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For the surface code, topological quantum order allows one to encode logical quantum information in a ro-
bust, long-range entangled many-body quantum state. However, if an observer probes this quantum state by
performing measurements on the underlying qubits, thereby collecting an ensemble of highly correlated clas-
sical snapshots, two closely related questions arise: (i) do measurements decohere the topological order of the
quantum state; and (ii) how much of the logical information can one learn from the snapshots? Here we address
these questions for measurements in a uniform basis on all qubits. We find that for generic measurement an-
gles, sufficiently far away from the Clifford X, Y, and Z directions (such as the X + Y + Z basis) the logical
information is never lost in one of the following two ways: (i) for weak measurement, the topological order
is absolutely robust; (ii) for projective measurement, the quantum state inevitably collapses, but the logical
quantum information is faithfully transferred from the quantum system to the observer in the form of a tomo-
graphically complete classical shadow. At these generic measurement angles and in the projective-measurement
limit, the measurement ensemble enforced by Born probabilities can be represented by a 2D tensor network
that can be fermionized into a disordered, free-fermion network model in symmetry class DIII, which gives
rise to a Majorana “metal” phase. When the measurement angle is biased towards the X or Z limits, a critical
angle indicates the threshold of a learning transition beyond which the classical shadow no longer reveals full
tomographic information (but reduces to a measurement of the logical X or Z state). This learning transition
can be described in the language of the network model as a “metal to insulator” transition. For the anisotropic
“insulating” angles, there is also a finite learnability threshold in terms of the measurement strength, above
which the surface code breaks down. In terms of universality, this latter transition is generically a Nishimori
transition. Our results can be generalized from qubit measurement to syndrome measurement, demonstrating
that – in the presence of coherent errors – even syndrome measurements can enable the observer to learn the
logical information and collapse the topological order across a learnability threshold.

I. INTRODUCTION

Topological quantum order originates from long-range en-
tanglement [1], which protects logical quantum information
against decoherence [2]. The realization of a topological
quantum memory in the toric code [3] or its planar variant,
the surface code [4], lies at the center of the field of quantum
error correction, while also serving as paradigmatic models in
quantum statistical physics where their quantum topology is
understood as a quantum superposition of a massive amount
of loop configurations. These quantum memories are known
to be stable against Hamiltonian perturbations [5–7], wave
function deformations [8–13], and noise [2, 14–19]. The topo-
logical protection mechanism also prevents an observer from
learning the encoded information locally [3]. Such learning
becomes possible only if the observer is sufficiently entan-
gled with the physical qubits of the system [20], the measure-
ment strength becomes sufficiently strong [21], or the read-
out fidelity surpasses a finite threshold [2]. The physics un-
derlying such learning transitions has attracted some recent
interest [22–32], as its description leads to disordered sta-
tistical models which distinguish themselves by their corre-
lated disorder – mandated by Born measurement probabili-
ties or Bayesian inference likelihood – and the critical theories
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emerging at the phase transitions.
In this manuscript, we study the learning transitions of

topological surface codes induced by measuring all physical
qubits in a given basis with a tunable measurement strength,
i.e. interpolating between weak and projective measurements.
After repeated experiments of such an all-qubit measurement,
the observer is left with an ensemble of classical snapshots,
while the quantum system assumes an ensemble of post-
measurement states which, in combination, one can view as a
hybrid mixed state [35]. Such a remnant mixed state inherits
certain nontrivial correlations from the original topologically
ordered, long-range entangled state. For example, when the
measurement basis is perfectly aligned along the Z or X di-
rections, and if the measurement is projective, it is known that
the quantum memory turns into a classical memory, the quan-
tum loop condensate is dephased into a classical loop gas en-
semble [20]. In this case, the learning transition itself, which
is driven by tuning the measurement strength, can be mapped
to a Nishimori transition [20, 36, 37] and, from a symmetry
perspective, can be understood as the strong-to-weak sponta-
neous symmetry breaking of the underlying 1-form symme-
try [15–19]. When, however, the measurement basis is ro-
tated into a generic direction much less is known about the
learnability threshold of the surface code. A first indication
that there might be an interesting uncharted territory to be ex-
plored arose in previous work by the authors [20] where it
was shown that the learnability threshold is pushed from fi-
nite to infinite when the measurement basis is rotated toX+Z,
half way between the Clifford X and Z angles. At this point
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FIG. 1. (a) Protocol: A surface code is (weakly) measured in the basis σ̂θ,ϕ ≡ sin θ cosϕX + sin θ sinϕY + cos θZ for all qubits. The
protocol consists of 3 steps: firstly, prepare a surface code in certain state in the logical space; secondly, apply a layer of coherent rotation to
all qubits by eiθ/2Y eiϕ/2Z ; thirdly, apply a layer of weak measurement in the computation basis i.e. Pauli Z basis. The weak measurement
is implemented by introducing an ancilla prepared in ∣+⟩ state (X ∣+⟩ = ∣+⟩), and entangling it with the physical qubit by Ising interaction
evolution up to time t ∈ [0, π/4], and then measuring it out in the Pauli Y basis. As shown in Ref. [21], this ancilla-assisted operation
effectively implements a weak measurement gate e±βZ/2 with tunable measurement strength β = tanh−1 sin(2t) ∈ [0,∞). In the following,
we will also refer to t as the effective measurement strength. In particular, t = π/4 describes the projective-measurement limit with infinite
strength β = ∞. (b) Three-dimensional Born average phase diagram of parameter (t, θ, ϕ): the radial coordinate corresponds to the
compactified measurement strength t, while the direction of the coordinate corresponds to the measurement basis of the physical qubit, akin
to the Bloch sphere of a spin-1/2, that can be parametrized by the spherical coordinates (θ, ϕ). The blue surface denotes the critical boundary
of surface code, which sets the learnability threshold. Below the threshold t < tc, the surface code remains topological, and the measurement
outcomes do not extract useful information about the logical state in thermodynamic limit. In the conventional measurement basis such as
X or Z direction, a finite threshold tc = 0.143π [20, 21, 33, 34] is established by the Nishimori transition (blue dot). The same Nishimori
universality describes the whole transition line (blue dots) until the self-dual limit at X + Z, which is captured instead by the weak self-dual
universality class [35]. Around the self-dual directions (purple line), tc = π/4 (βc = ∞), the maximal infinite threshold is found to hold for a
big phase region (denoted by the purple surface) enveloped by the red doted line as the boundary.

the self-duality of the surface code (which, in the associated
2D statistical model, can be represented as a non-invertible
Kramers-Wannier (KW) duality) was understood to originate
this seemingly extraordinary level of robustness [35]. This
naturally leads one to ask what happens as one further moves
away from these Clifford angles and measures the physical
qubits in a basis corresponding to an arbitrary spherical an-
gle on the Bloch sphere. What is the nature of the ensuing
mixed state that collects the whole ensemble of the classical
snapshots? What can one learn about the logical qubit from
such a mixed state? And when the measurement is weak or
if measurement readout errors exist, is there (still) a learnabil-
ity transition? These are precisely the questions that we will
address in the following.

Before we provide a short summary of our main results
let us quickly mention that one can view the rotation of the
measurement angle, or the weakening of the entanglement be-
tween the system and the observer, as “coherent errors” [38–
44]. Here we prefer a more neutral notation and refer to “co-
herent rotations” instead as, form the learning perspective that
we adopt, such coherent rotations enable varying the learn-
ability threshold by changing the measurement basis.

II. SUMMARY OF OUR RESULTS

Model

Our model consists of a 3-step protocol as illustrated in
Fig. 1(a): (i) preparing a topological surface code state ∣ψµ⟩
where µ labels an arbitrary state of the single logical qubit in
the Bloch sphere (e.g. µ = ± as eigenstate of logical Pauli X ,
or µ = 0(1) as eigenstate of logical Pauli Z) encoded in the
surface code; (ii) applying a layer of coherent rotation

U(θ, ϕ) = ei θ
2 ∑j Yjei ϕ

2 ∑j Zj (1)

uniformly to all qubits; (iii) applying weak measurement of
strength β ∈ [0,∞] in the computation basis, described by the
Kraus operator

Ms = e
β
2 ∑j sjZj /

√
eβ + e−β , (2)

where s labels the measurement outcome in the form of a bit
string, e.g. s = + − + + ⋯. As shown inside the gray box
in Fig. 1(a), the weak measurement can be implemented by
projectively measuring an ancilla qubit which is first coupled
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to the physical qubit by an entangling gate with parameter
t ∈ [0, π/4] such that tanhβ = sin(2t) [21, 45]. One can
also simply view t ∈ [0, π/4] as a compactified parameter for
the measurement strength where t = π/4 corresponds to the
projective-measurement limit β = ∞.

Putting the three steps together, we arrive at an ensemble of
states

{P (s) , ∣ψµ(s)⟩} , (3)

where for each classical measurement record s, the condi-
tional quantum state is given by the following normalized
wave function

∣ψµ(s)⟩ =
MsU(θ, ϕ) ∣ψµ⟩
∣∣MsU(θ, ϕ) ∣ψµ⟩ ∣∣

, (4)

whose probability follows from the Born’s rule

P (s) = ⟨ψµ(s)∣ψµ(s)⟩ . (5)

The phase diagram we discuss below is for the Born ensemble
of states, or equivalently, the mixed state ρ that packs the clas-
sical records and the quantum states together into a quantum-
classical hybrid mixture [23, 35]

ρ = ∑
s

∣s⟩⟨s∣ ⊗ ∣ψµ(s)⟩⟨ψµ(s)∣ . (6)

The task of learning is to infer the logical information µ based
on the classical measurement records s, that are sampled from
the probability distribution P (s). In a simple scenario, if the
surface code is projectively measured without any coherent
rotation in the Z basis, one obtains the classical snapshots in
the Z basis, which are known to form a classical loop gas
across the lattice, defined by the spin downs Z = −1 [46, 47].
Such a measurement also allows one to directly readout the
eigenvalue of the logical ZL operator of the surface code.
Similarly, if the coherent rotation rotates Z to the X basis
(θ = π/2, ϕ = 0), the physical qubits are collapsed into the X
basis, where the spins with X = −1 forms a loop gas across
the lattice, which is dual to the Z-loop gas [35]. Now the
question is, what happens in between? Specifically, when the
qubits are collapsed at the self-dual angle (θ = π/4, ϕ = 0),
i.e. in theX +Z basis, the ensemble of classical snapshots has
been shown to be critical in Ref. [35], but what does that imply
for the associated distribution of logical qubit snapshot? More
generally, what happens to these distributions if the measure-
ment angle is rotated to more general directions in the Bloch
sphere and if the measurement is weak?

Phase diagram

To address the above questions, we have charted out the
spherical phase diagram shown in Fig. 1(b). Akin to a Bloch
sphere our phase diagram is characterized by a pair of spher-
ical measurement angles θ, ϕ and a measurement strength t
that indicates the radial direction. Its color coding indicates
different regimes of finite and infinite learnability thresholds

which we have determined by calculating the coherent infor-
mation [14, 20, 49, 50] as an information-theoretic order pa-
rameter of the topological order of the surface code in the
presence of measurements. Our underlying numerical com-
putations have charted out the various phase boundaries, most
prominently the purple surface around the Y -direction where,
akin to the self-dualX+Z point discussed above, the learning
transition happens only in the projective-measurement limit.
From a mixed-state perspective, surface code remains, for
these measurement angles, robust against arbitrarily strong,
but non-projective measurements. This should be contrasted
with the finite thresholds observed around the corners sur-
rounding the X or Z measurement directions, where al-
ready for some finite measurement strength the surface code
{∣ψ(s)⟩} is destroyed and useful information in {P (s)} can
be extracted by the observer. Cast in terms of mixed-state ter-
minology, the surface code is dephased for finite measurement
strength, with the quantum loop gas loosing its coherence and
transitioning into a classical loop gas.

