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In quantum error correction, the error threshold provides essential quantitative guidance for the ability to
bring about fault-tolerance through decoding the effects of incoherent noise, weak measurement or inference.
However, the numerical value of an error threshold is typically only accessible through large-scale numerical
simulations of the underlying noise model. Here we introduce an analytical estimate of error thresholds falling
into the Nishimori universality class via a Fourier–Walsh projection scheme that maps the critical point of the
underlying disorder-free statistical-mechanics model to the Born-disordered Nishimori critical point. Using a
minimal replica theory approach, this closed-form estimate is obtained from a projection of the exact replicated
single-bond weight which we find to reproduce (within a percentage point) the known numerical thresholds of
random-bond and random-plaquette Ising models / Z2 stabilizer codes in spatial dimensions d = 2 − 5, and
extends to Potts variables throughout the continuous-transition regime q ≤ 4. The main application of our
projection scheme is to Zq surface codes, whose decoding problem maps to the disordered q-state clock model.
For q ≥ 5 the clean clock model has two Berezinskii–Kosterlitz–Thouless transitions, which the projection maps
to two Nishimori temperatures that bound an intermediate information-critical phase. The resulting threshold
values not only accurately agree with recent decohered-Zq-toric-code numerics, but are found to satisfy the
Gilbert–Varshamov self-dual entropy relation ln q ≃ Hq(T

∗
1 ) + Hq(T

∗
2 ), although no duality condition is

imposed in the construction. Our approach thereby points to a deeper connection between the clean and Born-
disordered models, while allowing for instant analytical estimates of error thresholds for a variety of stabilizer
codes.

In the theory of critical phenomena, universality controls
the exponents and amplitude ratios but not the bare coupling
at criticality. To pinpoint the location of a phase transition one
typically relies on numerical estimates – with a few excep-
tions where analytical predictions are possible due to an addi-
tional structure such as self-duality [1], gauge symmetry [2],
or integrability [3]. Here we turn to the universality class of
Nishimori transitions [4–6] – notable for its broad applica-
bility to decoding problems [7], state preparation [8–10], and
Bayesian inference problems [11–15] – and, employing tools
from replica theory and a minimal ansatz, provide a closed-
form local map that pinpoints the Nishimori critical point pc
across Ising, Potts (2 ≤ q ≤ 4), and Zq clock models in arbi-
trary spatial dimensions

βNishimori
c (Zq) = 2βclean

c +
1

4
ln q . (1)

The only input in this construction is the critical point βclean
c

of the underlying statistical-mechanics model without any dis-
order. When the latter is known exactly, such as for the two-
dimensional (2D) Ising model or the family of 2D Potts mod-
els, our prediction takes on a closed form. For instance, for
the 2D Ising model, we map its critical temperature βc =
ln (1 +

√
2)/2 to an estimate of the Nishimori critical point

at

pNishimori
c =

1

1 + e2β
Nishimori
c (Z2)

= 10.82...% , (2)

as we derive, in detail, below. Comparing our predictions with
existing numerical thresholds, we find that our analytical es-
timates are in rather close agreement – often exhibiting less
than 1 percentage point deviation, see Table I.

There are two limits in which we expect our construction
to reproduce exact threshold values. First, we find that our

local projection gives the exact value of the error threshold
[16–18] for the (loop-free) Bethe lattice for any coordina-
tion number. Second, using arguments from renormalization
group theory, we expect our analytical estimates to approach
the exact threshold values of Zq clock models in the limit of
large q ≫ 4.

Exact results for such threshold estimates are scarce. For
the 2D ±J random-bond Ising model (RBIM) Nishimori,
Takeda, and Sasamoto conjectured a duality [4, 19] which
gives a closed-form expression for the multicritical point that
is distinct from our prediction (1) above. Their construc-
tion has been extended to Potts gauge glasses, Zq models,
and pairs of mutually dual lattices [19–21], but each appli-
cation requires a model-specific duality relation and an ansatz
on which Boltzmann factor controls the singularity. Outside
the duality framework, thresholds are accessible primarily
through model-specific numerics, which becomes prohibitive
for clock variables already at moderate q, where two close-
lying BKT transitions and their slow vortex-pair dynamics re-
quire millions of core-hours of simulation time.

Our approach is based on a different kind of object – a sin-
gle closed-form local map (1) from the disorder strength to
the clean critical coupling that simultaneously handles Ising,
Potts, and clock variables across arbitrary spatial dimen-
sions. The map is derived from the exact replicated single-
bond weight at a minimal replica number, projected onto the
clean order-parameter channel by a Fourier–Walsh transfor-
mation [30, 31]. The resulting map has a transparent two-term
structure that we derive below. It is the exact tree (cavity) cri-
terion for the pair-overlap channel – the analog of the Kesten-
Stigum threshold of message-passing decoding [32] – dressed
by the minimal local loop channel, whose weight is fixed, with
no adjustable parameter, by the Fourier–Walsh projection of
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Table I. Projection-based threshold estimates for hypercubic lat-
tice geometries compared with numerical benchmarks. For Ising and
Potts models, pc indicates the physical error threshold; for Zq clock
models, the threshold is a decoherence temperature T ∗ = 1/J∗

0 , see
Appendix B. For clock models with q ≥ 5 there are two Nishimori
transitions with an intermediate (information) critical phase. The er-
ror bars for the projection method are obtained by propagating the
uncertainty of the critical temperature of the corresponding clean
model. When the latter is known exactly, we provide the leading dig-
its of the projected Nishimori temperature. RBIM and RPGM denote
the random-bond Ising and random-plaquette gauge model, respec-
tively. Bold-faced thresholds indicate, to the best of our knowledge,
the first analytical estimates (independent of approach) for the Nishi-
mori transitions in the respective models. The references in the last
column provide the numerical thresholds of the third column.

Model Projection Numerics Ref.
Disordered Ising models [%]

2D RBIM pc = 10.82... 10.92212(4) [22]
3D RBIM pc = 22.6260332(14) 23.180(4) [23]
3D RPGM pc= 3.2539301(6) 3.3(1) [24]
4D RBIM pc = 28.220653(13) 28.1(1) [25]
4D RPGM pc = 10.82... 10.92212(4) [22]
5D RBIM pc = 31.41719(4) 32.0(10) [26]

Disordered q-state Potts models in 2D [%]
q = 3 pc = 15.5709... 15.6(9) [27]
q = 4 pc = 19.2981... 18.3(13) [27]

Disordered Zq clock models in 2D
q = 2 T ∗ = 0.948... 0.95 [28]
q = 4 T ∗ = 0.474... 0.48 [28]
q = 5 T ∗

1 = 0.400099(74) −
T ∗
2 = 0.382990(75) −

q = 6 T ∗
1 = 0.38710(18) 0.38 [28]

T ∗
2 = 0.30213(16) 0.30

q = 7 T ∗
1 = 0.38529(18) −

T ∗
2 = 0.23793(12) −

q = 8 T ∗
1 = 0.38506(18) 0.38 [28]

T ∗
2 = 0.19069(13) 0.19

Disordered XY model in 3D/4D
3D XY T ∗ = 0.7869884(2) 0.7840(2) [29]
4D XY T ∗ = 1.0515000(13) −

a single replicated bond. We calibrate the map’s accuracy
against known Ising thresholds [see Tab. I] and algebraically
identify its failure mode for Potts models at large q. Notably
our map allows us to produce two consecutive transitions of
the disordered clock model for q ≥ 5 from the two BKT tran-
sition temperatures of the clean clock model; in agreement
with recent Monte Carlo (MC) results for the decohered ZN

toric code [28]. Our predictions for these two consecutive
transitions also approximately satisfy the Gilbert–Varshamov
self-dual condition for entropy [33] – despite the projection
containing no duality input, suggesting that the construction
retains a deeper self-dual structure of the underlying clean the-
ory.

Nishimori physics.— Nishimori criticality appears in sev-
eral closely related settings. Originally discovered [4, 5] in
the random-bond Ising model (RBIM) it is the multicritical
point (TN , pN ) where the ferromagnet-paramagnet boundary
meets the Nishimori line tanh(JβN ) = 1− 2pN . This seem-
ingly intrinsically classical physics has been connected to the
quantum realm via several mappings starting with the prob-
lem of the toric code subject to decoherence [7] where the op-
timal decoding threshold pth = pN is mapped to the critical
point on the Nishimori line. A more recent mapping has con-
nected the problem of state preparation using quantum mea-
surements to the Nishimori line in the RBIM, identifying a
threshold for successful state preparation [8–10]. Of particu-
lar interest here will be the connection of learning transitions
of the toric code [12, 34] to classical Bayesian inference set-
tings [13, 15], for which a mapping to the Nishimori line and
its critical point has previously established the existence of a
finite learning or inference threshold [11].

These examples differ in their microscopic interpretation,
but they share the same organizing principle. On the Nishi-
mori line the statistical weight used for inference is matched
to the probability law that generated the disorder or measure-
ment record. This Bayes-optimal matching gives the disorder-
averaged theory an exact local gauge invariance and leads
to the characteristic Nishimori identities, including the exact
internal energy and relations among gauge-invariant correla-
tors [6]. In the language of replica theory [35–38] the same
condition has an especially simple meaning: the planted con-
figuration is statistically interchangeable with a posterior sam-
ple. Thus a theory with R posterior replicas has an enlarged
replica permutation symmetry SR+1, and the physical Nishi-
mori problem is obtained in the Bayes-optimal replica limit
R → 1. This makes replica theory a natural starting point for
a local description of Nishimori criticality.

Inference setting.— In order to set up our replica cal-
culation, we turn to the Bayesian inference setting where
the Nishimori line appears in the β = 0 limit which, in
turn, introduces some simplifications in our replica calcula-
tions. The principal idea of the set up is to learn the clas-
sical configuration of an underlying stat-mech model (such
as the Ising model) at some given temperature β from prob-
ing individual bonds, i.e. to infer the actual configuration
from a (noisy) picture of its domain walls [12, 13]. Specif-
ically, consider a classical configuration of spins σj = ±1
on the vertices j of a square lattice with Gibbs distribution
P (σ) = e−βE(σ)/Z, E(σ) = −∑⟨ij⟩ σiσj . We learn
the local correlation σiσj on each nearest-neighbor bond by
extracting a binary measurement outcome mij = ±1 with
likelihood P (mij | σi, σj) = (1 + γmijσiσj)/2. Here
γ ∈ [0, 1] controls the measurement precision: for γ = 1
the bond variable is learned perfectly, while for γ = 0 the
measurement carries no information. The full measurement
record m = {mij} has a conditional product distribution
P (m | σ) =

∏
⟨ij⟩(1 + γmijσiσj)/2. After observing m,
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Bayes’ theorem gives the posterior

P (σ | m) =
1

Z(m)
exp

η∑
⟨ij⟩

mijσiσj − βE(σ)

 , (3)

with the measurement strength reparametrized as γ = tanh η.
Two temperature scales are particularly relevant. At β□

c =
1
2 log

(
1 +

√
2
)

the “clean” model (γ = 0) undergoes a tran-
sition from the paramagnet to the ferromagnet. At β = 0
the learning axis γ ∈ [0, 1] maps to the Nishimori line [11],
exhibiting a transition at γc ≃ 0.784(2) [12]. It is precisely
these two transitions along the γ = 0 and β = 0 axes that we
map onto one another via our replica approach.

