase (at small
β and large γ) this correlation is finite at large separations. At
β = 0, where the model is on the Nishimori line [8, 44], the
location γc(β = 0) of the transition between PM and SG has
been identified as γc(0) ≈ 0.782, which corresponds to the
known critical disorder probability 10.9% [45–48].

Here it will be convenient to study an averaged domain wall
entropy, and we will use this object to identify and to probe the
transition in correlation functions that occurs as γ is increased
through γc(β). This domain wall entropy will also turn out to
have a clear physical meaning in the context of the deformed
toric code where it is equivalent to the coherent information.
To define the domain wall entropy, we consider a d× d square
lattice Ising model in a stripe geometry and introduce two ad-
ditional spins coupled, respectively, to all of the original spins
at the two opposite ends of the stripe. The coupling β between
these new ‘boundary’ spins σL and σR and the bulk spins σj
is the same as between neighboring bulk spins.

We then study the effect of learning sij for all i, j ≠ L,R on
the correlations Cs ≡ ⟨σLσR⟩s between σL and σR. Graphi-
cally, Cs can be represented by

C = σ σ =

− ↑ ↓↑ ↓

+ ↑ ↓↑ ↓

. (4)

Since the probability for the absence/presence of a domain
wall is (1 ±Cs)/2, the conditional domain wall entropy is

Is ≡ −
1 +Cs

2
log2

1 +Cs

2
−
1 −Cs

2
log2

1 −Cs

2
, (5)

and the ensemble averaged domain wall entropy is denoted
Ic ≡ [Is]. In the PM phase, domain wall fluctuations destroy
long-range conditional correlations, so that Ic → 1 at large
linear dimension d. In the SG phase we instead expect Ic → 0
at large d. On the other hand, in the low temperature phase
β > βc, the prior distribution is already a long-range ordered
ferromagnetic (FM) phase, thus for all γ we expect vanishing
domain wall entropy Ic → 0 for large L.

We now numerically calculate Ic across the learning tran-
sition, extracting γc(β) and the critical exponent νγ = νγ(β)
governing the divergence of the correlation length. The expo-
nent νγ(β) is here defined from the dependence of Ic on γ at
fixed β and for γ ≈ γc(β). We can similarly define the thermal
correlation length exponent νβ = νβ(γ) from the dependence
of Ic on β at fixed γ and for β ≈ βc. Our numerical calcu-
lations are carried out as follows: First we sample configura-
tions of σiσj , and hence sij using Eq. (2), from a standard
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FIG. 3. Critical scaling and RG flow at the transition lines. (a)
From Nishimori critical to the tricritical point: the critical exponent
νγ across γc defined by ξ ∝ (γ − γc)−νγ , calculated for horizon-
tal cuts of fixed β. (b) From clean Ising critical to tricritical point:
the critical exponent νβ for ξ ∝ (β − βc)−νβ , calculated for vertical
cuts of fixed γ. The critical exponents are extracted from the coher-
ent information Ic (d = 8,16,32,64), using a scaling ansatz with
two critical exponents νγ and η, see the Appendix. In the respec-
tive limits, the numerical results agree with the known exponents for
Nishimori νγ(0) = 1.564(46) (blue circle) and Ising νβ(0) = 1
(red circle) criticality. The tricritical point has scaling exponents
νγ(βc) = 2.658(54) and νβ(γc) = 0.9389(66).

Monte Carlo simulation of the classical Ising model, and we
then use tensor network methods [13] to evaluate conditional
observables such as Is. By averaging Is over observed s we
arrive at the estimates for Ic in Fig. 2.

In Fig. 2(a) we vary γ at β = βc. For small γ the data
shows that Ic is approximately independent of d, whereas for
large γ the domain wall entropy is suppressed upon increasing
d. This suggests that γT ≡ γc(βc) is finite. Indeed, we can
collapse Ic for various d and γ as shown in the inset, with
our results indicating γT ≈ 0.598(2) and a correlation length
exponent for the learning transition of νγ(βc) = 2.658(54).
Interestingly, the exponent νγ(βc) is distinct from the β = 0
value νγ(0) = 1.564(46); we will analyze the behavior of
νγ(β) in more detail below.

