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Motivated by the search for unconventional orders in frustrated quantum magnets, we present a multi-method
investigation into the nature of the quantum phase diagram of the spin-1,/2 Heisenberg model on the maple-leaf
lattice with three symmetry-inequivalent nearest-neighbor interactions. It has been argued that the parameter
regime with antiferromagnetic couplings on hexagons .J;, and ferromagnetic couplings on triangles .J; and dimer
Jq bonds, is potentially host to a cornucopia of emergent phases with unconventional orders. Our analysis indeed
identifies an extended region where any conventional dipolar magnetic order is absent. A hexagonal singlet
state is found in the region around J4 = J; = 0, while a dimerized hexagonal singlet order of a lattice nematic
character appears proximate to the phase boundary with the ¢120°antiferromagnetic order. Interestingly, upon
traversing the bulk of the paramagnetic (PM) region, we find a variety of distinct correlation profiles, which are
qualitatively different from those of the hexagonal singlet and dimerized hexagonal singlet orders but feature no
appreciable spin-nematic response, while the boundary with the ferromagnetic phase shows evidence of spin-
nematic order. This PM region is thus likely host to an ensemble of nonmagnetic phases which could putatively
include quantum spin liquids. Our phase diagram is built from a complementary application of state-of-the-
art implementations of the cluster mean-field and pseudo-fermion functional renormalization group approaches,
together with an unconstrained Luttinger-Tisza treatment of the model providing insights from the semi-classical

limit.

I. INTRODUCTION

In frustrated magnetism, the maple-leaf lattice (MLL) has
emerged as a new playground for realizing novel magnetic or-
ders and unconventional phases triggered by geometric frus-
tration. The spin S = 1/2 Heisenberg antiferromagnet on
MLL is among a handful of models of quantum magnetism
which lend to an exact determination of the ground state [1].
It shares with the iconic Shastry-Sutherland lattice [2] a per-
fect dimer order in the ground state over an extended region
of antiferromagnetic Heisenberg couplings. Proximate in pa-
rameter space of these two models also lurks Néel antiferro-
magnetic order, thereby arousing speculations of deconfined
quantum critical points adjoining these orders or being proxi-
mate in parameter space with a gapless quantum spin liquid
phase originating therefrom and sandwiched between these
orders. Such scenarios have recently been proposed for the
Shastry-Sutherland lattice [3—14], however, the situation on
the MLL remains less clear with hints at a possible unconven-
tional intermediate phases [15-20]. In this work, we inves-
tigate a model on the MLL with mixed ferro- and antiferro-
magnetic couplings, which has offered the possibility of de-
confined quantum criticality and putative quantum spin liquid
behavior [21, 22]. Furthermore, on many of the Archimedean
lattices such as the square [23-25], honeycomb [26], triangu-
lar [27] and kagome [28], such a competition between ferro-
magnetic and antiferromagnetic couplings (often conspiring
with magnetic field) has been argued to give birth to multi-
polar orders and new types of conventional magnetic phases
stabilized purely by quantum fluctuations. = Motivated by
these possibilities, we investigate the nearest-neighbor spin

S = 1/2 Heisenberg Hamiltonian on MLL given by

H: ZJhSzS]—i— ZJdSi'Sj+ZJtSi'Sj7 (1)
(ij)n (i5)a (i)

where J, > 0 (antiferromagnetic), J; < 0 (ferromag-

netic), and J; < 0 (ferromagnetic) are the three symmetry-

inequivalent couplings between the hexagons, dimers, and

triangles, respectively, as they appear in the maple-leaf lat-

FIG. 1. Maple-leaf lattice in real- and momentum-space (a) The
maple-leaf lattice, with the three symmetry-inequivalent nearest-
neighbor couplings J¢, Jq, and Jp, highlighted in different colors.
In this work, we consider J;, > 0 and Jg4, J; < 0. (b) The dashed
line indicate the Brillouin zone of the maple-leaf lattice, while the
solid line represents the extended Brillouin zone corresponding to
the first Brillouin zone of the triangular lattice, which becomes the
maple-leaf lattice upon 1/7 depletion. The extended Brillouin zone
can also be obtained by scaling the original Brillouin zone by a fac-
tor of v/7 and rotating it by an angle ¢ = arccos Q%ﬁ Dots mark
the allowed momenta on the eighteen-site clusters (shown in Fig. 4)
we consider in our CMFT analysis. Among those, the five symmetry
inequivalent momenta are additionally labeled.
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FIG. 2. Schematic phase diagram and representative states summarizing the results from our Luttinger-Tisza, CMFT and pf-FRG analyses.
We consider antiferromagnetic J, > 0 and ferromagnetic J4, J; < 0. The phase boundaries (solid lines) are obtained from pf-FRG. For
large negative J; and/or J;, conventionally ordered Néel, FM and c¢120°phases appear in all methods. The corresponding real-space spin
configurations are depicted in panels (b)-(d), where the dashed blue lines indicate possible choices for the six (Néel and FM) and eighteen
(c120°) site magnetic unit cells. Between these ordered phases lies a broad paramagnetic (PM) regime without conventional dipolar order,
whose correlation profile suggests the presence of several different unconventional phases within. Both CMFT and pf-FRG indicate an
extended region around J; = J; = 0 that realizes the hexagonal singlet (HS) state. Additionally, our results support the presence of a smaller
phase with dimerized hexagonal singlet (d-HS) correlations near the boundary of the ¢120°phase, though its precise extent remains unclear.
Panels (e) and (f) show the nearest-neighbor correlation of the singlet states, where red implies antiferromagnetic and blue ferromagnetic
correlations. At the boundary between the PM regime and the FM phase, pf-FRG shows a strong tendency towards spin-nematic order.
Furthermore, within the PM regime, we identify a region (marked in green) showing qualitatively different correlations from the HS and d-HS
state and no strong nematic response. This may indicate the presence of an additional, non-magnetic, putative quantum spin liquid (QSL)
phase. Note that we are not able to determine precise phase boundaries in the PM regime and have thus indicated the approximate location of

different phases by color gradients.

tice illustrated in Fig. 1(a), and S; = (S¥,SY,S7)T are the
S = 1/2 spin operators at site i. We employ state-of-the-art
implementations of the pseudo-fermion functional renormal-
ization group (pf-FRG) approach [29] and cluster mean-field
theory (CMFT) [30, 31] to assess quantum fluctuations and
their role in distilling the dominant correlations from compet-
ing orders.

In the schematic quantum phase diagram shown in Fig. 2(a)
we observe that the system hosts three conventional long-
range magnetic orders, namely, the Néel antiferromag-
net [see Fig. 2(b)], a ferromagnet [see Fig. 2(c)] and a
cl20°antiferromagnet [see Fig. 2(d)]. These ordered regions
engulf an appreciable region in parameter space that lacks
conventional dipolar long-range magnetic order', labeled as
paramagnetic (PM) in Fig. 2(a). Upon traversing the length
and breadth of the PM region, we encountered a multitude

! By dipolar order we refer to ordered states characterized by an order-
parameter linear in the spin operators.

of qualitatively distinct magnetic correlation profiles, indicat-
ing the presence of different phases. Starting from the limit
of decoupled hexagons J; = J; = 0 that have a hexagonal
singlet (HS) ground state [see Fig. 2(e)], we find it to be sta-
ble over an extended region. This gives way to a dimerized
hexagonal singlet (d-HS) state [see Fig. 2(f)] in the PM re-
gion proximate to the phase boundary with c120°order. Inter-
estingly, along the boundary with the FM phase, we observe
strong tendencies of the spin rotation symmetry SU(2) sponta-
neously breaking down to U(1) thereby indicating the possible
presence of spin nematic order [32]. In a sizable PM region
[marked in dark green in Fig. 2(a)], we observe a multitude
of distinct correlation profiles which are qualitatively distinct
from those of the aforementioned unconventional orders and
this region does not show significant spin-nematic response.
It could therefore host additional nonmagnetic phases without
any symmetry breaking which could potentially be quantum
spin liquids.