Minimal-replica projection.— In setting up our replica
calculation for the inference setting, we work in the β = 0
limit. Since in this limit there is no prior coupling between
spins, the only local interaction in the posterior comes from
the measurement likelihood which we use to derive the lo-
cal replicated bond weight. For R replicas sharing the same
measurement outcome on a bond, define xa = σ

(a)
i σ

(a)
j , S =∑R

a=1 xa. The replicated local likelihood then is

R∏
a=1

P (mij | σ(a)
i , σ

(a)
j ) ∝ exp

(
ηmij

R∑
a=1

xa

)
. (4)

For the local replicated channel weight, the same binary mea-
surement outcome is shared by all replicas and summed over
locally. Thus

WR({xa}) =
∑

mij=±1

exp

(
ηmij

R∑
a=1

xa

)
= 2 cosh(ηS) .

(5)

So the effective replicated bond log-weight or replicated mea-
surement averaged effective Hamiltonian is

y(S) = log cosh(ηS) . (6)

The local algebra is exact at this stage; a projection hypoth-
esis enters only in the next step. Expanding at small η gives
log cosh(ηS) = η2

2 S2 − η4

12S
4 + O(η6), so the leading ir-

reducible non-Gaussian invariant is quartic. The number of
replicas we use in Eq. (6) has an operational meaning here;
the measurement-averaged R-replica bond weight is the gen-
erating polynomial of the moments of the bond measurement
outcome up to order R [cf. Eq. (22) below], so choosing R
amounts to choosing the highest local moment of the mea-
surement record the theory can represent. As we show below,
the transition criterion on a tree engages only second moments
and is complete at R = 2, while R = 4 is the smallest replica
algebra containing a product of two disjoint pair channels on
the same bond, the minimal local channel beyond the tree
sector (independent of the details of the lattice geometry, see
our discussion of hexagonal lattices below). Larger R retains
higher local moments independent of the lattice geometry to

which they couple, and is empirically found to over-dress
the pair channel. Finite-replica potentials have been used in
glassy systems to promote the overlap between real replicas
from an observable to an order-parameter field whose fluctu-
ations encode the structure of the glassy phase [39–42]. We
adopt this viewpoint for Nishimori criticality in a local man-
ner. The order-parameter channel is a two-replica pair overlap
Qab: the product of two replica bonds Qab = xaxb for Ising
variables, the coincidence δ(τ

(a)
ij , τ

(b)
ij ) of two replica bond

twists for Potts variables, and the first harmonic of the relative
bond angle for clock variables. A projection onto the over-
lap channel can be defined with two replicas, and at R = 2
it is exact on trees and reproduces the Kesten–Stigum insta-
bility condition [32], as shown below. On a loopy lattice the
tree channel is no longer complete. The minimal local exten-
sion beyond it is a product of two disjoint pair channels on the
same bond, which is first carried by the four-replica algebra.

Our minimal-replica construction therefore starts from the
exact four-replica single-bond log-weight and projects it back
onto the pair channel order-parameter by a Fourier–Walsh pro-
jection. For R = 4, the Ising replicated log-weight

y(x) = log cosh

(
η

4∑
a=1

xa

)

is a function on the finite group (Z2)
4. We expand it in the

ordinary Fourier–Walsh basis, whose characters are products

χA(x) =
∏
a∈A

xa .

The pair channel is spanned by the six Fourier–Walsh char-
acters χab(x) = xaxb, with a < b. By replica permutation
symmetry all six pair coefficients are equal, so it is convenient
to project onto the replica-symmetric pair-overlap coordinate

X2(x) =
∑
a<b

xaxb =
S2 −R

2
. (7)

This is the unique SR-symmetric direction in the pair-
character subspace; each individual xaxb is a Fourier–Walsh
character, while X2 is their symmetric sum. The Fourier–
Walsh inner product is the uniform group average,

⟨f, g⟩FW =
1

2R

∑
x∈{±1}R

f(x)g(x) . (8)

The retained pair-channel coupling is therefore the exact
Fourier–Walsh projection (see the Supplementary Material
(SM) [43] for details)

KIsing
MRP(η) =

⟨y,X2⟩FW
⟨X2, X2⟩FW

. (9)

For R = 4, the sum can be grouped by |S| ∈ {0, 2, 4}. The
multiplicities are W0 =

(
4
2

)
= 6 , W2 = 2

(
4
1

)
= 8, W4 = 2.
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Note that these are combinatorial constants forced by the uni-
form measure on (Z2)

4, not free fitting weights. The corre-
sponding log-weights are

yS ∈ {0, log cosh(2η), log cosh(4η)} .

Thus, the grouped Fourier–Walsh projection is

KIsing
MRP(η) =

∑
S WSX2,SyS∑
S WSX2

2,S

=
1

8
log cosh(4η) . (10)

Note that this projected coupling separates exactly into the
tree term and the quartic-channel term

KIsing
MRP(η) = κ2(η) +K4(η) ,

κ2(η) =
1
2 log cosh(2η) ,

K4(η) =
1
8 [log cosh(4η)− 4 log cosh(2η)] .

(11)

Here κ2 is the R = 2 pair coefficient, shown below to re-
produce the exact Bethe-lattice threshold, and K4 is the coef-
ficient of the quartic character x1x2x3x4, the minimal chan-
nel beyond the tree sector. It is negative for all η > 0 [with
u = cosh 2η: cosh 4η = 2u2 − 1 < u4], so the quartic chan-
nel always weakens the projected coupling relative to its tree
value. The decomposition makes the role of the four-replica
sector concrete: R = 4 does not replace the pair channel, it
dresses it. In the grouped sum the S = 0 sector is annihilated
by y(0) = 0 and the |S| = 2 sector by the projection factor
(S2−R) = 0 at R = 4, so the pair projection is supported en-
tirely on the replica-locked sector |S| = 4. This coefficient is
the component of the exact Nishimori replicated single-bond
log-weight along the physical pair channel. Our projection
criterion/ansatz is that the transition is reached when this re-
tained channel equals the clean critical coupling

1

8
log cosh(4ηc) = βclean

c , ηc = tanh−1 (γc) . (12)

This single equation is the central technical result of our work,
as it now connects the critical threshold of the Nishimori tran-
sition in closed form to the known critical coupling of the
clean theory. Having established the critical coupling ηc,
the inference threshold is then obtained as γc = tanh ηc,
and can be further translated to the critical disorder strength
pc = (1− γc)/2 of the original RBIM, as given in Eq. (2).

The minimal-replica projection (12) contains a single exter-
nal input, the clean critical coupling. Inserted across the Ising
family of models (or, equivalently, the family of Z2 stabilizer
codes), it can be used to pinpoint the Nishimori thresholds
of both random-bond and random-plaquette variants in spatial
dimensions d = 2, 3, 4, 5, as summarized in Table I. As can be
seen, this generality of our minimal-replica projection (MRP)
scheme allows us to reproduce every existing MC and series-
expansion threshold and provides the first direct analytical es-
timates for many disordered models (shown in bold-face in
Table I). This demonstrates that the single equation (12) cap-
tures the disorder-renormalization of the Ising channel across
the entire topological-code Ising hierarchy.

Exactness on the Bethe lattice.— A natural anchor point
of our construction is the Bethe lattice, for which the two-
replica sector is already sufficient and the projection intro-
duces no approximation, as we show now. At R = 2 the
measurement-averaged bond weight is itself a pure pair cou-
pling, summing the shared outcome

W2(x1, x2) = 2 cosh
[
η(x1 + x2)

]
= const× eκ2 x1x2 , κ2 = 1

2 log cosh(2η) ,

(13)

with the useful identity tanhκ2 = tanh2 η. No projection
is involved. The two-replica algebra {1, x1x2} is exhausted
by Eq. (13). Since x1x2 = QiQj with Qi = σ

(1)
i σ

(2)
i , the

overlap spin Qi sees an ordinary Bethe-lattice coupling κ2,
and the standard instability condition [17] (z−1) tanhκ2 = 1

becomes κ2 = tanh−1
(

1
z−1

)
, which can be rewritten as

(z − 1) tanh2 ηc = 1 ⇐⇒ pc =
1
2

(
1− 1√

z−1

)
. (14)

This is the exact threshold. Eq. (14) is the KS condition of
the broadcasting problem (see the SM [43] for more details
and a Potts derivation), rigorously the reconstruction threshold
for the binary symmetric channel on trees, and it coincides
with the linear instability of the belief-propagation recursion
and with the tree spin-glass instability [16, 17]. On trees the
two-replica closure is therefore a rigorous result, anchoring
the construction in an exactly solved limit.

Potts models.— Let us now turn to the first generalization,
the q-state Potts model with 2 ≤ q ≤ 4, where the 2D Potts
model exhibits a continuous phase transition [44, 45]. For a
Bayesian inference setting as in the Ising case, we calculate
the local replicated bond weight for q-state Potts variables at
β = 0

Kq=3 Potts
MRP (y) = 1

9 ln

[
(y4 + 2)(y3 + y + 1)2

y3(y + 2)3

]
, (15)

with y = eJ0 and J0 = ln[(1+ (q− 1)γ)/(1− γ)]. Matching
to βc(q) = ln

(
1 +

√
q
)

[44] gives pc ≃ 0.156 at q = 3. Sim-
ilarly, for q = 4 one can calculate the respective local repli-
cated bond weight (detailed in Appendix A and the SM [43])
to obtain pc ≃ 0.193. These values are in good agreement
(i.e. within error bars) with existing numerical values [27],
pc = 15.6 ± 0.9 % and pc = 18.3 ± 1.3 % , for q = 3, 4, re-
spectively. For q > 4 the clean Potts transition becomes first
order [44, 45]. Our projection, however, requires the clean
transition to be continuous, since a first-order transition is not
characterized by a single scaling field and the matching con-
dition KMRP(J

∗
0 ) = βclean

c no longer identifies a critical sur-
face. This is a hard limitation of our construction and restricts
its applicability to q ≤ 4 Potts models. Indeed, if one naively
applies our approach for q ≥ 5 Potts models, one finds sub-
stantial deviations from the existing numerical estimates and
Hashing bounds as shown in Fig. 3 of the Appendix.
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Figure 1. Nishimori thresholds for Zq clock models. Shown are
the two transition temperatures T ∗

1,2 of the two subsequent Nishimori
transitions of the Zq clock model as a function of q. While the upper
temperature saturates at T ∗

1 → 0.3832 (dotted), the lower projected
Nishimori temperature is found to follow T ∗

2 ≃ A/q2 (dashed). The
inset shows the GV self duality condition plotted as function of q
which, ideally, should be 1. For more discussion see Appendix B.