In Fig. 2(b) we vary β with γ fixed to be below the threshold
γT . As expected, for high temperature β < βc, increasing d
causes Ic to approach unity, while for low temperature β > βc
we find that Ic decays rapidly with increasing d. The data
collapse (inset) shows that away from the tricritical point the
thermal correlation length exponent νβ(γ) = 0.998(5), con-
sistent with the analytical value νβ(0) = 1 for the 2D Ising
transition.

In Fig. 3 we show the variation of the critical exponents
along the transition lines. Figure 3(a) shows the critical ex-
ponent νγ(β) for the learning transition as a function of β,
i.e. moving from the Nishimori point to the tricritical point.
The change in νγ(β) from νγ(0) = 1.564(46) to νγ(βc) =
2.658(54) occurs over a small interval of β/βc just below
unity. These results suggest that the learning transitions with
β < βc are in the same universality class as the learning transi-
tion at β = 0, but that the transition at β = βc is distinct. That
is, we can identify [49] an RG flow from the tricritical point at
critical temperature βc to the Nishimori fixed point at infinite
temperature β = 0, consistent with the perturbative RG analy-

sis of Ref. [50]. Figure 3(b) shows the critical exponent νβ(γ)
for the thermal phase transition as a function of γ (i.e. from the
pure Ising to the tricritical transition); we again find a fairly
sharp change in the exponent on approaching the tricritical
point. Together, the numerically extracted critical exponents
indicate a tricritical point at finite γc(βc) = 0.598(2) that is
unstable, flowing to Ising criticality along the phase boundary
with β = βc and γ < γc(βc), and to Nishimori criticality on
the phase boundary with β < βc and γ = γc(β), see Fig. 1(b).

Marginal irrelevance of weak measurement.– We now use
a replica field theory to explain why γT is finite. The replica
trick involves writing nonlinear correlation functions as, e.g.,

[⟨σiσj⟩
2
s] = lim

n→1

∑s P
n(s)[∑σ P (σ∣s)σiσj]

2

∑s P
n(s)

(6)

for bulk correlations. A similar expression holds for Ic. The
idea is then to calculate correlation functions for integer n ≥ 2
and then analytically continue the results to n = 1.

From Eq. (6) it is clear that, in the replica theory, the ob-
ject ∑s P

n(s) plays the role of the partition function. Using
the expression for P (s) as a sum over spin configurations σ,
we can sum over s such that ∑s P

n(s) becomes a partition
function for n classical Ising models, having degrees of free-
dom σa

i with a = 1, . . . , n replica indices, and ‘inter-replica’
couplings σa

i σ
a
j σ

b
iσ

b
j on all nearest-neighbor bonds ⟨ij⟩.

Since for β = βc and γ = 0 the long-distance behavior of
correlation functions can be calculated using the Ising CFT, it
is natural to expect that the effects of a small nonzero γ can
be determined using this framework. We therefore consider an
n-replica Ising CFT with local perturbations that couple even
parity fields (since σiσj is even under the parity transforma-
tion σ → −σ). The action for this theory is

Sn =
n

∑
a=1
S
a
I − g

n

∑
a,b=1
a≠b

∫ d2xεa(x⃗)εb(x⃗) , (7)

where SaI describes the ath replica of the unperturbed Ising
CFT, with a = 1, . . . , n, the parameter g ∝ γ̃2, and εa(x⃗)
is the energy density in replica a and at position x⃗ = (x, y).
The spin density is denoted by σa(x⃗). Within this theory, the
Edwards-Anderson correlation function [⟨σiσj⟩2s] is given by
the n → 1 limit of ⟨σ1(x⃗i)σ

1(x⃗j)σ
2(x⃗i)σ

2(x⃗j)⟩Sn , where
⟨⋯⟩Sn is an average with respect to the statistical weight
e−Sn , and x⃗i is the position of site i. To determine whether
[⟨σiσj⟩

2
s] is modified at long distances relative to the behav-

ior ∼ 1/√rij at g = 0, we renormalize g. The RG flow under
an infinitesimal change of the lattice scale by a factor eℓ is

dg

dℓ
= 4π(n − 2)g2 +O(g3) . (8)

