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Abstract

"There are very few things that can be proved rigorously in condensed matter physics.’

These famous words, brought to us by Nobel laureate Anthony James Leggett in 2003, summarize very
well the challenging nature of problems researchers find themselves confronted with when entering the
fascinating field of condensed matter physics. The former roots in the inherent many-body character
of several quantum mechanical particles with modest to strong interactions between them: their
individual properties might be easy to understand, while their collective behavior can be utterly
complex. Strongly correlated electron systems, for example, exhibit several captivating phenomena
such as superconductivity or spin-charge separation at temperatures far below the energy scale set by
their mutual couplings. Moreover, the dimension of the respective Hilbert space grows exponentially,
which impedes the exact diagonalization of their Hamiltonians in the thermodynamic limit. For this
reason, renormalization group (RG) methods have become one of the most powerful tools of condensed
matter research - scales are separated and dealt with iteratively by advancing an RG flow from the
microscopic theory into the low-energy regime.

In this thesis, we report on two complementary implementations of the functional renormalization
group (fRG) for strongly correlated electrons. Functional RG is based on an exact hierarchy of coupled
di [erkntial equations, which describe the evolution of one-particle irreducible vertices in terms of an
infrared cuto CAA. To become amenable to numerical solutions, however, this hierarchy needs to be
truncated. For su [ciehtly weak interactions, three-particle and higher-order vertices are irrelevant at
the infrared fixed point, justifying their neglect. This one-loop approximation lays the foundation for
the N-patch fRG scheme employed within the scope of this work. As an example, we study competing
orders of spinless fermions on the triangular lattice, mapping out a rich phase diagram with several
charge and pairing instabilities. In the strong-coupling limit, a cutting-edge implementation of the
multiloop pseudofermion functional renormalization group (p [RG) for quantum spin systems at zero
temperature is presented. Despite the lack of a kinetic term in the microscopic theory, we provide
evidence for self-consistency of the method by demonstrating loop convergence of pseudofermion
vertices, as well as robustness of susceptibility flows with respect to occupation number fluctuations
around half-filling. Finally, an extension of p [RG to Hamiltonians with coupled spin and orbital
degrees of freedom is discussed and results for exemplary model studies on strongly correlated electron
systems are presented.




Kurzzusammenfassung

"There are very few things that can be proved rigorously in condensed matter physics.

Diese beriihmten Worte des Nobelpreistragers Anthony James Leggett aus dem Jahr 2003, fassen
die herausfordernde Natur der Probleme, mit denen Wissenschaftler im faszinierenden Gebiet der
Physik kondensierter Materie konfrontiert werden, sehr gut zusammen. Diese resultieren aus dem
inharenten Vielteilchen-Charakter von mehreren quantenmechanischen Teilchen mit méssigen bis
starken Wechselwirkungen: ihre individuellen Eigenschaften mégen einfach zu verstehen sein, ihr
kollektives Verhalten aber ist dusserst komplex. In Systemen bestehend aus stark korrelierten Elek-
tronen beispielsweise, treten spannende Phanomene wie Supraleitung oder die Trennung von Spin-
und Ladungsfreiheitsgraden erst bei Temperaturen auf, die weitaus niedriger sind als die Energieskala
ihrer wechselseitigen Kopplungen. Zudem verhindert das exponentielle Wachstum der Dimension
des zugehorigen Hilbert-Raums die exakte Diagonalisierung ihrer Hamiltonoperatoren im thermo-
dynamischen Limes. Renormierungsgruppen (RG) Methoden gehdren aus diesem Grund zu den
machtigsten Werkzeugen der Forschung an kondensierter Materie, da Skalen voneinader separiert
und iterativ abgehandelt werden indem ein RG Fluss von der mikroskopischen Theorie bis hin zum
Niedrigenergiebereich fortgesetzt wird.

In dieser Arbeit diskutieren wir zwei komplementére Implementierungen der funktionalen Renormie-
rungsgruppe (fRG) fur stark korrelierte Elektronen. Funktionale RG basiert auf einer exakten Hierarchie
von gekoppelten Di [erkentialgleichungen, welche die Entwicklung Einteilchen-irreduzibler Vertizes an-
hand eines Infrarot cuto [_A beschreiben. Damit sie numerisch I6sbar wird, muss diese Hierarchie
jedoch trunkiert werden. Fur hinreichend schwache Wechselwirkungen sind Dreiteilchen-Vertizes
und solche noch héherer Ordnung am Infrarotfixpunkt irrelevant und kénnen daher vernachlassigt
werden. Diese one-loop Néherung bildet im Rahmen dieser Arbeit die Grundlage fiir das angewandte
N -Patch fRG Schema. Als Beispiel betrachten wir konkurrierende Ordnungen spinloser Fermionen
auf dem Dreiecksgitter, fur welche wir ein ergiebiges Phasendiagramm mit mehreren Ladungs- und
Paarungsinstabilitdten berechnen. Fur den Fall starker Wechselwirkungen stellen wir eine Spitzenimple-
mentierung der multiloop Pseudo-Fermion funktionalen Renormierungsgruppe (p [RG) zur Anwendung
auf quantenmechanische Spinsysteme am absoluten Nullpunkt vor. Darliber hinaus zeigen wir, dass die
Methode, trotz des Fehlens eines kinetischen Terms in der mikroskopischen Theorie, selbstkonsistent
ist, indem wir sowohl die loop-Konvergenz der Pseudo-Fermion Vertizes demonstrieren, als auch
die Stabilitat von Suszeptibilitatsflissen gegentiber Teilchenzahlfluktuationen nahe halber Fullung.
Schliesslich diskutieren wir die Anwendung der p [RG Methode auf Hamiltonoperatoren mit gekoppelten
Spin- und Orbitalfreiheitsgraden und stellen die Ergebnisse von Modellstudien an stark korrelierten
Elektronensystemen vor.




Erklarung zur Dissertation

Hiermit versichere ich an Eides statt, dass ich die vorliegende Dissertation selbststéndig und ohne die
Benutzung anderer als der angegebenen Hilfsmittel und Literatur angefertigt habe. Alle Stellen, die
wortlich oder sinngemanl aus verd [edtlichten und nicht verd Cedtlichten Werken dem Wortlaut oder dem
Sinn nach entnommen wurden, sind als solche kenntlich gemacht. Ich versichere an Eides statt, dass
diese Dissertation noch keiner anderen Fakultat oder Universitat zur Prifung vorgelegen hat; dass sie -
abgesehen von unten angegebenen Teilpublikationen und eingebundenen Artikeln und Manuskripten -
noch nicht verd [edtlicht worden ist sowie, dass ich eine Verd [edtlichung der Dissertation vor Abschluss
der Promotion nicht chne Genehmigung des Promotionsausschusses vornehmen werde. Die Bestim-
mungen dieser Ordnung sind mir bekannt. Darlber hinaus erklare ich hiermit, dass ich die Ordnung
zur Sicherung guter wissenschaftlicher Praxis und zum Umgang mit wissenschaftlichem Fehlverhalten
der Universitat zu Koln gelesen und sie bei der Durchfihrung der Dissertation zugrundeliegenden
Arbeiten und der schriftlich verfassten Dissertation beachtet habe und verpflichte mich hiermit, die
dort genannten Vorgaben bei allen wissenschaftlichen Tatigkeiten zu beachten und umzusetzen. Ich
versichere, dass die eingereichte elektronische Fassung der eingereichten Druckfassung vollstandig
entspricht.