Ensemble of logical states

In the projective-measurement limit, all physical qubits are
collapsed into classical states along the measurement direc-
tion. In tandem, the logical qubit is also collapsed resulting in
a snapshot along a direction, which is determined by the isom-
etry that maps the obtained physical many-qubit snapshot to
a logical single-qubit snapshot. Such a logical qubit snapshot
can also be materialized by employing a reference qubit R,
which in the initial step of preparing the surface code is max-
imally entangled with the logical qubit, see Fig. 2(a). The
collapse of the physical qubits of the surface code then gives
rise to a projected ensemble [51] of the reference qubit R as
illustrated for various measurement angles in Fig. 2(b). For
a conventional measurement basis such as Z or X , the logi-
cal snapshots align along the Z or X axis, forming a bimodal
distribution. Rotating the measurement angle towards the self-
dual angleX +Z, we find that the projected ensemble forms a
uniform ring covering the “equator” of the Bloch sphere, with
the logical state remaining confined to the real plane. As we
move out of this plane and towards to the Y -direction, we find
that the projected ensemble forms a uniform coverage of the
Bloch sphere as representatively illustrated for the X +Y +Z
magic angle. This is an important observation as, in terms
of the learning problem considered here, it indicates that –
even though the measurement basis of the physical qubits is
uniform toward a fixed angle – the snapshot of the logical
qubit enables full tomography for the logical qubit – without
the need for randomized measurements [52] or measuring for
multiple angles. Such full tomography is possible everywhere
on the purple surface, but the Y -direction which is again a
Clifford limit where the projected ensemble is distorted back
to a bimodal distribution. Notice that such a transition of the
projected ensemble from a Haar-measure uniform distribution
to a bimodal distribution has recently also been realized in a
long-range interacting circuit [53].
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FIG. 2. projective-measurement limit. (a) A deterministic isometry matrix encodes the logical qubit to the physical qubits of the surface
code. The logical qubit is initially maximally entangled with the reference (R) qubit. The physical qubits are subjected to projective measure-
ment, whose outcome is recorded by an observer (A). For each observed measurement record s, the observer (A) can decode (by inverting the
unitary encoder that prepares the surface code state) the corresponding state of reference (R) qubit, which is a snapshot of the logical qubit.
These measurement records s form the raw data from which we construct classical shadows of the logical qubit state for tomography [48]. (b)
Taking together all the possible measurement records, {P (s), ∣ψR(s)⟩} forms a projected ensemble of R. In the gapped phases (white), the
ensemble converges to a bimodal distribution, revealing the logical Z or logical X state. At the self-dual critical point X + Z, the ensemble
delocalizes to a uniform distribution, but confined to the real XZ plane, forming a ring on the equator of the Bloch sphere. In the metal
gapless phase (purple), the ensemble fully delocalizes to a Haar measure uniform coverage of the Bloch sphere. Nevertheless, it crossovers to
the bimodal distribution at the Clifford Y limit, which is a singular point. The shown ensembles of states are computed for surface code of
code distance d = 8. (c) The boundary entanglement entropy has distinct scaling at the phases. In the gapped phases, it exhibits area law. At
self-dual critical point, critical logarithmic scaling is found. Into the metal gapless phase, log2L dominates the entanglement entropy scaling.
The Y limit corresponds to a ballistic metal, exhibiting volume law scaling. The Y-axis is described by purely unitary evolution. By contrast,
the X and Z axes are described by pure measurement evolutions. The circuit and the boundary state is shown in Fig. 3(c).

Boundary entanglement entropy

The measurement-induced mixed state can be characterized
by its 2D quantum topology (such as its topological degener-
acy or coherent information) or, alternatively, by its (1+1)D
boundary entanglement entropy. In more technical terms,
the post-measurement state of the surface code can be rep-
resented, for every measurement outcome s, by a random 2D
PEPS (projected entangled pair state) which can be mapped
to a (1+1)D monitored quantum circuit dynamics [35]. The fi-
nal state of this circuit dynamics captures the complexity of
the boundary state. We are particularly interested in char-
acterizing the latter in the projective-measurement limit (at
t = π/4) for arbitrary measurement angles as summarized
in the phase diagram of Fig. 2(c). The boundary entangle-
ment entropy exhibits an area law in the surface code phase
and the gapped dephasing phases around the X and Z cor-
ners, but displays logarithmic scaling SvN ∝ logL at the
critical points (pink and red dots in the phase diagram). For
generic measurement angles, i.e. for angles corresponding to
the purple regime in Fig. 2(c) the boundary entanglement en-
tropy scales SvN ∝ log2L, which is reminiscent of the en-
tanglement structure of the Goldstone modes in a “metallic”
phase [54–58]. The limiting case of measurements along
the Y -direction is singular and exhibits volume-law scaling
SvN ∝ L because the corresponding (1+1)D circuit dynamics
consists exclusively of maximally entangling Majorana swap
gates, which is a spacetime-dual [59] unitary circuit with bal-
listic growth of entanglement [60].

Metal-insulator transition

In connecting the monitored (1+1)D fermion circuit in the
projective-measurement limit to a free-fermion model, one
maps the non-unitary circuit dynamics in (1+1)D dimensions
to a unitary, non-interacting fermion model in (2+1)D spa-
tial dimensions with a static Hermitian Hamiltonian [54, 58],
coupled to static disorder that follows the Born’s distribution.
Microscopically, this is done by relating each non-unitary cir-
cuit gate, as a transfer matrix in the time dimension, to a uni-
tary scatterer in two spatial dimensions, as in the standard
Chalker-Coddington network model construction [54, 61]. As
a consequence, one can identify the entanglement structures
stabilized by the (1+1)D monitored fermion circuit, with the
ground states (and their respective entanglement structures)
of a (2+1)D non-interacting free-fermion model, i.e. a metal-
lic or insulating state. Specifically, this connects the phase
with long-range (logarithmic scaling) boundary entanglement
(i.e. the purple phase in our phase diagram) to a metallic state,
which (in its free-fermion formulation) is known to exhibit
such logarithmically scaling entanglement [62, 63]. In con-
trast, the phases near X and Z anisotropic limit exhibit area-
law entangled (1+1)D fermion chain, which corresponds to a
short-range correlated (2+1)D insulating free-fermion system.

In this language, some of the learning transitions discussed
in this paper can be recast as a metal-insulator transition.
For instance, when varying the measurement angle from a
generic direction (e.g. around the X + Y + Z point) to one
of the Clifford directions near the X and Z corners, one tran-
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sitions precisely from a metallic (long-range) entanglement
structure to an insulating (short-range) entanglement struc-
ture, see the phase diagram in Fig. 2(c). As one tracks this
metal-insulator transition (red dots in our phase diagram) as
one approaches the self-dual X + Z point (pink dot), the sys-
tem acquires weak self-dual symmetry resulting in a modified
critical point, extensively chacterized in Ref. [35]. In com-
parison, the generic metal-insulator transition in our phase
diagram has only been partially studied along the XY line
– where the qubit-measurement model considered here can
be mapped to a syndrome-measurement model [39] as dis-
cussed in Sec. IV B below, and critical exponents and confor-
mal data remain an open question. In this paper we discuss the
boundary-entanglement scaling of this generic metal-insulator
transition, but leave it to future work for an in-depth investi-
gation of the criticality theory of this point.

Symmetry class

For our model we find that for generic measurement angles
the relevant symmetry class of the free-fermion model corre-
sponding to our circuit is symmetry class DIII. Specifically,
the transfer matrix of the tensor network can be mapped to
that of a Chalker-Coddington network model, which respects
time-reversal (T 2 = −1), particle-hole (C2 = +1), and chi-
ral symmetries – precisely the symmetries of symmetry class
DIII [58]. However, along three special lines in the phase
diagram, i.e. the ZX [35], XY , and Y Z lines of the phase
diagram in Fig. 2(c), the tensor network remains in symmetry
class D, where the latter two are related to what has been ob-
served for syndrome measurements in Refs. [39, 40]. On these
special lines, the tensor network can be decomposed into two
decoupled Majorana fermion network models that are time-
reversal partners of each other; each copy is in symmetry class
D. Such a decomposition, however, does not exist away from
the three special lines. We will analyze the XY line further
in Sec. IV B and Fig. 11 and, in particular, discuss its equiva-
lence to the error model previously discussed in Refs. [39, 40].

III. LEARNING TRANSITION FOR TUNABLE
MEASUREMENT STRENGTH

When the measurement strength is tuned above a certain
threshold, the observer obtains certain logical information
about the surface code, and meanwhile collapses the surface
code into a post-measurement projected ensemble of states –
this threshold defines our learnability transition [23]. To diag-
nose this learning transition in our model, we will rely on two
principal observables: (i) the coherent information of the 2D
surface code; (ii) the entanglement entropy of its 1D boundary
quantum state. The former literally discriminates two phases:
learnable and unlearnable. The latter characterizes the fluctua-
tions and complexity of the remaining quantum system, which
can also signal the quantum critical point. But before we in-
troduce these observables in the following, we will briefly re-
view two representations of our surface code model, which

we previously introduced in Ref. [20], that will allow for the
efficient calculation of these observables: (i) a 2D (random)
tensor network representation; (ii) a (1+1)D quantum circuit
which can also be recast in the form of a fermion model.

A. Tensor network and quantum circuit representation

Tensor network representation & Ashkin-Teller model

The 2D surface code can be written as a PEPS [64–66].
In this representation, the weak measurement Kraus operators
act as random local non-unitary operators on the physical legs,
conditioned upon the classical measurement outcomes. For a
visual illustration of the resulting PEPS see Fig. 3. Generic
physical observables can be obtained by taking two copies of
the PEPS, as the ket and bra, respectively, and contracting out
the physical legs with observable operators inserted. The bi-
layer tensor network, ⟨ψ(s)∣ψ(s)⟩, then defines the partition
function of an associated 2D classical model. This partition
function can be readily obtained from the post-measurement
tensor network wavefunction ∣ψ⟩ in Fig. 3(a) as the Born prob-
ability

P (s) = ⟨ψ∣M †
sMs∣ψ⟩ = ∑

{Z,Z̃}

exp(−EAT ) ,

where [20]

EAT,ij = −
Jsij

2
(ZiZj + Z̃iZ̃j) +

iϕ

2
(ZiZj − Z̃iZ̃j)

− 1

2
(2K + iπ

2
(1 − sij)) (ZiZjZ̃iZ̃j − 1) ,

(7)

which is a (2+0)D classical Ashkin-Teller model [67] where
Zi, Z̃i = ±1 are the classical Ising variables of the two lay-
ers of the tensor network wavefunction ∣ψ(s)⟩ and ⟨ψ(s)∣, re-
spectively. Here K,J are related to the measurement strength
t and coherent rotation angle θ by tanh (J) = sin (2t) cos (θ)
and e−2K = sinh (J) tan (θ). Note that for a finite rotation an-
gle towards the Y direction, ϕ > 0, this Ashkin-Teller model is
augmented by complex couplings. In the expressions above,
we omit the dependence on the logical qubit and focus on
the tensor in the bulk, while the logical qubit can be cap-
tured by the boundary virtual leg of the tensor network, see
Refs. [20, 35] for more details.

(1+1)D quantum circuit & fermion representation

The 2D classical tensor network can also be interpreted as
a (1+1)D monitored quantum circuit, which evolves towards a
boundary quantum chain. Its transfer matrix can be written as
T ∶= TvTh = exp (−Hv) ⋅ exp (−Hh) where Hh,v have been
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FIG. 3. Random 2D tensor network and (1+1)D quantum circuit. The top and the bottom layer of the tensor network captures the
bra and ket of the quantum state as a PEPS. (a) For weak measurement, the Kraus operator M †

sMs glues the two layers. (b) For projective
measurement, M †

sMs is a projector, such that P (s) = ∣ ⟨s∣ψ⟩ ∣2, which means the two layers can be factorized. As will be shown in Sec. IV B,
each layer alone corresponds to a random Ising model with complex coupling, which can be fermionized into a free fermion network model. In
this aspect, weakening the measurement strength in (a) induces fermion interactions. Both (a) and (b) as 2D tensor network can be interpreted
as (1+1)D (non-unitary) quantum circuit that propagates a 1D quantum chain in the space direction, updated by the transfer matrix. (c) The
ket layer of tensor network in (b) can be identified as a monitored (1+1)D quantum circuit. The gate parameters are controlled by the coherent
rotation U(θ, ϕ) and the measurement outcome s. Here we show only the ket layer of the state. The gates are derived from Eq. (26) (27).

previously derived [20] as

−Hh = ∑
j

Js2j,2j+1

2
(σx

2jσ
x
2j+1 + σ

y
2jσ

y
2j+1)

+ iϕ
2
(σx

2jσ
x
2j+1 − σ

y
2jσ

y
2j+1)

− (K + iπ
2

1 − s2j,2j+1

2
) (σz

2jσ
z
2j+1 + 1) ,

(8)

which in turn can be fermionized as

−Hh = ∑
j

Js2j,2j+1(c†
2jc2j+1 + h.c.) + iϕ(c2jc2j+1 + h.c.)