Sending n → 1 we see that a small nonzero g flows to zero
under RG. The marginal irrelevance of the effects of measure-
ments at β = βc indicates that γT > 0. This is consistent with
our numerical results above.
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Deformed toric code.– Here we discuss the connection be-
tween our results and the effects of weak measurements on
deformed toric code wavefunctions. Ising models in the ge-
ometry discussed in connection with Fig 2 and Eq. (5), with
boundary conditions µ = σLσR = ±1, are associated with RK
wavefunctions ∣ψµ⟩ = ∑σ

√
Pµ(σ) ∣σ⟩, where Pµ(σ) is the

Boltzmann weight for the bulk spins σ with boundary condi-
tion µ. These wavefunctions are dual to the two logical states
of deformed toric codes on open surfaces (surface codes),
which we denote ∣ϕµ⟩ ∝ exp( 1

2 ∑⟨ij⟩ βZij) ∣toric codeµ⟩. In
∣ϕµ⟩ the qubits reside on edges ⟨ij⟩ of the square lattice, Zij is
a Pauli matrix, and ∣toric codeµ⟩ is an ideal toric code ground
state with µ = ±1 specifying the logical state. These deformed
states undergo quantum phase transitions across (2+0)D con-
formal quantum critical points [15] at βc, see Fig. 1(b). If,
in addition, we apply weak measurement of strength γ to ev-
ery qubit of the toric code state ∣ϕµ⟩, this results in a statistical
ensemble of post-measurement states conditioned on the mea-
surement outcomes s

∣ϕµ(s)⟩ ∝ ∏
⟨ij⟩
[1 + tanh(γ̃/2)sijZij] ∣ϕµ⟩ . (9)

Here the measurement probability is given by Born’s rule
P (s) = ∑µ ⟨ϕµ(s)∣ϕµ(s)⟩ which leads to the exact same re-
sult as Bayes’ rule (3) in the classical inference model. The
coherent information [51, 52] of the toric code [11] under such
measurement channel is related to the domain wall entropy Ic
in (5), by noting that now Cs = ⟨ϕ−(s)∣ϕ+(s)⟩ takes physical
meaning as the fidelity between two topologically degenerate
states [13]. Then it is straightforward to map the phase dia-
gram of the classical inference model to that of the toric code
in Fig. 1(b,c). In the SG regime, the toric code is subjected
to strong measurement and dephased into a classical loop gas,
which loses the quantum memory (Ic = 0) but still retains a
classical topological memory encoded by the domain wall as
a non-contractible loop. Such a phase is characterized by or-
der parameters [Cs] = 0 , [C2

s] ≠ 0. In the FM regime, the
classical topological memory is lost, since the domain wall is
exponentially suppressed dictated by [Cs] ≠ 0. The location
of the phase boundary between the PM and the SG phases,
γc, determines the information-theoretic threshold of the toric
code states against measurement. According to the phase di-
agram, when one deforms the toric code away from its β = 0
fixed point by increasing β, the information-theoretic thresh-
old γc decreases from γN ≈ 0.782 (Nishimori threshold) to
γT ≈ 0.598(2) (tricritical threshold) instead of vanishing as
the critical point is approached. Then it suddenly drops to
zero when it becomes a trivial phase. In other words, the ex-
istence of a tricritical point at finite γT means that coherent
superpositions of deformed toric code states remain stable to
measurement even when arbitrarily close to the critical point.
Here, this is a consequence of the marginal irrelevance of Z2

symmetric measurements in the Ising CFT.
Symmetry perspective.– Let us close by discussing the sym-

metries of the three phases around the tricritical point. We will
focus on the RK wavefunctions ∣ψ(s)⟩ = ∑σ

√
P (σ∣s) ∣σ⟩

associated with the conditional distributions P (σ∣s); for this
discussion we can consider an infinite system, and so we omit
the boundary condition index µ. Ising criticality is, of course,
a well-known universality class for Z2 symmetry breaking
in disorder-free situations (e.g., when moving from param-
agnet to ferromagnet). In the presence of disorder, Nishi-
mori criticality – in lieu of Ising – has been found to be
ubiquitous in Z2 mixed quantum states governed by Born’s
rule [10, 11, 14, 17, 18], where it has been connected to
Z2 strong-to-weak spontaneous symmetry breaking [53–55].
These two universality classes naturally appear in the problem
at hand, and are inevitably bound to join at the tricritical point
we have identified, see Figs. 1(b,c). The three phases meet-
ing at the tricritical point distinguish themselves by exhibiting
strong, weak, or no Z2 symmetry, in a sense we now discuss.