8 August 2022, Dominik Kiese




Publications

This work is based on the following articles, ordered by appearance in this thesis.

[P1]

[P2]

[P3]

[P4]

[P5]

[P6]

[P7]

[P8]

[P9]

Multiloop functional renormalization group approach to quantum spin systems
D. Kiese, T. Mueller, Y. Igbal, R. Thomale, and S. Trebst
Physical Review Research 4, 023185 (2022)

Benchmark Calculations of Multiloop Pseudofermion fRG
M. K. Ritter, D. Kiese, T. Muller, F. B. Kugler, R. Thomale, S. Trebst, and J. v. Delft
The European Physical Journal B 95, 102 (2022)

Moments and multiplets in moiré materials:

A pseudo-fermion functional renormalization group for spin-valley models
L. Gresista, D. Kiese, and S. Trebst

The European Physical Journal B 95, 119 (2022)

Functional renormalization of spinless triangular-lattice fermions:
N -patch vs. truncated-unity scheme

N. Gneist, D. Kiese, R. Henkel, L. Classen, and M. M. Scherer
arXiv:2205.12547

Pinch-points to half-moons and up in the stars: the kagome skymap

D. Kiese, F. Ferrari, N. Astrakhantsev, N. Niggemann, P. Ghosh, T. Muller, R. Thomale,
T. Neupert, J. Reuther, M. J. P. Gingras, S. Trebst, and Y. Igbal

arXiv:2206.00264

TMDs as a platform for spin liquid physics: A strong coupling study of twisted bilayer WSe,
D. Kiese, Y. He, C. Hickey, A. Rubio, and D. M. Kennes
APL Materials 10, 031113 (2022)

Emergence and stability of spin-valley entangled quantum liquids in moiré heterostructures
D. Kiese, F. L. Buessen, C. Hickey, S. Trebst, and M. M. Scherer
Physical Review Research 2, 013370 (2020)

Realization of Nearly Dispersionless Bands with Strong Orbital Anisotropy

from Destructive Interference in Twisted Bilayer MoS;

L. Xian, M. Claassen, D. Kiese, M. M. Scherer, S. Trebst, D. M. Kennes and A. Rubio
Nature Communications 12, 5644 (2021)

Cavity-induced quantum spin liquids
A. Chiocchetta, D. Kiese, C. P. Zelle, F. Piazza and S. Diehl
Nature Communications 12, 5901 (2021)



https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.4.023185
https://link.springer.com/article/10.1140/epjb/s10051-022-00349-2
https://link.springer.com/article/10.1140/epjb/s10051-022-00373-2
https://arxiv.org/abs/2205.12547
https://arxiv.org/abs/2206.00264
https://aip.scitation.org/doi/10.1063/5.0077901
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.013370
https://www.nature.com/articles/s41467-021-25922-8
https://www.nature.com/articles/s41467-021-26076-3

Acknowledgements

First and foremost, I would like to express my deepest gratitude to my PhD supervisor Simon Trebst
for his continuous support and invaluable advice without which this work would not have been possible.
Despite all obstacles owed to the Corona pandemic, | still feel like I received the best possible mentorship
I could have hoped for.

Second, I sincerely thank Achim Rosch for acting as co-examiner of this thesis. His indespensable ability
to open up alternative perspectives on any physics related problem has been an genuine inspiration for
me.

I very much appreciate to have had the opportunity to collaborate with many great people over the
years. In particular, | truly enjoyed discussions with Michael Scherer, Laura Classen, Dante Kennes,
Yasir Igbal, Johannes Reuther and Ronny Thomale on fRG related topics and beyond. | am especially
grateful to Michael for hosting me as his teaching assistant for lecturing quantum mechanics at AIMS
Ghana in the beginning of 2020. Moreover, | am thankful to Julian Thoenniss, Marc Ritter, Matthias
Punk and Jan von Delft for their pioneering contributions to the development of multiloop p [RG. |
am indepted to Fabian Kugler for sharing his expertise on mfRG in countless encouraging debates. My
cordial thanks goes to Francesco Ferrari, Nikita Astrakhantsev, Nils Niggemann and Pratyay Ghosh
for joining me in the quest for the kagome skymap. Moreover, it has been a pleasure to engineer cavity
spin liquids together with Alessio Chiocchetta, Carl Philip Zelle, Franceso Piazza and Sebastian Diehl.
In addition, | would like to express my appreciation for fruitful discussions with Finn Lasse Buessen,
Ciaran Hickey, Bjorn Sbierksi, Martin Claassen and Lede Xian.

Tobias Muller and Lasse Gresista deserve special credit for the tremendous elart they put into
development of the PFFRGSolver software. The package could not have advanced thus far without
their priceless contributions. | thank Tobias for numerous day and night time discussions during the
months we implemented the relevant numerics from scratch and for his lasting enthusiasm despite
the obstacles we were facing along the way. Lasse, on the other hand, has been the central figure in
extending spin-valley p [RG to models without residual SU(2) symmetries.

My obligation is due to the Simons foundation for having me as a virtual Research Scholar at the
Flatiron Institute in the summer of 2021. I am grateful to Angel Rubio for supervising my work during
this exciting time and for on-going collaborations on twisted transition metal dichalcogenides.

Being part of the Institute for Theoretical Physics at the University of Cologne has been a thrilling
experience for me. | would like to extend my thanks to all the great colleagues | was allowed to meet,
in particular Oriana Diessel, Jan Attig and Nico Gneist for stimulating discussions on physics and
beyond. Moreover, | want to express my appreciation for the administrative sta [Caf the University
of Cologne and the Bonn-Cologne Graduate School of Physics and Astronomy, especially Andreas
Sindermann, Petra Neubauer-Guenther, Claudia Herrmann and Ute Graledberger for backing up
every student without ever taking credit for it.

Furthermore, | would like to thank the organziation of the supercomputing centers at the University of
Cologne and the Forschungzentrum Jlich, in particular Stefan Borowski and Daniel Rohe, for ensuring
smooth workflows on the Cheops, JURECA and JUWELS cluster, on which the numerical calculations
in this thesis have been performed.

I thank Ciarén, Tobias, Lasse, Nico, Laura and Michael for proofreading this thesis.

Finally, I am deeply indepted to Charlotte, my family, and my friends for their everlasting support
and encouragement. | cannot express how much you mean to me.




