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Teleportation is a facet where quantum measurements can act as a powerful resource in quantum
physics, as local measurements allow us to steer quantum information in a nonlocal way. While this
has long been established for a single Bell pair, the teleportation of a many-qubit entangled state using
nonmaximally entangled resources presents a fundamentally different challenge. Here, we investigate a
tangible protocol for teleporting a long-range entangled surface-code state using elementary Bell mea-
surements and its stability in the presence of coherent errors that weaken the Bell entanglement. We relate
the underlying threshold problem to the physics of anyon condensation under weak measurements and
map it to a variant of the Ashkin-Teller model of statistical mechanics with Nishimori-type disorder,
which gives rise to a cascade of phase transitions. Tuning the angle of the local Bell measurements, we
find a continuously varying threshold. Notably, the threshold moves to infinity for the X + Z angle along
the self-dual line—indicating that infinitesimally weak entanglement is sufficient in teleporting a self-dual
topological surface code. Our teleportation protocol, which can be readily implemented in dynamically
configurable Rydberg-atom arrays, thereby gives guidance for a practical demonstration of the power of
quantum measurements.
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I. INTRODUCTION

The basis for fault-tolerant quantum computation plat-
forms are logical qubits that, built from many physical
qubits, leverage long-range entanglement and topological
protection to store quantum information [1,2]. One widely
adopted blueprint for their implementation is the surface
code [1,3], which, like the toric code, employs two com-
muting stabilizer measurements to induce a topological
state of matter [4]. Its fault tolerance arises from the ability
to perform quantum error correction based on the measure-
ment outcomes of the stabilizers (the so-called syndromes)
and is embodied in a finite error threshold against incoher-
ent noise such as nondeterministic Pauli errors [5]. Going
beyond a protected quantum memory, one of the most
elementary building blocks for quantum information pro-
cessing will be the teleportation of a logical qubit, e.g.,
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the spatial transfer of quantum information nonlocally such
that it can be employed in a quantum circuit, akin to load-
ing a classical bit into a processor register. But while the
teleportation of a single physical qubit is well studied both
theoretically [6] and experimentally [7–9], the teleporta-
tion of a logical state [10–15] supported through many
qubits is a nontrivial challenge. This raises a fundamen-
tal question: How much entanglement is needed to teleport
an entire topological surface code, including its long-range
entanglement pattern that organizes the physical qubits
[16], and the logical qubits that they represent. If this task
were to be confined to the teleportation of a pristine many-
qubit wave function, any source of decoherence would
immediately make it unattainable. So the real question
should be how one can preserve not the wave function but
the associated (topological) phase, such that the quantum
information of a logical qubit remains protected during
teleportation even in the presence of decoherence.

In this paper, we address these questions by intro-
ducing a protocol for the teleportation of a many-qubit
surface-code state and demonstrate its ability to transfer a
logical qubit. Introducing a source of coherent errors [17]
(by weakening the Bell measurements), we determine its
robustness, threshold behavior, and optimal performance.
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We recast these results in a many-body context by con-
necting the error threshold to an anyon-condensation tran-
sition out of a topologically ordered quantum phase, which
also gives an intuitive understanding of the remarkable
robustness for certain Bell-measurement angles. We pro-
vide additional analytical insights via a mapping of the
problem to a classical Ashkin-Teller model [18] with ran-
dom (non-Hermitian) couplings, the statistical mechanics
of which is reminiscent of Nishimori physics [19] in the
random-bond Ising model (RBIM). On a conceptual level,
our work goes beyond the widely studied phenomenology
of Clifford decoherence and highlights the effect of non-
Clifford decoherence on the quantum many-body physics
of a long-range entangled state, thereby shedding light on
the stability of topological order in mixed states [20–24],
making a connection with the physics of coherent errors
[25–28] and weak measurements [29–41], as well as gen-
eralized wave-function deformations [42–45]. With an eye
toward experimental realization, we believe that config-
urable Rydberg-atom arrays [46–48] can readily imple-
ment our protocol, controllably inject the coherent errors,
and establish its fault tolerance.

II. TELEPORTATION PROTOCOL

The prototypical protocol for nonlocal quantum state
teleportation [6] between two points in space requires three
principal ingredients. First, it needs Bell pairs to establish
entanglement at arbitrary distance. Second, quantum mea-
surements enter with two consequences, steering the flow
of quantum information from source to target and collaps-
ing the initial wave function into a classical state. Finally,
it requires a classical communication channel to transfer
the measurement outcomes from the source to the target
location, which is necessary to perform a round of correc-
tions on the transferred quantum state (such as local-qubit
or basis rotations).

A schematic of our protocol for teleporting the quantum
many-body state underlying a logical qubit is illustrated
in Fig. 1(a), where we employ N Bell pairs to steer the
information between the spatially separated N -qubit sys-
tems A (Alice) and B (Bob). A more concise formulation
is given in the quantum circuit of Fig. 1(b). In the ini-
tialization stage, we prepare (i) a surface-code state by an
encoder for Alice’s qubits A and (ii) a bunch of N Bell
pairs, between the ancilla system A′ and Bob’s qubits B.
Concerning the degeneracy of the surface-code states, we
maximally entangle the logical state with a reference qubit
R [49], such that when R is traced out, the surface code
becomes maximally mixed in the logical space. To per-
form the teleportation, we (spatially) align Alice’s qubits
A with the ancilla qubits A′ on a one-to-one basis and per-
form a rotated Bell-pair measurement for each pair, which
is carried out by first applying transversal unitary RXX =
e−i(π/4−t)X1X2 gates (Ising interaction evolution) [48] and

then projectively measuring both in the Pauli Z basis. It
is in this entangling step that we introduce a tuning knob
(indicated by the orange circle), which allows us to go
to an imperfect entangling time (rotation), 0 ≤ t ≤ π/4,
that weakens the entanglement between A and A′. As a
result, Alice effectively measures a weakly entangled pair,
(1 − i tan(π/4 − t)X1X2)

∣
∣ss′〉, depending on the two mea-

surement outcomes s, s′ = ±1. Here, the weakly entangled
Bell pair breaks the SU(2) symmetry down to U(1)with an
axis dependence, where the axis can be rotated by a uni-
tary Uθ ,φ from the Pauli Z to an arbitrary direction on the
Bloch sphere, σ̂ θ ,φ = sin(θ) cos(φ)X + sin(θ) sin(φ)Y +
cos(θ)Z, characterized by angles θ and φ. An example is
|↗↗〉 − i tan(π/4 − t) |↙↙〉 for θ = π/4, φ = 0 rotat-
ing Z to Z + X , with ↗ (↙) denoting the positive (neg-
ative) eigenstate of Z + X . We find that the teleportation
channel with such weakly entangled Bell pairs is given,
up to a local unitary correction (see Appendix B 1 for
additional information), by the following Kraus operator:

Ms = exp
(
β

2
sσ̂ θ ,φ

)

/
√

2 cosh(β), (1)

where s = ±1 indicates Alice’s measurement outcome
and β = tanh−1 sin(2t) characterizes the effective mea-
surement strength. This channel can alternatively be
interpreted as a weak-measurement channel, due to the
imperfect Bell measurement. On a conceptual level, these
measurement gates implement a nonunitary local wave-
function deformation of the underlying topological state
[42–45,50–53]. Note also that Ms ∝ (

1 + tanh(β/2)sσ̂ θ ,φ
)

is a superposition of the identity and Pauli opera-
tors, which maps the density matrix onto MsρM †

s ∝ ρ +
tanh2 (β/2) σ̂ θ ,φρσ̂ θ ,φ + s tanh (β/2) {σ̂ θ ,φ , ρ}, where the
off-diagonal terms render it distinct from the conventional
Clifford Pauli errors.