The whole statistical ensemble of pure states can be com-
pactly described by a block-diagonal classical-quantum den-
sity matrix [33] of the form ρ = ∑s P (s) ∣s⟩⟨s∣⊗∣ψ(s)⟩⟨ψ(s)∣,
where ∣s⟩⟨s∣ is the state of the register that records the mea-
surement outcomes. It is then easy to check that the mixed
quantum state ρ possesses a strong (exact) Z2 symmetry
(∏jXj)ρ = ρ = ρ (∏jXj) throughout the phase diagram.
For β > βc this symmetry is spontaneously broken to null
symmetry resulting in the ferromagnetic phase. For β < βc
there is no exact long-range order since the ferromagnetic
correlation vanishes. Nonetheless, at large γ we can relate
the spin-glass correlations to the mixed-state fidelity corre-
lator [53, 54] F(ρ,ZiZjρZjZi) = [∣⟨σiσj⟩s∣], indicating
the existence of a SW-SSB phase with statistical average
long-range order. To conclude, the relevant symmetry-
preserving perturbations out of the tricritical point could
lead to three distinct phases: a strongly symmetric phase
(PM), a strong-to-weak symmetry broken phase (SG), or a
conventional symmetry broken phase (FM).

Note added.– Upon completion of this work, we became
aware of a related independent study [56] of Bayesian infer-
ence in the context of classical lattice models. Our results on
the classical Ising model agree where they overlap.

Data availability.– The numerical data shown in the figures
and the data for sweeping the phase diagram is available on
Zenodo [57].
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[57] M. Pütz, S. J. Garratt, H. Nishimori, S. Trebst, and G.-Y.
Zhu, Data for “Learning transitions in classical Ising models
and deformed toric codes”, Zenodo 10.5281/zenodo.15227834
(2025).

https://doi.org/10.1103/PhysRevX.14.041012
https://doi.org/10.1103/PRXQuantum.5.020304
https://arxiv.org/abs/2503.10308
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1103/PhysRevLett.87.047201
https://doi.org/10.1103/PhysRevB.65.054425
https://doi.org/10.1103/PhysRevB.65.054425
https://doi.org/10.1088/1751-8113/48/9/095001
https://doi.org/10.1103/PhysRevB.111.094201
https://doi.org/10.1103/PhysRevB.40.9249
https://doi.org/10.1103/PhysRevA.54.2629
https://doi.org/10.1103/PhysRevLett.125.070606
https://doi.org/10.1103/PhysRevB.110.155150
https://doi.org/10.1103/PRXQuantum.6.010344
https://arxiv.org/abs/2409.17530
https://arxiv.org/abs/2504.01264
https://doi.org/10.5281/zenodo.15227834


8

Supplemental Material

Numerical method: sampling and random tensor network

In our numerical simulation, we first generate the samples s
for the precise learning limit γ = 1. This can be done by stan-
dard Monte Carlo method sampling of Ising configurations σ
with the Boltzmann weight P (σ). We can then convert the
Ising configurations to domain wall configurations via the du-
ality transformation: σiσj = sij , for any bond ⟨ij⟩. When the
measurement strength is decreased to γ < 1, we randomly flip
the sign of each bond variable sij with a probability (1−γ)/2,
according to P (sij ∣σiσj) = (1 + γsijσiσj)/2. In this way we
obtain the samples s for arbitrary measurement strength γ.
Then we use the samples s to construct the random tensor net-
work for the partition function Z(s). As shown in Fig. 4, we
can contract out the tensor network by performing a (1+1)D
matrix product state evolution from left to right. Note that
this single layer Ising tensor network can also be fermion-
ized into a (1+1)D monitored Gaussian fermion chain, or a
2D Chalker-Coddington network model [33, 46] for efficient
simulation, but the tensor network contraction can be applied
to more generic statistical model that cannot be mapped to
free fermion models.