CONTENTS

Contents
1 Introduction 1
2 Functional renormalization group 3
2.1 Generating functionals . . . . . . . ... 3
2.2 Exact ow equations . . . . . . . ... e e e e 5
2.3 Systematic truncation via parquet approximation . . . . . . ... ... oL 7
2.3.1 Level-2truncation . . . . . . . . ... 9
2.3.2 Katanin's self-energy corrections . . . . . ... ... 10
233 Mulliloop fRG . . . . . o 11
2.4 Finalremarks . . . . . . L e 12
3 Weak-coupling fRG for itinerant fermions 14
3.1 Anprelude on superconductivity . . . . . ... L 14
3.1.1 Mean-eldtheory. . . . . . . . . . 15
3.1.2 Classication via representationtheory. . . . . . . .. .. ... ... ...... 17
3.1.3 Topological superconductivity . . . . . . . ... ... L 18
3.2 Level-2 fRG for spin-polarized fermions . . . . . ... ... ... .. ... . 19
3.2.1 Temperature ow scheme . . . . . . . . . . ... 20
3.2.2 Patching approximation . . . . . . ... ... 20
3.3 Numerical implementation of N-patchfRG . . . . ... .. ... ... ... ...... 21
3.3.1 Radial integration of the loop function . . . . . . ... ... ... ........ 22
3.3.2 Dierential equation solver . . . . . .. ... 24
3.3.3 Linearized gap equations and calculation of Chern numbers . . . . ... .. .. 24
3.4 Examples . . . . 26
3.4.1 Example 1: Channel truncatedN-patchfRG . . . ... ... ... ... .... 28
3.4.2 Example 2:N -patch fRG for spinless triangular-lattice fermions . . . . . . .. 28
4 Pseudofermion fRG for quantum spin systems 31
4.1 Frustrated magnetism and quantum spin liquids . . . . . ... ... L oL, 31
4.2 Abrikosov fermion representation of spin operators . . . . . . ... ... L 32
4.3 Parametrization of pseudofermion vertices . . . . . .. ... L. 33
4.3.1 Local owequations . . . . . . . . ... e e 34
4.3.2 Ecient evaluation of spinsums . . . . .. ... L oL L 36
4.3.3 Asymptotic frequency parametrization . . . . . . ... ... L. 37
4.3.4 Symmetries in Matsubaraspace . . . . . . . ... 40
435 Observables . . . . . . .. 41
4.4 Numerical Implementation . . . . . . . .. ... 43
4.4.1 Symmetry-reduced lattice representation. . . . .. ... .. .. ... .. .... 43
4.4.2 Evaluation of Matsubara integrals . . . . . . ... ... ... L. 44
4.4.3 Adaptive frequency discretization . . . . . . . ... ... L o oL 46
4.4.4 Parquetiterations . . . . . . . .. e 48
4.45 Calculation of correlation functions . . . . . .. ... ... ... ......... 49
45 Examples . . . . 49
45.1 Example 1: Strong-coupling study of twisted WSe . . . . . . ... ... .... 50
4.5.2 Example 2: Multiloop fRG for the cubic ferromagnet . . . . . . ... ... ... 53
5 Methodological development of pseudofermion fRG 58
5.1 OVEIVIEW . . . . 58
5.2 Publication: Multiloop functional renormalization group approach to quantum spin systems60
5.3 Publication: Benchmark Calculations of Multiloop Pseudofermion fRG. . . . . . . .. 81
5.4 Publication: Moments and multiplets in moiré materials: A pseudo-fermion functional
renormalization group for spin-valley models. . . . . . ... ... ... . ... ..... 94
6 fRG studies on strongly correlated electrons 113
6.1 OVEIVIEW . . . . e 113

Vi



CONTENTS

6.2 Publication: Functional renormalization of spinless triangular-lattice fermions: N -patch

vS. truncated-unity scheme. . . . . . . . ... 115
6.3 Publication: Pinch-points to half-moons and up into the stars: the kagome skymap . 132
6.4 Publication: TMDs as a platform for spin liquid physics: A strong coupling study of

twisted bilayer WSe . . . . . . . L 146
6.5 Publication: Emergence and stability of spin-valley entangled quantum liquids in moiré
heterostructures . . . . . . . . . 157
7 Novel platforms for frustrated magnetism 168
7.1 OVEIVIEW . . . o o e e 168
7.2 Publication: Realization of Nearly Dispersionless Bands with Strong Orbital Anisotropy
from Destructive Interference in Twisted Bilayer MoS, . . . . . . ... .. ... .... 169
7.3 Publication: Cavity-induced quantum spin liquids. . . . . . . ... ... ... ..... 178
8 Conclusion and Outlook 186
A Appendix 196
A.1 Frequency structure of pseudofermion vertices . . . . . . ... ... .. ... ...... 196
A2 Scalingof pRGcode . .. .. .. . . . . . ... e 196

Vii



Introduction

1 Introduction

Strongly correlated electron systems haven proven themselves fertile ground for the discovery of novel
and intriguing physical phenomena, such as high-temperature superconductivity, frustrated magnetism
or the fractionalization of quantum numbers. The common motif shared by materials exhibiting these
strong correlations is the absence of a cohererstingle-particle picture - interactions between them are
often on a par with their kinetic energy, which calls for a many-body perspective

To develop the latter, the consultancy of theoretical models is of paramount importance. Ideally, these
should be simple enough to distill the essential properties of an interacting electron system, while
being of relevance for actual materials. A prototypical Hamiltonian for strongly correlated electrons is
the Hubbard model [1, 2], which describes fermions within a single band subject to Coulomb repulsion.
Their movement is thereby restricted to hopping processes between nearest neighbor sites of the crystal
lattice, characterized by some ratet, whereas their interactions are assumed to be screened, such that
only an on-site term of magnitude U remains.

In the weak-coupling limit, thatis U=t 1, one may view the interacting system as a perturbed version
of the Fermi gas in which the constituents acquire an e ective orrenormalized mass and magnetic
moment [3]. Excitations of such a Fermi liquid (FL), its so-called quasiparticles, are thus qualitatively
equivalent to those of the non-interacting system. In general, their lifetime is nite due to scattering
processes close the Fermi level. Importantly, one should not labor the misapprehension that the Fermi
liquid state is stable just becauseU is su ciently small. An in nitesimal attractive interaction, for
example, could cause an unbounded growth of scattering amplitudes with vanishing total spin and
momentum and ultimately lead to a breakdown of FL theory [4, 5]. Such apairing instability marks
the onset of a superconducting phase in which electron pairs obey Bose-Einstein statistics and are thus
capable of condensing into a coherent ground state. Yet, the bare Coulomb interaction is repulsive,
which should impede the formation of bound electron states all together. This raises the question
how an e ective interaction capable of glueing one electron to another can be generated. A famous
paper by Bardeen, Cooper and Schrie er (BCS) [6] provides one possible explanation by attributing
the adhesion to electron-phonon coupling: one electron perturbs its surrounding crystal structure
and indirectly attracts another electron nearby. For some materials, such as iron-pnictides, however,
phonon mediated pairing is too weak to explain their ability to conduct electrical currents without
resistivity. A general explanation for the pairing mechanism in superconducting materials has, despite
all e orts, remained obscure up to the present day.

According to conventional wisdom, partially lled valence bands make for archetypal electrical conduc-
tors. For su ciently strong interactions U=t & 1 though, metals may undergo a Mott transition and
become insulators, which sharply contrasts this single-particle picture. In the strong-coupling limit
U=t!1 , electrons localize and one expects some sort of magnetic ground state driven by residual
interactions between their spin degrees of freedom. In the presence of strong quantum uctuations,
however, such spin models can harbor quantum spin liquids (QSLs), massively entangled states of
matter which host fractionalized spinon excitations and refuse to order even at lowest temperatures.
Apart from few exceptions, such as the honeycomb Kitaev model [7] and the observation of a half-
integer thermal quantum hall response in -RuCls [8], their pivotal property, namely the absence of a
magnetic order parameter, complicates the unambiguous identi cation of QSLs in experiments as well
as numerical simulations. Moreover, despite ambitions to characterize them in terms of their underlying
gauge structure[9], physicists have hitherto struggled to come up with a complete classi cation of
elusive quantum spin liquids [10].