Due to the quantum no-cloning theorem [54], the logi-
cal information either successfully flows to B or leaks to
the measurement outcomes of A. When t = 0, a perfect
Bell measurement is performed (which does not extract the
logical information but, rather, propagates it across space)
and the surface-code state is successfully teleported to B,
visualized as an information flow through the wire of the
circuit from A to B. When t = π/4, A is decoupled from
B, and the measurement collapses every qubit in the sur-
face code, such that the information gets pumped out to the
measurement outcomes of A and cannot flow into B. When
0 < t < π/4, the variable strength can turn the teleporta-
tion of the surface code on and off, and the teleportation
will be shown to exhibit topological quantum phase transi-
tions. However, the post-teleportation state depends on the
measurement outcomes s (a bit string of A qubits):

|�(s)〉 := Ms |�〉√
P(s)

, (2)
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FIG. 1. The teleportation of a logical-qubit or surface-code phase. (a) The schematics of our teleporting protocol for N -qubit systems
from A to B. Starting from a surface-code state in A, it requires preparation of N Bell pairs between auxiliary system A′ and B, followed
by subsequent Bell measurements for A and A′. The shaded arrow indicates the flow of information. (b) The quantum circuit. An
encoder prepares a surface-code state for A qubits, the logical qubit of which is maximally entangled with a reference qubit R (via the
green wire), while preserving the logical information. A′ and B are initialized in Bell pairs. The Bell measurement is performed by
entangling A and A′ via a unitary RXX gate and subsequent measurements of A and A′. A coherent error is introduced via the parameter
t, which further depends on the Bell-measurement angles θ and φ induced by single-qubit rotations on the Bloch sphere Uθ ,φ =
exp{−iZφ/2} exp{−iYθ/2} (orange circle). The shaded arrow corresponds to the information flow in (a) (if one remains below the
threshold t < tc(θ ,φ)). (c) The phase diagram in the XZ plane with a cascade of transitions for the ensemble of postmeasurement states.
The duality is equivalent to a Hadamard transformation that swaps the Z and X axes, which yields a symmetric phase diagram. The
origin is the fixed-point surface-code state for every possible measurement outcome. The blue-shaded regions represent the topological
surface-code phases with the protected code space maintaining 1 bit of nth-order Rényi coherent information Eq. (7). The varying
shades of blue correspond to different fractions of the ensemble, separated by the red critical lines of varying replicas n = 2, . . . , ∞.
The transition line (in blue) serves as the optimal phase boundary, beyond which the von Neumann coherent information in Eq. (4)
decays exponentially with the code distance. The replica index serves as a “lens” that can focus on the more probable configurations of
the measurement outcomes. Compared with the n = 1 case that averages all configurations according to the Born rule, the n = 2 (outer
red line) phase boundary falls into the Ising universality class, except for the four-state Potts point at t = π/4 = θ . The n = ∞ (inner
red line) phase boundary describes the postselected s = +1 pure state among the ensemble, which is a cleanly deformed surface-
code state. At this phase boundary of n = ∞, the two Ising critical lines merge into a Kosterlitz-Thouless critical point at t = π/8
and θ = π/4, and open up a gapless critical line for θ = π/4, t ≥ π/8. The dots are analytical or numerical data points. (d) The
phase diagram not only describes a teleportation protocol with coherent errors but also surface code under weak measurement and
wave-function deformations resulting in topological transitions.

where |�〉 := 1√
2
(|ψ+〉B |+〉R + |ψ−〉B |−〉R), with ψ+(−)

denoting the two degenerate surface-code states, as
eigenstates for the logical X̂L operator. The normalization
constant P(s) = 〈�| M †

s Ms |�〉 is the probability of a mea-
surement outcome according to the Born rule [29]. When
all possible measurement outcomes are collected, with A′
traced out, the global state is a block-diagonal mixed state:

ρRAB =
∑

s

P(s) |�(s)〉 〈�(s)| ⊗ |s〉 〈s|A . (3)

Under such effective decoherence induced by coherent
error, the state remains topologically ordered if and only if
it maintains a protected two-dimensional (2D) code space,
which means that there exist two locally indistinguishable
but global orthogonal states (akin to the degenerate ground
states of a topological Hamiltonian [1]) in the thermody-
namic limit of large code distances, d → ∞. The size of
the protected code space can be detected by the coherent

information [20,49,55–57], which for ρRAB is

Ic = SRA − SA = SAB − SRAB =
∑

s

P(s)SB(s). (4)

One can give physical meaning to this formula in three
different ways: (i) SRA − SA as a conditional entropy
expresses the quantum information of R being subtracted
by the leakage into A, where A plays a role analogous (but
not identical) to the environment; (ii) SAB − SRAB expresses
the quantum information that B can decode with the assis-
tance of classical information (measurement outcomes)
from A; or (iii) SB(s) = SR(s) is the von Neumann entropy
of the logical qubit for each measurement outcome, which
quantifies the size of the uncorrupted quantum code space,
the average of which yields the coherent information. To
calculate this quantity, note that the reduced density matrix
of R can be derived by projecting M †

s Ms onto the logical
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space of B [58],

ρR(s) = 1
2P(s)

(

P++(s) P+−(s)
P∗

+−(s) P−−(s)

)

≡ 1 + �κ(s) · �σR

2
,

(5)

where Pμν(s) := 〈

ψμ
∣
∣ M †

s Ms |ψν〉 is the overlap between
two logical states being connected by the weak-
measurement operators and P(s) = (P++(s)+ P−−(s))/2.
Notably, Eq. (5) can be interpreted as a qubit subject to a
polarization-field vector �κ . It expresses the precise logical
error based on a fixed “syndrome” s,

E(ρL) =
√

ρR(s)ρL
√

ρR(s), (6)

for any state ρL in the logical space. A finite κx(z) com-
presses the logical Bloch sphere along the X (Z) axis
(Fig. 1), with density eigenvalues (1 ± κ(s))/2. For suf-
ficiently large field strength, this shrinks the Bloch sphere
to a classical bit, which is read out by Alice—indicating
the teleportation phase transition mapped out in Fig. 1(c).