Studies on material realizations of maple-leaf geometry in
the form of spangolite CugAl(SO4)(OH);2CI-3H,0 [33, 34],



bluebellite CuglO3(OH)1¢Cl [35-37], NaaMnzO7 [38, 39],
MgMn307-3H50 [40] have revealed a plethora of short-range
correlated phases at low temperatures as well as systems such
as Ho3ScOg [41, 42] which display long-range magnetic or-
der. There seems to be much promise with new candidate ma-
terials such as Fuettererite, PbgCu§+Teﬁ+06(OH)7C15 [43],
mojaveite [44], M, [Fe(O2CCH2)oNCH2PO3]g- nH20 [45],
[Mn34,07][BigOy4.5_y] [46] which await further character-
ization of their magnetic properties. Both spangolite [34]
and bluebelite [37] appear to be well described by spin-1/2
Heisenberg models with mixed ferromagnetic and antiferro-
magnetic couplings. Most relevant to this work is bluebelite,
which exhibits strong ferromagnetic J; (but AFM J,) inter-
actions and provides additional motivation for exploring the
parameter space studied here.

This paper is structured as follows. In Sec. II we describe
the classical magnetic orders that span the parameter space
based on a Luttinger-Tisza analysis. In Sec. III we discuss
the formalism of cluster mean-field theory (CMFT) and dis-
cusses its results, including the identification of two distinct
dimer phases and a symmetric paramagnetic regime, which
we tentatively associate with a quantum spin liquid. In Sec. V,
we briefly outline the pseudo-fermion functional renormal-
ization group (pf-FRG) approach and use it to support the
CMFT findings by examining the competition between mag-
netic order and paramagnetic behavior, and additionally argue
for hints of possible spin-nematic order. Finally, in Sec. VI
we summarize our findings and discuss the open issues.

II. CLASSICALLY ORDERED STATES FROM A
LUTTINGER-TISZA ANALYSIS

To capture the classical magnetic orders that span the phase
diagram we employ the unconstrained Luttinger-Tisza (LT)
approach [47, 48]. This approach studies the model in the
(classical) limit S — oo under the soft constraint of preserv-
ing only the total spin length instead of a hard constraint of
a constant spin length for each spin 2. Enforcing only this
global constraint permits a straightforward Fourier transfor-
mation of the interaction matrix and a subsequent diagonal-
ization of the Hamiltonian in momentum space. The momenta
g™ with eigenvectors of minimal energy then characterize
the LT ground state — a semiclassical approximation of the
true ground state with an energy that serves as a lower bound
on the exact ground-state energy. This relaxed constraint ap-
proach has been argued to provide an improved approxima-
tion of the quantum problem compared to a purely classical
analysis [50]. The fact that the LT approach works on an in-
finite lattice allows for the description of both commensurate
and incommensurate ground-state orders. This together with
the fact that, as in the quantum model, spin length is not con-
served makes it a suitable tool to compare it to and corroborate

2 The Luttinger-Tisza eigenstates on a spiral surface generically do not rep-
resent real normalizable spin configurations, i.e., the spin length on differ-
ent triangular sublattices are not equal in magnitude [49].

the results from our pf-FRG calculation, which we comment
upon in Sec. V.

The classical phase diagram obtained from the uncon-
strained LT approach is shown in Fig. 3(a). We identify three
commensurate orders that all fulfill the hard spin length con-
straint, namely, the Néel antiferromagnet, a canted 120° anti-
ferromagnet (c120°), and a ferromagnet (FM) [see Figs. 2(b)-
(d)], which are thus exact LT eigenstates. The c120° order has
a magnetic unit cell which is three times larger, i.e., has 18-
sites compared to the six-site crystallographic unit cell, and
the canting angle of spins in different triangles changes as a
function of the couplings. The triangular region surrounded
by these phases hosts an incommensurate spiral regime where
the q-vectors from LT do not fulfill the hard constraint. They
form a one-dimensional manifold in q-space that moves con-
tinuously from the I to the K point — this region is identified
as an incommensurate spiral (ICS) [the LT momenta for dif-
ferent orders are shown in Fig. 3(b)]. We henceforth label the
LT momenta as g-vectors, and later label the momenta that
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FIG. 3. Classical phase diagram from Luttinger-Tisza. (a) Magni-
tude ¢ = |q™™| of the g-vectors with minimal Luttinger-Tisza eigen-
value as a function of the ferromagnetic couplings J; and Jg (with
Jn > 0). (b) Corresponding q™™-vectors in the first Brillouin zone
for the different phases. In the Néel and the FM phase the minimal
momenta is located at q™™ = T, while in the c120° phase it coin-
cides with ™" = K. Between these phases, the q™-vectors lie
at incommensurate (ICS) momenta, continuously interpolating be-
tween the I and K points. In all phases except the ICS phase, the
hard spin-length constraint is satisfied, allowing real-space spin con-
figurations to be directly constructed from the Luttinger-Tisza eigen-
vectors. These configurations are depicted in Figs. 2(b)-(d). In the
ICS phase, only the soft spin constraint is satisfied.



appear in the structure factor as k vectors. This is because
they have a different periodicity: The LT q-vectors are inde-
pendent of the basis sites and are periodic in the Brillouin zone
of underlying triangular Bravais lattice (i.e., the first Brillouin
zone), hence, the Néel and FM orders both are g = 0. On the
other hand, the structure factor is periodic within an extended
Brillouin zone and differentiates between these states based
on the sublattice structure [see Fig. 1(b)].

With the classical phase diagram at hand, we now assess the
symmetry breaking tendencies for S = 1/2 by accounting for
quantum fluctuations within a cluster mean-field framework
which we discuss next.

III. CLUSTER-MEAN-FIELD-THEORY

To incorporate quantum fluctuations and enable the direct
detection of spontaneous symmetry breaking—such as mag-
netic order as well as nonmagnetic states with dimer order—
we employ cluster mean-field theory (CMFT). In CMFT,
quantum fluctuations are treated exactly within a finite size
cluster using exact diagonalization (ED), and interactions be-
tween clusters are treated using the standard mean-field ap-
proximation. Compared to conventional ED, CMFT has the
advantage that spontaneous symmetry breaking can be ob-
served explicitly due to the symmetry breaking induced by
the mean-fields. This comes with the disadvantage that the
SU(2) symmetry of the model is fully broken in the ED calcu-
lation which limits the accessible cluster sizes relative to pure
ED. Despite these limitations, CMFT has been successfully
applied, e.g., to determine phase boundaries between ordered
and paramagnetic phases in the J; — J, Heisenberg model
on the square lattice [30], and different ordered states of the
XXZ model on the triangular lattice [31], where it yields qual-
itatively reliable results even for modest cluster sizes.