Capturing the multitude of collective phenomenanherent to strongly correlated electron systems is
particularly challenging due to their scale-dependentnature. In cuprate superconductors, for example,
one traverses three orders of magnitude in energy starting from the Coulomb repulsion, over magnetic
exchange couplings, down to the superconducting transition temperature [11]. The renormalization
group (RG) framework is particularly powerful for bridging between microscopic models and their
e ective low-energy description. Over the years, various implementations of the RG idea have come
forth, many of which can only be pursued numerically. Wilson's numerical renormalization group (NRG),
for example, is an excellent tool for solving impurity models in an accurate and non-perturbative way.
In conjunction with dynamical mean- eld theory (DMFT) it can also be extended to lattice systems
at the cost of neglecting non-local correlations and yields valuable insights into the metal-insulator
transition exhibited by the Hubbard model [12]. In one dimension, the density matrix renormalization
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group (DMRG) is probably the single most potent method for determining properties of strongly
correlated quantum models, since one is able to calculate static, as well as dynamic quantities up to
machine precision while invoking only moderate computational resources [13]. The generalization of
DMRG to higher spatial dimensions in the form of tensor network methods [14] is currently one of the
most vibrant elds in computational condensed matter physics.

The RG avor laying the foundation for this thesis is the functional renormalization group (fRG)
[15], which will be formally introduced in Chapter 1. In particular, we discuss the derivation of the
di erential equation for the e ective action at heart of the fRG approach, as well as important approx-
imations required to render its solution feasible. Chapters 2 and 3 are devoted to two complementary
incarnations of functional RG: one for weakly-coupled itinerant electrons and the other one capable of
dissecting magnetic instabilities in quantum spin models. Special emphasis is payed to their numerical
implementation - we will detail each and every algorithm and point out mayor improvements regarding
the accuracy of the so-obtained results when compared to existing literature. Both chapters are
closed with two examples each, giving insight into the outputs produced by the di erent fRG solvers
and simultaneously highlighting the exibility of the method. Chapter 5 summarizes methodological
developments pursued within the scope of this thesis: the implementation of multiloop ow equations
for quantum spin systems and the extension of the fRG formalism to spin-valley coupled Hamiltonians,
relevant for moiré heterostructures such as TLG/h-BN [16]. Applications of functional RG to various
model systems are discussed in Chapter 6. Chapter 7 is concerned with side projects disconnected
from the fRG aspect of this work. We present two novel platforms for engineering exotic quantum
states, multi-layer compositions of transition metal dichalcogenides (TMDs), in which the twist angle
between adjacent TMD sheets provides another tuning parameter for controlling properties of the
band structure, and magnetic materials coupled to an optical cavity. The latter hold promise for
the realization of robust QSL states, which we decipher via a Schwinger-Boson analysis. Chapter 8
provides a summary of the insights gained in this work and speculates about future methodological
directions for the fRG approach.
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2 Functional renormalization group

In this chapter, the functional renormalization group (fRG) approach to correlated fermionic systems
is introduced on a general level, closely following the derivations presented in Refs. [17, 18]. After its
inception in high-energy physics [19, 20], fRG calculations are, nowadays, also employed in the context
of condensed matter systems, ranging from applications to variants of the Hubbard model [11, 21],
over strongly-coupled spin Hamiltonians [22, 23] to impurity models [24, 25].

The general idea behind fRG is the successive inclusion of fermionic uctuations during a renormalization
group ow, which evolves the many-body interactions of a microscopic theory in terms of an infrared

cuto . The outcome of an fRG calculation are fully renormalized, one-particle irreducible vertices,
which characterize the e ective interactions of the system at low energies. From these, useful physical
guantities such as magnetic response functions or superconducting gaps can be obtained.

While the fRG description of a given fermionic model is in principle exact, appropriate truncation
schemes are essential for facilitating numerical solutions of the ow equations. Most implementations
of fRG concern themselves with the self-energy and two-particle vertex, while neglecting higher-order
terms. Although many physical phenomena can already be captured by this seemingly simple approach,
functional RG calculations have often been lacking quantitative accuracy. In recent years, however,
multiple attempts for improving the predictive power of fRG have been made [26, 27]. The multiloop
scheme by Kugler and von Delft [28] is the latest iteration in that series, allowing to e ciently
incorporate all diagrams of parquet type, that is, diagrams which can be evaluated at the numerical
cost of the conventional one-loop ow.

In the following, we rst present the derivation of fRG ow equations from general principles. We
continue by discussing di erent truncation schemes and how they can be motivated from the parquet
formalism, which o ers an alternative eld-theoretical description of the many-body problem up to
the two-particle level. Given the vast amount of literature that exists on the matter, some of our
considerations are kept short and the reader is encouraged to follow the given references, which provide
excellent discussions beyond the scope of this work.

2.1 Generating functionals
We consider Hamiltonians of the formH = Hy + Hjy , featuring a quadratic part

Ho=  woixeCloGe, (2.1)

x9ix1

and a two-particle interaction
X
Hine = VX?ngxlxzaxgaxg@qu : (22)

x9:x9ix1ix2

Here, ¢, (c,) creates (annihilates) a fermion with quantum numbers encoded in the multi-indexx.
According to the algebra of fermionic operators, the matrix elementsVyoyojx,x, Mmust be antisymmetric
with respect to permutations (x§ $ x3) and (x1 $ x2), as indicated by a vertical line separating the
respective index sets.

Since fRG is formulated in the path-integral formalism, we introduce the action of our Hamiltonian in
terms of Grassmann elds ; as

X
Sl; 1= (56 01 )+ Viox9ixixa x9 x X2 X1 (2.3)

x9ix9ix1ix2

where we de ned( ;G , 1 XX «9[Go 1])(9)(1 x,- The bare propagator Go can be determined
from Hy and we write out its algebraic expression explicitly once we settle on a particular model.
For now, however, Gy is left unspeci ed. The partition function Z for the action in Eqg. (2.3) can be
expressed as

z=2 D[ Jest I (2.9)
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Figure 2.1: Schematic illustration of the functional renormalization group . The e ective action
[ ; 1lives in a high-dimensional parameter space spanned by the self-energy , the two-particle vertex
and higher-order vertex functions. Under the RG ow, the couplings are evolved from the ultraviolet (UV) to
the infrared (IR) limit as a function of some cuto scale . In practical applications, however, approximations
are unavoidable, such that one computes e ective low-energy theories only in proximity to the exact solution
(grey). The multiloop ( m™) truncation, for example, successively incorporates more complex diagrams, until
one recovers a solution to the parquet approximation (PA) for m!1

where we normalize with its non-interacting counterpart Zg.