Zq clock models.— A natural q-state generalization of
the Ising model that retains a continuous phase transition for
all q is the family of Zq clock models, with spin variables
σj ∈ Zq and clean nearest-neighbor interaction V (σi, σj) =
cos[2π(σi − σj)/q]. These models are tightly connected to
Abelian quantum double models and qudit generalizations of
the toric code [46]. For the Bayesian inference setting, we
record a noisy bond difference mij ∈ Zq of the true bond
∆ij = σj − σi (mod q), with the discrete von-Mises likeli-
hood

P (mij |σi, σj) =
1

Zq(J0)
exp

[
J0 cos

2π(mij −∆ij)

q

]
,

(16)
where J0 controls the measurement precision and plays the
same role as η in the Ising case. After summing the shared
measurement outcome over Zq , the exact replicated single-
bond log-weight at R = 4 depends on the occupation vector
N = (N0, . . . , Nq−1) with

∑
n Nn = 4, where Nn counts the

number of replicas with bond difference ∆(a) = n. The clean
clock interaction is generated by the first angular harmonic, so
the natural projection coordinate is its replica generalization,
see the SM [43] for more details

xN =
∑
a<b

cos

[
2π(∆(a) −∆(b))

q

]
=

|MN |2 − 4

2
, (17)

with MN =
∑

n Nne
2πin/q. This is the Zq analog of the

Ising pair coordinate X2 in Eq. (7) – both project the ex-
act replicated log-weight onto the channel that carries the
clean order parameter. The threshold condition then becomes
Kclock

MRP(J
∗
0 ) = βclock

c (q) at each clean clock critical coupling
βclock
c (q).

The variance decomposition of the replicated bond log-
weight provides a direct diagnostic of the projection qual-
ity. For the clock model at the projected thresholds, the first
harmonic accounts for 94–96% of the weighted variance of
yN (J∗

0 ) across q = 2, 4, 6, 8, as detailed in Table S5 of the
SM. Higher harmonics (h ≥ 2) contribute at the sub-percent
level; the remaining 4–6% lies in pure-replica directions or-
thogonal to the entire clock-harmonic subspace (see the full
table S5 in the SM [43]). The dominance of the retained co-
ordinate is the empirical signature that the projection captures
the leading structure of the local replicated weight, and the
small size of the higher-harmonic residual is consistent with
the empirical agreement of the clock model Nishimori thresh-
olds in Table I.

For q ≥ 5 the clean clock model has two BKT transi-
tions [47–50], at βc1(q) < βc2(q). Inserting each clean BKT
coupling separately into the same projection equation yields
two Nishimori temperatures T ∗

1 (upper) and T ∗
2 (lower) as

plotted in Fig. 1. This is structurally different from duality –
a single self-dual condition yields one predicted critical point
per model, and the clean clock duality [50] produces an ap-
proximate self-dual point βsd ≃ q/(2π) that lies between the
two BKT transitions without resolving them. Our MRP con-
struction, on the other hand, inherits the multiplicity of the
clean theory and produces both thresholds; to our knowledge
no other closed-form method previously gave both Nishimori
thresholds of the disordered clock model at finite q. Although
our MRP construction contains no duality input, its predic-
tions approximately satisfy the Gilbert–Varshamov type self-
dual condition [33, 51, 52]

log q = H
(
T (1)
c

)
+H

(
T (2)
c

)
, (18)

where H(T ) is the Shannon entropy of the von Mises distri-
bution [28] pk = exp[(1/T ) cos(2πk/q)]/Z(T ). This condi-
tion has been conjectured for disordered Zq spin models on
the Nishimori line and indeed been observed for a set of small
q values in recent numerics [28]. In our MRP approach, it
emerges naturally and becomes increasingly valid for large
q, see Appendix B. But the agreement is striking already for
small q = 2, 4 where we find the MRP prediction to satisfy
the conjectured self-dual condition to 1.1%, and for q = 6, 8
it satisfies it to within 5-6%, as shown in the inset of Fig. 1.
For larger q ≫ 4, this small deviation asymptotically van-
ishes. Because the MRP construction is derived from the exact
replicated bond algebra rather than from any duality ansatz,
this agreement is a nontrivial structural fact rather than a con-
sistency requirement. It suggests that the Gilbert–Varshamov
condition is the long-distance shadow of the clean BKT spin-
wave/vortex duality of the underlying clock model, projected
onto the Nishimori line through the first-harmonic MRP map.
The clean clock duality acts naturally on the first angular har-
monic, which is precisely the variable retained by the projec-
tion.

Why R = 4?— Let us return to the question of why
R = 4 is the minimal replica count used in our projec-
tion, and why increasing the number of replicas does not
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systematically improve the approximation. A useful elemen-
tary object in this consideration is the single-bond transmis-
sion tb = tanh(ηmb); for a fixed measurement record, this
is the factor by which a two-point correlation is multiplied
upon crossing bond b, so that ⟨σ0σr⟩ =

∏
b∈P tb exactly

on any chain or tree. In the language of broadcasting, this
is the transfer eigenvalue of the bond channel, whose sec-
ond moment over the record enters the KS criterion. On the
Nishimori line, after gauging the planted bond to +1, one has
t = tanh(ηm) = m tanh η = γm with E[m] = γ, hence

t2 = γ2 identically, E[t] = γ2 , (19)

where E[ · ] denotes the average over the measurement record
generated by the true configuration. The equality of the first
and second moments in Eq. (19) is the bond-level form of
the Nishimori gauge identity [4]; under the disorder average,
ferromagnetic and overlap transmissions are locked, which is
why the pair channel is the natural channel carrying the clean
coupling. As shown above, on a tree the linear instability
of the paramagnetic fixed point engages only this two-replica
transmission channel, and tanhκ2 = tanh2 η reproduces the
KS criterion (14) exactly. An analogous statement holds in
the color or harmonic channel for Potts and clock variables,
see the SM [43]. Thus R = 2 is the complete local algebra of
the tree linear instability.

On lattices with loops, the transition is naturally monitored
by fluctuations of the Edwards–Anderson pair overlap [39]
q
(12)
i = σ

(1)
i σ

(2)
i ; the lattice counterpart of Eq. (19),

E[⟨σ0σr⟩2] = E[⟨σ0σr⟩] , (20)

ties this pair-overlap channel to the ferromagnetic channel and
makes a one-channel matching plausible. A measurement-
averaged connected covariance of the overlap field involves a
disjoint replica pair,

Gconn
ij = E

[
⟨q(12)i q

(12)
j ⟩

]
− E

[
⟨q(12)i q

(34)
j ⟩

]
,

⟨q(12)i q
(34)
j ⟩ = ⟨σ(1)

i σ
(2)
i ⟩⟨σ(3)

j σ
(4)
j ⟩

= ⟨σi⟩2⟨σj⟩2 , (21)

where the last equality is understood within the fixed posterior
measure. Thus the connected two-point function of the pair
overlap is naturally a four-replica object.

This two, three, and four-replica structure is standard, the
propagators of replica field theory are linear combinations
of E[⟨σσ⟩2], E[⟨σσ⟩⟨σ⟩⟨σ⟩], and E[⟨σ⟩2⟨σ⟩2], and spin-glass
simulations build unbiased overlap and vertex estimators from
several real replicas per disorder sample for closely related
reasons [53, 54]. The local projection mirrors this overlap
anatomy. Factoring the Ising measurement sum gives

WR = 2 coshRη

⌊R/2⌋∑
s=0

γ2s X2s , (22)
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Figure 2. Threshold as a function of replica number R. For
the variety of models of Table I, we plot the Nishimori threshold
estimate as a function of Replica count that we use for our Fourier–
Walsh projection. Consistently, we find that the R = 4 estimate
(highlighted by the gray bars) matches the existing numerical values
(dashed horizontal lines).

with X0 = 1 and X2s =
∑

1≤a1<···<a2s≤R xa1
· · ·xa2s

. At
R = 2 only the pair channel X2 is present. At R = 4
the algebra additionally contains the four-replica character
x1x2x3x4 = (x1x2)(x3x4), the local representative of a
product of two disjoint pair channels. Hence R = 4 is the
smallest local algebra containing both the EA pair channel
and a disjoint-pair channel needed to form its connected fluc-
tuation. For Potts and clock variables the same statement is
implemented by the corresponding finite-group pair charac-
ters and first-harmonic pair channels [55]. For all the mod-
els at hand, summarized in Fig. 2, we can see that R = 4
is indeed the “sweet spot” where the MRP projection inter-
sects the “true” numerical value. Note that our line of argu-
ment above is a minimality prescription, not a convergence
theorem. Larger replica numbers, R > 4, retain higher local
moments, but at the single-bond level they cannot encode the
lattice geometry to which those moments couple. In the exam-
ples of Fig. 2, they are instead found empirically to over-dress
the pair channel.

Our four-replica construction also extends beyond hyper-
cubic lattices (where all elementary loops are of length 4). To
illustrate this point we consider a hexagonal lattice geometry
in Appendix C and show that, again, the R = 4 replica cal-
culation produces a close estimate of the Nishimori transition.
The key observation to obtain a faithful estimate is that for the
honeycomb lattice the elementary unit cell has two sites and
the single-bond projection scheme should be adjusted to a cell
projection scheme. In analogy with the star–triangle map [3]
of the clean model one traces out one sublattice exactly in
this cell projection approach to obtain an R = 4 threshold
estimate of pc ≃ 6.91% in good approximation of the numer-
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ical [8] threshold estimate pnumc ≃ 6.75%, whereas a single-
bond projection scheme would have resulted in an estimate
that is some 30% off, see Appendix C.