III. TOPOLOGICAL DEGENERACY AND ANYON
CONDENSATION

To understand the general shape of the phase diagram in
Fig. 1(c), it is helpful to relate the breakdown of teleporta-
tion to the field-induced transition of the Z2 gauge-theory
description underlying the surface code [45,59–67]. In this
language, the surface code allows two types of elementary
excitations: electric charge e and magnetic flux m particles,
which due to their mutual semion statistics are referred to
as anyons. For the surface-code open boundary condition
[Fig. 1(a)], one can create two e particles and separate them
away from each other, such that they disappear into the left
and right e boundaries [68], which transforms the surface-
code state ψ+ into ψ−, that are locally indistinguishable
but globally orthogonal, yielding a twofold topological
degeneracy—this is the logical-qubit space. Under small
deformations as given in Eq. (2), the states Ms |ψ+〉 and
Ms |ψ−〉 remain asymptotically orthogonal despite their
anyon excitations starting to fluctuate. For large defor-
mations, however, they become indistinguishable and the
topological order breaks down. This phase transition is
driven by the condensation of the anyons [69]. When an
e particle is condensed [67], M †

s Ms can map ψ+ to ψ−,
leading to nonzero κz, which quantifies the e-condensation
fraction. When an m particle is condensed, the e particles
must be confined due to destructive interference with m.
As a result, either Ms |ψ+〉 or Ms |ψ−〉 has an exponen-
tially decaying norm and is ill defined, which is signaled
by nonzero κx. In this aspect, the coherent information in
Eq. (4) serves as a single order parameter that collects the
deconfinement and the uncondensation contribution.

IV. MIXED-STATE PHASE DIAGRAM OF BORN
AVERAGE

In Fig. 1(c), the thresholds or critical points are shown as
the blue dots forming the blue line, inside which the entire
inner blue-shaded region represents the topological phase,
where the average postmeasurement state maintains the
protected code-space or topological degeneracy and con-
stitutes a coherent superposition of loops [1]. In contrast,
the states above the threshold decohere into a classical loop
gas [22], the loops of which are indicated by the negative
measurement outcomes {s = −1}. The two phases are sep-
arated by a phase transition, the precise location of which is
obtained by a finite-size scaling collapse [70] of the coher-
ent information in Eq. (4), which we have computed using
a hybrid Monte Carlo and tensor network technique for
shallow circuit sampling [29,71] (see Fig. 2). Changing
the Bloch angle θ , the threshold tc is found to vary from a
(Nishimori) transition with threshold tc ≈ 0.143π [19,29]
for θ = 0 off to tc = π/4, (β = ∞, an “∞ threshold”) for
θ = π/4, i.e., along the X + Z Bloch projection. To under-
stand this, note that for finite θ , both e and m particles
are fluctuating and compete with each other. As a result,

FIG. 2. Coherent information and teleportation transition.
Shown are two sets of traces for θ = 0 (Z direction) in blue
and θ = π/4 (X + Z self-dual direction) in red. The vertical
gray lines indicate the thresholds, obtained from finite-size scal-
ing analysis, with data collapses shown in the insets. (i) θ = 0:
tc/π = 0.143(1) and ν = 1.6(1), consistent with Nishimori crit-
icality. The gauge symmetry of the Nishimori line allows us to
uncorrelate the disorder and perform random sampling, where
for each sample we perform tensor-network contraction for the
coherent information, simulating code distances up to d = 32
(1985 qubits), averaged over 1000–10 000 random samples. (ii)
θ = π/4: tc/π = 0.25(1) and ν = 1.8(1). Without explicit gauge
symmetry for the disorder ensemble, we Monte Carlo sample the
disorder and subsequently contract out the tensor network [29].
This hybrid approach allows us to simulate codes up to d = 16
(481 qubits), averaged over 200–1000 random samples.
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it takes stronger deformation to achieve anyon conden-
sation, which explains the enhancement of the threshold
by deviating θ from 0 or π/2. When θ = π/4, a higher
symmetry emerges as the state remains invariant under
Hadamard transformations that swap Z ↔ X for every
physical qubit—this is the electric-magnetic self-duality
[45,60,63,72], which along this line is respected not only
by the pristine surface code (t = 0) but also all defor-
mations (t > 0). As a consequence, the frustration from
competing anyon condensation is strongest along this line
and, as revealed in our calculations, pushes the threshold
all the way to infinity. This implies a remarkable robust-
ness of the teleportation protocol along this line. In reverse,
it means that teleportation of the topologically ordered
many-qubit state between Alice and Bob is successful with
only infinitesimally weakly entangled pair resources—the
critically entangled pair that we need to measure for
a finite-size system is |↗↗〉 + O(d−1/ν) |↙↙〉 (taking,
e.g., s = s′ = +1). For any experimental realization of
surface code teleportation, this is thus the optimal angle.
When recast in terms of weak measurement, this result
tells us that a self-dual surface code is most robust against
decoherence.

V. REPLICAS AND CASCADE OF TRANSITIONS

To shed light on the ensemble of post-teleportation
states, consider a Rényi variant of the coherent
information,

I (n)c = 1
1 − n

ln
tr(ρn

RA)

tr(ρn
A)

= 1
1 − n

ln[trρR(s)n]n, (7)

which on the right-hand side is given as the logarithm of
the average nth-order purity of the reference qubit. The n-
replica average [· · · ]n := ∑

s P(s)n〈· · · 〉/ (∑

s P(s)n
)

can
be viewed as the linear average over n replicas of the
system carrying the same disorder. Compared with the
Born (one-replica) average discussed above, the n-replica
average enhances the contribution of states with higher
probability. The numerically computed two-replica thresh-
old is shown as the outer red line and dots in Fig. 1(c)
and is generally smaller than the one-replica threshold for
varying angles—with the exception of the ∞ threshold
at the self-dual angle θ = π/4, which is preserved in the
two-replica system. Unlike Eq. (4), the Rényi coherent
information of the mixed state is distinct from the averaged
pure-state Rényi entropy [73]. We conjecture that the two-
replica phase boundary will lower bound the one-replica
and upper bound the higher-replica phase boundaries, for
which a rigorous proof along the Z and X axes can be
adapted from Ref. [74].