A. Method

The CMFT approach begins by separating the full maple-
leaf lattice into small spin clusters C each with N¢ sites. In-
teractions between spins within a cluster are treated exactly,
while interactions between spins in different clusters are ap-
proximated by the standard mean-field decoupling scheme

Si-8;~ (Si)-8;+8i-(S;) —(Si)-(S;). @
This decoupling can be obtained via a first-order expansion in
perturbation around the spin expectation value 6S; = S; —
(S;), where expectation values ( - ) are taken with respect to
the ground state. Within this approximation, a general Heisen-
berg Hamiltonian

H=> J;S;-S; 3)

can be recast as a sum over single-cluster Hamiltonians H¢

H:Z ZJ,;jSi-SjJrZ Z Ji;Si - S;

ij€C C'#£Ci€C,jEC!

~y Z JijSi-S;+ Y h;-8;+C

¢ \ijec ieC
=) He,
c
(€]

where we introduces the effective fields h; and the constant
C, which both depend on the magnetizations m; = (S;).

For the single-cluster Hamiltonians to fully decouple, we
use periodic boundary conditions for the magnetizations by
assuming that the magnetization patterns repeat identically
across all clusters. Choosing an arbitrary reference cluster C
this yields V¢ cluster-independent magnetizations

m, := (Sca), ®)

where we have split the site index ¢ = (C, «) into C denot-
ing the cluster and o = 1, ..., N the site within this cluster.
Given these magnetizations, the effective fields can be calcu-
lated as

Ne
h, = Z Z (Jea,cr3 + Jerp.ca) Mg (6)

C'#C B=1

and the constant energy shift C' is

Ne
C=3 > (eacs+Jepca)mems. (1)
C'#C a,B=1

Since the single-cluster Hamiltonian H: depends on the
magnetizations m,, and these in turn depend on the ground
state of H¢, the magnetizations must be determined self-
consistently. To achieve this, we start with some initial mag-
netizations m”. We then perform a fixed-point iteration,
where at each iteration step n, an updated set of magnetiza-
tions m”*! is computed based on the values from the previ-

ous step my, as follows:
1. Calculate the effective fields h, from m} using Eq. (6).

2. Determine the ground state of the resulting single-
cluster Hamiltonian H¢ using the Lanczos algorithm.

3. Calculate the magnetizations

my™ = (Sq) ®)
in this ground state.
4. Update the magnetizations according to
m” = (1 - \)m2" + A\m?” ,

where A € (0,1] is a damping parameter used to im-
prove convergence, typically set to A = 0.5.



5. Stop the iteration if

Z m”*t —m?”| <1078,
[0}

otherwise continue with the next step.

Once convergence is reached, we calculate the final ground
state using the self-consistent magnetizations. From this
ground state, various observables can then be straight-
forwardly computed.

To mitigate the risk of converging to a local rather than
global minimum, the iteration is repeated with multiple dis-
tinct initial conditions. We then use the ground state with
the lowest energy as our final CMFT estimate for the actual
ground state. As initial conditions, we use Néel, and FM
configurations, a Luttinger-Tisza approximation for the finite
cluster (which also captures the c120° state, for details we re-
fer to the Appendix A), a PM state (m? = 0) and completely
random magnetizations. For all but the PM case, we normal-
ize the magnetizations to a magnitude of [m?| = 0.25.

The use of periodic boundary conditions constrains the
method to spin clusters that tile the full maple-leaf lattice.
This restricts us to clusters with sizes N that are a multi-
ple of six (as there are six sites in the unit cell of the maple-
leaf lattice). Moreover, the effective fields in the single-cluster
Hamiltonian completely break the global SU(2) spin sym-
metry, necessitating the Lanczos diagonalization of the full
2Ne x 2Nc Hamiltonian matrix in each iteration. As a result,
CMFT is more computationally intensive than pure exact di-
agonalization studies and restricts us to smaller clusters. In
our implementation, we find the largest feasible cluster size to
be Nc =18.

CMFT becomes exact in the limit N — oo, and reduces to
the conventional mean-field approximation for No = 1. Atin-
termediate cluster sizes, we expect the method to be generally
biased towards magnetic order, as a PM state—with vanish-
ing magnetizations—Ileads to zero effective fields and thus
lacks a mechanism to lower the ground-state energy through
mean-field contributions. CMFT is therefore a valuable com-
plement to the pf-FRG analysis presented in a later section,
which is instead known to overestimate the extent of nonmag-
netic phases.

IV. OBSERVABLES

To distinguish between magnetic and paramagnetic states,
we calculate the average magnetization

Mavg = Y 1(83) /Ne ©)

ieC

where the sum goes over all N¢ sites of the maple-leaf clus-
ters. This order-parameter is zero only when all local mag-
netizations are zero, and saturates at ma,; = 1/2 for simple
product states.

To capture the collinearly ordered FM and Néel states, we
define the order-parameters

men = | Y (Si)|/Ne (10)
eC

mxee = | Y _(=1)"(S:)|/Ne, (11)
eC

where the sites are enumerated so that (—1)° captures the
staggered spin configuration in the Néel state as depicted in
Fig. 3(b). Their maximal value is again 1/2 in a product state
of the corresponding order.

A similarly simple order-parameter is difficult to define for
the c120° state, as the canting angle between spins on dif-
ferent elementary triangles — the red triangles of in Fig. 1(a)
— changes as a function of the couplings, and likely also de-
pends on the cluster geometry. Instead, we focus on the fact
that in the c120° phase, the spins on red triangles form local
c120°order, which can be captured by the vector chirality

o 2 IS S)) (8, x 80 + (S x S,

i,7,k€EQ g

12)
where the sum runs over all red triangles, and V; is the num-
ber of those triangles in a given cluster. The normalization is
chosen such that the vector chirality is maximal at K~ = 0.5
for c120°order on each triangle for a pure product state (with
[(S0)] = 1/2).

When calculating the CMFT phase diagrams, we addition-
ally find magnetic regions where either none, or multiple or-
der parameters defined above are finite, suggesting a different
type of ordered state. We quantify these regions by calculating
the spin structure factor

S0 =+ Yk tms, s, (13)

ij

and the momentum k™** where S(k) is maximal. On
the eighteen site clusters we consider, there are only
five symmetry-inequivalent momenta that are highlighted in
Fig. 1(b).

Concerning nonmagnetic states, the dimerized hexagonal
singlet (d-HS) state breaks the Cs symmetry of the lattice
down to a ('3 rotation about the center of the hexagons on
the maple-leaf lattice. To capture the breaking of the Cg sym-
metry to C3 on a hexagon, we define the order-parameter for
the d-HS state as

1
Ocns = =l D SivSi— 3. Si-Sj, (4

(i,§)€L8 (i.4) €82

where the sums run over the bonds in all fully connected
hexagons in a cluster, and N, is the number of those
hexagons. We identify any paramagnetic state with 1m,,s = 0
and finite (Oq4.ps) as the d-HS state. Here, it is important to
note that in a nonmagnetic phase, the CMFT ground state will
always preserve the full symmetries of the cluster because all



symmetry breaking fields are zero. Thus, only clusters geome-
tries that break the Cs symmetry of the full maple-leaf lattice
to C3 are able to accommodate the d-HS ground state.