Discussion.— Our minimal-replica projection scheme to
locate Nishimori thresholds builds on an exact local decom-
position (11) followed by a one-channel critical ansatz. The
crucial ingredient from Nishimori universality are the emer-
gent local gauge identities (20) that lock overlap fluctuations
to the ordering channel, which motivates our ansatz to inter-
pret the Fourier–Walsh projected pair-channel coupling as the
effective coupling of this common pair or “replicon” [56, 57]
channel and locate criticality by matching it to the corre-
sponding clean critical coupling. In the replica theory of spin
glasses [58], it is long established that the pair-overlap fluc-
tuations decompose, under the replica permutation symmetry
SR, into longitudinal, anomalous, and replicon sectors of di-
mensions 1, R−1, and R(R−3)/2, respectively [56, 57, 59].
The de Almeida–Thouless stability boundary of spin glasses
is then marked by the vanishing of the replicon eigenvalue
(of the replica-symmetric R × R Hessian) [60]. Note that
the pair-character subspace contains no replicon sector for
replica count R < 4, while at R = 4 it has dimension two.
These facts motivate, in the context of conventional spin glass
theory, to employ R = 4 as the minimal auxiliary replica
algebra. Here we arrive at a similar conclusion, but note
that along the Nishimori line considered in our context, the
gauge identities enforce that overlap and ordering suscepti-
bilities soften together rather than through an independent de
Almeida–Thouless instability.

While for our minimal replica projection scheme we typ-
ically observe agreement on the percentage-point level, the
single largest deviation is found for the 3D RBIM – pre-
cisely the case in which the disorder is Harris-relevant at the
clean critical point, so that the local dressing is expected to be
least faithful; the same argument applied to the clock models
(where there is no Harris-relevant non-Gaussian channels) is
consistent with no significant deviation of our estimates to the
existing numerical data (beyond the percentage-point preci-
sion). The same perspective also explains the observed failure
mode. The matching to βclean

c assumes a continuous clean
critical channel. For 2D Potts models this holds for q ≤ 4,
while for q > 4 the clean transition turns first order and βclean

c

is a coexistence point rather than a fixed-point coupling. The
resulting drift of the naive q > 4 estimates is therefore a struc-
tural breakdown of the one-channel projection, not a separate
anomaly.

Beyond the Ising/Potts hierarchy, the clock model provides
the sharpest test of the projection. Because the clean Zq clock
model has two BKT transitions for q ≥ 5, the projection in-
herits two clean critical inputs and produces two Nishimori
temperatures. This is unlike a single self-dual scalar condi-
tion, which can select at most one point. The agreement with
recent Zq toric-code numerics [28], together with the variance
decomposition showing 94–96% weight in the first harmonic,
indicates that the retained first harmonic captures the domi-
nant local Nishimori channel. The approximate satisfaction

of the Gilbert–Varshamov self-dual entropy relation provides
an independent check; notably, in the large-q limit the ra-
tio (Hq(T

∗
1 ) +Hq(T

∗
2 )) / ln q approaches unity (as derived in

Appendix B) implying the restoration of an approximate self-
duality in the large-q limit.

This leaves us with the tantalizing observation that while
one typically does not expect to make any connections
between a pair of critical theories for a clean and disordered
model (described by the R → 0 replica limit) beyond univer-
sality classes (and related RG flows), the situation for a pair
of clean and Born-disordered model (described by the R → 1
replica limit) might allow for a deeper intrinsic connection
that also allows one to make quantitative statements about the
location of critical points/thresholds and dualities.

Data availability.— The data provided in the various
Tables and Plots are available on Zenodo [61].
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Appendix A: Potts models

Replicated bond weights

For q-state Potts variables with R = 4 replicas, the local
replicated bond log-weight depends on the occupation vector
N = (N0, . . . , Nq−1) with

∑
n Nn = 4, where Nn counts the

number of replicas with bond color n. Each sector contributes
WN configurations to the uniform group average. The order-
parameter channel is the pair-coincidence count

A2 =
∑
n

(
Nn

2

)
,

which counts the number of replica pairs occupying the
same Potts bond state, and has exact log-weight yN =
ln
∑q−1

n=0 e
J0Nn (see Table II). Projecting onto A2 via Fourier–

Walsh gives for q = 3

Kq=3Potts
MRP =

3yA + 6yB − 9yD
27

=
yA + 2yB − 3yD

9
,
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Table II. Potts sectors for the q-state Potts model at R = 4.

N WN xN yN

q = 3 A = (4, 0, 0) 3 6 ln
(
e4J0 + 2

)
B = (3, 1, 0) 24 3 ln

(
e3J0 + eJ0 + 1

)
C = (2, 2, 0) 18 2 ln

(
2e2J0 + 1

)
D = (2, 1, 1) 36 1 ln

(
e2J0 + 2eJ0

)
q = 4 A = (4, 0, 0, 0) 4 6 ln

(
e4J0 + 3

)
B = (3, 1, 0, 0) 48 3 ln

(
e3J0 + eJ0 + 2

)
C = (2, 2, 0, 0) 36 2 ln

(
2e2J0 + 2

)
D = (2, 1, 1, 0) 144 1 ln

(
e2J0 + 2eJ0 + 1

)
E = (1, 1, 1, 1) 24 0 ln

(
4eJ0

)

and for q = 4,

Kq=4 Potts
MRP = (yA + 4yB + yC − 4yD − 2yE)/16 .

The Nishimori threshold is the measurement strength at
which the projected coupling reaches the clean Potts critical
point,

Kq-Potts
MRP (J∗

0 ) = βc(q) = ln
(
1 +

√
q
)
, (A1)

solved for J∗
0 and converted through

γc =
eJ

∗
0 − 1

eJ
∗
0 + q − 1

, pc =
q − 1

q
(1− γc). (A2)

This gives J∗
0 = 2.3837, pc ≃ 15.6% for q = 3 and J∗

0 =
2.5294, pc ≃ 19.3% for q = 4, the values quoted in Table I.

Nature of transition and break-down of projection scheme

For q ≤ 4 the clean 2D Potts transition is continuous (q = 4
marginal), and matching the projected coupling to βclean

c is
anchored to a genuine critical fixed point. For q > 4 the clean
Potts transition is first-order and βclean

c marks a coexistence
point of two thermodynamic branches rather than a continu-
ous critical scaling field, so the single scalar projection has
no fixed-point coupling to inherit from the clean theory. This
does not mean the disordered model has no continuous transi-
tion: quenched randomness can round first-order behavior in
2D and produce a continuous random fixed point [45, 62, 63].
The transition is then controlled by disorder-generated physics
that the one-coordinate projection cannot capture. Conse-
quently the q > 4 MRP estimates should be regarded as un-
controlled; their drift above both the hashing bound and the
available numerical thresholds, compared in Fig. 3, is a diag-
nostic of this breakdown. We have marked this regime by the
shaded region in the figure.

This limitation is analogous to what happens in other
single-coupling approaches. The conjectured principal
Boltzmann-factor duality by Nishimori and Nemoto [65] com-
presses the replicated weight to a single scalar self-dual con-
dition. Similarly, a Bethe/cavity linearization locates the point
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# of Potts states q
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0.15

0.20
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th
re
sh
o
ld
p
c

minimal replica projection

CSS hashing bound

Monte Carlo simulations

Figure 3. Nishimori thresholds for q-state Potts models. Compar-
ison of error correction thresholds obtained by the Hashing bound,
our MRP estimations and numerical results [27, 64]. The shaded re-
gion q ≥ 5 indicates the regime where the clean Potts transition is
first-order, outside the validity of the projection construction.

where the paramagnetic fixed point becomes locally unsta-
ble. For a continuous transition this instability coincides with
the thermodynamic transition, but for a first-order transition
(Potts on the Bethe lattice at q ≥ 3 [66]) it only gives a spin-
odal; the actual transition must instead be found by comparing
the free energies of the competing branches. In all cases the
limitation is the same – a single-coupling matching is mean-
ingful for a continuous fixed point, but not for a first-order
clean transition where the thermodynamic transition is deter-
mined by branch competition.

Comparison to CSS hashing bound

It is useful to compare our threshold estimates to the CSS
hashing benchmark [33, 67]. For a q-ary symmetric error
channel, let

Hq(p) = −(1− p) log(1− p)− p log
p

q − 1

be the error entropy. The zero-rate CSS hashing condition is
Hq(phash) =

1
2 log q (which, for q = 2 is identical to the con-

jectured Nishimori-Nemoto duality). For binary errors this
gives phash(2) ∼ 0.11003... – a value that is similarly close
to the numerically obtained (true) threshold as our MRP es-
timate, but while the latter underestimates the true value, the
hashing bound overestimates it, see the comparison of Fig. 4.
The Zq toric code under the symmetric bit-flip channel – the
natural qudit generalization of the binary symmetric channel –
maps onto the q-state random-bond Potts model on the Nishi-
mori line [27, 64], so the hashing condition above and our
Potts thresholds in Table I describe the same class of decoding
problems. Strictly speaking, topological codes are degenerate,
so the hashing value is not a rigorous upper bound on the er-
ror threshold; similarly we cannot rigorously show that our
projection estimate is a lower bound on the error threshold.
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Figure 4. Threshold comparison for the 2D surface code. Shown
are the estimates obtained from our projection method, large-scale
Monte Carlo simulations [22], coinciding CSS-hashing [33] and
Nishimori–Nemoto [65] values. The latter two fall onto the same
point because both conditions reduce to H2(p) = 1

2
at q = 2. The

error bar of the numerical estimate is smaller than the line width.

Appendix B: Zq clock models

For the q-state clock model define the von-Mises distribu-
tion [68] at Nishimori temperature T = 1/J (J controls the
measurement strength in the learning protocol),

pk(T ) =
exp
[
T−1 cos(2πk/q)

]∑q−1
ℓ=0 exp[T

−1 cos(2πℓ/q)]
, k = 0, . . . , q−1,

and the Shannon entropy,

Hq(T ) = −
q−1∑
k=0

pk(T ) ln pk(T ).

For q ≤ 4, where there is a single transition, so the Hashing
type bound for the q-state clock model becomes,

ln q ≃ 2Hq(T
∗).

For q ≥ 5, with two BKT thresholds, the conjectured [28]
self-duality relation is,

ln q ≃ Hq(T
∗
1 ) +Hq(T

∗
2 ).

The finite-q clock projection has a simple continuum limit.
The clock angles become continuous, and the discrete aver-
age over the local measurement angle becomes an angular in-
tegral. Fix one replica angle to zero by translation invariance
and define

ρ(θ) =
∣∣1 + eiθ1 + eiθ2 + eiθ3

∣∣ , X(θ) =
ρ(θ)2 − 4

2
.