In the ∞-replica limit, P(s)n distills out only those
configurations s that have the highest probability [20,74],
which usually postselects the clean frustration-free con-
figuration s = +1 so as to minimize the energy, in the

language of statistical mechanics. This reduces Eq. (1)
to a clean deformation operator, which can be treated
analytically [45], and yields the inner phase boundaries
marked by the red and purple lines in Fig. 1(c). The ∞
replica generally exhibits the smallest threshold compared
with n = 2 and n = 1, pointing to a cascade of phase
transitions where higher-probability states generally have
smaller thresholds. Note that along the self-dual line θ =
π/4, the ∞ replica stands out. It does not exhibit the same
level of robustness as found for n = 1, 2 but it exhibits
a finite threshold at tc = π/8, beyond which the system
exhibits a critical line (described by a c = 1 conformal
field theory with varying critical exponents) [45].

VI. STATISTICAL MODEL

To gain insight into the nature of the phase transition
for generic n, we now proceed to map the quantum-
mechanical problem to a classical statistical model, akin
to the approach of Ref. [29] (for Nishimori cat states). Fol-
lowing the Born rule, the probability function of the mea-
surement outcome P(s) is identical to the wave-function
amplitude, which here can be cast into a classical statis-
tical model for two layers of spins (residing at the ver-
tices)—dual to the surface-code wave-function ket and bra,
respectively. As P ≡ ∑

σ ,τ exp
(

−∑

〈ij 〉 Eij

)

, the pairwise
spin interactions are

−Eij = Jsij
σiσj + τiτj

2
+ iφ

σiσj − τiτj

2

+
(

2K + iπ
1 − sij

2

)
σiσj τiτj − 1

2
, (8)

with coupling strengths tanh(J ) = sin(2t) cos(θ) and
e−2K = sinh(J ) tan(θ) (see Appendix B 2 for additional
information). This is an Ashkin-Teller model [18] with
generalized intra- and interlayer couplings. First, there is
a non-Hermitian term for finite Bloch angle φ, i.e., when
we consider a general deformation with Pauli Y operators.
We defer a discussion of this case to future work. Sec-
ond, the interlayer coupling exhibits random bond disorder
introduced by the random measurement outcomes sij . For
a general dictionary of the underlying quantum-classical
correspondence, we refer to Table I. The coherent infor-
mation is then effectively determined by the boundary
correlation (see Appendix B 3 for additional information).

In the classical model, the electric-magnetic duality of
the quantum model turns into a Kramers-Wannier duality.
This is most transparent in the eight-vertex representation
of the Ashkin-Teller model [see Fig. 3(a)], where it is
equivalent to swapping the horizontal and vertical gates.
For the Hermitian case (φ = 0), only six-vertex configu-
rations appear [see Fig. 3(b)] and the transfer matrix of
each slice describes a quantum XXZ chain of 2d + 2 spins
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TABLE I. The quantum-classical correspondence between the
wave-function and the statistical model [45]. The ordering of
classical spins σ or their dual spins μ corresponds to the Higgs
or confinement phase transition for the quantum wave function,
respectively.

(2 + 0)D |ψ(s)〉
2D Ashkin-Teller

model
(1 + 1)D XXZ

chain

e σ

m μ

P−−/P++ 〈σ0τ0σdτd〉 −〈Z0Z2d+1〉
P+−/P++ 〈σ0σd〉 〈X0X2d+1〉

with randomness. In such an XXZ representation, the log-
ical operator becomes simply the correlation between the
boundary spins (Table I).

These general quantum-classical mappings offer sev-
eral merits. First, the numerical exploration of the phase
diagram is considerably more affordable in the Ashkin-
Teller, and particularly the XXZ, representation. Second,
by recasting the various thresholds or phase boundaries
in terms of classical transitions, we can infer their univer-
sality classes. For the single-component Z (X ) transitions
along the θ = 0,π/2 directions in our phase diagram, we
can rigorously identify the one-replica transition to be
the Nishimori transition [19,29,30,33] of the 2D RBIM,

s

s sin(2t)sin(θ)cos(ϕ)

1

s sin(2t)cos(θ)

is sin(2t)sin(θ)sin(ϕ)
X X X XX

X X X XX

(a) (b)

FIG. 3. The effective (1 + 1)D nonunitary circuit and the 2D
statistical model. (a) The surface-code state under decoherence
can be mapped to a nonunitary (1 + 1)D circuit, by viewing
one spatial dimension as fictitious “time.” Each physical qubit
in the surface code is mapped to a gate, where the gate elements
depend on the measurement outcome at the same location. Their
rectangular shape allows us to distinguish the gates on the hor-
izontal versus vertical bonds. When tan(θ) cos(φ) = 1, the gate
is self-dual: rotating the gate by 90◦ leaves it invariant and the
network becomes invariant under vertex-plaquette duality, con-
sistent with the electric-magnetic self-duality of the surface code.
(b) The eight nonzero gate elements for the corresponding input
and output spin configurations, which define a random eight-
vertex model. The duality swaps the second and third rows of
vertices. When φ = 0, the bottom two elements drop out and the
system reduces to a random six-vertex model.

while the two-replica and ∞-replica transitions are nonran-
dom 2D Ising transitions [20,45]. In the asymptotic limit
t → π/4, the n-replica model is, for all Bloch angles θ ,
an S2n permutation symmetric model (see Appendix B 4
for additional information) with Kramers-Wannier dual-
ity, driven by the one-parameter coupling constant J =
tanh−1 cos(θ). At θ � π/4, every layer is ordered inde-
pendently and S2n is spontaneously broken. For the two-
replica case, this leads us to conjecture that the Ising
lines emanating from the θ = 0 transitions meet in a four-
state Potts point (at θ = π/4, tc = π/4), akin to what
happens in the ∞-replica case at finite threshold (θ =
π/4, tc = π/8), where J = 2K gives rise to S4 symmet-
ric energetics −K(σiσj + τiτj + σiσj τiτj ). This conjecture
is corroborated by numerical simulations yielding a cen-
tral charge estimate c ≈ 1 from entanglement scaling (see
Appendix A 1 for additional information).

VII. DISCUSSION AND OUTLOOK

Expanding our view, when the error preserves the self-
duality of the surface code, the mutual frustration of
anyon condensation points to a general guiding princi-
ple to dramatically enhance the code threshold. Beyond
our work here, this is corroborated by the “ultrahigh
threshold” of the surface code under incoherent Y noise
[75–77] and that under random projective Pauli measure-
ments [78–85] where self-duality is fulfilled on average
[86,87]. The connection between percolation criticality
for the latter case and the Nishimori transition reported
here is left for future study [88]. In comparison with
the self-dual Hamiltonian phase diagram of the 2D toric
code or the Z2 lattice gauge theory [60,62–67], our sur-
face code under imperfect teleportation or weak mea-
surement exhibits a wave-function phase diagram with
distinct topology: while the (e-condensed) Higgs phase
and the (m-condensed) confinement phase can be adiabat-
ically connected beyond the finite extent of a first-order
transition line in the Hamiltonian phase diagram, in our
wave-function phase diagram they are always separated
by critical points [Fig. 1(c)]. Besides, the Hamiltonian
criticality is usually three-dimensionally (3D) conformal
symmetric [43,62,66], whereas the wave-function critical-
ity typically exhibits a dimensional reduction and belongs
instead to 2D conformal criticality [42–45]. This dimen-
sional reduction is related to the fact that the quantum
circuit of the whole protocol is finite depth in its time
dimension.