The hexagonal singlet (HS) state on a hexagon is defined as
the unique ground state |¢;,) of the single-hexagon Hamilto-
nian

Hy=Jy, > 8;-S;. (15)
(i) € %F
This state belongs to the singlet sector, defined as the
eigenspace of

2

dosi| o, (16)
130

with eigenvalue S}, (S, + 1) = 0. As such, it does not break
any symmetries that would allow the definition of a conven-
tional order parameter. Instead, we calculate the overlap, or
fidelity, with the HS state by defining the projector

s2 —

Prs = [¢n) (¢n] (17

and calculating its expectation value (Pgs). A value of
(Pus) = 1 indicates that the ground state on the fully con-
nected hexagons coincides exactly with the HS state. Other-
wise, it might serve as measure of the “closeness” to the HS
state, but does not allow us to draw quantitative phase bound-
aries.

A. Results

We consider three different clusters depicted in Figs. 4(a)-
(c) with the following characteristic features which enables us
to capture distinct symmetry-breaking orders:

* Cluster (a) respects all symmetries of the hexagonal lat-
tice and is thus a good cluster for describing the HS
ground state.

* Cluster (b) has exactly the C3 symmetry of the d-HS
state and thus serves well to accommodate this state.

¢ Cluster (c) is C'3 symmetric only about the center of tri-
angles, but has the advantage of treating a larger num-
ber of .J;, couplings exactly. This lends it a stronger bias
than cluster (a) towards the HS state.

The presence of the three magnetically ordered states—
Néel AF, ferromagnet, and c120°—is probed via the afore-
mentioned order parameters [see Fig. 5] and are found in
all clusters [see Fig. 4]. We do, however, find signatures of
additional magnetically ordered states where clearly none of
these three orders is realized. We characterize them by the
momentum at which their structure factor has a maximum.
Since, on the 18-site cluster only 5 symmetry-inequivalent al-
lowed momenta exist, we find that upon varying the couplings

(Ja/Jn, Ji/Jp) the ordering wave vector abruptly jumps be-
tween them. A LT analysis gives an ICS ordered phase in
the parameter regime where this behavior is observed and
suggests that these are finite-size effects. Indeed, our pf-
FRG analysis (which effectively simulates thermodynamic
boundary conditions) corroborates this by identifying the ICS
magnetic correlations as the dominant ones in this parameter
regime.

The behavior of the observables characterizing the param-
agnetic phases is shown in Figs. 6(a)-(d). We observe that
within the PM regime, the HS phase is present in all three clus-
ters [Figs. 6(a)-(c)], and features a pattern of strong antifer-
romagnetic correlations (singlet amplitudes) over hexagons.
The perfect singlet formation on certain peripheral bonds in
Fig. 6(e) is due to the nonmagnetic character of the phase
which implies that all mean-field couplings are zero. In this
phase, the peripheral sites are therefore connected by J;, > 0
only to one other site and form exact singlets®>. This state
extends beyond the J; = J; = 0 point in agreement with
the findings from a plaquette triplon mean-field analysis [21].
The d-HS phase, which breaks C lattice rotation symmetry,
stabilizes over a relatively smaller region in the simulations on
the (b) cluster, approximately between J; € [—2.9, —3.3] and
J¢ € [—1.4,—1.5]. Its pattern of real-space spin-spin corre-
lations features a ('3 symmetric pattern of antiferromagnetic
bonds on hexagons and strong (weak) ferromagnetic dimers
(triangle) bonds [see Fig. 6(f)]. The mechanism of the origin
of this state is most simply viewed from the limit J; — —o0,
where the two S = 1/2’s are connected by this ferromagnetic
coupling, effectively projecting them to the S = 1 sector and
the system can then be viewed as a S = 1 kagome Heisenberg
antiferromagnet [51], when |.J;|/J, < 1. The ground state
of this effective model is known to break the inversion sym-
metry between the up and down triangles by forming strong
singlets on one of them, that is, we have trimerization [52—
54]. In the present model, where the S = 1’s are composed
of two S = 1/2 spins coupled by a ferromagnetic bond, the
corresponding picture of the S' = 1 kagome trimerized ground
state that emerges is an alternate dimerization of bonds on the
Jr, hexagons leading to a C'3 symmetric state [55]. Within a
CMEFT treatment we find that the HS and d-HS states are sep-
arated by ordered states. However, the pf-FRG analysis dis-
cussed in the next section shows evidence that this is a finite
size effect and that they are likely directly connected.

For cluster (a), we find another PM state smoothly con-
nected to the HS state that has a distinct pattern of real-
space spin-spin correlations [see Fig. 6(g)]. Interestingly,
this has Cg invariant pattern of antiferromagnetically cor-
related hexagons and ferromagnetically correlated triangles,
while the correlations in the dimer bonds are vanishing. It
shows a different structure factor compared to the putative
nematic state and, as discussed in the next section, a rela-
tively small spin-nematic response, possibly hinting at a QSL
phase. The fact that spin-spin correlations are vanishing on the

3 It might be worth mentioning that for nonmagnetic states, CMFT becomes
ED with open boundary conditions.
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FIG. 4. Quantum phase diagram from CMFT for three different clusters. The top row shows the three eighteen-site clusters used in
the analysis. Solid lines represent interactions treated exactly, while dashed lines correspond to interactions approximated via a mean-field
decoupling under periodic boundary conditions. The bottom row displays the corresponding phase diagram as function of the ferromagnetic
couplings J; and Jg4 (with J, > 0). Dashed lines indicate qualitative changes in the ground state, which may correspond to either crossovers
or true phase transitions. The color scale encodes the average local magnetization |(S;)|. Black regions indicate non-magnetic phases where
all [(S;)| = 0. We find that the hexagonal singlet (HS) state is realized as an extended phase, for all clusters. Only cluster (b) respects the
symmetries required for the dimerized hexagonal singlet (d-HS) state, which indeed appears as a small but distinct region in its corresponding
phase diagram. Additionally, we find a paramagnetic (PM) region for cluster (a) that neither resembles the HS nor the d-HS state. Colored
regions correspond to magnetic phases, for which we label regions where neither Néel, FM or ¢120° order is fully realized by the momentum
k = k™ at which the corresponding structure factor is maximal.