The discrete disorder sum over the clock noise angle becomes
a Bessel function,

1

q

q−1∑
m=0

exp

[
J Re

(
e2πim/q

∑
a

eiθa

)]
−→ I0(Jρ(θ)) ,

so the large-q first-harmonic projected coupling is

K∞(J) =
1

3(2π)3

∫ 2π

0

∫ 2π

0

∫ 2π

0

X(θ) ln I0(Jρ(θ)) dθ1 dθ2 dθ3.

(B1)

From this, large-q lower Nishimori clock threshold can be
calculated as,

J∗
2 (q) ∼

q2

8πc∞
=

q2

12.249325
, T ∗

2 (q) ∼
12.249325

q2
.

(B2)
Insert the large-q clock Nishimori threshold points into the

clock entropy condition

Hq(T
∗
hi) +Hq(T

∗
2 (q))

?≃ ln q.

It can be shown approximately,

Hq(T
∗
hi) +Hq(T

∗
2 (q)) = ln q +O(1). (B3)

So, large q limit (where the ratio approaches 1), we have
shown that our projection method recovers the GV entropy
duality condition.

Appendix C: Honeycomb lattice

The single-bond criterion of the main text keeps only the
information of one bond and the scalar βclean

c ; all other lattice
structure is discarded by the projection. This truncation gives
few-percent estimates for the hypercubic lattice thresholds of
Table I, but there is no bound on its error, and for the honey-
comb lattice it is off by ∼ 30% (below). Because the honey-
comb is bipartite with coordination three, one sublattice can
be traced out exactly, mapping it to the triangular lattice. We
observe that projecting this exact cell, which retains the hon-
eycomb connectivity discarded at single-bond level, instead of
a single bond, removes most of the error.

2 3 4 5 6 7 8 9
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0.000
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0.100

0.125

p c

cell projection

single-bond projection

Figure 5. Threshold for hexagonal lattice geometry. We plot the
error correction threshold across for honeycomb lattice as a function
of replica count R that we use for our Fourier–Walsh projection.

For the honeycomb lattice one sublattice is therefore traced
out before projecting. In the clean input model this is the well
known star-triangle transformation [3], which maps the hon-
eycomb critical point βclean

c = 1
2 ln
(
2 +

√
3
)

to the triangular
critical point βclean

c = 1
4 ln 3. So the decimated cell must be

matched to the triangular βclean
c = 1

4 ln 3.
On the Nishimori line (β = 0) the replicated weight of

each bond is 2 cosh(η σ0 ·σi) with σ0 ·σi =
∑R

a=1 σ
(a)
0 σ

(a)
i
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(main text), R = 4. For the spin σ0 shared by the three bonds
(σ1, σ2, σ3), tracing out σ0 gives the cell log-weight

y(σ1, σ2, σ3) = ln
∑

{σ(a)
0 =±1}

3∏
i=1

2 cosh(η σ0 ·σi). (C1)

The cell inner product is the uniform average over the three
external spins, and the pair-overlap channel of the tested pair
(σ1, σ2) is

⟨f, g⟩ = 2−3R
∑

σ1,σ2,σ3∈{±1}R

f g, X2 =
∑
a<b

σ
(a)
1 σ

(a)
2 σ

(b)
1 σ

(b)
2 .

(C2)
(By the symmetry of the three legs the choice of tested pair is
immaterial.) Projecting y onto X2 and matching to the trian-
gular βclean

c ,

⟨y,X2⟩
⟨X2, X2⟩

= 1
4 ln 3, (C3)

gives

ηc = 1.30028, γc = tanh ηc = 0.86180, pc =
1−γc

2 = 6.91%.
(C4)

The single-bond projection matched directly to the honey-
comb βclean

c = 1
2 ln
(
2 +

√
3
)

gives instead 4.83%, low by
∼ 30% relative to the numerical threshold ≃ 6.75% [8]. The
trace does not close for a spin shared by four bonds, elimi-
nating it generates a four-spin interaction σ1σ2σ3σ4 (an even
character, so it does not vanish), and the result is not a pair
lattice. No exact star-triangle map exists in that case, so we
do not apply this cell projection there.
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F. Mantovani, E. Marinari, V. Martin-Mayor, J. Monforte-
Garcia, A. M. n. Sudupe, D. Navarro, G. Parisi, S. Perez-
Gaviro, M. Pivanti, F. Ricci-Tersenghi, J. J. Ruiz-Lorenzo, S. F.
Schifano, B. Seoane, A. Tarancon, R. Tripiccione, and D. Yl-
lanes (Janus Collaboration), Critical parameters of the three-
dimensional Ising spin glass, Phys. Rev. B 88, 224416 (2013).

[54] M. Aguilar-Janita, V. Martin-Mayor, J. Moreno-Gordo, and J. J.
Ruiz-Lorenzo, Evidence of a second-order phase transition in
the six-dimensional Ising spin glass in a field, Phys. Rev. E 109,
055302 (2024).

[55] We want to emphasize that these are real replicas in the esti-
mator sense of Refs. [53, 54], as they count the degree of the
integer-moment observable, not the replica number of an aver-
aged free energy. On the Nishimori line the record average of
any fixed product of thermal averages is performed exactly at
integer replica number, as in Eq. (22), and no analytic continu-
ation is invoked.

[56] J. R. L. de Almeida and D. J. Thouless, Stability of the
Sherrington-Kirkpatrick solution of a spin glass model, Journal
of Physics A: Mathematical and General 11, 983 (1978).

[57] A. J. Bray and M. A. Moore, Replica symmetry and massless
modes in the Ising spin glass, Journal of Physics C: Solid State
Physics 12, 79 (1979).
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Supplemental Material:
Nishimori Threshold Estimation for Bayesian Inference and Zq Surface Code Decoding

Rohit Mukherjee and Simon Trebst
Institute for Theoretical Physics, University of Cologne, Zülpicher Straße 77, 50937 Cologne, Germany

In this Supplemental Material, we provide additional details
for the calculations presented in the main text. In Sec. S1, we
review the Fourier–Walsh (FW) transform and derive the Ising
pair-overlap projection in full. In Sec. S2, we describe the
Potts Fourier–Walsh characters and the corresponding pair-
overlap channel. In Sec. S3, we derive the FW projection for
the Zq clock model, including its large-q limit. In Sec. S4, we
explain how uncertainties in the projected Nishimori thresh-
olds are propagated. Next, in Sec. S5 we do the variance
decomposition and show by single channel ansatz how much
weight we are discarding. Finally, in Sec. S6, we discuss the
Bethe-lattice calculation for Ising and Potts modesl.

S1. ISING MODELS

The Fourier–Walsh expansion is the Fourier transform for
functions on the hypercube. Let

x = (x1, . . . , xR) ∈ {±1}R.
The natural inner product of two functions f, g : {±1}R → R
is the uniform average

⟨f, g⟩ = 2−R
∑

x1,...,xR=±1

f(x)g(x).

For every subset A ⊆ {1, . . . , R}, define the Walsh character

χA(x) =
∏
a∈A

xa, χ∅(x) = 1.

These characters are orthonormal:

⟨χA, χB⟩ = δA,B .

Therefore any function f(x) has the exact Walsh expansion

f(x) =
∑

A⊆{1,...,R}

f̂A χA(x),

f̂A = ⟨f, χA⟩ = 2−R
∑
x

f(x)
∏
a∈A

xa.
(S1)

The coefficient f̂A measures the component of f in the
A-replica channel. Thus

|A| meaning
0 constant/normalization
1 one-replica field
2 pair-overlap channel
4 disjoint-pair channel, for R ≥ 4 .

For an Ising bond problem, the clean channel is a two-replica
pair, xaxb. So the effective clean coupling is the degree-two
Walsh coefficient of the exact replicated log-weight. We now
discuss the Ising bond energy measurement/ inference setting.

1. Ising bond energy measurement/inference problem

We now derive the replicated bond Hamiltonian for the
Ising measurement problem at β = 0 before applying the
Fourier–Walsh projection. The Ising Hamiltonian has the
form H = −∑ij σiσj . Let the measured bond variable be a
noisy binary record mij = ±1 of the true Ising bond variable
τij = σiσj . The measurement model/likelihood is [12–14],

P (mij |σi, σj) =
eηmijσiσj

2 cosh η
=

1 + γmijσiσj

2
, γ = tanh η.

(S2)
At β = 0 there is no prior thermal coupling between the spins,
so the only local interaction in the posterior comes from the
measurement likelihood. For R posterior replicas sharing the
same measurement record, the replicated local likelihood is

R∏
a=1

P (mij |σ(a)
i , σ

(a)
j ) ∝ exp

[
ηmij

R∑
a=1

σ
(a)
i σ

(a)
j

]
. (S3)

This is also proportional to the posterior distribution from
Bayes’ theorem along the Nishimori line β = 0. The measure-
ment outcome is not kept fixed in the averaged replicated the-
ory; it is summed over as the shared measurement outcome.
Hence the exact single-bond measurement averaged replicated
weight is

W Ising
R ({xa}) =

∑
mij=±1

exp

(
ηmij

R∑
a=1

xa

)

= 2 cosh(ηS), xa = σ
(a)
i σ

(a)
j , S =

R∑
a=1

xa.

(S4)

The additive constant ln 2 is irrelevant for the projected cou-
pling, so the replicated bond log-weight/ effective Hamilto-
nian is

y(S) = ln cosh(ηS). (S5)

This is the local object being projected. So, in general, be-
fore doing any Fourier–Walsh projection, we need the exact
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local replicated log-weight y. The common structure is sim-
ple. There is a local noisy measurement value m. For one
replica with bond variable ∆a, the likelihood has the form

P (m|∆a) ∝ exp[−E(m,∆a)] .

For R replicas, the measurement/noise variable is shared, so
the replicated local weight is

WR(∆1, . . . ,∆R) =
∑
m

R∏
a=1

P (m|∆a) .

The object projected in the Fourier/Walsh calculation is

yR(∆) = lnWR(∆),

up to additive constants independent of ∆. In this notation,

yIsingR (x) = ln cosh

(
η

R∑
a=1

xa

)
. (S6)

Ising at R = 4: ordinary Walsh transform The Ising case
is the cleanest place to see the whole mechanism. The mea-
surement variable couples to each replica through an Ising
sign, and after summing over that measurement variable, the
replicated bond weight depends only on the total replicated
magnetization S =

∑
a xa. Since the pair Walsh function

x1x2 has zero uniform average, additive constants in the log-
weight never affect the projected coupling. For Ising variable,
we write

xa = ±1, S =

4∑
a=1

xa.

The exact replicated measurement log-weight, up to an addi-
tive constant, is

y(x1, x2, x3, x4) = ln cosh(ηS).

The Walsh coefficient of the pair character x1x2 is

ŷ12 = 2−4
∑

x1,...,x4=±1

y(x1, . . . , x4)x1x2.