To compare our protocol to other teleportation schemes,
it is useful to consider their required resources. Our pro-
tocol needs a set of N independent Bell pairs, reflecting
that it is a straightforward generalization of the standard
teleportation protocol [6] from few-body to many-body,
where Bob’s qubits are just a maximally mixed product
state when others are traced out. This Bell-state approach
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can be compared with (i) the measurement-based quantum
computation (MBQC) scheme [10–12,89], which prepares
a joint cluster state for Alice and Bob, or (ii) the transver-
sal approach [48] or the lattice-surgery approach [13,14],
where Bob prepares a long-range entangled surface code
beforehand. Because of its minimal request for Bob, our
protocol is also highly suitable for a highly nonlocal trans-
fer of a surface code and thus amenable for quantum com-
munication or distributed topological quantum computing
architectures.

Despite the microscopic difference of the various tele-
portation protocols, they share some commonalities on the
level of their collective many-body physics. This includes,
e.g., that—independent of the type of teleportation pro-
tocol—the resource state prior to measurement exhibits
symmetry-protected topological order [90]. Going further,
one can even recast the existence of an error threshold
and the nature of the ensuing phase transition between
different protocols. Let us do this by restating our results
for the Bell-state teleportation protocol in terms of the
cluster-state-based MBQC approach. For our protocol, we
can show that if the resource Bell pairs are imperfectly
prepared, e.g., by weakly entangling gates, this will not
immediately impede teleportation (see Appendix B 1 for
additional information), as Bell measurement and Bell
preparation play dual roles [91] in fostering a quantum
channel across space [6]. This is what ultimately gives
rise to the phase diagram of Fig. 1(c). Notably, one can
also cast this phase diagram for the imperfectly prepared
Bell-state teleportation protocol as a statement about the
fault tolerance of the imperfectly prepared cluster-state-
based MBQC approach [10–12] in the presence of coher-
ent errors. To see this, consider two layers of the 3D
Raussendorf cluster state [11], as illustrated in Fig. 4,

Alice

Bob

Uθ,ϕMs ψ0⟩

θ, ϕ 2t

e−i π
4 Z

RXX

FIG. 4. Cluster-state-based teleportation with coherent errors.
Shown is a 3D Raussendorf lattice [10], where the blue dots
in the top layer are interpreted as Alice’s qubits, while the
hollow circles in the second layer are Bob’s qubits. For conve-
nience, we modify the conventional cluster state by a Hadamard
transformation into

∏

〈ij 〉 e−i(π/4)XiXj |0〉⊗N . The coherent errors
t weaken the otherwise maximally entangling gate RXX into
exp{−i(π/4 − t)XX }. An additional unitary Uθ ,φ rotation is
introduced before the entangling. The transferred wave function
suffers from the same nonunitary error Ms as in Eq. (1).

where a measurement by Alice (on the top layer) allows the
surface code to be transferred to Bob (on the second layer).
When one now considers a scenario in which the cluster
state is prepared in an imperfect manner by nonmaximally
entangling gates, this not only reduces the entanglement of
the resource state (akin to what we have considered for the
Bell state approach) but one finds that the effective error
takes precisely the form of the Kraus operator in Eq. (1)
(for a detailed derivation, see Appendix B). Consequently,
the ensuing thresholds for successful transfer of the logi-
cal state in the cluster-state-based approach are described
in one-to-one correspondence by our phase diagram in
Fig. 1(c).

Finally, let us mention that an experimental realization
of many-qubit teleportation [92] can benefit from imple-
menting an error-correction scheme. For this, one can
follow two different paths, which we dub “active” ver-
sus “passive” teleportation. To decode Bob’s deformed
surface code, one can use Alice’s information s as the syn-
drome—this is what we call “active teleportation.” Here,
one can then implement a tensor-network decoder [93],
i.e., one can run our tensor-network calculation for the
random circuit in Fig. 3 to compute the precise logical
error in Eq. (6), which can then be inverted by feedback
operation or postprocessing [Fig. 5(a)]. The teleportation
transition can alternatively be diagnosed by investigating
whether Alice learns half of the logical information from
s via a decoder (see Appendix C for additional infor-
mation), which causes the logical qubit to collapse to a
logical classical bit, similarly to the scalable decoder for
measurement-induced entanglement phase transitions [56]
or learnability transition [94].

(a)

(b)

Alice

active

passive

Nishimori

Nishimori

Bob

tensor
network

FIG. 5. Active versus passive teleportation. (a) Active telepor-
tation: Alice sends her measurement outcome s to a classical
computer that runs the tensor-network calculation to deduce the
error on the logical qubit. The result is fed to Bob such that
Bob can correct the code accordingly. (b) The threshold com-
parison between the active- and passive-teleportation protocols
for θ = 0, φ = 0.
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Alternatively, if we do not use Alice’s information s as
the syndrome—a scenario that we dub “passive teleporta-
tion,” different pure states�(s)mix together, equivalent to
an incoherent Pauli-noise channel (where the off-diagonal
terms are erased, akin to the Pauli twirling for coherent
errors [25,26]): N (ρ) = (1 − p)ρ + p σ̂ θ ,φρσ̂ θ ,φ with p =
sin2(t). Such “ignorance” of the measurement outcomes
is generally expected to lead to smaller thresholds. Take,
e.g., θ = 0,φ = 0 [Fig. 5(b)]: with Alice’s knowledge, the
RBIM with disorder probability p = sin2(π/4 − t) gives
a threshold at tc ≈ 0.143π ; in contrast, without Alice’s
knowledge, the mixture is subjected to dephasing noise [5]
described by an RBIM with disorder probability sin2(t),
which yields a threshold of tc ≈ 0.107π instead. The cas-
cade of transitions for such passive teleportation is thus
an example of the recently explored notion of mixed-
state topological order transitions [20,21,23,24] driven
by anyon condensation in the double Hilbert space—as
opposed to anyon condensation in the single Hilbert space
for active teleportation. By tuning the “degree of igno-
rance,” one can join the active- and passive-teleportation
transitions unifying the two anyon-condensation mecha-
nisms, which we leave to future investigations.