V. PHASE DIAGRAM BEYOND MEAN-FIELD FROM
PF-FRG: HINTS OF SPIN-NEMATIC ORDER

J4 bonds narrows down the fermionic wave functions classi-
fied in Ref. [56] to the likely candidate Zo states Z0102 or
71002 or their parent 7w-flux U(1) states UCO1 or UC10, re-
spectively, which also have vanishing mean-field amplitudes
on the J; bonds, and consequently vanishing spin-spin corre-
lations within the mean-field approximation where (S;-S;) =
—3(|ts;|* + |Aij|*) where t;; and A;; are mean-field hop-
ping and singlet pairing amplitudes, respectively. Given that
all correlations are AF at the mean-field level, the presence
of strong ferromagnetic correlations observed in pf-FRG on
the J; bonds highlights the importance of gauge fluctuations
beyond mean-field, and demonstrates the strongly correlated

The cluster mean-field approach accounts for quantum fluc-
tuation only within the finite-size cluster, which can introduce
a bias towards magnetically ordered states. Moreover, the use
of periodic boundary conditions prohibits the detection of in-
commensurate correlations that were indeed found in the un-
constrained LT approach. To address these limitations and
provide a complementary perspective, we employ the pseudo-
fermion functional renormalization group (pf-FRG) in this

nature of this PM phase. It would be interesting to assess the
energetics and correlations of these candidate fermionic QSL
states upon Gutzwiller projection within a variational Monte
Carlo framework.

section. The main strength of the pf-FRG is its capability of
distinguishing between conventionally ordered dipolar ground
states—including incommensurate ones—and paramagnetic
phases. It agrees with a mean-field treatment in the limit of
N — oo [57], where the spin symmetry group is extended
from SU(2) to SU(V), and in the classical limit of S — oo
[58], where S denotes the spin length of SU(2) spins. These
limits favor paramagnetic and magnetically ordered states, re-
spectively. For SU(2) spins with S = 1/2, as considered
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FIG. 5. Observables characterizing the magnetic phases in
CMEFT. Columns (a)-(c) correspond to clusters shown in Fig. 4. The
first three rows show the order-parameters that characterize the FM,
Néel and c120° magnetic phases. In regions where none, or multiple
of those order-parameters are finite, we characterize the phase by the
momentum £™** at which the structure factor is maximal, shown in
the last row. The finite allowed momenta for the eighteen-site clus-
ters and their labels are shown in Fig. 1.

in this work, contributions from both mean-field channels, as
well as their interplay are taken into account in the pf-FRG.

Notably, pf-FRG has shown a tendency to slightly overes-
timate the extent of paramagnetic phases compared to other
methods. While we attempt to mitigate this through care-
ful analysis of the numerical data, the consistent identifica-
tion of a paramagnetic region by both pf-FRG and CMFT—
methods that empirically appear to have opposite biases—can
be a good indicator that such a phase indeed corresponds to
the true ground state of the system. We briefly outline the ba-
sic idea and working principles of the pf~-FRG below. A more
detailed discussion of its theoretical foundations, capabilities,
and limitations can be found in the recent review [29].

(SiS;) m— |
—0.75 0.00 0.25

FIG. 6. Observables characterizing the paramagnetic phases
in CMFT. (a)-(c) Expectation value of the projector Pys onto the
hexagonal singlet S, = 0 subspace for the three clusters shown
Fig. 4. (d) Order-parameter for the d-HS state on cluster (b), the only
cluster compatible with its symmetries. In (a) we draw the bound-
ary between paramagnetic region labeled “PM” to the HS phase at
the points where the projector crosses (Pus) = 0.8, although it
does not show a sharp jump anywhere. The boundary should thus
be merely understood as a guide to the eye. (e)-(g) Nearest-neighbor
isotropic (equal-time) spin-spin correlations for the different param-
agnetic phases, encoded by both color and linewidth.

A. Method

The pf-FRG is a diagramatic approach, in our case formu-
lated at zero temperature 7' = 0, based on the idea of system-
atically integrating our energy scales. To this end, an infrared
cutoff A is introduced into the bare propagator, suppressing
contributions from Matsubara frequencies w < A. This intro-
duces a A-dependence into all correlations functions. The cut-
off is implemented such that in the high-cutoff limit A — oo,
all correlations functions are known exactly and reduce to ex-
pressions directly proportional to the bare couplings of the
Hamiltonian. In the opposite limit, A — 0, the cutoff no
longer suppresses any low-energy modes, and the full, phys-
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FIG. 7. Quantum phase diagram from pf-FRG. (a) Phase diagram as function of the ferromagnetic couplings J; and J4 (with J, > 0). The
color-scale encodes the magnitude of the momentum k™** at which the structure factor is maximal. Square markers indicate couplings where a
flow-breakdown occurs at a finite critical RG scale A, indicating the onset of conventional magnetic order. Circular markers indicate couplings
where no such a flow breakdown is observed, indicating a paramagnetic phase (PM) with no conventional order. The dashed lines are guides
to the eye, indicating the phase boundaries between magnetically ordered and PM phases. (b) Nematic response function nsn within the PM
phase, indicating the tendency toward spin-nematic order. This tendency is strongest near the FM phase, suggesting the possible emergence of
a spin-nematic state in this region (c) Structure factors in the ordered phases and for different poitns in PM phase: At J; = J; = 0.0, where
the HS state is the exact ground state, and at six exemplifying points (A-F) marked in (a). Notably, the structure factors in the PM phase all
show continua instead of sharp peaks. The extended Brillouin zone (solid hexagon) is obtained via scaling by a factor of /7 and rotation by
5

an angle ¢ = arccos T7 WLt the first Brillouin zone (dashed hexagon). (d) Real-space nearest neighbor spin-spin correlation ;7 in the low

cutoff limit, normalized to the maximal value for each parameter point. Red bonds denote AFM couplings, blue bonds FM couplings.

ical correlation functions are recovered. The evolution be- cal regime at A — 0. To make this integration numerically
tween these two limits is governed by differential equations tractable, various approximations must be applied to the flow
for the one-particle irreducible (1PI) vertex functions, from  equations.

which all other correlation functions can be derived. The ) )

central task is then to integrate these flow equations from In practice, we use the PFFRGSolver. j1 Julia package

the known initial conditions at A — oo down to the physi- [59], featuring state-of-the-art integration routines for the pf-
FRG flow equations. We truncate the infinite hierarchy of flow
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FIG. 8. Nematic response from pf-FRG for selected points in
the paramagnetic phase. The inset shows the phase diagram from
Fig. 4(a), with black circles indicating the parameter points corre-
sponding to the data shown in the main panel. The color encodes the
magnitude of the momentum k™** at which the structure factor is
maximal. The reponse is the strongest near the FM phase (blue) and
weakest close to the ¢120° phase (red).

equations using the Katanin approximation [60], which only
explicitly includes two- and four-point correlation functions.
The infinite lattice is approximated by setting correlations be-
tween sites separated by a bond-distance larger than L to zero,
where we typically use L = 9,12,15. The four-point vertex
depends on three continuous Matsubara frequencies, which
we approximate by a discrete but adaptive grid of 40 x 35 x 35
frequencies. This results in O(107) coupled linear differential
equations that we solve on high-performance computing re-
sources. More details on our numerical implementations are
given in [61].