Since y depends only on S, average x1x2 at fixed S. For
R = 4,

⟨x1x2⟩S =
S2 − 4

4 · 3 .

This follows from

S2 = 4 + 2
∑
a<b

xaxb.

At fixed S, all six pairs are equivalent, so each pair has average

1

6

〈∑
a<b

xaxb

〉
S

=
S2 − 4

12
.

Thus,

ŷ12 =
∑
S

2−4

(
4

(4 + S)/2

)
ln cosh(ηS)

S2 − 4

12
.

Fold S ↔ −S to obtain

|S| 0 2 4

WS 6 8 2

(S2 − 4)/12 −1/3 0 1

yS 0 ln cosh(2η) ln cosh(4η) ,

ŷ12 =
2

16
ln cosh(4η) =

1

8
ln cosh(4η) ,

KIsing
MRP(η) =

1

8
ln cosh(4η) . (S7)

Equivalently, because y is even and replica symmetric, it
has the exact R = 4 Walsh form is,

y = A+K2

∑
a<b

xaxb +K4x1x2x3x4 .

This second derivation is useful as a check. For four repli-
cas, even replica-symmetric Walsh functions have only three
folded sectors; a constant, a two-replica pair sum, and the
four-replica product. Solving the three-sector linear system
must reproduce the direct coefficient above. Let

a = ln cosh(2η), b = ln cosh(4η).

Using the three folded sectors

|S| 0 2 4∑
a<b xaxb −2 0 6

x1x2x3x4 1 −1 1

y 0 a b

gives

0 = A−2K2+K4, a = A−K4, b = A+6K2+K4.

Solving,

K2 =
b

8
=

1

8
ln cosh(4η), K4 =

b− 4a

8
.

So the pair Walsh coefficient and the previous Ising projection
slope are identical.

S2. POTTS MODELS

For the q array Potts model the Hamiltonian is given by
−∑ij δσi,σj , We measure the bond difference ∆ = σi − σj .
For a q-state Potts bond, take

∆a ∈ Zq, m ∈ Zq.
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where m is the corresponding measurement outcome. The q-
ary symmetric Nishimori likelihood can be written as

P (m|∆a) =
eJ0δm,∆a

eJ0 + q − 1
.

Equivalently, if γ is the probability of measuring the bond dif-
ference correctly and other q − 1 outcomes are equally likely,
then similar to Ising model we have,

J0 = ln
1 + (q − 1)γ

1− γ
.

The replicated weight is

WPotts
R (∆) ∝

q−1∑
m=0

R∏
a=1

eJ0δm,∆a =

q−1∑
m=0

eJ0
∑

a δm,∆a .

Let

Nm(∆) = #{a : ∆a = m} =
R∑

a=1

δm,∆a
.

Then

yPottsR (∆) = ln

q−1∑
m=0

eJ0Nm(∆). (S1)

Potts calculation depends on the groups configurations only
by the occupation vector (N0, . . . , Nq−1).

Potts q = 3

For Potts variables the local measurement value can be
any of the q colors. If a trial measurement value m agrees
with Nm replicas, the replicated Boltzmann factor contributes
eJ0Nm . Summing over the unknown measurement color gives
the exact log-weight below. The function depends only on the
occupation numbers (N0, . . . , Nq−1), which is why the full
Fourier sum can be compressed into a small table of occupa-
tion types.

For q-state Potts variables, the R = 4 exact local log-weight
is

y(∆) = ln

q−1∑
m=0

eJ0Nm(∆),

where Nm(∆) is the number of replicas with ∆a = m. Let

y = eJ0 .

For q = 3, the four occupation types are

type ytype Ctype

A = (4, 0, 0) ln
(
y4 + 2

)
3

B = (3, 1, 0) ln
(
y3 + y + 1

)
6

C = (2, 2, 0) ln
(
2y2 + 1

)
0

D = (2, 1, 1) ln
(
y2 + 2y

)
−9.

Here,

Ctype =
∑

∆ in type

exp

[
−2πi

3
(∆1 −∆2)

]
is the exact character sum over all configurations in that occu-
pation type. Because y(∆) is constant inside each occupation
type, the Fourier coefficient is just a weighted sum of the table
entries ytype, with weights Ctype. This is just the finite Fourier
transform after symmetry grouping.

Fourier coefficients

The pair character coefficient is

ŷ
(1)
12 = 3−4 (3yA + 6yB − 9yD) .

Since KPotts = 3ŷ
(1)
12 ,

Kq=3
FW =

3yA + 6yB − 9yD
27

=
yA + 2yB − 3yD

9
.

Therefore

Kq=3
FW (y) =

1

9
ln

(y4 + 2)(y3 + y + 1)2

y3(y + 2)3
. (S2)

The threshold equation gives

Kq=3
FW (J∗

0 ) = ln
(
1 +

√
3
)
,

J∗
0 = 2.38365, γc = 0.76644, pc =

2
3 (1− γc) = 0.15571.

(S3)
Potts q = 4 The q = 4 Potts calculation is the same pro-

jection, but there are five occupation patterns for four replicas.
Again Ctype is the exact sum of the pair character over all con-
figurations of that type, while ytype is the common log-weight
of the type.

For q = 4, the occupation types and character sums are

type ytype Ctype

A = (4, 0, 0, 0) ln
(
y4 + 3

)
4

B = (3, 1, 0, 0) ln
(
y3 + y + 2

)
16

C = (2, 2, 0, 0) ln
(
2y2 + 2

)
4

D = (2, 1, 1, 0) ln
(
y2 + 2y + 1

)
−16

E = (1, 1, 1, 1) ln(4y) −8.

The Fourier coefficient is

ŷ
(1)
12 = 4−4 (4yA + 16yB + 4yC − 16yD − 8yE) .

Since KPotts = 4ŷ
(1)
12 ,

Kq=4
FW =

yA + 4yB + yC − 4yD − 2yE
16

.

Substituting the y-expressions,

Kq=4
FW =

1

16
ln

(y4 + 3)(y3 + y + 2)4(2y2 + 2)

(y2 + 2y + 1)4(4y)2
.
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Equivalently,

Kq=4
FW (y) =

1

16
ln

(y4 + 3)(y2 − y + 2)4(y2 + 1)

8y2(y + 1)4
. (S4)

The threshold equation is Kq=4
FW (J∗

0 ) = ln 3, giving

J∗
0 = 2.529, γc = 0.743, pc = 0.1930. (S5)

S3. Zq CLOCK MODELS

The q state Clock model is given by the Hamiltonian H =
−∑ij cos (

2π
q (σi − σj). We again measure the bond differ-

ence. For the q-state clock model, the bond difference and
measurement/noise value are

∆a,m ∈ Zq.

The discrete von-Mises Nishimori likelihood is

P (m|∆a) =
exp
[
J cos 2π(m−∆a)

q

]
Zq(J)

, Zq(J) =

q−1∑
r=0

exp

[
J cos

2πr

q

]
.

The normalization Zq(J)
−R again gives only an additive con-

stant in yR. The nontrivial replicated weight is,

W clock
R (∆) ∝

q−1∑
m=0

R∏
a=1

exp

[
J cos

2π(m−∆a)

q

]
,

or

yclockR (∆) = ln

q−1∑
m=0

exp

[
J

R∑
a=1

cos
2π(m−∆a)

q

]
. (S1)

Clock model, general Fourier Walsh

The clock model differs from Potts because the pair interac-
tion resolves angular distance, not only equality or inequality.
The natural pair channel is therefore the first cosine harmonic.
Higher harmonics could also be projected, but the clean clock
Hamiltonian used here has first-harmonic coupling, so the
matching to βclean

c uses Kclock
1 .

For clock variables,

∆a ∈ Zq,

and the exact replicated log-weight is

y(∆) = ln

q−1∑
m=0

exp

[
J

4∑
a=1

cos
2π(m−∆a)

q

]
. (S2)

For the first harmonic h = 1,

X1(∆) =
∑
a<b

cos
2π(∆a −∆b)

q
.

For q > 2,

⟨X1⟩ = 0, ⟨X2
1 ⟩ = 3,

so the first-harmonic Fourier coefficient is written as

Kclock
1 (J) = 2Re ŷ

(1)
12 =

⟨yX1⟩
⟨X2

1 ⟩
=

1

3
⟨yX1⟩. (S3)

The value ⟨X2
1 ⟩ = 3 is the uniform norm of the six-pair first-

harmonic channel for q > 2. For q = 2, the first harmonic is
self-conjugate and ⟨X2

1 ⟩ = 6, so

Kclock
1 (J) =

1

6
⟨yX1⟩.

Because Eq. (S2) is invariant under a global shift of all ∆a,
set

∆1 = 0, ∆2 = a, ∆3 = b, ∆4 = c.

Then, for q > 2,

Kclock
1 (J) =

1

3q3

q−1∑
a,b,c=0

X1(0, a, b, c) ln

 q−1∑
m=0

exp

J
∑

n∈{0,a,b,c}

cos
2π(m− n)

q

 . (S4)

For q = 2, replace the denominator 3q3 by 6q3. This transla-
tion reduction removes one redundant sum: every orbit under
the common shift of all four replica angles contributes q iden-
tical terms.

1. Clock q = 2

The q = 2 clock model is exactly Ising in disguise. The two
clock angles are 0 and π, so the cosine becomes a sign. This
is a useful check that the generalized clock formula reduces to
the ordinary Walsh result.



17

For q = 2, cos[π(m−∆a)] = (−1)m(−1)∆a . With xa = (−1)∆a ,

y(∆) = ln

1∑
m=0

exp

[
J(−1)m

∑
a

xa

]
= ln[2 cosh(JS)] , S =

∑
a

xa. (S5)

The additive ln 2 has zero pair Fourier coefficient. There-
fore the calculation is identical to the Ising Walsh calculation:

Kclock
q=2 (J) =

1

8
ln cosh(4J). (S6)

Matching to βc =
1
2 ln
(
1 +

√
2
)

gives

J∗ = 1.054606205, T ∗ = 1/J∗ = 0.948221237.

2. Clock q = 3

For q = 3, the translation-reduced sum has 33 = 27 config-
urations. Grouping them by identical logarithms leaves only
three groups with nonzero total X1 coefficient. The table be-
low is therefore the entire finite Fourier transform, just written
compactly.

For q = 3, Eq. (S4) has denominator

3q3 = 81.

Only three grouped logarithms have nonzero total X1 coeffi-
cient:

Cg Lg(J)

6 e4J + 2e−2J

12 e5J/2 + e−J/2 + e−2J

−18 eJ + 2e−J/2.