=

time

FIG. 4. Random tensor network for the measurement problems
can be decomposed into slices of random matrix product operator as
transfer matrices. A (1+1)D matrix product state evolves from left to
right by the transfer matrices.

Supplementary numerical data

Moments of domain wall correlation

Let us supplement the numerical data in the main text
by different moments of the domain wall correlation func-
tions [Cs], [C2

s], and [∣Cs∣] weeping γ along the same crit-
ical line β = βc, see Fig. 5. The ferromagnetic correla-
tion as a linear average of the density matrix does not de-
pend on the measurement strength γ, as expected. The dis-
order average of the absolute value is related to the fidelity
correlator [53, 54] of the classical-quantum mixed state [33]

ρ = ∑s P (s) ∣s⟩⟨s∣ ⊗ ∣ψ(s)⟩⟨ψ(s)∣:

[∣Cs∣] = ∑
s

P (s)
√
C2

s = F(ρ,ZiZjρZjZi) , (10)

where F(ρ1, ρ2) = tr
√√

ρ1ρ2
√
ρ1 is the mixed state fi-

delity. [C2
s] is the Edwards-Anderson order parameter often

employed to detect the spin glass order. The two non-linear
probes here signal the phase transition at γc that are roughly
consistent with the entropy.

Data collapse and critical exponents

Next we show a detailed exposition of the finite-size scaling
data collapse that we employ to extract the critical exponents
from Ic:

Ic(γ) = L
ηβ/νγf(d1/νγ (γ − γc)) , (11)

where f(x) is a scaling function. Fig. 6 shows such s data
collapse for the learning transition at the critical temperature
βc, when sweeping the measurement strength γ.

[|
C s

|]

0.4

0.7

1.0

[ C
s2 ]

0.2

0.6

1.0

measurement strength 𝛾

0.0 0.5 1.0

[ C
s]

− 1.0

0.0

1.0

(𝛾 − 𝛾c)/𝛾c ⋅ d 1/𝜈𝛾

−1 0 1

[|
C s

|]

(𝛾 − 𝛾c)/𝛾c ⋅ d 1/𝜈𝛾

−1 0 1

[ C
s2 ]

d
128
64
32
16
8

𝛾c

𝜈𝛾

= 0.594(1)

= 2.71(4)

𝛾c

𝜈𝛾

= 0.593(1)

= 2.72(2)

[∣
C

s
∣]

[C
2 s
]

[C
s
]

[∣C
s
∣]

[C
2 s
]

FIG. 5. Varying moments of domain wall correlation functions,
averaged according to the Bayes / Born rule, along the critical line
β = βc of sweeping γ.
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FIG. 6. Finite-size data collapse of the average domain wall en-
tropy/coherent information Ic on the critical line β = βc Besides the
critical measurement strength γc the collapse allows to extract the
two critical exponents νγ and ηγ , with the three contour plots indi-
cating the quality of the fits in relative coordinates.

Critical exponents along the critical lines

Let us supplement Fig. 3 of the main text with detailed fit
results for both critical exponents and the critical threshold
value from the data collapse along the critical lines are shown
in Fig. 7.

Exactly solved models

Here we show two variants of the models discussed in the
main text that are exactly solvable. The first one is an all-to-all
interacting Ising model bearing similarity to the Sherrington-
Kirkpatrick model, both of which are exactly solved by mean
field theory. The second one is a 2-replica variant of the
model, which can be mapped to the Ashkin-Teller model, see
Fig. 8.