B. Distinguishing dipolar order and paramagnetic states

The main output of the pf-FRG is the flow of the static spin-
spin susceptibility

00 . . A
o = /0 ar (T,8/(1)850)) ", (18)

where T, is the time-ordering operator in imaginary time
7*. Because symmetries are conserved by the flow equations,
spontaneous symmetry breaking cannot be detected directly

4 The flow equations preserve the symmetry of the model. For Heisenberg
models this means all off-diagonal susceptibilities (. # v) are zero, and
all diagonal susceptibilities (4 = 1) are equal, and it suffices to consider

Azz
Xij -
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by a finite order-parameter, but instead manifests in the diver-
gence in the corresponding susceptibility. This divergence is
also called a flow breakdown. If the ground state of a system
has dipolar magnetic order—characterized by an order param-
eter linear in the spin-operators—it can therefore be identified
by a divergence of certain components of the spin-spin sus-
ceptibility. In practice, this is most conveniently detected in
the spin structure factor defined as

1 .
Azz _ ik(r;—rj;) ., 2z
) = DTN (19)
ij

where N is the number of bonds included in the calcula-
tion for a given L. In a ground state with dipolar order,
this will diverge at specific wave-vectors k™#* characteristic
for the type of ordered state. The absence of a flow break-
down for all wave-vectors down to the lowest numerically
reachable cutoffs—in our case A/|J| = 0.01, where we use
|J|? = J? 4+ J? + J? for normalization—instead signals
a ground state without conventional dipolar order which we
henceforth refer to as paramagnetic (PM).

In numerical implementations, approximations applied to
the flow equations often smooth out true divergences into
peaks or cusps—particularly near phase boundaries to PM
phases. If there is no clear divergence in the flow, there is
no unambiguous way to distinguish a flow breakdown from
other correlation induced effects. To mitigate a potential bias
toward PM phases, we adopt a conservative flow breakdown
criterion based on a detailed analysis of the structure factor
flow and its second A-derivative. Specifically, we identify any
non-monotonicity in the second derivative that becomes more
pronounced with system size as a flow breakdown. A detailed
description of this analysis and examples for structure factor
flows in different phases is given in Appendix B.

For the model at hand, apart from the three types of dipo-
lar order (Néel, c120°and FM), we find a large PM region
where we detect no flow breakdown [see the region marked
with circles in Fig. 7(a)]. This PM phase, at large, features
spin structure factor profiles which display diffused intensity
with soft maxima at wave-vectors of proximate magnetic or-
ders, and it gradually evolves as one traverses across this re-
gion [see Fig. 7(c)]. Similarly, the nearest-neighbor spin-spin
correlations depicted in Fig. 7(d) show qualitatively different
behavior in different regions of the PM phase. This suggests
that the PM region is actually made up of a plethora of dif-
ferent short-range correlated regimes, which we discuss in the
following.

C. Spin-nematic response

Of particular interest is the region of the PM phase adjacent
to the boundary with ferromagnetic (FM) order (around the
point labeled PM D). This PM region indeed arises because
the extent of the classical FM phase (which hitherto occupied
this region) shrinks quite substantially because of quantum
fluctuations, and the PM phase could thus be viewed as its
molten version. This resulting phase arises from frustrating



ferromagnetism via competing antiferromagnetic interactions,
which has been argued to set the stage for potentially realiz-
ing a plethora of multipolar orders on the square [23, 24, 62—
65], kagome [28], triangular [27] and body centered cubic lat-
tices [66] as well as one-dimensional systems [67, 68].

We can probe for spin-nematic order [32] by introducing an
asymmetry in spin-space ¢ on the ferromagnetic couplings J,4
and J; in a way that breaks the SU(2) spin rotation symmetry
down to U(1) as follows

JaSi - S — (Ja — 8)(S7S7 + SYSY) + (Ja+6)(S;S})

JiSi - S; — (Jr — 6)(S7S7 + Sf’S;f) + (Ji +6)(S7S5) -
(20)
We then measure the tendency towards this symmetry
breaking— and therefore spin-nematic order—by defining the
correlations

Xs;'t = xj; with (i,7) € d/t, (1)
and the nematic response as

Jase Xij = Xi;
) Xiwf + ijz

djt _

SN — 9 (22)

where (i,j) € d/t refers to sites connected by Jy or J;, re-
spectively, and we have dropped indicating the A-dependence
for brevity. It turns out that during the flow sometimes
Xi; +xi; of the non-dominant correlations will cross through

zero, causing the respective ng{\f to artificially blow up. We

thus define the general nematic response as follows

d . xTx xTx

if >

NN = an . de th , (23)
nen if x§° < xE°

which avoids these singularities.

The evolution of ngy in the low-cutoff limit in the PM re-
gion is shown in Fig. 7(b). The flow of the nematic response
for exemplifying points is shown in Fig. 8. We notice that as
A — 0 the response 7gy is the largest close to the FM phase
boundary and progressively decreases as we move away to-
wards the Néel and c120°phases. While this indicates an en-
hanced propensity towards spin-nematic ordering in part of
the PM region close to the FM boundary, we are unable to
conclusively establish the presence of true long-range spin-
nematic order within the current implementation of pf-FRG.
This is because the nematic (quadrupolar) order parameter is
quadratic in the spin operators, which means that the associ-
ated susceptibility is quartic in the spin operators. The cal-
culation of a susceptibility which is quartic in spin operators
necessitates the calculation of four-particle correlation func-
tions. At present, pf-FRG is restricted to two-particle correla-
tion functions due to the truncation of the flow equations, and
including four-particle correlators is numerically unfeasible in
the current formalism. As a result, the pf-FRG cannot directly
detect nematic ordering transitions.

However, we note that both the structure factor and the
real-space spin-spin correlations [see PM D in Fig. 7(c) and
(d)] exhibit qualitatively distinct features compared to other
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points within the paramagnetic region, providing supporting
evidence for a distinct phase: The structure factor is con-
fined entirely to the first Brillouin zone, and the real-space
correlations are purely ferromagnetic. In contrast, all other
PM regions show additional spectral weight outside the first
Brillouin zone and also display antiferromagnetic nearest-
neighbor correlations on at least one type of nearest neighbor
bond.

D. Dimer and putative spin liquid phases

Detecting the two dimer phases observed in CMFT within
the pf-FRG framework would require computing quartic
dimer—dimer susceptibilities, which are not accessible in the
current pf-FRG implementation. The HS state can also not
be probed using the response function scheme employed for
spin-nematic order, as it does not break any lattice or spin
symmetries. In contrast, the d-HS state is a lattice nematic and
could in principle be probed by introducing a slight asymme-
try in the interactions on {3 and 373 and computing the response
to this perturbation. This procedure necessarily breaks the Cg
symmetry, resulting in two symmetry-inequivalent basis sites.
Within the pf-FRG framework, this would require introducing
multiple self-energies, significantly increasing computational
complexity. We therefore leave such an analysis for future
work.

Within our current pf-FRG framework, we can still com-
pare structure factors and real-space correlations with those
obtained in CMFT to gather indirect evidence for the dimer
phases. CMFT suggests that both the HS and d-HS phase
feature strong spectral weight at the K* point of the struc-
ture factor. We observe the same behavior in the pf-FRG for
parameters within the PM region near the boundary to the
c120°phase [see red circles in Fig. 9(a) and HS, PM A and PM
E in Fig. 9(b)]. These parameters additionally show a very
weak spin-nematic response, distinguishing them from the
putative spin-nematic phase. Moreover, real-space spin-spin
correlations obtained from pf-FRG are consistent with those
found in CMFT: Near the exact HS point at J; = J; = 0,
real-space susceptibilities show strong antiferromagnetic cor-
relations on bonds within the hexagons, and only very weak
correlations on all other bonds (see PM A in Fig. 9). This re-
sembles the correlation pattern of the HS phase (see Fig. 6(e))
and suggests that the HS ground state may extend over a fi-
nite region, consistent with the CMFT results. Moving further
from the HS point but remaining close to the c120°boundary
(e.g. PM E in Fig. 9), the antiferromagnetic correlations on the
hexagons weaken slightly, while strong ferromagnetic corre-
lations emerge on the .J; bonds. This pattern is reminiscent of
the d-HS phase [see Fig. 6(f)], apart from the Cs-symmetry-
breaking which the pf-FRG can not reveal. In contrast to
CMFT, the putative d-HS phase appears to increase in size
and is directly connected to the HS phase, without any ordered
states in between.