The sought-after quantities for a given action are correlations between its fermionic constituents, which
can be computed as Taylor coe cients of properly de ned generating functionals. The generator of
disconnectedn-particle Green's functions W[ ; ], for example, is obtained by adding source elds;
to the partition function, yielding

VA

WI; ]:Zio D[; Je st 1.6 ) G ) (2.5)

Disconnected correlation functions can subsequently be calculated as
n n

Gn(x9; 5 x0xq; i xn) = —W[; ] ; (2.6)

X1+ Xp xq - x9 = =0

The G, are fully determined by their connected components as spawned by the Schwinger functional
We[; 1=In(W][; ]), whose Legendre transform

[ 1= Wel; 1 G ) (G )+(:Got); (2.7)

W[; ]

is the generator for one-particle irreducible (1PI) vertex functions [15]. Here, = and

= W<l 1 denote conjugate source elds. The 1Pl vertices cannot be decomposed any further

by cutting single propagator lines and thus constitute the elementary building blocks for computing
connected correlation functions via the so-called tree expansion [15]. To clarify their physical meaning,
let us consider the matrix identity

10, g 1
“Wel; ] 2Wel; ] @ Lo 14 Gol [ ] A
R Wl 1 PWel: 1 - 2(; ] L) (G Y)T ? (2.8)

which can be derived from Eq.(2.7). Focusing on the matrix element to the upper left for vanishing
source elds and pairing terms', we nd the identity

G= Gyl+ 1 ' (2.9)

°F

1 with pairing terms , we refer to derivatives
Grassmann elds.

and the likes of them. F denotes some generic functional of
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where we de ned the dressed or full propagator

¢ MLl . (2.10)

and the one-particle vertex

[ ]

1 (2.11)

Equation (2.9) resembles the form of Dyson's identityG = ( G, 1) 1, which de nes the self-energy
as the interaction correction to the bare propagator. Consequently, ; = . This sheds light on
the interpretation of 1P| vertices: they capture e ective many-body interactions and their generating
functional [ ; ] is therefore commonly referred to ase ective action [11, 15].

2.2 Exact ow equations

The central step for setting up the fRG approach amounts to implementing a cuto  into the bare
propagator, such that it vanishes in the ultraviolet limit, G, =0, and coalesces withG, when
approaching the infrared, G,' ° = Go. By construction, all other Green's functions become cuto
dependent, too, since they depend o1 through their respective generating functional. In order to
capture the variation of 1Pl vertices under incremental changes of the cuto parameter, one rephrases
Eqg. (2.7) as a di erential equation. For this sake, we need the cuto -derivative of W¢[; ], which
reads

d W [ ] Wel; ]

d—WC[; ]I= T Q Gy, +Tr Q

Q Wl @iy

with Q di(GO) L. The cuto -derivative of the e ective action evaluates to

d d d d

— [ 1= dec[, ] q g ¢t e ; (2.13)
where a -dependence needs to be added to the source elds to make up for the change of variables
in the Legendre transformation. Plugging Eq. (2.12) into Eq. (2.13) one nds

di [; 1=Tr Q Gy T Q Ry (2.14)
where we made use of Eq(2.8). Eliminating G, 1in R using Dyson's equation, this expression can be
rephrased as

di [; 1=Tr Q G, Tr G Q Ry ; (2.15)
where R;; denotes the upper left element of
2 0 13,
G o0 u L
R =41 T @, AS (2.16)
0 G [ 1] (U )T
with U = L] .. R resembles a geometric series, which is particularly useful for the

derivation of vertex ow equations discussed below.
Starting from Eq. (2.15), we expand [; ]in powers of the conjugate source elds

_X(l)“ X

o (XT3 2 XR X 25 X0) x0T X9 xo 1D xS (2.17)
in order to obtain ow equations for the Taylor coe cients of the e ective action (see Fig. 2.1). Limiting
ourselves to terms of rst and second order in the elds, we arrive at the self-energy ow

X
(xfjx1)= [ S (x2;x3jx1;X2)S (X2jx3) : (2.18)

XX 2
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Here, S G QG = diG j 2 denotes the single-scale propagator. The corresponding ow
equation for the two-particle vertex reads
d _ X . .
5 (XLXEixaixe) = (X3 X3; X3iX1; X2; X3) S (XajX3)
x3ix3
X 0.,0; 0.,0;
+ [ (X3XajX1iX2) (X715 X3)X3;Xa)

X3ix9:X3;X4
(< xQix1ixa) (X% xqjxaix2) (x§$ xJixs $ Xa)
+ 0 (xx3ixsxa)  (x3ixTixaix2) + (X3 xix3$ Xa)]
G (x3jx3)S (xaxq); (2.19)
where we employed the abbreviations
(3 xgix15%2) 5 (X35 X3iX1; X2)
(XT: X9 X3iX1iX2;Xa) 5 (XT3 X5, XGjX1i X2} X3) ! (2.20)

For 11 |, the e ective action reduces to the bare many-body interactions [15], which constitute the
initial condition for the RG ow. Here, we have focused on two-particle interactions and as such only
survives in the UV limit

T (xxixaix2) = o(X§iX3jX1:X2) = Vioysinyx, - (2.21)

To simplify the following discussions, contributions to di are grouped into three channels: the
particle-particle (s) channel, the direct particle-hole (t) channel and the crossed particle-hole )
channel, corresponding to the rst/second/third diagram depicted in Fig. 2.2, respectively. A diagram
is referred to as two-particle reducible (2PR) in the s channel if it can be decomposed by cutting two
parallel propagator lines. Diagrams which can be split up by cutting two antiparallel lines, on the other
hand, are dubbed particle-hole reducible and therefore belong either to thé or u channel, depending
on whether the disconnected parts carry external indicegx?; x1)=(xJ; x2) or (x3;x1)=(x{; x,). Note
that two-particle diagrams are either s/ t/ u-reducible or fully two-particle irreducible (2PI). With each
channel c, we associate a bubble functiorB. = [ (G G% 9. de ned for generic two-particle
vertices ; °and propagators G; G° namely

. 1 X . . . .
Bs(x%;xJjx1;x2) 3 ( x3: x3iX1;%2)G(x3jx3) GUx4jx]) AxT; xjx3; X4)
X‘%Z<9,;X3;XA
Bi(x;xix1ix2)  + ( X9 xQix1; X3)G(x3jx3) GAxajx9) AXT; X3jX4;X2)
XX 3iX3:Xa
Bu (x2; X3jX1; X2) ( x9;Xaix1; X3)G(X3jx3) GAXajx3) Ax3; x3ixXa;X2) : (2.22)

X3ix§ix3ixa

Hence, the ow of the two-particle vertex can be compactly written as

X
g ixdixaixg) = (X x9: X3jX1: X2:X3)S (Xajx3) + By (x%x3jx1ixz);  (2.23)
x3ix3 c
with B, = di(G G) ]c. Note that the particle-hole bubbles ful ll
Be(x); xdix1;x2) = Bu(x%ixdixiix2) = Bu(x%;x3jx2; x1)
Bu(x%;x9jx1;x2) = By(x9;x9jx1;%2) = Bi(x9;x9jx2;%1) ; (2.24)

which follows from antisymmetry of the two-particle vertex under commutations of incoming or outgoing
legs (crossing symmetry).

The biggest obstacle in solving the ow equations is the appearance of the three-particle vertex in
Eqg. (2.19). Generally speaking, the ow for any 1PI vertex , depends on all ,, with m n+1,
such that a closed set of fRG equations necessitates a truncation. In the next section, we discuss three
di erent truncation schemes of increasing diagrammatic complexity and how they can be derived from
the parquet formalism.