− 2(K + iπ
2

1 − s2j,2j+1

2
) (2n2jn2j+1 − n2j − n2j+1 + 1) ,

(9)

where nj = c†
jcj is the fermion number operator. Hv takes

the same form as Hh, with the replacement (2j,2j + 1) →
(2j − 1,2j) and the coupling constants transformed into
their Kramers-Wannier dualized versions, c.f. Eq. (28) below.
Physically, Th and Tv implement quantum gates on even and
odd links, respectively.

In general, the fermionic Hamiltonian is interacting, except
when the measurement basis is restricted to Z or X axes.
However, we find that a non-interacting fermion model can
capture the projective-measurement limit for arbitrary mea-
surement angles, see Fig. 3(b)(c). We postpone the detailed
analysis of this scenario to Sec. IV B below.

B. Coherent information

The coherent information, conceptualized in quantum in-
formation theory to quantify the size of a coherent logi-
cal space through a noisy quantum channel [49], was re-
cently identified as an efficient (scalable) order parameter for
measurement-induced phase transitions [68], and for diagnos-
ing topological quantum memory in the presence of incoher-
ent noise [14], under a teleportation channel [20], or for topo-
logical mixed states of fermions [69]. Here we employ it as
a diagnostic for the topological phase transition of a mixed
toric code state under measurement. To keep this manuscript
self-contained, let us briefly review this concept, explain it in
an intuitive manner and – following its mapping [20] to the
tensor network and statistical mechanical models introduced
above, which enables us to calculate our phase diagrams to
high precision.

The quantum coherent information is a measure for the
quantum information in a system, which can be encoded and
decoded. For instance, in the surface code one logical qubit
can be encoded and used for further manipulations. After
the measurement, the amount of quantum information that
remains still inside the code is given by the coherent infor-
mation [49]. To calculate it, we consider three parties of our
system as illustrated in Fig. 2(a): (i) a reference qubit R that
is initially maximally entangled with the logical space of (ii)
a surface codeB and (iii) an observerA that extracts some in-
formation from the measurement outcomes. Then the coher-
ent information is expressed as the entropy of the reference
subtracted by the mutual information between the reference
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and the observer

Ic = S(R) − I(R ∶ A) = S(RA) − S(A) = S(R∣A) . (10)

As a conditional quantum entropy, it evaluates how much ex-
tra information is needed for the observer to learn the refer-
ence qubit. Thus Ic = 0 means the observer can learn the
state of the reference based on the measurement records, while
Ic = log 2 means the observer learns nothing about the quan-
tum information based on the measurement outcome. Note
that a negative value of Ic cannot appear in our measurement
setting (but could in a noisy scenario, where both quantum and
classical information are lost [49]). In our case the observer
has access to a purely classical state only, which can be cast
as a diagonal density matrix ∑s P (s) ∣s⟩⟨s∣. Further note that
the diagnostic depends only on the correlation between R and
A (the observer), while the quantum degrees of freedom in B
(the surface code) are traced out (discarded):

R B A

encoder

s A

! R(s) = ! " #! M 
sMs! " $"

s

(a) (b)

. (11)

Therefore the phase diagram depends essentially only on the
ensemble of the reference states

{P (s) , ρR(s)} , (12)

where the state R is obtained by tracing out the measured sur-
face code, whose matrix elements are given by

ρR,µν(s) = ⟨ψµ∣M †
sMs ∣ψν⟩ , (13)

where ψ± marks the ground state of the surface code with the
respective logical qubit state. Note that this ensemble of states
can be viewed as the ensemble of the topological logical qubit
encoded into the surface code.

We can denote the matrix elements of Eq. (13) as

ρR(s) =
1

2P (s)
(P++(s) P+−(s)
P−+(s) P−−(s)

) ≡ 1 + κ⃗ ⋅ σ⃗
2

, (14)

where the prefactor is necessary for proper normalization. The
probability P (s) of a given set of measurement outcomes can
be obtained by P (s) = (P++(s) + P−−(s))/2. On the right-
hand side of the equation above we define an effective polar-
ization field in the logical space which results form the ob-
server’s measurement

κ⃗(s) = (P++ − P−−
P++ + P−−

,
2∣ Im(P+−)∣
P++ + P−−

,
2∣Re(P+−)∣
P++ + P−−

) ,

(15)
whose strength can be viewed as the effective learning
strength in the long-wavelength limit, after tracing out the
whole physical degrees of freedom. Its angle indicates the ef-
fective measurement angle of the logical qubit, which should

be distinguished from the measurement angle of the physical
qubits that is fixed when choosing a measurement basis. Each
component of κ⃗ can be related [13] to the anyon condensa-
tion and confinement mechanisms at play when decohering
the topological quantum order of the toric code: The compo-
nent κX is a sign of m-particle condensation, the component
κZ a sign of e-particle condensation and the κY component
can only arise by a mixture of both mechanisms and there-
fore has to include measurement of Y operators. (Thus κY

vanishes, for instance, in the X −Z plane.)
Expressed in terms of this field, the coherent information

becomes the Born average of the conditional reference en-
tropy Ic = ∑s P (s)Is, where Is is the von Neuman entropy of
the reference or logical qubit conditioned upon the observer’s
measurement outcome s

Is = −
1 +Cs

2
log

1 +Cs

2
− 1 −Cs

2
log

1 −Cs

2
, (16)

with Cs = ∣κ⃗(s)∣ being the strength of the polarization field.
As it is a measure for the information of the logical qubit,

the coherent information is Ic = log 2 in the unperturbed sur-
face code phase and Ic = 0 in the limit of projective measure-
ment. Where the coherent information drops between these
two limiting values, possibly at some intermediate measure-
ment strength, the transition from surface code phase to an en-
semble of product states occurs. This information-theoretical
observable is found to exhibit minimal finite-size effects [70]
and has provided, for instance, the highest-precision determi-
nation of the threshold and critical exponents of the Nishimori
phase transition [20, 23, 33, 34]. In our interacting fermion
case here, this behavior of the coherent information is illus-
tratively shown in the top row of Fig. 4. with panel (a) corre-
sponding to the situation where the transition occurs at finite
measurement strength, while panel (b) corresponds to a sit-
uation where the transition is pushed out all the way to the
projective limit.

Recasting the coherent information in the language of a
learning transition, the coherent information evaluates the
amount of information preserved in the code [49], that is not
extracted by the observers. In the “thermodynamic limit” of
large code distances (d → ∞), the coherent information con-
verges to a step function that maintains one bit of informa-
tion (log 2) when the measurement strength remains below
the threshold, and zero when it moves above the threshold.
The precise threshold of the measurement strength can be de-
termined, e.g. by performing finite-size scaling (in the code
distance), and thereby pinpoint the location of the learning
phase transition. We map out such thresholds for arbitrary
measurement angles and thereby determine the phase diagram
in Fig. 1(b) above. For a full spherical illustration see also
Fig. 12 below. One can immediately recast this phase diagram
also in terms of the post-measurement ensemble of quantum
states. Below the measurement threshold, i.e. inside the inte-
rior of our “carved sphere”, the quantum states remain topo-
logically ordered, while the states dephased into classical loop
gas [35] above the threshold, i.e. on the surface of our sphere
and in its “carved-out” regions, see Fig. 12. In the language of
spontaneous symmetry breaking (SSB), the topological phase
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FIG. 4. Learning transitions by tuning the measurement strength. Shown are two cuts in the XY plane for finite measurement strength
t, one far from and one close to the Y -point, shown on the left/right respectively. The top row shows the coherent information, while the
bottom row shows the boundary entanglement entropy. (a) For a cut at an angle ϕ = 0.1π (close to the X point in the XY plane) the transition
occurs at a finite measurement strength with the coherent information exhibiting a crossing point at a critical tc. The boundary entanglement
entropy exhibits a peak that approaches the transition point for larger system sizes with log(L) scaling, characteristic of the scaling at a (1+1)D
quantum critical point. In the projective-measurement limit of t = π/4 the entanglement entropy decreases with system size, indicating an area
law phase. (b) For a cut at an angle ϕ = 0.4π (close to the Y point in the XY plane) the transition occurs only in the projective measurement
limit (t = π/4), where the coherent information exhibits a collapse. The boundary entanglement entropy, in contrast, exhibits an entanglement
plateau for finite system sizes, whose height scales linearly with code distance, reminiscent of a volume-law scaling.

exhibits SSB of the underlying 1-form symmetries, while the
dephased phase exhibits a strong-to-weak SSB of the 1-form
symmetries [15–19, 71].

C. Boundary entanglement entropy

Our second diagnostic to detect and characterize the criti-
cal theory of the learning transition is the boundary entangle-
ment entropy. The latter is calculated for a one-dimensional
chain of boundary qubits that we attach to the surface code
and which we leave untouched when measuring out the phys-
ical qubits of the surface code. The entanglement structure
of the Choi state (obtained by flattening the density matrix to
a “wave function” vector [72]) of this boundary can be inter-
preted as arising from a (1+1)D monitored quantum circuit
evolution (induced by the 2D bulk measurements), with the

relevant transfer matrices discussed around Eqs. (8) and (9)
above. Alternatively, we can think of the boundary entangle-
ment entropy to characterize the computational complexity of
contracting out the 2D tensor network in Fig. 3(a).

Numerical results for the boundary entanglement entropy
along the two finite-measurement cuts in the XY plane of the
phase diagram are shown in the lower panel of Fig. 4. For the
learning transition at finite measurement strength along the
first cut (close to the X measurement direction), we observe
a non-monotonic behavior of the entanglement entropy with
an intermediate peak close to the transition. For increasing
code distances, this peak not only moves closer to the tran-
sition, but shows a logarithmic divergence – indicative of a
(1+1)D quantum critical point. In contrast, for the cut close
to the Y point where the learning transition is pushed all the
way to the projective-measurement limit the boundary entan-
glement entropy monotonically increases with no indication
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of an intermediate transition. Notably, however, an entangle-
ment plateau is visible whose height increases linearly with
code distance, reminiscent of a volume-law phase. However,
since for larger system sizes the width of the plateau also
shrinks and possibly vanishes for very large code distances,
this plateau might not indicate an intermediate phase, but
point to interesting behavior in the projective-measurement
limit which we characterize in detail in the following section.

IV. PROJECTIVE-MEASUREMENT LIMIT

One of the most striking observations in mapping out the
learning transition in the XZ plane has been that at the self-
dual X + Z point the transition is pushed all the way out to
the projective limit [20, 35]. This situation where the surface
code remains robust or “unlearnable” all the way up to the
projective-measurement limit no longer remains a fine-tuned
possibility, but instead becomes the generic behavior once we
introduce a finite Y -measurement component, see our phase
diagram in Fig. 1 or, probably even more convincing, the 3D
illustration in Fig. 12 below. But how much do we actually
learn about the surface code’s logical state in this projective
limit? For this, it will turn out to be quite instructive to look
at the reference qubit which, in the projective-measurement
limit, captures the purified logical qubit. In particular, we
want to understand its distribution when the measurement pro-
tocol is repeated for multiple rounds with many copies of the
code. We will show that “unlearnable” is a label that only
applies to weak measurements, while for projective measure-
ments quite the opposite is true – by performing multiple mea-
surements along the same measurement angle one can per-
form full-state tomography of the logical qubit state encoded
in the surface code.

For these generic measurement angles where one is able to
learn the logical qubit state via tomography of the reference
qubit, one might wonder what the nature of the measured-
out surface code is in this projective limit. That is, what can
we say about the ensemble of product states or, equivalently,
the set of measurement readout snapshots in the projective-
measurement limit? Is this ensemble describing a critical state
akin to what has been observed for the self-dual X + Z point
[35] or is it a general “gapless” state (with long-range entan-
glement similar to the ground state of a gapless Hamiltonian)?
We will show that, generically, one finds the latter situation,
i.e. a metal-like gapless Gaussian fermion state.