Therefore

Kclock
q=3 (J) =

1

81
[6 lnL1 + 12 lnL2 − 18 lnL3] . (S7)

the clean critical coupling from the supplied formula is

βsd(q = 3) =
2

3
ln
(
1 +

√
3
)
= 0.670035026.

Solving Kclock
q=3 (J∗) = βsd gives

J∗ = 1.589102389, T ∗ = 0.629286072.

3. Clock q = 4

For q = 4, the grouped logarithms contain cosh J , cosh 2J ,
and constants, but the projection coefficients cancel every-
thing except ln cosh(2J).

For q = 4, Eq. (S4) has denominator 3q3 = 192. Group-
ing the 43 translation-reduced configurations by their m-sum
Lg(J) and coefficient Cg =

∑
X1 gives

Kclock
q=4 (J) =

1

192

∑
g

Cg lnLg(J),

with the nonzero groups

Cg Lg(J)

6 2 + 2 cosh(4J)

24 2 cosh(3J) + 2 cosh J

12 4 cosh(2J)

−24 4 coshJ

−18 4.

Now use

2+2 cosh 4J = 4 cosh2 2J, 2 cosh 3J+2 cosh J = 4 cosh 2J coshJ.

Then

192Kclock
q=4 = 6 ln

(
4 cosh2 2J

)
+ 24 ln(4 cosh 2J cosh J)

(S8)

+ 12 ln(4 cosh 2J)− 24 ln(4 cosh J)− 18 ln 4.
(S9)

Kclock
q=4 (J) =

1

4
ln cosh(2J). (S10)

Matching to the clean four-state clock coupling βc =
ln
(
1 +

√
2
)
= 0.881373587 gives

J∗ = 2.109212410, T ∗ = 0.474110618.

4. Clock q = 5

For q = 5, the exact grouped expression is already com-
pact but no longer collapses to a single elementary logarithm.
The representative triples (a, b, c) below stand for translation-
reduced replica configurations (0, a, b, c). The coefficients Cr

include all permutations and symmetry-related configurations
with the same logarithm.

For q = 5, Eq. (S4) has denominator

3q3 = 375.
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It is shortest to keep the exact clock character sum in repre-
sentative form. Define

L
(5)
abc(J) =

4∑
m=0

exp

J ∑
n∈{0,a,b,c}

cos
2π(m− n)

5

 .

Grouping translation-reduced configurations with identical
L
(5)
abc, the nonzero coefficients are

Cr (a, b, c)

18 + 6
√
5 (0, 0, 1)

6 + 6
√
5 (0, 1, 1)

−3 + 9
√
5 (0, 1, 4)

−6 + 6
√
5 (0, 1, 2)

6 (0, 0, 0)

18− 6
√
5 (0, 0, 2)

6− 6
√
5 (0, 2, 2)

−6− 6
√
5 (0, 1, 3)

−3− 9
√
5 (0, 2, 3)

−36 (1, 2, 3).

Thus

Kclock
q=5 (J) =

1

375

10∑
r=1

Cr lnLr(J), Lr(J) = L
(5)
arbrcr

(J).

(S11)
The clean BKT temperatures supplied in the table are,

T clean
c1 = 0.9521(2), T clean

c2 = 0.9059(2),

so the clean inverse-temperature inputs for the Nishimori pro-
jection are

βclean
c1 = 1.050309841, βclean

c2 = 1.103874600.

Solving Kclock
q=5 (J∗) = βclean

c gives

clean input βclean
c J∗ T ∗ = 1/J∗

T clean
c1 = 0.9521 1.0503098 2.4993839 T ∗

1 = 0.4000985

T clean
c2 = 0.9059 1.1038746 2.6110358 T ∗

2 = 0.3829897

5. Clock q = 6

For q = 6, the same finite character sum produces eight log-
arithms with nonzero first-harmonic projection. This is still
an exact calculation: all 63 translation-reduced configurations
are accounted for by the grouped coefficients.

For q = 6, Eq. (S4) has denominator

3q3 = 3 · 63 = 648.

The exact finite Fourier sum groups into eight nonzero loga-
rithms. A ninth group has zero total X1 coefficient and drops
out. Write

Kclock
q=6 (J) =

1

648

8∑
r=1

Cr lnLr(J).

The grouped terms are

Cr Lr(J)

6 e4J + 2e2J + 2e−2J + e−4J

36 e7J/2 + e5J/2 + eJ + e−J + e−5J/2 + e−7J/2

30 e3J + 2e3J/2 + 2e−3J/2 + e−3J

24 2e3J + 2 + 2e−3J

48 e5J/2 + e2J + eJ/2 + e−J/2 + e−2J + e−5J/2

−24 2e3J/2 + 2 + 2e−3J/2

−90 eJ + 2eJ/2 + 2e−J/2 + e−J

−30 6.

Thus

Kclock
q=6 (J) =

1

648

[
6 lnL1 + 36 lnL2 + 30 lnL3 + 24 lnL4

+ 48 lnL5 − 24 lnL6 − 90 lnL7 − 30 ln 6
]
.

(S12)
This is the direct Fourier-character formula for the q = 6 first-
harmonic clock coupling.

The clean BKT temperatures supplied in the table are,

T clean
c1 = 0.9127(5), T clean

c2 = 0.6901(4).

Therefore

βclean
c1 = 1/T clean

c1 = 1.095650, βclean
c2 = 1/T clean

c2 = 1.449065.

Solving Kclock
q=6 (J∗) = βclean

c gives

clean input βclean
c J∗ T ∗ = 1/J∗

T clean
c1 = 0.9127 1.09565 2.58333 T ∗

1 = 0.387096040

T clean
c2 = 0.6901 1.44906 3.30997 T ∗

2 = 0.302116929

As in the Ising case the Nishimori temperature can be writ-
ten in terms of measurement strength (γc) with these change
of variables,

γc =
〈
cos

2π(m−∆)

q

〉
J∗

=

∑q−1
k=0 cos

(
2πk
q

)
eJ

∗ cos(2πk/q)∑q−1
k=0 e

J∗ cos(2πk/q)
,

(S13)

6. Zq clock models for large q

For the high-temperature BKT branch, using the q = 8 re-
sults from Ref. [74],

βc1 = 1.10375,

as the finite-q proxy for the continuum clean value, the solu-
tion of K∞(J∗

hi) = βclean
c1 is

T ∗
1 (∞) ≃ 0.385079
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For the lower BKT transition, the Jose-Kadanoff-
Kirkpatrick-Nelson (JKKN) asymptotic clean coupling is

βc2(q) ∼
q2

8π
.

At large coupling,

ln I0(Jρ) = Jρ+O(ln J),

and therefore

K∞(J) = c∞J+O(lnJ), c∞ =
1

3(2π)3

∫
X(θ)ρ(θ) d3θ.

Numerical quadrature gives

c∞ = 0.487385, 8πc∞ = 12.249325.

J∗
2 (q) ∼

q2

8πc∞
=

q2

12.249325
, T ∗

2 (q) ∼
12.249325

q2
.

(S14)

S4. UNCERTAINTY PROPAGATION

Here we calculate the uncertainty propagated to our projec-
tion threshold from the uncertainty of the clean critical tem-
perature. We use the same first-order independent-variable
rule used by Julia’s common Measurements.jl package. The
notation x(y) means x± y in the last displayed digits, then

σu =

∣∣∣∣∂f∂β
∣∣∣∣σβ .

For direct Ising maps this can be applied directly to

η(β) =
1

4
arcosh

(
e8β
)
, p(β) =

1− tanh η(β)

2
.

The derivative used for the Ising error bars is

dη

dβ
=

2e8β√
e16β − 1

,
dp

dβ
= −1

2
sech2 η

dη

dβ
.

For implicit clock or Potts equations

K(J∗) = β,

differentiate implicitly:

K ′(J∗) dJ∗ = dβ, σJ∗ =
σβ

|K ′(J∗)| , σT =
σJ∗

(J∗)2
.

For a grouped formula K(J) = D−1
∑

r Cr lnLr(J), the
derivative is computed from the same grouped data:

K ′(J) =
1

D

∑
r

Cr
L′
r(J)

Lr(J)
.

For an ungrouped finite clock sum, this is equivalently ob-
tained by differentiating Eq. (S4) term by term. No numerical
finite-difference derivative is needed. The uncertainties calcu-
lated from this method is used in Table I

S5. VARIANCE DECOMPOSITION

The single channel calculation keeps only the leading pair
channel. It is therefore useful to ask what part of the exact
replicated log-weight is being discarded. For the clock model
define the harmonic pair observables

Xh(∆) =
∑
a<b

cos

[
2πh

q
(∆a −∆b)

]
, h = 1, . . . , ⌊q/2⌋.

The threshold projection used above is the h = 1 coefficient.
For a sector decomposition with multiplicities Ws, sector log-
weights ys, and sector observables Xh,s, the grouped Fourier–
Walsh inner product is

⟨f, g⟩FW =
1

N
∑
s

Wsfsgs, N =
∑
s

Ws = q4.

This is exactly the uniform finite-group inner product, only
written after grouping equivalent configurations. Define the
centered functions,

ỹ = y − ⟨y, 1⟩FW, X̃h = Xh − ⟨Xh, 1⟩FW.

The Fourier–Walsh projection of ỹ onto the h-th clock-pair
harmonic is

Πhỹ = KhX̃h, Kh =
⟨ỹ, X̃h⟩FW
⟨X̃h, X̃h⟩FW

.

The Fourier–Walsh norm fraction carried by harmonic h is

Vh = ∥Πhỹ∥2FW = K2
h∥X̃h∥2FW.

The total centered log-weight norm is

Vtot = ∥ỹ∥2FW.

Because distinct finite-group harmonics are orthogonal under
⟨·, ·⟩FW, the residual Fourier–Walsh norm after removing all
single-copy clock harmonics is

Vrep =

∥∥∥∥∥∥ỹ −
⌊q/2⌋∑
h=1

Πhỹ

∥∥∥∥∥∥
2

FW

= Vtot −
⌊q/2⌋∑
h=1

Vh,

where the last term is the purely replica-sector residual, or-
thogonal to every single-copy clock harmonic included in the
fit.

The important point is that the first harmonic carries about
94% − 96% (See Table S5) of the weighted variance at these
transition points. The higher clock harmonics are tiny, in the
displayed cases their total contribution is at most 0.20% of
the variance. The remaining few percent is not another clock
coupling. It lies in directions orthogonal to the full clock-
harmonic subspace, so it has no direct single-copy clean-clock
counterpart.
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S6. BETHE LATTICE

On the Bethe lattice the object our construction reproduces
is the linearized cavity instability, a strictly two-replica quan-
tity. The complete local algebra for this instability is therefore
R = 2, consistent with the minimality discussion of the main
text. The R = 2 pair-overlap Walsh coefficient is the exact
projection coordinate.