2 4G j isashorthand notation for G j _ g
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Figure 2.2: fRG equations for the self-energy (a) and two-particle vertex (b). The slashed line in
the -ow denotes a single-scale propagator S , while pairs of slashed lines correspond to cuto -derivatives
of the form di(G G )j (see text). The rst three diagrams appearing in the -ow dier in their
two-particle reducibility: they can either be split into disconnected parts by cutting parallel (for the s channel)
or antiparallel lines (for the t and u channel). The three-particle vertex  cannot be computed exactly and in
general requires some approximation. Note that we have exchanged the outgoing lines for both two-particle
vertices in the u channel compared to Eq. (2.19).

2.3 Systematic truncation via parquet approximation

In the last section, we derived ow equations for the self-energy and two-particle vertex, concluding
that some approximation for the three-particle vertex is vital for closing the in nite hierarchy of fRG
equations. Here, we switch gears and tackle the problem of computing fermionic vertices in the parquet
formalism [29], which provides a di erent, yet concomitant perspective on our previous considerations.
In doing so, we refrain from deriving the parquet equations explicitly, referring the reader to the
excellent discussion given in Ref. [30] instead.

Within the parquet formalism, the two-particle vertex is decomposed into two distinct classes of
diagrams, those which are 2PI and those reducible in one of the three channels introduced in Sec. 2.2.
Schematically, we may thus write

= lop+ s+ t+ 4, (2.25)
or, alternatively,
= le+ ¢; (2.26)

wherel¢ = lzp + <> denotes diagrams irreducible in channet. For each channel, one formulates
a self-consistent Bethe-Salpeter equation (BSE)

c=lle (G G) 1.=[ (G G) Il (2.27)

which requires full propagators G as input [28, 29]. To dress them with self-energies, one determines
likewise self-consistently via the Schwinger-Dyson equation (SDE), which, using the compact notation
introduced in the previous section, reads

=[ o Gl *[[ o (G G) ] G =[ o €G] +%[[0 (G 6 1, G @ (2298

While solving the parquet equations for an action as in Eq.(2.3) amounts to nding an exact solution
for e ective interactions up to the two-particle level [29, 30], one needs to determind ,p; before all
other vertices follow self-consistently from the SDE and BSEs. Away from weak-coupling, however,
this becomes a formidable challenge, since more complicated diagrams start to contribute. Henceforth,
we work in the famous parquet approximation (PA) [29], which replaces the fully irreducible vertex
by its rst-order contribution 1.5 = ¢ (see Fig. 2.3). Although the PA corresponds to the most

3 with cwerefertoall c°6 c.
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simple approximation for I,p, it retains a number of useful properties by (a) summing up the
leading, logarithmically divergent diagrams from perturbation theory [29], (b) ful lling the Mermin-
Wagner theorem [31], (c) presenting a conserving approximation on the one-particle level [32], and (d)
incorporating important diagrammatic identities [33].

In the following, we connect to our discussion of the fRG approach in Sec. 2.2 by using the parquet
approximation as an alternative starting point to derive ow equations for the self-energy and two-
particle vertex. Our motivation for doing so is twofold. On the one hand side, this allows us to replace
the set of algebraic parquet equations by ordinary di erential equations, for which e cient numerical
solvers are readily available. On the other hand, di erent truncation schemes for approximating the
three-particle vertex in fRG can be developed in a systematic manner.

We start by equipping the bare propagator with an infrared cuto  , i.e. Go! G,. Consequently,

and acquire a scale dependence through the SDE and BSEs, if we require the parquet equations to
hold at any value of for a given | ,p; [32]. Di erentiating the c-channel with respect to the cuto, we
therefore arrive at the owing BSE

d d d d
g °- d—lC (G G) c+ I d—(G G) c+ lc (G G) a . (2.29)
Note that we refrain from writing out  -superscripts for brevity, since all object are implicitly cuto
dependent. Using = I¢;+ , the right hand side can be written as
d d
s g€ o9
+ i| (G G) + (G G —I
d °© c d ¢ c
d d d
+ (G G) g ° c d—(G G) ¢ (G Q) a (2.30)
C Cc Cc
Finally, plugging [Egs. (2.27) & (2.29)] into Eq. (2.30) yields
d d
g °° g & ©) i
+ iI (G G) + (G G —I
d ¢ c d ¢ c
+ (G G) d—lc (G G) ; (2.31)

cC c

where we have ordered the contributions to the ow of  according to the position of the cuto -
derivative in their respective bubble function. The rst line in Eq. (2.31), which we dub one-loop part
j(l ), resemblesB,, except that single-scale propagators are substituted by full -derivatives of G.
The three leftover terms are referred to as left, right and central part and denoted by L; R and _S,

respectively. In consequence, we can recast Eq. (2.31) in the compact form

di c= )+ Ly 4 R (2.32)
P
from which the ow of the full two-particle vertex follows as di = c di c. Remarkably, the

inner bubble of the central part can be substituted for the right vertex object (as in [Eq. (2.31)]) or,
alternatively, for the left one. This can be seen, for example, by writing out the bubble functions
explicitly and comparing the resulting expressions.

Although conceptually simple, deriving a ow equation for the self-energy from the SDE requires
extensive algebraic modi cations to rephrase all terms by known objects. Hence, we content ourselves
with stating the nal result

d
di - [ S] T at 2
— = _tC G
2= (G 4 G ; (2.33)
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Figure 2.3: Diagrammatic representation of the parquet equations. (a) The self-energy is computed
from the Schwinger-Dyson equation, such that the one and two-particle level are linked self-consistently.
(b) Contributions to the two-particle vertex are segregated into a two-particle irreducible part 1,p and three
2PR functions ¢, each of which is determined by a Bethe-Salpeter equation. In the parquet approximation

(cyan box), 1.p is approximated by its lowest-order contribution .

and refer the reader to Ref. [32] for further details. Note that the rst contribution to the -ow in
the parquet approximation precisely coincides with the respective fRG ow derived in Sec. 2.2, while
the other terms correspond to higher-order corrections.

Taken together, these equations track the evolution of the self-energy and reducible vertices along a
self-consistent ow trajectory and their solution in the limit I 0is equivalent to solving the parquet
approximation. Nonetheless, the owing SDE and BSEs resemble algebraic di erential equations,
which are generally hard to solve. For this reason, we proceed by approximating them via ordinary
di erential equations corresponding to resummation schemes of increasing diagrammatic complexity.
This allows us to establish a stringent connection between common fRG truncations and simpli ed
versions of the owing PA.

2.3.1 Level-2 truncation

The simplest approximation for the owing PA can be motivated from a perturbative point of view.
To begin with, let us consider the ow of reducible vertices in Eq. (2.32), in which we substitute full
vertices by their lowest-order contribution o. It immediately follows that the one-loop contribution
i(l ) is at least second order in 0, while the left and right parts are O 3 . Finally, contributions to
the central part start at fourth power in 9. Assuming the bare two-particle interactions to be weak,
it thus makes sense to maintain only the leading term, given byJ(;1 ), and discard the rest. Similarly,
one nds that the leading contribution to the self-energy ow is given by the single-scale loop, whereas
s and ,areO ¢ andO 3, respectively.