A. Ensemble of logical snapshots

Let us start our discussion of the projective-measurement
limit, by first noting that the coherent information vanishes in
this limit, Ic = 0, because the surface code state collapses to
a classical snapshot ∣s⟩. At the same time, the reference qubit
R, which we introduced to calculate the coherent information,
is purified into a state ∣ψR(s)⟩ where

∣ψR(s)⟩ = ∑
µ=±

⟨s∣U(θ, ϕ) ∣ψµ⟩ ∣µ⟩ , (17)

with U(θ, ϕ) being the coherent rotation (1). The associated
density matrix ∣ψR(s)⟩⟨ψR(s)∣

∣ψR(s)⟩⟨ψR(s)∣ =
1 + κ⃗(s) ⋅ σ⃗

2
(18)

can be visualized as a vector which points at the κ⃗(s) direc-
tion in the Bloch sphere. In particular, for measurement in the
Z or X basis directions, the purified reference qubit R points
exactly at the ±Z and ±X directions, where the sign depends
on the measurement outcome. Rotating the measurement axis
to the self-dual X + Z direction, the purified qubit R is re-
stricted to lie in the XZ plane (since the imaginary part has to
vanish). Plotting our numerical results in Fig. 5(a), we see that
one observes a uniform “ring-distribution” in the XZ plane.
Moving the measurement direction out of the XZ plane we
observe what looks like a uniform spherical distribution for
the regimes where the learnability threshold is moved all the
way to the projective limit, see Figs. 5(b) and (c).

To quantitatively understand this behavior, let us formally
write the distribution of the reference qubit as

P (θ, ϕ) = ∑
s

P (s)P (κ⃗∣s) , (19)

where P (κ⃗∣s) is a conditional delta-distribution since each
measurement outcome s maps to a deterministic s ↦ κ⃗(s) =
cos(θ)z⃗ + sin(θ) cos(ϕ)x⃗+ sin(θ) sin(ϕ)y⃗. Later we will use
θ, ϕ to label κ⃗ in spherical coordinates. This distribution we
now want to compare with an ideal reference distribution such
as a uniform coverage of the Bloch sphere, i.e. a Haar-measure
random distribution of the single logical qubit, which can be
parametrized by

Q(θ, ϕ) = 1

4π
sin θdθdϕ . (20)

The “distance” between this reference distribution Q(θ, ϕ)
and our observed ensemble P (θ, ϕ) can be quantified by their
relative entropy, also known as Kullback-Leibler (KL) diver-
gence

D(P ∣∣Q) = ∫ P (θ, ϕ) log
P (θ, ϕ)
Q(θ, ϕ)

dθdϕ , (21)

where Q(θ, ϕ) is the ideal and P (θ, ϕ) is the measured dis-
tribution. If two distributions perfectly align, their relative
entropy vanishes and the KL divergence is zero.

To evaluate the KL divergence numerically, we perform a
Born average over the “free-energy” difference between the
measured distribution and the ideal distribution

D(P ∣∣Q) = EP (logP − logQ) , (22)

with more details on our numerical procedure provided in Ap-
pendix A. To discuss our numerical data in Fig. 5, let us first
mention asymptotic results for some limiting cases. For the Z
and X measurement limits which converge towards bimodal
distributions, the KL divergence (with regard to the uniform
distribution) diverges as logn − log 2 where n is the number
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FIG. 5. Projected ensemble of the reference qubit on (a) the XZ
line, (b) the self-dual line, and (c) the XY line. The spheres above
each plot show the projected ensemble distribution for different lines
on the Bloch sphere labeled by α in the phase diagram by displaying
104 sampled points from the distribution. TheX and Z points on the
Bloch sphere of highly concentrated densities are marked with small
red spheres. In the above plots, the Kullback-Leibler divergence (rel-
ative entropy) between the projected ensemble and a uniform (Haar)
distribution of the Bloch sphere is normalized by the bimodal dis-
tribution value D̃(P ∣∣Q) = D(P ∣∣Q)(logn − log 2) where n is the
number of discrete patches covering the sphere. For the ring distri-
bution, D̃(P ∣∣Q) becomes 1 − log(m)/ log(n) → 1/2, where m is
the number of patches covering the equator as a 1D line, such that
the ratio of dimension is logm/ logn → 1/2 for the limit of high
resolutions. In the n → ∞ limit, the dip in (a) at θ = π/4 and the
first data point at X + Z in (b) reach exactly D̃(P ∣∣Q) = 1/2. See
Appendix A for more details.

of discretized patches of the sphere (see Appendix A). In con-
trast, near the self-dual Y limit, it is split into 8 hotspots near
the ±Y poles, which are required by the self-dual symmetry
that relates X to Z. Consequently, the KL divergence near
Y limit reduces to logn − 3 log 2, which still diverges but
is always smaller by 2 bits than the X and Z limits, due to
the symmetry. For the “critical” state at the self-dual X + Z
measurement angle, the ideal distribution is a uniformly dis-
tributed equator-like ring in the XZ plane

Q(θ, ϕ) = 1

2π
[δ(ϕ) + δ(ϕ − π)]dθdϕ ,

where δ(ϕ) is the Dirac delta function that integrates to 1. As
shown in Fig. 5(a)(b), it approaches a half of the value for
the uniform spherical distribution. The basin plateau of the
relative entropy in Fig. 5(b)(c), where the KL divergence van-
ishes, corresponds to the uniform spherical distribution. At
these measurement angles, the reference qubit indeed forms a
Haar-random post-measurement ensemble.

Let us now explain what such a Haar-random reference
qubit distribution allows us to infer about the original logical
qubit. In brief, the Haar-randomness of the reference distribu-
tion implies that we can effectively measure the logical qubit
in random directions [52], even though the physical measure-
ment basis is uniformly fixed at a certain angle. The protocol
is as follows: Instead of starting from a maximally mixed log-
ical state, consider that one prepares a surface code in some
pure logical state, which remains unknown to the observer and
that he wants to learn about. To this end, the observer per-
forms measurements for all physical qubits along an arbitrary
(but uniform) angle, e.g. along the generic X + Y + Z direc-
tion, and thereby obtains a measurement snapshot in the form
of a bit string s = + + − − . . .. For each possible s, one can
invert the isometry encoder (Fig. 2(a)) to “decode” [73] the
corresponding snapshot of the logical qubit ∣ψL(s)⟩, which
exactly equals the wave function ∣ψR(s)⟩ in Eq. (17) given
the same s. If we denote the isometry encoder as Uenc that
maps a single qubit ∣µ⟩ to a surface code in the logical µ state:
∣ψµ⟩ = Uenc ∣µ⟩, then the decoded snapshot of the logical qubit
follows Eq. (17) and Fig. 2(a) to be

∣ψL(s)⟩ = U †
encU(θ, ϕ)† ∣s⟩ . (23)

After this decoding step, one thereby gains a snapshot of the
logical qubit. Multiple rounds of measurements over many
copies of the code then effectively allow measuring the logical
qubit in arbitrary direction, forming a classical shadow [48]
that is tomographically complete [52] in this case. That is,
one can perform a full state tomography for an arbitrary pre-
pared logical qubit, based on the measurement snapshots at a
single measurement angle (uniformly applied to all physical
qubits). Such uniform basis measurement is experimentally
quite feasible in a number of quantum platforms, particularly
for large-scale neutral Rydberg atom arrays [74].
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B. Monitored (1+1)D quantum circuit representation

For each measurement record s, the reference state (17) or
the equivalent logical snapshot (23) can be computed by con-
tracting the tensor network in Fig. 3, with extra legs that cap-
ture the reference qubit (see Ref. [20] for details), while the
physical qubits are traced out. In the projective-measurement
limit of interest here, the bilayer tensor network reduces to
two decoupled layers, as illustrated in Fig. 3(b). Each layer
corresponds to a random classical 2D tensor network state,
which can be viewed as a sampled snapshot of the 2D sur-
face code state with coherent error, and the tensor network
captures the wave function amplitude of such a snapshot. Re-
markably, each layer of the 2D tensor network can further be
mapped to a (1+1)D Ising-type quantum circuit, which can
then be mapped to a free-fermion circuit. Contracting this de-
coupled tensor network or its free-fermion representation not
only gives us direct access to the probability distribution of
the measurement outcomes P (s), but also the boundary en-
tanglement entropy of the (1+1)D quantum state. It can also
be done in a highly effectively manner [35], allowing us to
simulate considerably larger code distances up to d = 256 in
the projective-measurement limit.

Let us derive the (1+1)D monitored quantum circuit rep-
resentation, by identifying step-by-step the quantum gates of
this circuit from the tensor network in Fig. 3(b). Specifically,
an elementary gate in this circuit is generated by measuring
a qubit on a given bond (ij), where the virtual index of the
tensor network is labeled by σi and σj for i, j on the adjacent
vertices. Under the duality picture, the Pauli Z of the bond
qubit is related to the virtual index by Zij = σiσj . Physi-
cally, σi and Zij can be interpreted as the order and disorder
(domain-wall) parameters, respectively. Therefore, projective
measurement of the bond qubit yields the following weight

⟨sij = ±∣ ei θ
2 Y ei ϕ

2 Z ∣σiσj⟩ ∝ exp
⎛
⎝
Jsij + i(ϕ − π 1−sij

2
)

2
σiσj

⎞
⎠
,

(24)
where the effective measurement strength

J(θ) = tanh−1 cos θ (25)

ranges from∞ to 0 as θ goes from 0 to π/2 i.e. upon varying
the measurement angle from Z to the XY plane.

Cast in the (1+1)D setting, one can directly write down the
2-body interacting gate (Fig. 3(c))

MZ = exp
⎛
⎝
Jsij + i(ϕ − π 1−sij

2
)

2
ZjZj+1

⎞
⎠
, (26)

which is a complex time evolution generated by Ising interac-
tion and can be decomposed into a unitary part controlled by
ϕ and a non-unitary (weak measurement) part controlled by
θ, followed by a conditional π-pulse unitary as a local feed-
back. The negative measurement outcome effectively changes
the sign of the real coupling constant and adds a π pulse to the
imaginary coupling constant, which is consistent with the spa-
tial inversion operation for the physical spin eigenstate point-
ing towards spherical angle (θ, ϕ) : θ → π − θ, ϕ→ ϕ − π.

The transverse-field-generated evolution gate MX can be
derived by viewing σi and σj as the states at two adjacent
time slices

MX ∝ 1 + e−(Jds+iϕd)sX

∝ exp(
Jds + i(ϕd − π 1−s

2
)

2
X) ,

(27)

which is essentially a Kramers-Wannier dual version of the
MZ gate where

Jd + iϕd

2
= KW (J + iϕ

2
) = −1

2
log tanh

J + iϕ
2

(28)

is the Kramers-Wannier (KW) duality relation. More explic-
itly,

Jd = − log

√
1 + e4J − 2e2J cos (2ϕ)
1 + e2J + 2eJ cosϕ

,

ϕd = − tan−1 2eJ sinϕ

1 − e2J
.

(29)

Kramers-Wannier duality

Let us make some general comments on the Kramers-
Wannier (KW) duality in our circuit and its manifestation in
the phase diagram. Firstly, note some useful properties of the
KW map for the coupling constants

KW(x∗) = KW(x)∗ , KW(−x) = KW(x) − iπ/2 , (30)

which means KW(⋅) commutes with complex conjugation, but
flipping the sign is dualized to a phase shift by π/2. Therefore,
taking the complex conjugate flips the sign of ϕ and results in
the sign change of ϕd. For the XZ plane, ϕ = 0, and as such,
the self-duality condition KW(x) = x is real, with the unique
solution x = log

√
1 +
√

2 corresponding to the X + Z point.
Once we turn on the Y -component, the electric-magnetic self-
duality condition becomes complex KW(x) = x∗, which
leads to an extended self-dual line from the X + Z point to
the Y point, along which the measurement angle is symmetric
between X and Z

KW(x) = x∗ ⇔ cosϕ = cot θ = sinhJ . (31)

As is evident from the quantum gates MZ and MX , in the
projective-measurement limit, the (1+1)D quantum circuit can
be modeled as a monitored Ising chain, which can be equiv-
alently described by a monitored non-interacting fermion
chain, thereby simplifying the analytical analysis substan-
tially. We will utilize this facilitation to study the non-
Hermitian dynamics of the monitored fermion chain under
post-selection in Sec. V.