The regions within the PM phase that show relatively weak
spin-nematic response could additionally host an order that
is neither spin nematic nor dimer, i.e., possibly a symmetric



quantum spin liquid. It could arise from either a melting of
Néel or c120°magnetic orders, which have previously been
argued to give birth to Dirac spin liquids [13, 69, 70]. Within a
CMFT treatment of cluster Fig. 4(a) we identified a PM phase
bordering the Néel state with relatively weak overlap with the
HS state and k™?* = 2M distinct from both dimer states. In
the pf-FRG, we find a similar region with a relatively weak ne-
matic response, strong spectral weight in the structure factor
around k™#* = 2M and real-space susceptibilities featuring
AFM correlations on the hexagons, and ferromagnetic corre-
lations on all nearest-neighbor bonds, also in agreement with
the PM phase identified in CMFT. Hence, it could likely be a
distinct phase within the PM region.

In contrast to CMFT, we observe that over parts of the PM
region the wave vector smoothly interpolates between high-
symmetry momenta and within the intervening incommensu-
rate regime, the wave vectors from pf-FRG align remarkably
well with the momenta ™" that minimize the energy in an
unconstrained Luttinger-Tisza (LT) approach. This may indi-
cate strong finite-size effects still present in the small clusters
we employ in CMFT.

VI. DISCUSSIONS AND OUTLOOK

Our work investigates the much less explored territory of
spin models in two spatial dimensions with competing fer-
romagnetic and antiferromagnetic Heisenberg couplings in
search of unconventional quantum phases. In contrast to the
traditional route of purely antiferromagnetic frustrated mod-
els which are known to harbor quantum spin liquids and va-
lence bond crystals, frustrating ferromagnetism opens the pos-
sibility of realizing spin-multipolar orders. In this pursuit, we
have investigated a spin-1/2 Heisenberg model on the geo-
metrically frustrated maple-leaf lattice with antiferromagnet-
ically interacting hexagons which are ferromagnetically cou-
pled via dimer and triangular bonds. The semiclassical phase
diagram features both Néel, canted c120°antiferromagnetic
orders, and a ferromagnetic order. We find a parameter regime
lacking dipolar magnetic order spanning the region between
these phases. The resulting paramagnetic phase, in part, oc-
cupies regions which, at the classical level, belong to mag-
netic orders and could thus be viewed as their molten version
obtained by frustrating the respective parent magnetic orders.
Indeed, we find that the static structure factors in the PM re-
gion close to the boundary with the magnetic orders exhibit
soft maxima at the respective ordering wave vector of the in-
cipient magnetic phases.

A cluster mean-field treatment allows us to decisively iden-
tify the hexagonal singlet and dimerized hexagonal singlet
phases occupying the PM region close to the decoupled
hexagon limit and the c120°order, respectively. Furthermore,
a PM phase with a spin-spin correlation profile which is dis-
tinct from those of the dimer phases is found close to the phase
boundary with the Néel order. This phase could possibly be
a symmetric quantum spin liquid, and it would be interesting
to perform a variational Monte Carlo study with Gutzwiller
projected wave functions of the U(1) and Zs QSLs classified
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in Ref. [56] to assess their energetics and correlations to iden-
tify its nature. Interestingly, we see a pattern of half-moons in
the structure factors [see PM A and B in Fig. 7(c)], which
have previously been observed on the kagome lattice [71]
been ascribed to a valence bond crystal state [72]. Thus, an-
other possibility is that this PM phase is a valence bond crys-
tal which breaks translation symmetry (possibly together with
point group) and it would be important to classify their sym-
metry patterns with different unit cell sizes, and assess their
energetic competition with candidate QSL wave functions. In
fact, in the mixed ferro-antiferromagnetic spin-1/2 Heisen-
berg model on the kagome lattice, a 12-site valence bond crys-
tal ground state has been proposed for the PM region within an
exact diagonalization study [28]. As one interpolates across
the PM region we also encounter patterns of incommensu-
rate correlations [see PM C in Fig. 7(c)]. This could either
be another distinct phase or part of the spin-nematic ordered
region as its structure factor appears to be an evolution of PM
D in the spin-nematic region. Their precise nature and pos-
sible connectivity could be addressed employing variational
wave functions for spin nematics [65].

Our work uncovers a rich diversity of quantum phases in
the mixed ferro-antiferromagnetic spin-1/2 Heisenberg model
on the maple-leaf lattice. The large paramagnetic regime is
likely host to an ensemble of distinct phases which could
possibly be a QSL or a valence-bond crystal with some be-
ing putatively identified as a spin-nematic and dimer orders.
Our results, in particular, the structure factors, are of rel-
evance in understanding the nature of the low temperature
quantum paramagnetic state realized in the maple-leaf com-
pound NasMn3O~ [38]. Here, the magnetic lattice formed by
S = 5/2 Mn?" ions is well approximated by a Heisenberg
model with ferromagnetic couplings on J; and J; type bonds
and antiferromagnetic couplings on the hexagons [73]. De-
spite the quantitative shift of the phase boundaries expected
as we go from S = 1/2to S = 5/2, for the values of cou-
plings estimated in Ref. [73], we find the system to be placed
in proximity to the phase boundary where a sliver of PM A
phase emerges with a similar structure factor.

Data availability.— The numerical data shown in the
figures is available on Zenodo [74].
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Appendix A: Initial conditions for CMFT

Self-consistent iterations in the CMFT have the risk of con-
verging to local fixed points that don not correspond to the
global energy minimum. To mitigate this, we perform mul-
tiple runs with distinct initial conditions for each parameter
point, and select the fixed point with the lowest energy. We
find that convergence is both efficient and reliable when start-
ing from initial magnetization patterns close to the classical
ground state, which we compare against the paramagnetic
(PM) solution (i.e., CMFT without mean fields, equivalent
to exact diagonalization). Specifically, we use classical Néel,
ferromagnetic (FM), and c120°configurations as initial mag-
netizations m?. Since quantum fluctuations typically reduce
the local magnetization from its maximal classical (product-
state) value |m;| = 1/2, we normalize these configurations to
|m?| = 1/4.

In cases where the classical ground state is unknown, we
also include random initial magnetizations. Additionally, we
use a numerically inexpensive approximation to the classical
ground state based on a finite-size version of the Luttinger-
Tisza (LT) method, which we describe in the following. While
for our work this approach is only needed in the incommensu-
rate (ICS) region, situations where the ground state of a spin
cluster is unknown can be common—e.g. when the ground
state of thermodynamic limit is not commensurate with the
chosen cluster size. In these cases, the our LT approach pro-
vides physically motivated starting point which we have found
to improve convergence compared to random initial condi-
tions. In any case, it provides an additional check to ensure
that the iterations have converged to a global minimum. For
completeness and possible future reuse in other applications
of CMFT, we outline the method in detail below.