The simplied ow equations for the self-energy and reducible vertices thus read

d
- = S
5 [ S]
d d
— = — : 2.34
rl i€ o (2.34)
These particular equations, which will be discussed in greater detail in the next section, are known as
Katanin ow equations in the fRG context [26]. Note that so far, the - ow implicitly depends on the
ow of the self-energy due to the full -derivative of G which appears in the bubble function. Therefore,
it silently incorporates additional third order contributions. More explicitly, the cuto -derivative of

the (matrix valued) dressed propagator reads

A= 9 6,1 ‘= G

d
1 — .
5 5 Gy G= S+G - G (2.35)

d
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Consequently, the ow of the vertices can be split into two parts

ic: [ (S G+G S) ].+ Gi G G+G Gi G ; (2.36)
d d d c

where the second term summarizes precisely these higher-order terms. In order to eliminate the
self-energy derivative from the vertex ows and thereby assemble ow equations which only contain the
leading terms in the bare coupling, we simply drop the second term from Eq(2.36), which yields

= [ 9]
c= [ (S G+G 9) 1.: (2.37)

Remarkably, we may now establish a stringent connection between the leading-order PA ows in
Eg. (2.37) and the fRG equations (2.18) and (2.23): the former are recovered if one truncates all
vertices beyond the two-patrticle level from the fRG hierarchy. Therefore, we call Eq.(2.37) level-2

(L2) truncation.

Importantly, our arguments to rationalize Eq. (2.37) were entirely based on the presence of a small
bare interaction . We are, however, interested in nding a suitable approximation to the PA, which

is consistent forall RG scales , not just in vicinity of the UV limit. To this end, we need to take the
scaling behavior of di erent contributions to the e ective action into account. On the crudest level of
counting powers in , one indeed nds that n-particle vertices with n 3 are irrelevant in the RG
sense [34], that is, they can be neglected at the infrared xed point. For spatial dimensionsl > 1 and
curved Fermi surfaces, this holds true even if an improved power counting is applied [34]. Hence, the
L2 equations should provide aqualitatively meaningful description of 1Pl ows even upon lowering the
cuto .

The most noteworthy simpli cation over the full PA that we reached thus far, is the removal of

di erentiated vertices from the right hand side of the ow equations. In other words, we have successfully
replaced the algebraic di erential equations(2.32) and (2.33) by a set of ordinary di erential equations,
which can be solved numerically. Despite its simplicity (we merely distilled the leading-order terms
in the bare interaction), this approximation already captures the non-trivial interplay of uctuations

in the 2PR channels and is therefore routinely employed to shed light on the pairing mechanism in
prototypical model systems of high temperature superconductivity such as cuprates or iron-pnictides
[11, 21, 35, 36]. More recently, it has also been applied to map out the phase diagrams of novel moiré
heterostructures and eludicate the role of competing instabilities therein [37 40]. Note, however, that
self-energy feedback is neglected in these works, i.e. the- ow is set to zero and dressed propagators
are replaced by bare ones. From a scaling point of view [15, 34], this approximation is inconsistent:
the leading contribution [ S] to the self-energy ow is non-negligible on the bare level and has
marginal dependencies on Matsubara frequencies and momenta orthogonal to the Fermi surface. Yet,
the inclusion of self-energy e ects is in general quite complicated, which motivates their neglect for
reasons of numerical simplicity if not for mathematical rigour.

2.3.2 Katanin's self-energy corrections

In hindsight of the simpli ed ow equations obtained in the previous section, we may ask whether
there is any need to further improve them. After all, their validity could be justi ed on the bare
level and more importantly even at the IR xed point. One of the reasons to do so, is to remedy
de ciencies related to the ful llment of conservation laws. Recall that a solution of the full PA, which
we would obtain if we could solve [Eqs.(2.32) & (2.33)] in the infrared limit ! 0O, is conserving
on the one-particle level and thus ful lls certain Ward identities. In the derivation of Eq. (2.37), we
have, however, discarded subclasses of parquet diagrams, which spoils the exact ful liment of said
conservation laws.

To lower the systematic error induced by the L2 truncation, the Katanin substitution

S! iG (2.38)
d
was proposed in Ref. [26]. It reinstantiates the full -derivative of the propagator and allows for
feedback of the self-energy ow into 2PR vertices (see [Fig. 2.4(a)]). One thus incorporates terms
of the form indicated in Eq. (2.36) from the three-particle vertex. Notably, ladder summations in
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Figure 2.4: Katanin substitution and exemplary 2" diagrams. (@) The Katanin substitution replaces
single-scale propagators in the L2 ow equations by total -derivatives of G. This way, the derivative of the
self-energy (turquoise box) is fed back into the ow of the vertices, such that certain third order diagrams like
the one on the right are generated. (b) Multiloop ows go beyond the Katanin substitution by incorporating
parquet diagrams with overlapping loops. In 2° ows, for example, one inserts 1° diagrams into bubbles with
complementary two-particle reducibility. Here, the 1" ow in the t channel (cyan box) is plugged into the left

vertex of the s bubble, giving rise to the gé(z‘) diagram on the right hand side.

the particle-hole channels with the Katanin substitution ful Il Ward identities exactly and recover
standard mean- eld results [26].

We have already seen that, from the perspective of the parquet approximation, the ow equations
proposed by Katanin can be obtained by setting the left, right and central part in Eq. (2.32) to zero.
Similar to the L2 equations, vertex derivatives are thus erased from the right hand side of the ow
and we are again left with a coupled set of ordinary di erential equations. The only exception is that
the self-energy derivative is now required as additional input to compute the 2PR ows and therefore
needs to be calculated beforehand.

2.3.3 Multiloop fRG

So far, we have discussed two approximations to the PA, which both discard di erentiated vertices
from the ow equations. The missing diagrams are, however, vital to achieve full consistency with
the PA and instill con dence in the ful llment of conservation laws. Yet, their appearance poses a
numerical challenge, as the full set of owing SDE and BSEs is algebraic, not ordinary. Fortunately,
one can reconstruct the left, right and central part (and as such also the corrections to the self-energy)
in an iterative manner, which results in the multiloop fRG (MfRG) scheme pioneered by Kugler and
von Delft [28, 32].

The central idea to derive the multiloop ow equations has already been discussed: it is precisely the
power counting which we used to motivate the L2 and Katanin ow equations, that is, we start from
the lowest-order contributions and iteratively generate higher-order diagrams. We start by considering
the 1° ows

) [ 9]

a4

5 =
d @) d

— ¢ = —(G G : 2.39
i e ;G 0 (2.39)
from which one constructs the lowest-order contributions to the left and right part as

h i
R A

i
_R@Y) = G 6 M) i (2.40)
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Hence, thetwo-loop ow [27] computes to

d 2% . N R N
g oo &= B 5 (2.41)
At the three-loop level and beyond, consecutive loop orders are constructed in similar fashion. The
multiloop (m") ow for the two-particle vertex with m 3 reads

d o) X L(n) X c() x R(N') .
d—c-_c+__C +__c +__C ; (2.42)
n=2 n=3 n=2
with
) h (fm 1) !
M= . U
M= @ g Lmm
i
R = G G mm . (2.43)

C

Form!1 , Eqg. (2.42) incorporates all parquet diagrams, which can be computed with the same cost
as the one-loop ow. Hence, the calculation of vertex corrections with overlapping loops scales only
linear in * and is therefore well-suited for numerical simulations [28].