The numerical data shown in the figures and the data for
sweeping the phase diagram are available on Zenodo [95].
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Note added.—Recently, Ref. [96] has reported the toric
code under self-dual Pauli noise, which is equivalent to
our passive-teleportation protocol, where the authors show

a phase diagram qualitatively similar to ours for the two-
replica model; Ref. [97] has reported the experimental real-
ization of a deformed surface code used in a parity game
to demonstrate quantum advantage, the phase transition of
which is identical to the Z axis in our phase diagram; and
Ref. [98] has reported logical teleportation using trapped
ions, where Alice and Bob have both prepared long-range
entangled states before the teleportation protocol.

APPENDIX A: SUPPLEMENTARY DATA FOR
SELF-DUAL LINE X + Z

1. Two-replica model

Here, we investigate the two-replica XXZ quantum spin
chains. Along the self-dual X + Z line, sinh(J ) = e−2K ,

(a)

(b)

FIG. 6. The two-replica model along the self-dual line X + Z.
(a) The second-order Rényi coherent information sweeps of the
phase diagram. The matrix-product-state (MPS) virtual bonds are
truncated by dropping the density eigenvalues ≤10−10 and are
bounded by the maximal bond dimension χ = 256. (b) The crit-
icality at t → π/4 by von Neumann entanglement entropy of the
(1 + 1)D boundary MPS (χ = 1024). The data points are shown
as dots, while the lines indicate a fit that reveals a central charge
c ≈ 0.94.
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which simplifies each local transfer matrix into

T(2) ∝
(

1 − Zj Zj +1

2

)⊗2

+ sin2(2t)
2

(
1 + �σj · �σj +1

2

)⊗2

,

(A1)

for both horizontal and vertical gates (see Fig. 3). Note
that (1 + �σi · �σj )/2 is a swap operator, the eigenstates of
which are the spin singlet and triplets with eigenvalues ∓1,
respectively. As shown in Fig. 6, the second-order Rényi
coherent information is computed by the two-replica aver-
age of the purity I (2)c = − ln[trρ2

R]2 = ln 2 − ln
(

1 + [κ2]2
)

,
as a function of the two-point correlation of the two-
replicated XXZ chain

[κ2]2 =
∑

s(P++ − P−−)2 + 4|P+−|2
∑

s(P++ + P−−)2

= 〈(1 − σ0τ0σdτd)
⊗2〉 + 4〈(σ0σd)

⊗2〉
〈(1 + σ0τ0σdτd)⊗2〉

= 〈(1 + Z0Z2d+1)
⊗2〉 + 4〈(X0X2d+1)

⊗2〉
〈(1 − Z0Z2d+1)⊗2〉 , (A2)

where from the second line to the third line we use
the operator map in Eq. (B8) and the conserved quan-
tity

∏
X = +1,

∏
Z = (−1)d+1 of the spin chain for both

copies. At the asymptotic limit t → π/4, the entanglement

FIG. 7. The postselection (∞-replica) model along the self-
dual line X + Z. The gray lines indicate (t = π/8, I∞

c =
0.6 ln 2). Note the clear level crossing for different code dis-
tances in the plotted coherent information occurring for the
Kosterlitz-Thouless transition at the four-state Potts point tc =
π/8. While Eq. (7) at the n → ∞ limit reduces to I∞

c =
− ln (1 + κ)/2, here we show the von Neumann version,
Ĩ∞
c = −(1 + κ)/2 ln (1 + κ)/2 − (1 − κ)/2 ln (1 − κ)/2, where

the two are in one-to-one correspondence and behave similarly.
The MPS cutoff is 10−10 and χ = 1024.

entropy of the boundary state conforms to the Calabrese-
Cardy formula SvN = c/6 ln sin(π l/(2d))+ · · · , consis-
tent with the c = 1 conformal field theory (CFT), which,
combined with the S4 permutation symmetry, points to the
four-state Potts CFT. Numerical details for Fig. 6(b) are
as follows: we elongate the depth of the circuit from d
rows to 4d rows to ensure a steady boundary state and drop
the leftmost and rightmost dangling qubits, leaving a chain
of 2d qubits under the conventional open boundary condi-
tion. The entanglement cut is performed on the even cuts
through the vertical gates.

2. ∞-replica model (postselection)

The local transfer matrix describes a clean XXZ spin
chain

T(∞) ∝
(

1 − Zj Zj +1

2

)

+ sin(2t)√
2

(
1 + �σj · �σj +1

2

)

.

(A3)

The critical point lies at tc = π/8, which opens a con-
tinuously varying critical line for t ≥ π/8 [45]. While
the Kosterlitz-Thouless transition usually does not show
a clear level crossing for the spin-wave stiffness, we find
that the von Neumann coherent information of the post-
selected case does show a perfect crossing here (Fig. 7),
which means that −〈Z0Z2d+1〉 = 〈∏2d

j =1 Zj 〉 has zero scal-
ing dimension. Ic approaches 1 exponentially fast for t <
tc = π/8 below the threshold but converges quickly to a
continuously varying finite constant for t > tc.

APPENDIX B: SUPPLEMENTARY DERIVATIONS

1. Teleportation-circuit block

To understand the teleportation circuit, first consider a
two-qubit RZZ rotation gate followed by measurement in
the X basis,

where the RZZ and the X -measurement outcomes all play
the role of attaching a phase factor to the four possible
input and output states, framed in a nonunitary two-by-two
matrix. This matrix transports the input qubit wire from the
bottom left to the output qubit wire at the top right. Next,
we perform a Hadamard rotation that swaps X ↔ Z:
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Finally, we perform the simple on-site correction condi-
tioned on the measurement outcomes (without the need for
a decoder),

(B1)

that leads to a real nonunitary matrix as purely imaginary
time evolution. This is equivalent to the weak measure-
ment in the Z basis [29],

which can be summarized as normalized Kraus opera-
tor exp[(β/2)sZ]/

√
2 coshβ, where tanh(β) = cos(2α) =

sin(2t) denotes the effective measurement strength. Here,
we define t = π/4 − α to characterize the deviation from
the perfect teleportation protocol, because α = π/4 corre-
sponds to a perfect Bell-pair measurement that teleports
the input qubit state into the output qubit without deco-
herence, which is consistent with t = 0 zero-measurement
strength that decoheres the state. Note that the randomness
of s′ is simply corrected and drops out from the formula
but the randomness of s cannot be fully undone. As the
Ising-evolution gate can be decomposed into a single-body
rotation sandwiched by controlled-NOT (CNOT) gates,

the two-body coherent error t can result from the single-
body rotation. Last but not least, we make a comment about
the more general situation in which the Bell pairs are cre-
ated imperfectly by an imperfect entangling gate RXX up to
angle α′:

this state being akin to a noninteracting thermofield double
state at finite temperature −1/ ln tan

(

α′). Combining the
joint actions of imperfect Bell preparation and imperfect
Bell measurement, the post-teleportation state suffers from
the following effective weak-measurement gate operator:

(B2)

which is akin to what we discuss in the main text with
minor adaptations. One can verify that (i) when α′ = π/4
for perfect Bell pairs, it recovers Eq. (B1); (ii) when α =
π/4 for perfect Bell measurement, it also recovers Eq. (B1)
by replacing s → ss′ and α → α′; and (iii) when both Bell-
pair preparation and Bell-pair measurement are imperfect,
the random disorder now depends on both s and s′ quater-
nary rather than binary disorder, details of which we leave
to future study.