The main approximation underlying the LT approach is to
soften the hard spin-length constraint of classical spins |S;| =
1, imposed on every site, to the soft constraint

%Zsle. (A1)

This constraint can be enforced by introducing a single la-
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grange multiplyer A to the Hamiltonian

A
H—>H—§Z(Sf—1) (A2)

3

and searching for the stationary state of this function with re-
spect to both )\ and the classical spin configuration {S;}. The
latter yields the eigenvalue equation

> iS5 = AS;. (A3)
J

The spin-configuration with the lowest eigenvalue A is then
the unconstrained LT-approximation to the classical ground
state.

Typically, the eigenvalue equation is solved in the Fourier-
space of the infinite lattice using the translational invariance
of the coupling matrix. This is also what we do in our un-
constrained LT approach to obtain the results presented in
Sec. II. For CMFT initial conditions, however, the coupling
matrix J;; can readily be diagonalized in real space for the
specific cluster size No. This has the advantage of incorpo-
rating finite-size effects specific to the cluster geometry, and
directly yielding real-space spin configurations.

We therefore diagonalize the real-space matrix J;; on a
specific cluster using periodic boundary conditions in agree-
ment with our CMFT approach. In general, this yields M de-
generate eigenvectors with the minimal eigenvalue Ay whose
components we denote by v;*, with m = 1,..., M, 7 =
1,..., N¢. These are solutions to the eigenvalue equation A3
for one spin-component. The spin-configuration for the full
three-component spins can be constructed as

Si({b™}) =) b"u", (A4)

where each b™ is a three-dimensional real vector. For any
non-zero choice of b™ the eigenvalue equation is fulfilled, and
the soft spin-constraint can be enforced by a global normal-
ization. However, to better approximate the classical ground
state, we aim to minimize the violation of the hard spin con-
straint (HSC), defined as

Vaso({b™}) = N% S -1) (a3

i

We numerically minimize x%4c with respect to b™, yielding
optimal coefficients b{j*, which we use to construct the CMFT
initial conditions as:
0 1 m
m{ = £ Si({bj'}). (A6)
again incorporating a factor of 1/4 to account for the possible
reduction of the magnetization due to quantum fluctuations.
For the model studied in the main text, in the collinear FM
and Néel phases, the matrix J;; has a unique eigenvector v;
with the minimal eigenvalue (M = 1), uniform across sites

and normalized as |v;| = 1. Any unit vector by then yields a
spin configuration that exactly satisfies the hard constraint and
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FIG. 9. RG flows of the structure factor across the Néel to PM phase transition. Each column shows the flow of the structure factor at
the wavevector where it is maximal, x™** = x**(k™*) (top), and the corresponding second derivative (bottom). The data is shown for fixed
Ji/Jn = —1, with varying values of J4/Jp indicated in the top-right corner of each panel. The dashed red line marks the critical scale A,
where a flow breakdown is identified, signaling the onset of dipolar magnetic order. This breakdown is accompanied by a non-monotonic
feature in the second derivative. The dotted gray line indicates the scale at which the second derivative begins to increase again (A2 used in
our flow breakdown criterion described in the main text). The rightmost column shows no flow breakdown and is therefore in the PM phase.

reproduces the classical ground state. In the c120°phase, two
degenerate eigenvectors v} and v? span the ground-state sub-
space (M = 2). Choosing orthogonal unit vectors b} | b3
again yields a spin configuration that exactly fulfills the hard
constraint. In contrast, in the ICS region, we typically find
up to four degenerate eigenvectors (M = 4), and the hard
constraint is no longer exactly satisfied. After numerical min-
imization, the constraint violation typically lies in the range
0 < x#gc < 0.5.

Appendix B: Flow breakdown criterion for pf-FRG

This appendix explains how we distinguish paramagnetic
(PM) phases from dipolar-ordered phases within the pf-FRG
framework.

In theory, in a dipolar-ordered ground state the structure
factor, defined in Eq. (19), diverges at a critical scale A.
for specific ordering wave vectors k™?* associated with the
emerging order. In our numerical implementation, however,
due to the truncation of the flow equations and the finite
real-space correlation length cutoff set by the bond distance
L, these divergences manifest in a modified form. Exam-
ples of this are illustrated in Fig. 9, which shows the flow

of the structure factor when traversing along the .J; axes for
fixed J;/J;, = —1.0, starting from the ordered Néel state
at Jq/J, = —0.75 to the paramagnetic phase at J;/J, =
—1.75. Deep in the ordered phase, a sharp divergence appears
at A./|J| ~ 0.25, which terminates in a peak once correla-
tions exceed L. These peaks scale with L and signal a robust
flow breakdown. Near phase boundaries to PM phases, how-
ever, these peaks slowly disappers, but some non-convex, L-
depend behavior is still present. This can best be detected in
the second derivative of the flow (second row of Fig. 9), which
still shows non-monotonic behavior—with decreasing cutoff
it first dips down and then rises again. Additionally, the struc-
ture factor itself shows a dependence on L, indicating that
this may still grow to a divergence in thermodynamic limit.
In what we define as the PM regime, there is no such non-
monotonic behavior in the second derivative accompanied by
a strong L-dependence.

Based on these observations, we developed a reproducible
flow breakdown criterion (which is reminiscient of criteria
used in ealier works [16, 18, 75]). Our procedure is as fol-
lows:

1. Identify k™2* where the structure factor is maximal at
low A, and extract the corresponding flow x™®*(A) =
XAzz (kmax ) .
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FIG. 10. Critical scale from pf-FRG. The color scale represents
the critical scale A., as determined by the flow breakdown criterion
used to identify the PM phase in the pf-FRG phase diagram shown
in Fig. 7. Square markers indicate points in the PM phase where no
flow breakdown was detected. Dashed lines serve as visual guides,
approximating the phase boundaries to the PM phase.

2. Scan x™®*(A) from large to small A to detect any non-
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monotonicity in its second derivative 93 x™#*, marking
the first such point as A; (red dashed lines in Fig. 9).

3. Identify Ay < A; where 0% x™** begins increasing
again (gray dotted lines).

4. Evaluate x™®*(A;) for L = 9,12, 15. If it increases
by more than 3% between successive L, we identify a
genuine flow breakdown at A, = A;.

5. If not, repeat for any subsequent non-monotonicities at
A < As. If none qualify, set A. = 0 and label the point
as paramagnetic.

Requiring a 3% increase with increasing L helps exclude
non-monotonic features in a,%xmax that do not scale with L,
indicating they are not true divergences in thermodynamic
limit. Instead, these features likely stem from short-range cor-
relation effects, which are absent in a fully uncorrelated para-
magnetic phase where the susceptibility follows x ~ 1/A.
Slightly varying the threshold from 3% does not change any
qualitative features or conclusions drawn from the data.

Repeating this procedure for different couplings J and J;
allows us to draw the phase diagram shown in Fig. 10 from
which PM and dipolar ordered regions can be identified. We
note that precise phase boundaries should be taken as quanti-
tative, as the precise criterion and numerical implementation
details (the form of the cutoff function, frequency discretiza-
tion, etc...), may slightly change the results. The general exis-
tence and location of the different phases, however, should be
independent of such details.
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