The 2D tensor network state and its corresponding (1+1)D
monitored quantum circuit share the same probability distri-
bution function

P (s) = ⟨ψ(s)∣ψ(s)⟩ = ∥MXMZ⋯MXMZ ∣ϕ⟩∥2 , (32)
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(a) different realizations of logical Y operators
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Fig 8

FIG. 6. Projective Y-measurement limit. (a) Logical Y operators.
By measuring the Pauli Y operators on the purple qubits, one can
learn the logical Y information, i.e. YL = ±1. (b) Ballistic metal
from measuring toric codes in the Y basis. The light cones in dif-
ferent shades illustrate the effective (1+1)D dynamics of Majorana.
The measurement operators in Eq. (34) become purely unitary and
act as swap operators between maximally entangled Majorana pairs.
As a result, the entangled Majorana pairs labeled by the same color
propagate ballistically in time along the light cones.

where ∣ψ⟩ denote the 2D quantum state (neglecting the logical
qubit dependence for simplicity here), while ∣ϕ⟩ denotes the
1D quantum state evolving from the left to the right bound-
ary by the random transfer matrix MX and MZ conditioned
upon the measurement outcomes s. Such “monitored trajec-
tories” that follow Born’s probability rule can be efficiently
sampled [35] and are in one-to-one correspondence with the
measured bit strings s of the 2D quantum state.

Before we proceed to a presentation of our numerical re-
sults for this, let us look at the structure of the quantum gates
MX andMZ of the (1+1)D monitored circuit for three special
limits: (i) the self-dual line from the self-dual X +Z to the Y
point, (ii) the Y point, and (iii) the XY line from the X to the
Y point.

Self-dual line

Along the self-dual line from the X + Z to the Y
point, parametrized by Eq. (31), the (1+1)D quantum cir-
cuit exhibits Kramers-Wannier self-duality. It generalizes the

measurement-only circuit at theX+Z point, extensively stud-
ied in Ref. [35], to one which, in addition, includes unitary
gates. This can be seen by plugging the self-dual condition
into Eq. (29), such that Jd = J and ϕd = −ϕ, and the quantum
gates of the (1+1)D quantum circuit turn into

MZ = exp
⎛
⎝
Jsij + i(ϕ − π 1−sij

2
)

2
ZjZj+1

⎞
⎠
,

MX = exp(
Js − i(ϕ − π 1−s

2
)

2
X) ,

(33)

which are invariant under translation and sublattice complex
conjugation. Whereas at the X + Z point, where ϕ = 0 the
circuit reduces to a measurement-only quantum circuit, once
we turn on the Y component along the self-dual line, the cir-
cuit becomes a hybrid one of measurements and unitary evo-
lutions.

Exactly solvable dual unitary dynamics in the Y-limit

In the Y -only measurement limit, J = 0 = Jd and ϕ = −ϕd =
π/2, the gates reduce to purely unitary gates of π/2 pulses
(maximally entangling gates) with random signs

MZ → e±i π
4 ZjZj+1 , MX → e±i π

4 X . (34)

This circuit dynamics is shown in Majorana representation in
Fig. 6(b) where the “light cone” dynamics illustrates the for-
mation of a ballistic metal. It is a special case of the dual-
unitary circuit, which is unitary along both the “time” direc-
tion and the “space” direction. Consequently, the entangle-
ment entropy grows as

SvN = t log 2 , (35)

for d > t.
In this limit, all the physical qubits are collapsed onto the

Y basis. Without extra noise, one can read the logical Y in-
formation from the measurement outcomes supported on the
logical Y operators. See Fig. 6(a).

XY line

Along the XY line, θ = π/2, which leads to J = 0 and
Jd = − log tan ϕ

2
and ϕd = −π/2. Consequently, the quantum

gates reduce to

MZ = exp(iϕ
2
ZjZj+1) ,

MX = exp(
sJϕ

2
X) ,

(36)

where Jϕ ≡ − log(i tan ϕ
2
) = tanh−1 cosϕ − iπ

2
. Here all the

random Zj operators inserted into the circuit are propagated
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FIG. 7. Entanglement arcs. Shown are numerical data for the boundary entanglement entropy S(l) as a function of subsystem size l
along the boundary of total length L = 256 at different points in the projective-measurement limit. The solid lines are the fitting curves
using the entanglement arc formula of Eq. (39). The prefactors obtained by these fits are given and the insets show the data rescaled by
1/3 log(sin(πl/L)). The entanglement arcs are shown for measurement angles on (a) the self-dual line and (b) the XY line, where their
measurement angle values are indicated by red dots in the inset.

to the final time slice, by flipping certain signs of the X evo-
lution. The corresponding 2D statistical model can then be
simply written as

Z(s) ∝∑
σ

exp
⎛
⎝
i

2
∑
ij

(ϕ − π
1 − sij

2
)σiσj

⎞
⎠
, (37)

which can also be easily derived from the tensor network
[c.f. Fig. 3]. For example, the Bolztmann weight for a sin-
gle bond can be derived as follows

. (38)

Let us close this detailed description of our circuit model, with
the observation that the exact same tensor network and statisti-
cal model also describes the phase transition in a model where
the coherent rotation is followed by a subsequent syndrome
measurement [38–40]. We will further discuss such connec-
tions with other models in our general discussion section at
the end of the manuscript.

C. Boundary entanglement entropy

Let us now investigate the boundary entanglement entropy
of the (1+1)D quantum circuit and map out the phase diagram
shown in Fig. 2(c). Numerical results for the boundary en-
tanglement entropy in the projective-measurement limit along
(a) the self-dual line and (b) the XY line are shown in Figs. 7
and 8, respectively. To identify different contributions to their
entanglement structure we fit the entanglement entropy to a
formula distinguishing volume-law contributions for v ≠ 0,
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FIG. 8. Boundary entanglement entropy for the projective-measurement limit on (a) the self-dual line and (b) the XY line. The
prefactors are the result of fitting the numerical data for Eq. (39). (a) On the self-dual line, the system always shows the critical behavior
c ⋅ log(R) in the entanglement entropy before reaching the volume-law entanglement regime in a finite system size. In addition, we also find a
non-zero contribution from c′ ⋅ log(R)2 once we turn on Y-component for α > 0. Both of these contributions are stable for small α and diverge
before vanishing in the volume-law entanglement phase. There is a clear volume-law entanglement phase around α = π/2. However, this
regime shrinks with increasing system size. In the thermodynamic limit, the volume-law behavior only appears at the Y-point. The specialty of
the Y-point is discussed in detail in Sec. IV B. For the XY line, the crossing point of c is taken as an indication of a metal-insulator transition
around ϕc ≈ 0.25π. For comparison, we also indicate the critical value ϕ = 0.28π obtained by conductivity calculations in Ref. [39], and
the phase boundary of the infinite-threshold phase ϕc ≈ 0.2π from the small-size interacting-fermion coherent information calculations in
Fig. 1(b).

from metallic c′ ≠ 0 and critical c ≠ 0 contributions

SvN(l, L) = v ⋅ vol(l, L) + c
′

6
⋅ (logR)2 + c

6
⋅ logR+ a , (39)

where R = L
π

sin (π ⋅ l
L
) is the chord length of a length-

l segment on a circle of circumference L, and vol(l, L) is
the Page curve of Gaussian fermions [75]. As discussed
in Sec. II, the vol(ℓ,L) contribution stems from the ballis-
tic spreading of entanglement under unitary evolutions. The
(logR)2 term is known to arise in the Clifford-dynamics of
monitored Majorana, which is a setting that can be mapped to
the physics of completely packed loop models with crossings
(CPLC) [57, 76–78]. This contribution is also found to be in-
dispensable in our non-Clifford scenario of Gaussian fermions

(which cannot be captured by a statistical loop model). The
remaining logR term in Eq. (39) is the standard universal log-
arithmic behavior associated with an underlying conformal
criticality of the quantum circuit [79, 80].

As Fig. 7 and 8 show, the onset of Y component gener-
ally increases the entanglement entropy. For the self-dual line,
small deviations fromX+Z critical point (which exhibits log-
arithmic entanglement scaling only) quickly turn on squared
logarithmic scaling as the leading term. This readily indicates
that the whole self-dual line is immersed in the gapless phase
(Fig. 2(c) purple region). For the XY line, on the other hand,
it takes a finite deviation ϕ > 0 to leave the gapped phase tran-
sitioning into the gapless phase – where we use “gapped” and
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“gapless” to refer to short-range entangled and long-range en-
tangled phases, respectively. Locating the precise angle where
this entanglement transition occurs, can be done in two com-
plementary ways: From the entanglement-entropy scaling in
the projective-measurement limit, we obtain a (rough) esti-
mate of the transition point ϕc ≈ 0.25π, where it displays an
almost perfect logarithmic scaling (as shown in the middle
panel of Fig. 7(b)). This point also coincides with a crossing
point in the finite-size scaling fit of c (for code distances up
to d = 256), see the bottom panel in Fig. 8(b) above. In com-
parison, our earlier estimate of the boundary of the phase with
infinite (measurement-strength) threshold was ϕc ≈ 0.2π (see
Fig. 4(b)), where we looked at codes up to distance d = 16.
The same transition point has been estimated from conductiv-
ity calculations in Ref. [39] to be around ϕc ≈ 0.28π. The dis-
crepancy here is likely due to the strong finite-size effects of
the underlying metal-insulator-transition, which requires fur-
ther investigation. Put together, the existing estimates indicate
that the transition point should lie somewhere within the win-
dow 0.20π ≲ ϕc ≲ 0.28π as we have indicated by the two
arrows in the lower panel of Fig. 8(b). Coming close to the
Y point, there appears to be an intermediate volume-law scal-
ing regime, although the volume-law prefactor vanishes in the
thermodynamic limit everywhere except the exact Y point.
This is attributed to the formation of a ballistic 2D metal in
the Y -limit as discussed above.

Stepping back and looking at our overall phase diagram, let
us make the following general observations: The most strik-
ing feature of our phase diagram is an extended phase with
long-range entanglement. Its origin can be best understood as
a metallic phase that arises in the following way: From the
original tensor network representation of our learning prob-
lem, we have derived a (1+1)D monitored free-fermion cir-
cuit (introduced in Sec. IV B above). Its non-unitary dy-
namics in (1+1)D can be mapped to the Hermitian ground
state physics of a Born-disordered fermion system in (2+1)D
spacetime [35, 58, 81]. In this mapping, the majority of
our phase diagram, the phase with long-range entanglement
charted out above, corresponds to a Majorana metal phase
(generally in symmetry class DIII in the Altland-Zirnbauer
classification) [54–56, 58], described by the SO(N → 1) non-
linear σ model. In contrast, the gapped phase with short-range
entanglement corresponds to an insulator, which undergoes a
topological transition [82] across the self-dual X + Z point,
which separates the insulating phases in the X and Z limits,
respectively [35]. Note that the XZ line [35], XY line [39]
and ZY line are special limits that fall into symmetry class D
with broken time reversal symmetry (for each layer).

One should also draw a distinction of our phase diagram
from the Clifford phase diagrams [77, 83] that is mapped to a
classical statistical loop model [76]. In particular, the Clifford
phase diagram describes a distinct problem to ours, where the
bulk qubits of the surface code are subjected to random Clif-
ford projective measurements in the X,Y,Z directions [83].
As a result, their resulting phase diagram and the universality
class of the phase transitions are distinctive from ours.