For completeness, here we also derive a building block
for the quantum state transfer without using Bell pairs but
simply transferring a state from Alice to Bob via directly
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entangling and measuring Alice, as follows:

(B3)

Here, we initiate Bob in a zero state and rotate Alice by a
unitary transformation Uθ ,φ that rotates U†

θ ,φZUθ ,φ = σ̂ θ ,φ .
Then, we entangle them with an RXX gate over an angle
π/4 − t, where t ∈ [0,π/4] specifies the strength of the
coherent error. Afterward, we projectively measure out
Alice and perform an on-site correction for Bob, by means
of an S = diag(1, i) ∝ e−i(π/4)Z gate and a conditional X
gate. In total, the state in Alice is transferred to Bob
experiencing an effective nonunitary gate, which can be
interpreted as a weak measurement (due to coherent error),
with β being the measurement strength. As a result, this

state-transfer protocol also shares exactly the same phase
diagram as we chart out in this paper.

2. Tensor-network representation

The surface code can be written as a projected entan-
gled pair state (PEPS) as illustrated in Fig. 8. By stacking
two layers of PEPSs together and tracing out the physical
legs, we obtain a 2D classical tensor network composed
of a delta tensor at each vertex, joined by bond matrices
as follows. First, we write down and simplify the doubled
Kraus-operator matrix:

M †
s Ms = eβs(Z cos θ+sin θ(cosφX +sinφY))/(2 coshβ)

= 1
2 cosh J

(

esJ se−2K e−iφ

se−2K e+iφ e−sJ

)

, (B4)

where we introduce J and K as functions of t and θ :

tanh(J ) = sin(2t) cos(θ), e−2K = sinh(J ) tan(θ). (B5)

Then, we introduce the wave-function ket and bra:

|ψ〉 =
∑

{σ=±1}

⊗

ij

∣
∣Zij = σiσj

〉

,

〈ψ | =
∑

{τ=±1}

⊗

ij

〈

Zij = τiτj
∣
∣ , (B6)

Z Z Z Z

X

X

X

X

Z σσ

FIG. 8. The surface-code PEPS. Each solid dot denotes the
diagonal delta tensor: Tijkl = 1 if and only if i = j = k = l
[which represents a virtual Greenberger-Horne-Zeilinger (GHZ)
state]; and each cross node denotes the off-diagonal tensor: Tijk =
1 if and only if i + j + k mod 2 = 0 (which represents a virtual
GHZ state in the X basis: |+ + +〉 + |− − −〉). The left and right
rough boundaries are captured by removing the dangling physi-
cal leg, such that the boundary forms a ferromagnetic GHZ chain,
consistent with e condensation. The Z string acting on the phys-
ical legs can be pulled through the network to the virtual leg,
which is further reduced into a two-point σ − σ operator con-
necting the two boundaries. Thus the logical qubit of the surface
code that is changed by the Z string corresponds to the total Ising
symmetry charge of the left and right GHZ chains. The top and
bottom boundaries are smooth boundaries, where the m particle
is condensed.
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expressed as a dual paramagnet of classical spins σ and τ .
As a result,

〈ψ | M †
s Ms |ψ〉 ∝

∑

σ ,τ

exp

⎛

⎝−
∑

〈ij 〉
Eij

⎞

⎠ , (B7)

up to an s-independent constant prefactor, where Eij is the
generalized Ashkin-Teller model shown in the main text.

There are two alternative ways to further reduce the
bilayer model into a single-layer vertex model or XXZ
chain. One way is to perform duality for one layer only,
resulting in the eight-vertex model discussed in the main
text. An alternative way is to take a slice of the network as
a quantum transfer matrix for 2(d + 1) spins subjected to
Ashkin-Teller interactions, which can be rewritten in terms
of XXZ interactions under the mapping

σ z
j σ

z
j +1 = X2j X2j +1, σ x

j = Y2j −1Y2j ,

τ z
j τ

z
j +1 = Y2j Y2j +1, τ x

j = X2j −1X2j ,
(B8)

which preserves all Pauli commutation relations. Conse-
quently, the interaction for the horizontal gates (see Fig. 3)
is

− E2j ,2j +1

= Js
2
(X2j X2j +1 + Y2j Y2j +1)+ i

φ

2
(X2j X2j +1 − Y2j Y2j +1)

−
(

K + i
π

2
1 − s

2

)

(Z2j Z2j +1 + 1),

= Js(c†
2j c2j +1 + h.c.)+ iφ(c2j c2j +1 + h.c.)

− 2
(

K + i
π

2
1 − s

2

)

(2n2j n2j +1 − n2j − n2j +1 + 1),

(B9)

which is an antiferromagnetic anisotropic Heisenberg
chain with PT -symmetric non-Hermitian interactions,
which is mapped to a complex fermion chain cj with a
non-Hermitian pairing term. Here, nj = c†

j cj denotes the
fermion density. The matrix elements of exp(−E) in the
Z basis yield the Boltzmann weight for the corresponding
vertex configuration, as shown in Fig. 3(b). The verti-
cal gate can be obtained by rotating the horizontal gate,
employing the duality of the model.

3. Coherent information cast in the classical model

For simplicity of explanation, let us first consider θ = 0
and φ = 0, i.e., the Z direction, where P−− = P++ and the
classical statistical model is a random-bond Ising model.
The density matrix ρR describing the reference qubit is
purely diagonal in the Z basis and classic: by adapting
Eq. (5) from the Pauli X basis to the Z basis, we have

ρR = diag(P+−/P++, P+−/P++), where, according to our
dictionary (Table I in main text), P+−/P++ = 〈σ0σd〉,
which is the two-point correlation between the left and
right boundaries. The classical model is placed on the
following “fixed-boundary” geometry (inherited from the
surface-code boundary condition):

(B10)

where all spins on the left (right) boundary are fixed at
identical values σ0 (σd), respectively. In the original sur-
face code, the “rough” boundary (illustrated above on the
left-hand side) condenses the e particle on the left or right,
thereby effectively gluing the whole boundary into one
site (as shown on the right-hand side above). The par-
ity of the left- and right-boundary sites can be used to
define 1 bit, κ = σ0σd, the distribution function of which is
(1 ± 〈κ〉)/2. The classical entropy of this “boundary bit,”

S = −1 + 〈κ〉
2

ln
1 + 〈κ〉

2
− 1 − 〈κ〉

2
ln

1 − 〈κ〉
2

, (B11)

exactly equals the quantum coherent information of a
given postmeasurement state with randomness. The coher-
ent information of the mixed state is the random average of
this entropy according to the Born probability. Importantly,
this entropy should not be confused with the boundary
entropy of the boundary CFT.