Exactly solved all-to-all model

In this Appendix we discuss the effects of measurements on
all-to-all ferromagnets. The probability to find the system in
configuration σ is

P (σ) ∼ e
β
N ∑i<j σiσj , (12)

where we have rescaled the coupling by 1/N so that the en-
ergy is extensive. Using a Gaussian measurement model, the

𝛾
c

0.6

0.7

𝛽
c' /

𝛽
c

1.000

1.001

𝜈
𝛾

1.5

2.0

2.5

𝜈
𝛽

1.0

0.97

0.94

𝛽/𝛽c

0.0 0.5 1.0

𝜂
𝛾

− 0.1

0.0

𝛾

0.0 0.3 0.6

𝜂
𝛽

−0.01

0.00

0.01

FIG. 7. Fit critical exponents along the critical lines. Left panel:
scaling exponents of the inference transition (horizontal cuts of the
phase diagram in the main text), for the critical line between the
Nishimori criticality at infinite temperature β = 0 and the tricriti-
cal point at βc. Right panel: scaling exponents of the thermal phase
transition (vertical cuts of the phase diagram in the main text), for
the critical line between the tricritical point at γc and the clean Ising
point at γ = 0. β′c not being exactly βc is a numerical artifact from the
finite size scaling, similar to η not being exactly 0 at the Nishimori
point (left plot β = 0) and the clean Ising point (right plot γ = 0).

probability density to find outcomes s = {sij} is

P (s) ∼ ∑
σ

e
β
N ∑i<j σiσj− γ2

2N ∑i<j[sij−σiσj]2 , (13)

where the distribution is normalized as ∫
∞
−∞∏i<j dsijP (s) =

1. Increasing γ corresponds to increasing the correlation be-
tween sij and σiσj . To calculate averages of (nonlinear)
correlations over s, we use a replica trick. The partition
function for the n replica theory is Zn = ∫ dsP

n(s) and
ds = ∏i<j dsij . Integrating out s we have

Zn ∼ ∑
σ1⋯σn

e
β
N ∑α∑j<k σα

j σα
k +

γ2

nN ∑α<β ∑j<k σα
j σα

k σβ
j σ

β
k , (14)

where the superscript α = 1,⋯, n is a replica index. We
can decouple the interactions between different spins j in two
steps. First we introduce variables mα and qαβ (for α < β):

Zn ∼ ∫ ∏
α

dmα
∏
β>α

dqαβe−
1
2Nβ∑α(mα)2+βmα∑j σ

α
j (15)

×e−
1
2nNγ2∑α<β(qαβ)2+ γ2

n ∑α<β qαβ ∑j σ
α
j σβ

j .
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FIG. 8. Exactly solved models. (a) Phase diagram of measured all-
to-all interacting Ising model, exactly solved by mean field theory
akin to the Sherrington-Kirkpatrick model. (b) 2-replica variant of
the model, by mapping the 2-replicated partition function P (s)2 to
the Ashkin-Teller model.

At large N we use a saddle point approximation: qαβ = q and
mα = 1. Then ∑α<β q

αβσα
j σ

β
j =

1
2
q[(∑α σ

α
j )

2 − n], and we
can absorb the term quadratic in spins using

∑
σ1
j⋯σn

j

eβm∑α σα
j −

γ2q
2 +

γ2q
2n (∑α σα

j )
2

∼ ∫ dz eβm∑α σα
j −

γ2q
2 −

1
2 z

2+zγ(q/n)1/2∑α σα
j (16)

= 2ne−
γ2q
2 ∫ dze−

1
2 z

2

coshn [βm + γ(q/n)1/2z].

In our saddle point approximation, we then have Zn ∼

∫ dmdqe
−Nfn[m,q] with free energy density

fn[m,q] =
1

4
(n − 1)γ2q2 +

1

2
nβm2

+
1

2
γ2q (17)

− ln∫ dz e−z
2/2 coshn [βm + γ(q/n)1/2z].

To identify the PM-SG boundary we setm = 0 and expand the
free energy density in powers of q:

fn[0, q] =
1

4
(n − 1)(1 − γ2/n)γ2q2 +O(q3). (18)

For n = 1 + ϵ the prefactor of q2 changes sign at γ2 = 1 + ϵ,
indicating that for ϵ → 0 the phase boundary is at γ = 1 inde-
pendent of β. To identify the PM-FM boundary we minimize
fn[m,q] with respect to m. The result, for n→ 1, is

m = ∫
dz e−z

2/2 sinh[βm + γq1/2z]

∫ dz e−z
2/2 cosh[βm + γq1/2z]

. (19)

Expanding the right-hand side in powers of γ, it can be ver-
ified that this self-consistency equation is m = tanh[βm] at
all orders. As required, the PM-FM boundary (as well as the
SG-FM boundary) is independent of γ.