V. NON-HERMITIAN DYNAMICS FROM
POST-SELECTION

Post-selection can provide a powerful complement to the
Born-averaged description of quantum dynamics with mea-
surement that we have discussed so far. While Born averaging
yields an unconditional, trace-preserving evolution that cap-
tures what happens in reality, it washes out structures that exist
at the level of individual trajectories. In contrast, conditioning
on measurement outcomes (i.e. performing post-selection),
especially in the projective-measurement limit, turns the same
measurement process into a selective probe that isolates spe-
cific sectors of the trajectory ensemble, making otherwise
invisible dynamical patterns transparent. As a result, post-
selection yields a deterministic, “clean” trajectory with greater
analytic tractability than the Born-averaged evolution. In this
sense, post-selection can act as a microscope to resolve the
mircostructure of monitored dynamics beyond typical (Born-
averaged) runs.

A. Non-unitary Floquet operator

Building on the projective-measurement limit discussed in
Sec. IV, we investigate the post-selection limit, where the dy-
namics are conditioned on a fixed sequence of measurement
outcomes rather than Born-averaging over all possible mea-
surement outcomes {s} in our qubit measurements of the sur-
face code. To be specific, we focus on the post-selected con-
figuration where s = +1 for all measurement outcomes in the
following discussion. In this case, the effective (1+1)D quan-
tum circuit in Fig. 3(c) is simplified to a Floquet operator

UF = exp
⎛
⎝
J + iϕ

2
∑
j

ZjZj+1

⎞
⎠

exp
⎛
⎝
Jd + iϕd

2
∑
j

Xj

⎞
⎠
,

(40)
which realizes a non-Hermitian Floquet Majorana / Ising
model [84, 85], c.f. Eq. (26) and (27). In the Majorana repre-
sentation, the Floquet operator becomes

UF = exp
⎛
⎝
J + iϕ

2
∑
j

iγ2jγ2j+1

⎞
⎠

exp
⎛
⎝
Jd + iϕd

2
∑
j

iγ2j−1γ2j

⎞
⎠
.

(41)
The phase diagram of the non-Hertimian Flouqet Ising chain
characterized by the boundary entanglement entropy of the
steady state is shown in Fig. 9(a). Notice that when ∣J + iϕ∣ =
∣Jd + iϕd∣, the model is (complex) Kramers-Wannier self-dual
in the sense of Eq. (30) and can be fermionized as a Majorana
chain with complex hopping constants and with no dimeriza-
tion. In the post-selection limit, volume-law scaling only ap-
pears on the self-dual line except at the X +Z point, at which
the system is critical with log behavior in the entanglement
entropy. Away from the self-dual line, the dark and light gray
regimes represent long-range and short-range entangled area-
law phases, respectively. By contrast, in the Born-averaged
case, we have seen that finite code distances lead to a small,
but finite regime of volume-law behavior in the entanglement
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FIG. 9. Non-Hermitian physics from post-selection. (a) Phase diagram characterized by the boundary entanglement entropy for post-
selection limit [c.f. Fig. 2 (b) in comparison with Born-average limit]. The purple color, for finite Y -component, indicates a volume-law
behavior in boundary entanglement entropy which persists even in the thermodynamic limit, which is absent in the Born scenario. For the
post-selection phase diagram, dark and light gray regimes are long-range and short-range entangled area-law phases in the qubit representation,
respectively. In the Majorana fermion representation, they correspond to topological and trivial Majorana chains, respectively. (b) Phase
diagram of the effective non-Hermitian Majorana chain Hamiltonian Eq. (42). In particular, the self-dual line in (a) maps to the unit circle of
the exceptional points in (b). The dark and light gray regions of the post-selection diagram in (a) map to the inside and outside the unit circle
in the non-Hermitian Majorana phase diagram, respectively. (c) Spectrum of the Floquet operator UF = ∏k e

−iHk along the self-dual line,
where the Majorana fermion is described by the non-Hermitian Hamiltonian Hk, with k denoting the momentum. The dark and light gray
lines represent the real and imaginary parts of the spectrum ϵk of Hk. (d) The volume-law prefactor v from boundary entanglement entropy
[Eq. (39)] and the density of steady states ρ0 from the spectrum of Floquet operator [Eq. (40)] along the self-dual line are correlated. The
boundary entanglement entropy was calculated with system size L = 128 and the spectrum of the (1+1)D free fermion Floquet operator was
calculated with system size L = 10,000.

entropy (which disappears only in the “thermodynamic limit”
of large code distances). Notably, the post-selection and Born-
average pictures are naturally connected in replica field the-
ory. Specifically, the post-selection limit and Born-average
correspond to the n → ∞ and n → 1 limits, respectively,
where n is the replica number. As n increases, the volume-law
regime shrinks and eventually turns into a single (self-dual)
line as n→∞.

B. Effective non-Hermitian Hamiltonian and its phase
diagram

Besides the boundary entanglement entropy, the spectrum
of the Floquet operator UF also reveals rich structures. In
particular, the effective Hamiltonian of the Floquet operator
UF in Eq. (41) in the limit ∣J + iϕ∣, ∣Jd + iϕd∣ ≪ 1 can be
obtained via the Baker-Hausdorff formula as

Heff = −∑
j

iγ2jγ2j+1 − (h + iλ)∑
j

iγ2j−1γ2j , (42)

where h + iλ = Jd+iϕd

J+iϕ
. This limit can be realized, e.g. by

choosing distinct measurement angles for the qubits on the
horizontal and vertical bonds of the surface code, by recalling
J(θ) = tanh−1 cos θ from Eq. (25) and Eq. (28). The phase
diagram of Heff is shown in Fig. 9(b). Specifically, the dark
gray region inside the unit circle is gapless in the imaginary
part but gapped in the real part of the spectrum, while the light
gray region outside the unit circle is gapless in the real part but
gapped in the imaginary part. By contrast, for large magnetic
field, h > 1, the spectrum is absolutely gapped, i.e. gapped

in both real and imaginary parts. In the effective Hamiltonian
Heff, ∣h + iλ∣ = 1 is the complex self-duality condition, while
h = 1 is the real self-duality condition. [See also the discus-
sion below Eq. (30)]. Particularly, the self-dual line maps to
the unit circle of exceptional critical points of Heff; the long-
range and short-range area-law phases in Fig. 9(a) map to the
inside and outside the unit circle, respectively. Notice that the
lower half of (h,λ)-plane is redundant, as λ → −λ is equiva-
lent to (J,ϕ) → −(J,ϕ), which does not change the phase. In
particular, at the self-dual X + Z point, J = Jd, ϕ = ϕd = 0,
corresponding to the (1,0) point in the (h,λ) plane; at the
Y point, J = Jd = 0, ϕ = −ϕd = π/2, corresponding to the
(0,1) point; at the X + Y +Z point, J = Jd = tanh−1(1/

√
3)

and ϕ = −ϕd = π/4, which is also labeled on the unit cir-
cle in Fig. 9(b). Other special points off the self-dual line in
Fig. 9(a) can be readily determined as well. Specifically, the
X point is mapped to infinity on the (h,λ) plane; the Z point
is mapped to the origin; the X + Y point is mapped to the ab-
solutely gapped region and the Z + Y point is mapped inside
the self-dual unit circle.

C. Quasi-energy spectrum and its connection to boundary
entanglement entropy

The Floquet operator for the non-interacting Majorana
fermions can be readily diagonalized in momentum space as
UF = ∏k e

−iHk , where Hk is the Floquet Hamiltonian with
quasi-energies ϵk. (A detailed analysis of the Floquet operator
is relegated to Appendix B.) Notably, zero modes of Im(ϵk)
correspond to the steady states that contribute to entanglement
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spreading. At the self-dual X + Z point, the (1+1)D Floquet
Majorana state exhibits a logarithmic entanglement entropy
scaling with the code distance d, which is related to the fact
that the Floquet spectrum has a steady state only at k = 0
as shown in Fig. 9(c); other imaginary modes correspond to
the forced-measurement-only circuit that evolves the quantum
state to the low-energy area-law corner of the Hilbert space.
By contrast, the onset of a Y component (ϕ,ϕd ≠ 0) turns the
imaginary time into a complex-time evolution. As such, there
exist states whose quasi-energies are purely real, [c.f. Fig. 9(d)
at theX+Y +Z and Y points]. As discussed before, these are
the steady states that contribute to the spreading of entangle-
ment entropy. Consequently, the late-time-evolved state has
volume-law entanglement entropy behavior. At the Y point,
Im(ϵk) always vanish. As such, the system has the largest
density of steady states contributing the entanglement spread-
ing. Notice that the real energy gap closes at the k = π mo-
mentum point. At this momentum point, we have Majorana
zero modes (ϵk=π = 0); UF is reduced to the exchange opera-
tors of these Majorana fermions, as discussed below Eq. (34).

To understand further the connection between the steady
states from the spectrum and the volume-law behavior in the
boundary entanglement entropy, we show the volume law
scaling prefactor v and the density of steady states defined
as ρ0 = 1

π ∑k δ(Im(ϵk)) along the self-dual line in Fig. 9(d).
Notably, the steady state density is nonzero only along the
self-dual line, which agrees with the nonzero volume-law
factor v obtained from the boundary entanglement entropy
[c.f. Fig. 9(a)]. Notice that the increase of ρ0 also qualita-
tively agrees with that of v. Intuitively, the steady states of the
non-Hermitian dynamics do not decay under the dissipative
dynamics. Consequently, their ballistic motion contributes
to the entanglement spreading described by quasiparticle pic-
ture [86]. The quantitative deviation comes from the fact that
the steady states do not contribute equal amount of entangle-
ment entropy [87].

D. Non-Hermitian interacting fermion chain

For the finite-strength weak measurement, the post-selected
effective Hamiltonian is a non-Hermitian but interacting
fermion system. The partition function after post-selecting
sij = 1 can be readily obtained from Eq. (7) as

P (s = 1) = ⟨ψ∣M †
s=1Ms=1∣ψ⟩ = ∑

Z,Z̃

exp(−EAT (s = 1)) ,

where

EAT,ij(sij = 1) = −J
2
(ZiZj + Z̃iZ̃j) +

iϕ

2
(ZiZj − Z̃iZ̃j)

−K(ZiZjZ̃iZ̃j − 1) .
(43)

Under the quantum-classical statistical mechanics mapping,
the (2+0)D classical AT model becomes a (1+1)D quantum

XXZ chain. Specifically,

P (s = 1) ∝ exp
⎛
⎝
−∑

j

H2j,2j+1

⎞
⎠
⋅exp
⎛
⎝
−∑

j

H2j−1,2j

⎞
⎠
, (44)

where [20]

H2j,2j+1 = −
J

2
(σx

2jσ
x
2j+1 + σ

y
2jσ

y
2j+1)

+ iϕ
2
(σx

2jσ
x
2j+1 − σ

y
2jσ

y
2j+1) −K(σ

z
2jσ

z
2j+1 + 1) ,

H2j−1,2j = −
Jd

2
(σx

2j−1σ
x
2j + σ

y
2j−1σ

y
2j)

+ iϕd

2
(σx

2j−1σ
x
2j − σ

y
2j−1σ

y
2j) −Kd(σz

2j−1σ
z
2j + 1) ,

(45)

where σ are the spin-1/2 operators of the effective quan-
tum XXZ chain. Here K,J are related to the measure-
ment strength t and coherent rotation angle θ by tanh (J) =
sin (2t) cos (θ) and e−2K = sinh (J) tan (θ), and related to
Kd, Jd via Eq. (29). The system has a U(1) symmetry when
either J or ϕ is zero; on the other hand, when both J and ϕ
are nonzero, the U(1) symmetry of the XXZ chain is broken
to a Z2 symmetry. This U(1) to Z2 symmetry breaking can
be more transparently seen from the fermion representation of
the XXZ chain. Under a Jordan-Wigner transformation, the
XXZ chain can be mapped to a complex fermion chain cj

with non-Hermitian pairing terms and density-density inter-
actions. Specifically, Eq. (45) becomes

H2j,2j+1 = J(c†
2jc2j+1 + h.c.) + iϕ(c2jc2j+1 + h.c.)

− 2K(2n2jn2j+1 − n2j − n2j+1 + 1),
H2j−1,2j = Jd(c†

2j−1c2j + h.c.) + iϕd(c2j−1c2j + h.c.)
− 2Kd(2n2j−1n2j − n2j−1 − n2j + 1),

(46)

where nj = c†
jcj is the fermion number operator. As is

evident from the spin-1/2 representation in Eq. (45), the U(1)
symmetry (corresponding to the fermion number conserva-
tion) is broken to Z2 symmetry (corresponding to the fermion
number parity conservation) when both J and ϕ are nonzero.
Notice that when J = 0 and ϕ ≠ 0, the system still has a
U(1) symmetry after a relabeling of particles and holes on a
sublattice, e.g. c2j → c†

2j .