Ising. For one bond ⟨ij⟩, define

xa = σ
(a)
i σ

(a)
j = ±1, a = 1, 2,

Summing the shared measurement outcome, the two-replica
bond weight and log-weight are

W2(x1, x2) = 2 cosh[η(x1 + x2)] ,

y2(x1, x2) = log cosh[η(x1 + x2)] .

The Walsh basis on (Z2)
2 is {1, x1, x2, x1x2}, so

y2(x1, x2) = A+B1x1 +B2x2 + κ2 x1x2 .

Since y2 is invariant under the exchange x1 ↔ x2 and un-
der the simultaneous flip (x1, x2) 7→ (−x1,−x2), the linear
coefficients vanish, B1 = B2 = 0, and

A = κ2(η) =
1
2 log cosh(2η), y2 = κ2(η) (1 + x1x2) .

The nontrivial character factorizes on sites,

x1x2 =
(
σ
(1)
i σ

(2)
i

)(
σ
(1)
j σ

(2)
j

)
= Qi Qj ,

so the overlap spin Qi = σ
(1)
i σ

(2)
i sees an ordinary Ising cou-

pling κ2, with the exact identity

tanhκ2(η) = tanh2 η .

On a Bethe lattice of coordination z, branching number c =
z − 1, the clean instability is c tanhKclean

c = 1; for Ising the
transition is continuous, so this linear instability is the critical
point itself. Matching κ2(ηc) = Kclean

c gives

tanh2 ηc =
1

c
,

and with tanh η = γ = 1− 2p on the Nishimori line,

pR=2
c =

1

2

(
1− 1√

z − 1

)
,

Eq. (14) of the main text. The projection is not an approxima-
tion here, it isolates the pair-overlap channel whose instability,
c tanh2 ηc = 1, is the KS condition of the binary symmetric
channel.

Potts. The same steps carry over with the q-ary likelihood
of Appendix A, J0 = ln[(1 + (q − 1)γ)/(1 − γ)] and γ =
(eJ0 − 1)/(eJ0 + q − 1). The two-replica bond weight takes
only two values,

W2(∆1,∆2) =

q−1∑
m=0

eJ0(δm,∆1
+δm,∆2

)

=

{
e2J0 + q − 1 , ∆1 = ∆2 ,

2eJ0 + q − 2 , ∆1 ̸= ∆2 .

so the R = 2 bond is again a pure Potts coupling. Projecting
onto the centered coincidence channel x = δ∆1,∆2−1/q gives

κ2(J0) = ln
e2J0 + q − 1

2eJ0 + q − 2
,

and with v(K) = (eK −1)/(eK +q−1), the second transfer-
matrix eigenvalue of a clean Potts bond, the exact identity

v(κ2(J0)) =
(eJ0 − 1)2

(eJ0 + q − 1)2
= γ2 ,

the Potts analog of tanhκ2 = tanh2 η. The clean linear in-
stability on the Bethe lattice is c v(Klin) = 1, i.e. Klin =
ln[(z+ q− 2)/(z− 2)]. Matching κ2(J

∗
0 ) = Klin then yields

c γ2
c = 1 , pR=2

c =
q − 1

q

(
1− 1√

z − 1

)
.

This is the KS linear instability of the q-ary symmetric chan-
nel. For q = 2 it coincides with the Ising reconstruction
threshold. For q > 2 one should distinguish this linear insta-
bility from possible first-order or non-Kesten–Stigum recon-
struction transitions; here it is the correct object because the
comparison is explicitly to the two-replica linear pair-channel
instability.
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Table S1. Clean critical couplings βclean
c used as inputs for each row of Table I in the main text. Values marked exact follow from Onsager’s

solution or Kramers–Wannier–Wegner / Potts self-duality. Exact dual entries are inherited from the dual lattice’s value. MC entries are best-
published Monte Carlo determinations. Clock βc1(q ≥ 5) saturates to the XY BKT value; βc2(q) follows the JKKN asymptotic q2/(8π)
measured numerically at finite q.

Model / setting βclean
c approach Ref.

Ising 2D 1
2
ln
(
1+

√
2
)
= 0.4406868... exact (Onsager) [69]

Ising 3D 0.22165462(2) MC [70]
Ising 3D PGM 0.76141331(4) exact dual of 3D Ising [71]
Ising 4D 0.14969378(15) MC [72]
Ising 4D PGM 0.4406868... (= 2D Ising) exact dual of 2D RBIM [69]
Ising 5D 0.1139150(4) MC [73]
Potts 2D q=3 ln

(
1+

√
3
)
= 1.00505... exact [44]

Potts 2D q=4 ln 3 = 1.09861... exact [44]
Clock q=2 (≡ Ising) 1

2
ln
(
1+

√
2
)
= 0.4406868... exact (Onsager) [69]

Clock q=4 (≡ 2×Ising) ln
(
1+

√
2
)
= 0.8813735... exact [44, 47]

Clock q=5, upper BKT βc1 1.05031(22) MC [74]
lower BKT βc2 1.10387(24) MC [74]

Clock q=6, upper BKT βc1 βXY
BKT ≃ 1.09565(60) MC (XY BKT limit) [47, 74]

lower BKT βc2 1.44907(84) (JKKN: 36/8π=1.43) MC + JKKN [47, 74]
Clock q=7, upper BKT βc1 1.10241(61) MC [74]

lower BKT βc2 1.88501(107) MC [74]
Clock q=8, upper BKT βc1 βXY

BKT ≃ 1.10375(61) MC (XY BKT limit) [47, 74]
lower BKT βc2 2.39693(172) (JKKN: 64/8π=2.55) MC + JKKN [47, 74]

XY 3D 0.4541652(11) MC [75]
XY 4D 0.30171037(55) MC [76]

Table S2. Projected Nishimori thresholds computed from the clean βclean
c inputs of Table S1. For each model, we list the Nishimori inverse

temperature βN (or coupling J∗
0 ), the corresponding critical measurement strength γc, and the location of the transition, expressed either as a

critical error rate pc (Ising / Potts models) or as a critical temperature T ∗ (T ∗
1,2 for the upper and lower BKT transitions of the clock models).

Model / setting βN or J∗
0 γc transition

Ising 2D 1.054606205... 0.783590714... pc = 10.8205...%

Ising 3D 0.61477461(4) 0.54747934(3) pc = 22.6260332(14)%

Ising 3D PGM 1.69611309(9) 0.93492140(1) pc = 3.2539301(6)%

Ising 4D 0.46677135(31) 0.43558694(25) pc = 28.220653(13)%

Ising 4D PGM 1.054606205... 0.783590714... pc = 10.8205...%

Ising 5D 0.3903433(9) 0.3716561(8) pc = 31.417193(38)%

Potts q = 3 2.383653584... 0.766436118... pc = 15.5709...%

Potts q = 4 2.529369998... 0.742692464... pc = 19.2981...%

Clock q = 2 (≡ Ising) 1.054606205... 0.783591... T ∗ = 0.948221...

Clock q = 4 2.109212410... 0.783591... T ∗ = 0.474111...

Clock q = 5, upper BKT βc1 2.49938(46) 0.793033(61) T ∗
1 = 0.400099(73)

lower BKT βc2 2.61104(50) 0.807252(61) T ∗
2 = 0.382990(74)

Clock q = 6, upper BKT βc1 2.58334(123) 0.781768(136) T ∗
1 = 0.387096(184)

lower BKT βc2 3.30998(173) 0.846369(123) T ∗
2 = 0.302117(158)

Clock q = 7, upper BKT βc1 2.59545(125) 0.776771(133) T ∗
1 = 0.385290(185)

lower BKT βc2 4.20287(221) 0.880307(90) T ∗
2 = 0.237933(125)

Clock q = 8, upper BKT βc1 2.59700(124) 0.775482(133) T ∗
1 = 0.385060(184)

lower BKT βc2 5.24423(354) 0.904853(87) T ∗
2 = 0.190686(129)

XY 3D 1.2706676(23) 0.5341255(7) T ∗ = 0.7869879(14)

XY 4D 0.9510223(12) 0.4287662(4) T ∗ = 1.0515000(13)
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Table S3. Clock thresholds inserted into the Gilbert–Varshamov
self-dual entropy condition.

q T∗
1 T∗

2 HGV/ ln q

2 0.948221 – 0.988953

3 0.629286 – 0.983814

4 0.474111 – 0.988954

5 0.400099(74) 0.382990(75) 1.018125(138)

6 0.387096(184) 0.302117(158) 1.046444(301)

7 0.385290(184) 0.237933(125) 1.054064(258)

8 0.385060(184) 0.190686(129) 1.055923(269)

Table S4. Large-q entropy sums for the two projected clock transi-
tions.

q Hq(T
∗
1 ) Hq(T

∗
2 ) Hsum − ln q Hsum/ ln q

10 1.555082 0.843854 0.096351 1.041845(141)

12 1.737421 0.833056 0.085570 1.034436(131)

20 2.248247 0.818845 0.071360 1.023820(108)

50 3.164538 0.812629 0.065144 1.016652(83)

100 3.857685 0.811763 0.064278 1.013958(70)

1000 6.160270 0.811479 0.063994 1.009264(47)

Table S5. Clock harmonic Fourier–Walsh diagnostic at the pro-
jected transition points. The last column gives the norm fraction car-
ried by the first harmonic alone.

Case K1 (K2, K3, K4)/K1 V1/Vtot

q = 2, βc = 0.4407 0.4407 (−−,−−,−−) 0.9392

q = 4, βc = 0.8814 0.8814 (0.0000,−−,−−) 0.9392

q = 6, βc1 = 1.11 1.1100 (−0.0353,+0.0087,−−) 0.9577

q = 6, βc2 = 1.42 1.4200 (−0.0378,+0.0127,−−) 0.9507

q = 8, βc1 = 1.1115 1.1115 (−0.0371,+0.0051,−0.0010) 0.9602

q = 8, βc2 = 2.36 2.3600 (−0.0446,+0.0126,−0.0018) 0.9450

Table S6. Decomposition of the projected clock weight at the tran-
sition points. Entries are percentages of the total Walsh norm.

Case V1 Vk>1 residual

q = 2, βc = 0.4407 93.92 0.00 6.08

q = 4, βc = 0.8814 93.92 0.00 6.08

q = 6, βc1 = 1.11 95.77 0.13 4.10

βc2 = 1.42 95.07 0.17 4.76

q = 8, βc1 = 1.1115 96.02 0.14 3.85

βc2 = 2.36 94.50 0.20 5.30
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