Exactly solved 2-replica model

Although it is more natural to study conditional expectation
values ⟨⋯⟩s weighted according to the distribution P (s), for

example ∑s P (s)⟨σiσj⟩
2
s, we can develop more insight into

the full ensemble of conditional states by weighting averages
by powers of P (s). For example, we can ask about the be-
havior of ∑s P

n(s)⟨σiσj⟩
2
s/∑s P

n(s) with separation as β
and γ are varied. For n > 1 such averages bias the distribu-
tion towards more likely outcomes s. Note also that, through
Eq. (6), we can understand these theories as corresponding to
a general number n of replicas.

Here, a key advantage of considering such objects is that for
n = 2 we can solve the resulting statistical mechanics model
exactly. This is because the n = 2 theory is simply the Ashkin-
Teller model. Denoting γ̃ = tanh−1(γ) we have

∑
s

P 2
(s) ∝ ∑

s,σ,τ

e∑⟨ij⟩(β+γ̃sij)(σiσj+τiτj)

∝ ∑
σ,τ

e∑⟨ij⟩ β(σiσj+τiτj)+tanh−1(γ2)σiσjτiτj .
(20)

Here we use the notation σj = σ1
j , τ = τ2j for the spins in

the two replicas a = 1,2. The analogue of the spin glass
order parameter in this limit is represented by the linear ob-
servable ⟨στ⟩ weighted according the n = 2 partition function
∑s P

2(s).
Note that the solution of the Ashkin-Teller (AT) model pro-

vides us with predictions for the behavior of Rényi-2 fidelity
correlator [53, 54] in the classical-quantum Rokhsar-Kivelson
state ρ = ∑s P (s) ∣s⟩ ⟨s∣ ⊗ ∣ψ(s)⟩ ⟨ψ(s)∣. This correlator can
be used to detect SW-SSB in the absence of conventional SSB,
and is defined by

F2(ρ,ZiZjρZjZi) =
tr(ZiZjρZjZiρ)

trρ2
. (21)

Inserting our expression for ρ it is clear that

F2(ρ,ZiZjρZjZi) = ⟨σiτiσjτj⟩AT. (22)

For comparison, conventional SSB is detected by

F2(ρ,ZiZjρ) =
∑s P (s)

2⟨ZiZj⟩

∑s P (s)
2

= ⟨σiσj⟩AT . (23)

Thus the “partial order” in the Ashkin-Teller model i.e. ⟨στ⟩ ≠
0 is equivalent to replica correlation and, in our case, corre-
sponds ‘spin glass’ order in the n = 2 theory.

The phase diagram of the Ashkin-Teller model is schemat-
ically shown in Fig. 8b. A qualitative distinction with the
1-replica case is that the ferromagnetic phase is enhanced
by the measurement, which raises the critical temperature.
The transition line between ferromagnetic and paramagnetic
phases is pinpointed exactly by the Kramers Wannier self-
duality sinh(2β) = exp(−2 tanh−1 γ2), which exhibits con-
tinuously varying critical exponents and are described by the
compactified boson conformal field theory (CFT) with cen-
tral charge c = 1. This c = 1 critical line starts from the γ =
0, β = βc point, which is described by two decoupled Ising
CFTs with c = 1/2 respectively. The self-dual critical line
terminates at the S4 symmetric Potts point βp = tanh

−1 γ2p =
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tanh−1(1/2)/2 = 0.2746..., namely, γp = 0.5176.... Beyond
this point, it splits into two Ising critical lines sandwiching a
phase with the so-called “partial order” ⟨σiτiσjτj⟩AT ≠ 0 in
the context of the Ashkin-Teller model. Put in our context, this
corresponds to the “spin glass” phase in the 2-replica theory.
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