Let us conclude this section with some comments on the
post-selection limit. Post-selected trajectories can qualita-
tively capture the Born-averaged behavior when the chosen
trajectory is typical, i.e., it carries a probability weight that
does not decay exponentially with system size or time. How-
ever, its entanglement dynamics can drastically differ from
that of the Born-averaged case if the post-selection trajectory
is atypical. Nevertheless, as we have shown here, the post-
selection limit provides a useful lens to understanding the en-
tanglement dynamics of monitored quantum circuits via the
non-Hermitian Hamiltonian framework.
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VI. DISCUSSION

Let us close our manuscript, by putting our results into a
broader context. We start by discussing the connection of our
learning phase diagram to studies of noisy channels, the ensu-
ing decoding problems, and their computational complexity.
We also draw a connection to other models discussed in the
literature. This includes models studying the effect of syn-
drome measurements in the presence of coherent rotations,
which we recast to learning problems and establish a one-to-
one correspondence to our model for a limited set of parame-
ters. We also comment on connections of our model to explo-
rations of non-Hermitian, interacting fermion chains. We then
briefly touch on how our learning phase digram can be put
to work in engineering thresholds for teleportation protocols
that have to deal with imperfectly created Bell pairs. Finally,
we compare the generic measurement-induced deformation of
the toric code and its phase diagram studied in this manuscript
to previously studied deformations, particularly Hamiltonian
and wavefunction deformations, and describes similarities and
distinctions in their respective phase diagram. We end with a
hypothesis of how our results might generalize for arbitrary
CSS codes.

Monitored dynamics, noisy channel, and decoding

If one discards the measurement record, e.g. by summing
over the measurement outcomes, then our model turns into a
non-Clifford channel ⊗jNj where each qubit is subjected to
a dephasing in the σθ,ϕ

j basis

Nj(⋅) = cos2(t)(⋅) + sin2(t)σθ,ϕ
j (⋅)σ

θ,ϕ
j . (47)

In the projective-measurement limit t = π/4, the maximally
dephased mixed state is purely “classic” and becomes equiv-
alent to the ensemble of post-measurement states – the core
object of this paper. It implies that the toric code subject to
maximal dephasing in a generic basis (far away from X and Z
axes) turns into a 2D metal state. The phase diagram for finite
probability of dephasing, however, is not exactly solved yet
and it remains an open question to be discussed in (our) future
work. Relatedly, a 2-replica phase diagram of a noisy toric
code where each qubit suffers from an i.i.d. single-qubit uni-
tary rotation was studied in Ref. [88]. It is important to note
that such a 2-replica problem is quite distinct from the Born
measurement scenario with its correlated disorder structure
and distinctive critical phenomena described by (non-unitary)
conformal field theories [35].

For the noisy channel, one can recast the learning problem
as a decoding challenge: If the quantum information is still
coherently encoded in the dephasing mixed state, can one de-
code the state and correct to transform it back to a pristine
surface code? A straight-forward approach, which however
is not guaranteed to produce an optimal result, is to adopt
a minimum-weight-perfect-matching (MWPM) decoder [2].
Based on a sequence of syndrome measurements it identifies

FIG. 10. Phase diagram for decodability of the logical infor-
mation of the surface code. The dashed blue lines show the tran-
sitions for the optimal threshold, and the solid blue lines show the
minimal weight perfect matching (MWPM) decoder: In the yellow
region MWPM can retrieve the full logical information. In the light
grey region, the surface code cannot be used as quantum memory
anymore, but still serves as a classical memory using the respective
encodings for the X and the Z direction. In the dark grey region, the
surface code does not serve as either quantum or classical memory.
The regime with yellow stripes between the solid and the dash blue
lines mark the regime where the logical information generally is still
decodable, but a MWPM decoder fails. All blue lines and points are
characterized by Nishimori transitions. The self-dual critical point
(X + Z) is captured by an unstable RG fixed point in a distinct uni-
versality class, which flows away from this unstable fixed point along
the Nishimori points under RG flows.

Pauli string operators to pair up the e and m particles sepa-
rately, so as to correct the surface code after the noise (47)
back to the pristine surface code. Since one pairs up e and
m separately, the phase diagram for such a decoder gener-
ally consists of four phase regions, see Fig. 10 for the XZ
plane for example [89]. The solid blue lines correspond to the
Nishimori decoding transition for either e or m string prolif-
eration – which, however, sits below the coherent information
threshold (dashed blue line) indicating a suboptimal decod-
ing. This suboptimality is particularly striking when turning
to the self-dual X +Z direction (dotted purple line) where the
threshold is slightly enhanced (compared to the decoding for
X or Z noise only), but significantly smaller than the maxi-
mal threshold obtainable for an optimal decoder (as indicated
by the coherent information threshold at t = π/4 along the
self-dual line). Instead, for sufficiently large t, the logical
quantum memory is completely lost (not even allowing for
a classical memory phase). The reason is that by discarding
the entire measurement record (of single-qubit measurements)
and treating the e andm particles (syndromes) separately, one
cannot capture any of their correlations which become partic-
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ularly pronounced in this region of the phase diagram. This
points to an interesting open question to develop a more effi-
cient decoder that takes into account both syndrome and qubit
measurements and capable enough to detect their underlying
correlations.

Decoding complexity

An alternative approach to the decoding problem would
be to employ a tensor network decoder. Provided the mea-
surement outcome fed, e.g. from a quantum experiment, one
can contract out the random tensor network in Fig. 3 to de-
code its bulk correlations and thereby the observed snapshot
of the logical qubit. With the analytic insight that the ten-
sor network for projective measurements (i.e. in the t = π/4
limit) can be free-fermionized, one can always contract it with
polynomial complexity. However, for more general scenarios
(where one does not have such insight), or if t < π/4 where
the fermions become interacting, the contraction complexity
generically depends on the bond dimension of the tensor net-
work representation and thus upon the entanglement entropy
of the boundary state [21, 90]. In particular, in the self-dual
plane spanned by the X + Z and Y bases, there are different
categories of contraction complexity as summarized in Tab. I
below. Overall, staying closer to the X + Z direction implies
lower complexity of tensor network contraction, due to the
proximity with the “gapped insulating” phases in the X and
Z neighborhoods. In contrast, while the Y limit is integrable,
its entanglement entropy grows and a naive tensor network
contraction is exponentially difficult.

angle X +Z X +Z + ϵY Y

SvN scaling logL (logL)2 L

MPS bond dimension D Lc/6 Llog L eL

contraction complexity polynomial superpoly exponential

TABLE I. Tensor network computational complexity for sam-
pling the toric code in the self-dual directions. The top row spec-
ifies the measurement direction. In the first row, SvN indicates the
boundary entanglement entropy, and D refers to the virtual bond di-
mension of the boundary MPS when contracting out the tensor net-
work. While the whole self-dual plane yields infinite threshold, the
decoding is not necessarily equally hard. This decoding complexity
is indicated in the final row, in terms of the tensor network simulation
of the toric code state measured in the given basis, which ranges from
polynomially easy in the exact X + Z direction, to superpolynomial
when the direction deviates from X +Z with finite Y component.

Connection to other models

Learning from syndrome measurements

While we have concentrated on learning the toric code via
measurements of its physical qubits, we find that there is a
closely related setting where, instead, one performs standard

syndrome measurements. At first sight, these situations might
look entirely unrelated, since syndrome measurements are
typically performed with the idea of learning the noise instead
of the logical qubit in order to perform quantum error correc-
tion, i.e. to restore the logical state of the toric code without
learning it (so as to preserve it). However, if one performs
a coherent rotation on the physical qubits and then performs
syndrome measurements, this situation can drastically alter –
with syndrome measurements ultimately destroying the toric
code state and instead allowing an observer to learn the logical
state via the set of collected syndromes.

Specifically, we have been able to establish a one-to-one
correspondence (of the bulk ensemble) between qubit and
syndrome measurement for the case of projectively measur-
ing the toric code in the cosϕX + sinϕY single-qubit basis
(i.e. along the XY line in our phase diagram), which leads to
exactly the same underlying statistical mechanics model with
that of a toric code under coherent error eiϕZ/2 followed by a
syndrome measurement, as illustrated in Fig. 11 above. This
syndrome measurement setting has been studied in Refs. [38–
40], while similar setups with general coherent errors are also
studied in Refs. [41, 44]. This not only means they share the
same phase transition and criticality, but they also lead to ex-
actly corresponding Born samples, which allow one to learn
about the logical information. In the previous works [39, 40],
the phase transition induced by cranking up the rotation an-
gle was interpreted as an error-induced breakdown of the log-
ical qubit. However, distinct from the incoherent-noise in-
duced transition [2] where information is completely lost into
the environment, in the coherent error scenario the logical in-
formation is not all lost, but part of it can be reconstructed
by the syndrome observer in the form of a classical shadow.
This might sound contradictory to the usual notion that the
syndrome space is designed to be orthogonal with the logical
space, such that it only reveals the noise information with-
out harming the logical space. However, the coherent error
rotates the basis and overlaps the syndrome with the logical
qubit. One can therefore expect that beyond a rotation angle
threshold, the Born samples from the rotated syndrome mea-
surement allow one to construct a tomographically complete
classical shadow for the logical qubit – a scenario which we
will address, in more detail, in future work.

Post-selected non-hermitian interacting fermion chain

Away from the projective-measurement limit, the post-
selected (1+1)D quantum circuit is effectively described by a
non-Hermitian interacting fermion chain, see Eq. (46) above.
In this regime, the standard quasiparticle picture of entangle-
ment spreading is no longer reliable, since interactions in-
validate a simple free-quasiparticle description. Neverthe-
less, we believe that a robust volume-law phase persists: in-
stead of being confined to the single self-dual line shown in
Fig. 9(a), the region exhibiting volume-law scaling extends
over a finite portion of the post-selected phase diagram. Fig-
ure 4(b) illustrates this behavior on the XY plane, where the
Born-averaged entanglement entropy displays clear volume-
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FIG. 11. Qubit versus syndrome measurements. The same classical statistical model (b) describes the Born sample of measuring either
(a) the qubit or (c) the syndrome, of the surface code with a coherent Pauli Z rotation (for all qubits). The tensor network of the statistical
model [c.f. Fig. 3(a)] is shown in (b), where the random disorder corresponds to injecting Pauli Z operator, or equivalently, a classical Ising
variable, to the site where one observes an e particle as XXXX = −1 syndrome in (c), or where the string of X = −1 measurement outcomes
terminates in (a).

law scaling away from the projective-measurement limit in
finite system sizes. For properly chosen post-selected mea-
surement trajectories – for example, by conditioning on the
most probable measurement configuration – we therefore ex-
pect this volume-law behavior to be captured quantitatively
within the effective non-Hermitian interacting fermion chain
description.

Teleportation transition threshold engineering

Our global phase diagram in Fig. 1 not only describes the
toric code under weak measurement, but also captures the
teleportation transition of a toric code with non-maximally
entangled resources [20, 89]. In that setting, the parameter
t tunes a coherent error in the entangling gate of Bell state
preparation for a teleportation protocol that employs one en-
tangled Bell pair to teleport the physical qubits of the toric
code and thereby the full logical qubit state in a robust man-
ner [20]. Recast in this teleportation protocol, our finding of
a substantial infinite-threshold phase region for generic mea-
surement angles, dictates that an optimal way to teleport the
topological toric (or surface) code is to rotate the relative ba-
sis of any imperfectly entangled Bell pairs. Then for generic
angle far from the X and Z limits it would suffice to teleport
with even arbitrarily weakly entangled pairs.