When deviating from the Z direction, the RBIM turns
into a random Ashkin-Teller model in a similar geometry,
where the coherent information is again determined by the
correlation between the leftmost and rightmost sites in this
special boundary condition. With two layers of classical
spins, in general we can define a boundary quantum bit
subject to the following “magnetic field” �κ:

κx = P++ − P−−
P++ + P−−

= 1 − 〈σ0τ0σdτd〉
1 + 〈σ0τ0σdτd〉 ,

κz + iκy = 2P+−
P++ + P−−

= 2〈σ0σd〉
1 + 〈σ0τ0σdτd〉 .

Then, the density-matrix eigenvalues of this boundary
quantum bit are (1 ± ‖�κ‖)/2, the corresponding entropy
of which is again equivalent to the coherent information of
the quantum system.

4. Rényi coherent information and replica symmetry

The nth-order Rényi coherent information in the main
text can be easily derived by tracing out B, resulting in the
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reduced density matrices for RA and A:

ρRA =
∑

s

P(s) · ρR(s)⊗ |s〉 〈s| , ρA =
∑

s

P(s) |s〉 〈s| ,

(B12)

whose conditional nth-order Rényi entropy is determined
by the n-replica of the classical random Ashkin-Teller
model composed of 2n layers of Ising spins, denoted by
a flavor index α = 1, . . . , 2n. For the asymptotic limit
φ = 0, t → π/4 for any θ [the circular edge of our phase
diagram in Fig. 1(c)], the Ashkin-Teller coupling between
every two layers vanishes, K → 0, leaving only the phase
factor s(1−σiσj τiτj )/2. Consequently, there is an emergent S2n
permutation symmetry in the flavor space:

∑

s

P(s)n =
∑

σ

∑

s

exp

⎧

⎨

⎩

∑

〈ij 〉

J
2

sij

2n
∑

α=1

σαi σ
α
j

+ iπ
1 − sij

2

1 − ∏2n
α=1 σ

α
i σ

α
j

2

}

,

(B13)

where the 2n Ising layers are only coupled by an S2n-
symmetric interaction. The S2n-symmetric model is self
dual at θ = π/4. For example, the two-replica model has
emergent S4 permutation symmetry and self-duality at (t =
π/4, θ = π/4,φ = 0), which is expected to be described
by the four-state Potts CFT, the same as the postselection
∞-replica at (t = π/8, θ = π/4,φ = 0).

APPENDIX C: EXPERIMENT AND QUANTUM
ERROR CORRECTION

We believe that our protocol is amenable to a direct
implementation in reconfigurable Rydberg-atom arrays
[46–48]. In this appendix, we address how to decode the
teleportation transition in such experimental implementa-
tions.

As the logical qubit cannot be cloned, the basic idea is
to investigate whether it falls into Alice’s hand or Bob’s
hand. The teleportation succeeds if Bob has the key and
fails if Alice has it. This teleportation of a single logical
qubit is in one-to-one correspondence with teleporting the
many-body Z2 topological order, quantified by the topo-
logical degeneracy. When there is no other eavesdropper,
detecting Alice and detecting Bob will show the same
transition. The difference between Alice and Bob, how-
ever, is that Alice has a classical ensemble of measurement
bit strings {s}, while Bob has an ensemble of quantum
wave functions {ψ(s)} that come along with the message s
shared from Alice.

1. Decoding Alice

Here, we investigate whether Alice’s measurement out-
comes are sufficient to infer the information stored in the
reference qubit [56]. To make the teleportation transition
observable, we will follow a three-step protocol.

First, we projectively measure the reference qubit R
in the Z basis, together with projective measurements of
Alice’s qubits A in every run of the experiment. As a result,
we obtain an ensemble of bit strings capturing s for Alice
qubits and k = 0(1) for the reference qubit.

Second, to see the statistical correlation between R and
A, we use a standard diagnostic, the classical Shannon rel-
ative entropy. This quantity is equivalent to the entropy of
R averaged over the A measurement outcomes:

I z
c = [Sz

R(s)] =
[

〈ln P(s)
Pk(s)

〉
]

, (C1)

which is to take ln P(s)/Pk(s) (calculated by a classi-
cal computer) being averaged over all the experimentally
obtained bit strings. Here, for the Shannon entropy, we
need a classical decoder (running the same tensor-network
calculation as we do here) that computes the nonlinear part
ln Pk(s), corresponding to each important sample bit string
obtained from the experiment.

Finally, we make use of the symmetry for the protocol
to reconstruct the full coherent quantum information:

(1) θ = 0: the logical space is compressed only in the
X direction and thus the Z-basis measurement leads
directly to the full coherent information: Ic = I z

c .
(2) θ = π/4: the model maintains self-duality, such that

the X contribution is equal to the Z contribution.
And thus when we consider only the diagonal entry,
the density eigenvalues of the reference qubit (for
each s) reduce from (1 ± κ)/2 �→ (1 ± κ/

√
2)/2,

which would rescale the coherent information: Ic �→
I z
c . We can revert this map to obtain the full coherent

information from each bit string (for only θ = π/4).

2. Decoding Bob

Besides guiding the simple local correction as in the
standard few-body teleportation experiment, Alice’s mea-
surement outcome s can additionally serve as the many-
body syndrome. In the active-teleportation protocol, where
Bob has access to these syndromes, he can deduce the
underlying errors by running our classical calculation to
contract out the tensor network of Fig. 3, which works for
general angles.

Let us comment on the active-teleportation versus
passive-teleportation protocol in the following. For active
teleportation along θ = 0 (φ = 0), the quantum wave func-
tion is mapped to the RBIM from high to low temperature,
as visualized in the Fig. 4(b) “hot” to “cool” regimes. Here,
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“temperature” describes the uncertainty of the measure-
ment outcomes. Consequently, it exhibits a finite threshold
at the Nishimori critical point at tc ≈ 0.143π . The passive-
teleportation protocol, in contrast, does not use a classical
decoder on the way to processing the information but
instead mixes the pure states into a noisy surface-code
mixed state: N (ρ) = cos2(t)ρ + sin2(t)ZρZ, which can be
mapped to the RBIM from low to high temperatures. In
this case, “temperature” describes the fluctuations induced
by noise. Consequently, its optimal threshold lies at the
opposite location, tc ≈ 0.107π = π/4 − 0.143π .
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