Comparison to other toric code deformations

Let us close by comparing our measurement-induced de-
formation of the toric code with the deformations previously

studied in the literature, i.e. the Hamiltonian and wavefunc-
tion deformation of the toric code [11], and compare the re-
spective phase diagrams. The most general Hamiltonian phase
diagram [5–7], induced by applying a 3-component mag-
netic field, is a three-dimensional generalization of the long-
known Fradkin-Shenker phase diagram of the Z2 gauge the-
ory [91], giving rise to a box-like phase region [7] in which
the toric code remains robust. The phase transitions at these
finite thresholds are either continuous (in the XZ plane) or
first-order (in the presence of a Y -component). By contrast,
the wave function deformation phase diagram – which cor-
responds to a post-selection scenario from the perspective of
measurements – exhibits not only finite thresholds but also
a critical line extending all the way out to infinity (i.e. the
projective-measurement limit) along the self-dual direction
within theXZ plane [13]. Adding a Y -component to the mea-
surement basis, this critical point crosses over into a line (in
the post-selected, projective-measurement limit) with volume-
law entanglement entropy scaling in its 1D boundary state.

The Born measurement phase diagram, which we have ex-
plored in this manuscript, is drastically distinct from these pre-
vious cases. Instead of breaking down into trivial paramagnet
or critical states at high symmetry points, the toric code and
its topological quantum order are found to remain maximally
stable against non-projective measurements along generic an-
gles. This maximal stability of the topological quantum state
has a nice interpretation in the context of the learning setup
described in this manuscript, as it results from the maximal
input that a dual classical observer requires in order to learn
such a macroscopically entangled quantum state.

Finally, let us mention that there are two natural Born mea-
surement variants of our model and phase diagram: (i) Given
that qubit loss or leakage error are relatively common in to-
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FIG. 12. Three-dimensional phase diagram of our model, viewed
from different angles. The four blue regions carved out of the
sphere correspond to the learnable phases, where the observer suc-
cessfully learns the logical Z or X information (while collapsing
the quantum loop condensate wave function to the corresponding
classical loop gas ensemble at some finite measurement strength).
For generic directions, the learnability threshold is pushed to the
projective-measurement limit (indicated by the purple sphere), with
the observer obtaining, in the absence of any readout errors, full to-
mographic information of the logical qubit from repeated measure-
ments, without the need for randomized measurements. From the
free-fermion perspective the purple sphere corresponds to a metal-
lic phase in symmetry class DIII – with the exclusion of the two
dashed “meridian” lines crossing in the Y point indicating symme-
try class D, which, in addition, also applies to the “equator”, i.e. the
projective-measurement limit in the XZ plane.

day’s NISQ platforms, one might wonder what happens to
our model when replacing the measurement strength by a
measurement probability [33, 92]. In such a modified pro-
tocol, the Nishimori learnability transition alongX or Z mea-
surement axes is replaced by a percolation transition at 50%
probability [33, 92]. But for a coherent rotation to a generic
measurement direction, when the problem is no longer de-
scribable by a Clifford circuit, the ensuing criticality and po-
tential renormalization group flow remain an open question.
(ii) In further modifying (and simplifying) our model, one
could study a Clifford version of our spherical phase diagram,
where also the coherent rotation is replaced by simply unbal-
ancing the projective-measurement probabilities of X , Y and
Z only. While the “surface” of such a phase diagram, i.e.
p(X) + p(Y ) + p(Z) = 1, was studied in Ref. [78], a global
phase diagram similar to our three-dimensional one has not
been explored to the best of our knowledge. We leave the ex-
ploration of these alternative models to future study.

Generalization to CSS code

Taking a step back and considering our learning phase di-
agram on the three-dimensional Bloch sphere as illustrated
in Fig. 12, it becomes strikingly apparent that the learning
threshold is generically infinite. That is, the quantum code

is typically stable in an absolute manner, because the learn-
ing observer (or an adversary eavesdropper) needs full and
faithful (projective) measurements in order to read out the
complex information encoded in the long-range entanglement
of the toric code. The exceptions, however, are the corners
surrounding the X and Z axes, where the finite thresholds
carved out of the sphere, indicate that an incomplete (weak)
measurement already allows for the readout of partial infor-
mation in the form of the logical X or Z state, while losing
the complementary information in the collapse of the quantum
code. This qualitative feature might be generalized to generic
CSS codes [93, 94], built from X and Z stabilizers. Namely,
they could also be stable against generic non-Clifford mea-
surements away from the X and Z corners. We leave this as
an interesting subject for future study.
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Appendix A: KL divergence and numerical discretization

As given in the main manuscript the Kullback-Leibler di-
vergence is defined as

D(P ∣∣Q) = ∫ P (θ, ϕ) log
P (θ, ϕ)
Q(θ, ϕ)

dθdϕ , (A1)

where P (θ, ϕ) is the probability distribution of the measure-
ment outcomes on the Bloch sphere, and Q(θ, ϕ) is the uni-
form distribution on the Bloch sphere. For numerical calcu-
lation of the probabilty distribution P (θ, ϕ) from the points
given by the calculated samples, we discretize the unit sphere
into N patches with (approximately) equal area ∆Ω = 4π/N .
In this discretization the equal distribution over the sphere has
the density Q(θ, ϕ) = 1/N in each patch. The probability
distribution P (θ, ϕ) is estimated by counting the number of
samples in each patch divided by the total number of sam-
ples and the area of the patch. With this discretization the
Kullback-Leibler divergence can be approximated as

D(P ∣∣Q) ≈
N

∑
i=1

Pi log
Pi

Qi
=

N

∑
i=1

Pi log(PiN) (A2)

where Pi is the estimated probability in patch i.
If the probability distribution P (θ, ϕ) is uniform over the

sphere, the estimated probability in each patch is Pi = 1/N
and the Kullback-Leibler divergence is zero. If the probabil-
ity distribution P (θ, ϕ) is a delta function at one point on the
sphere, all samples fall into one patch and the estimated prob-
ability in that patch is Pi = 1 and zero in all other patches.
In this case the Kullback-Leibler divergence sums to log(N).
With a bimodal distribution with two delta functions at op-
posite points on the sphere, the Kullback-Leibler divergence
sums correspondingly to log(N/2) and if the distribution is
over eight points in different patches to log(N/8).

The plots shown in this manuscript are calculated with
N = 192. Thus the maximal Kullback-Leibler divergence is
log(192) ≈ 5.26. The bimodal distribution has a Kullback-
Leibler divergence of log(96) ≈ 4.56 and the distribution over
eight points has a Kullback-Leibler divergence of log(24) ≈
3.18. The discretization into N = 192 patches is a com-
promise between the resolution of the probability distribution
and the number of samples needed to estimate the probabil-
ity distribution in each patch, since for finite samples even the
perfect uniform distribution will show some deviation from
a Kullback-Leibler divergence of zero. This deviation can be
estimated by calculating the Kullback-Leibler divergence for a
perfect uniform distribution with finite samples. The accuracy
of the calculation is only dependent on the number of samples
over the number of bins: samples

N
. This is shown in Fig. 13.

For the calculations shown in this manuscript we used 104

samples which gives a deviation of the Kullback-Leibler di-
vergence from zero of about 0.01 (currently not yet all points
converged to the full number of samples, so slightly higher
deviations of same order of magnitude possible).

When the Kullback-Leibler divergence is normalized to the
value of the bimodal distribution log(N/2), the value one
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FIG. 13. Kullback-Leibler divergence of the uniform distribution
with finite samples sampled according to the uniform distribution
in a finite resolution. Plotted is the Kullback-Leibler divergence
of the perfect uniform distribution with different resolutions of the
HEALPix scheme (Hierarchical Equal Area isoLatitude Pixelation
of a sphere) with N = 12 ⋅ 4n patches of equal size, where n is the
order of the discretization and N the number of patches in the re-
spective discretization. Due to the finite number of samples even
the Kullback-Leibler divergence of points sampled according to the
uniform distribution takes small finite values. Since all discretiza-
tions follow the same curve, the Kullback-Leibler divergence of the
perfect uniform distribution only depends on the ratio of number of
samples over number of patches. In the limit of infinite samples the
Kullback-Leibler divergence always goes to zero as the points are
sampled by the distribution with which they are compared.

corresponds to a bimodal distribution and the value zero to
a uniform distribution. This normalized Kullback-Leibler di-
vergence is used in Fig. 3 of the main manuscript. In such
a normalization the limit of the ring distribution in the X-Z
plane corresponds to exactly 1

2
. Both bimodal and ring distri-

bution diverge to infinity in that limit, since these distributions
are clearly distinct and thus far away from the uniform distri-
bution over the whole sphere. That the ratio between these
distributions becomes exactly 1

2
can be understood how we

discretize into patches and how this number of patches scales
with each step. In the resolution used for the calculations here,
there are 192 patches of (in very good approximation) equal
area. The bimodal distribution concentrates on exactly two of
these patches, while the ring distribution covers the 18 patches
around the X-Z plane. Thus the expected value here would be
log(192/18)
log(192/2)

≈ 0.51, which is very close to the numerically ob-
served value of 0.5. Increasing the number of patches N will
increase the number of patches by a factor of four in every
step, while the number of patches covered by the ring distri-
bution increases by a factor of two. If n is the number of
additional steps in discretization, we obtain

K(bimodal) = log(192

2
⋅ 4n) , (A3)
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for the bimodal distribution and

K(ring) = log(192 ⋅ 4n

18 ⋅ 2n
) = log(192

18
⋅ 2n) , (A4)

for the ring distribution. That means for the ratio in the limit
following:

K̃ = lim
n→∞

log( 192
18
⋅ 2n)

log( 192
2
⋅ 4n)

= lim
n→∞

log(2n)
log(4n)

= log(2)
log(4)

= 1

2
. (A5)

Appendix B: Detailed Analysis of non-Hermitian dynamics in
the post-selection limit

In this appendix, we provide more details on the spectrum
of the post-selected Floquet operator in Eq. (40) following
Ref. [87]. The Floquet operator in Eq. (40) can be written
in a more symmetric form as

UF = exp
⎛
⎝
Jd + iϕd

4
∑
j

Xje
J+iϕ

2 ∑j ZjZj+1e
Jd+iϕd

4 ∑j Xj
⎞
⎠
.

(B1)

Define H1 = ∑j ZjZj+1 and H0 = ∑j Xj . Under the Jordan-
Wigner transformation

Xj = 1 − 2c†
jcj , c+j = (

j−1

∏
ℓ=1

Xℓ)σ+j , c−j = (
j−1

∏
ℓ=1

Xℓ)σ−j ,

(B2)

where σ±j = 1
2
(Zj ± iYj), we have

Zj = σ+j + σ−j = [
j−1

∏
ℓ=1

(1 − 2c†
ℓcℓ)] (cj + c†

j) . (B3)

As a result,

H1 =
L

∑
j=1

(c†
j − cj)(c†

j+1 + cj+1) , (B4)

where we impose the anti-periodic boundary condition cL+1 =
−c1 for the even fermion parity sector eiπN = eiπ∑j c†

jcj =
∏L

j=1(1 − 2c†
jcj) = 1 and the periodic boundary condition

cL+1 = c1 for the odd fermion parity sector eiπN = −1. Sub-
sequently, Fourier transform of the complex fermion operator
cj = 1

√
L
∑k e

ikjck leads to

H1 = 2∑
k>0

(c†
k c−k)(

cosk i sink
−i sink − cosk

)( ck

c†
−k

) . (B5)

Similarly, we have

H0 = ∑
j

Xj = ∑
j

(1 − 2c†
jcj)

∼ −2∑
k>0

(c†
kck + c†

−kc−k)

= −2∑
k>0

(c†
k c−k)(

1 0
0 −1

)( ck

c†
−k

) , (B6)

up to a complex constant. As a result, the Floquet operator
can be written in the momentum space as

UF ∝ ∏
k>0

e−
Jd+iϕd

2 σz ⋅ e(J+iϕ)σk ⋅ e−
Jd+iϕd

2 σz , (B7)

where σk = σz cosk − σy sink. In particular, at Y point of
the phase diagram, we have J = Jd = 0, ϕ = −ϕd = π/2.
Consequently, the Floquet operator reduces to

UY
F = exp

⎛
⎝
iπ

4
∑
j

ZjZj+1e
− iπ

4 ∑j Xj
⎞
⎠

= ∏
k>0

ei π
2 σkei π

2 σz = ∏
k>0

(−e−ikσx) ,
(B8)

which is a unitary operator.
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