Finally, we need to discuss how to reinstantiate self-energy corrections. Before we proceed, however,
let us remind ourselves why these corrections are necessary. From the perspective of the PA, the
terms ;) naturally appeared when computing the cuto -derivative of the Schwinger-Dyson equation.

In the fomally exact fRG, on the other hand, di is given solely by the single-scale loop. However,
the ow equations are truncated and the vertex which enters the single-scale loop is therefore only
determined approximately. Hence, the additional corrections ensure self-consistency between the one
and two-patrticle level by virtue of the PA. The only input required to explicitly compute them are
t-irreducible contributions to the central part

ax
e em, (2.44)

n 3

which are needed anyways to account for vertex corrections. On the other hand%C depends ondi

via Katanin diagrams and restoring the self-energy corrections in full glory would therefore already
require the exact solution. This means that aone-shotcalculation of — ;) from _QC does not necessarily
su ce to reach self-consistency and the re ned self-energy should, in turn, be used to recompute vertex
corrections until convergence is reached. The importance of such self-energy cycles can, for example, be
seen in fRG calculations for the two-dimensional Hubbard model, where they are essential to achieve
guantitative agreement with other numerical approaches [41].

2.4 Final remarks

In this chapter, we have introduced the fRG approach to fermionic many-body systems and discussed
three di erent truncation schemes to close the hierarch of ow equations: level-2 truncation, Katanin
scheme and mfRG. The Katanin scheme extended the diagrams of the L2 truncation by replacing
single-scale propagatorsS with full cuto -derivatives diG. This way, certain contributions from the
three-particle vertex could be included. The multiloop fRG developed this approach even further,
adding parquet diagrams with overlapping loops to the ow of 2PR vertices and accounting for
additional self-energy diagrams. Both, vertex and self-energy corrections are essential to establish
consistency with the parquet approximation, from which these di erent truncation schemes could be
motivated, and guarantee the ful Iment of conservation laws on the one-particle level. Here, we add
some further comments on di erent aspects of (multiloop) fRG.

Hitherto, the only requirements for the regularization Go ! G, were that G, =0 and G,' ° = Gy,
but otherwise  could have been implemented arbitrarily. For this reason, however, fRG results
obtained within the L2 or Katanin scheme depend on the actual choice of regulator, even if it acts on
the same physical quantity, such as momentum [11] or frequency [24, 42]. The quantitative accuracy of
such a renormalization group ow is therefore di cult to assess. Remarkably, regulator independence is

12
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restored in mfRG calculations, since the couplings ow towards a solution of the parquet approximation.
The latter, as a general many-body relation, has cuto independent solutions. Numerical evidence for
this property of mfRG is, for example, provided in Ref. [43].

Although the multiloop ow has a number of bene cial properties, namely those incorporated by
the PA, it cannot go beyond the parquet approximation. Outside the weak-coupling regime, the
neglect of diagrams beyond the bare vertex ¢ could therefore be insu cient to characterize two-
particle irreducible contributions to the vertex. Any de ciency embodied by the PA would thus carry
over to mfRG and render its outcome self-consistent, but only qualitative. One can come up with
di erent strategies to extend the multiloop ow even beyond the PA, some of which are reported in
Ref. [28].

Up to now, we have not addressed the role of symmetries, which play a vital role in reducing the
numerical e ort for computing 1Pl functions. Usually, they are incorporated via e cient vertex
parametrizations, which reduce, for example, the number of ow equations in the fRG formalism.
These symmetries are model speci ¢ after all, and their discussion has therefore been postponed to
later sections of this thesis.
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3 Weak-coupling fRG for itinerant fermions

In this chapter, we consider the application of the functional renormalization group framework presented

in Ch. 2 to itinerant electron systems. Our focus lies on spin-polarized or spinless fermions, throughout.
This allows us, on the one hand, to study toy models for the single band physics in so-calletoiré
systems, speci cally transition metal dichalcogenides (TMDs). On the other hand, the capabilities

of the fRG approach can be presented without complicating the matter by additional spin or orbital
degrees of freedom. Furthermore, we exclusively consider level-2 truncated ow equations, which
incorporate the lowest-order contributions to the parquet approximation. This is justi ed insofar that

we assume only moderately strong interactions (see Sec. 2.3.1). Self-energy feedback and frequency
dependencies of the two-particle vertex are neglected. Yet, monitoring the full momentum dependence
of the 2PR channels remains numerically challenging.

Nonetheless, some implementations [37, 38, 44] successfully managed to integrate the vertex oan a
dense grid with up to 24 24 momenta in the rst Brillouin zone by exploiting the sheer power of
large scale computing architectures. While this approach o ers a lot of exibility and allows to tackle,
for example, few-band models with ease, its scalability is severely limited by the cubic growth of the
required memory resources with the number of momenta. Furthermore, subtle incommensurate e ects,
which require even more ne grained grids, are di cult to capture. This circumstance calls for more
e cient ways to store the vertex.

Traditionally, N -patch scheme$ have been employed to study competing orders in two-dimensional
Hubbard models [21, 35, 36, 40]. Within this approach, scattering processes perpendicular to the
Fermi surface (FS) are not accounted for due to their negative scaling dimension [15] and the vertex
is consequently approximated by its values along the FS. For illustrative purposes and due to its
comparably simple numerical implementation, N -patch fRG is our method of choice in the following.
There are, however, more advanced techniques, such as truncated-unity (TU) approximations [45, 46],
which deserve to be mentioned. Within TU schemes, computing times grow only linear in the number
of momenta, such that further methodological improvements like those presented in Refs. [41, 47, 48]
can be considered.

This chapter is structured as follows. First, some basic aspects of superconductivity, such as its
mean- eld description or its classi cation in term of irreducible representations of the lattice point
group are recapped. We proceed by presenting our numerical implementation df -patch fRG and
the analysis of results obtained therein. Lastly, exemplary results for spinless fermion models on the
triangular lattice are discussed.

3.1 A prelude on superconductivity

More than a century after its discovery by Kamerlingh Onnes in 1911 [49], the phenomenon of
superconductivity - vanishing electral resistivity and the sudden expulsion of magnetic elds at low
temperatures known as Meissner-Ochsenfeld e ect [50] - has remained one of the most intensely studied
subjects in condensed matter physics. Its rst theoretical characterization was due to Bardeen, Cooper
and Schrie er (BCS) in 1957 [6]. Their celebrated BCS theory attributes superconductivity to an
attractive electron-electron interaction mediated by phonon modes which cause them to bind a€ooper
pairs. In their most symmetric form, the s-wave state, these pairs form a spin singlet without relative
angular momentum. Such superconductors are nowadays dubbezbnventional.

Unconventional superconductors, in contrast, exhibit di erent kinds of pairing mechanisms which
disfavor the conventional s-wave state. After the discovery of super uidity in liquid 3He, highly
sought-after unconventional pairing in a solid state platform was reported in multiple heavy fermion
materials, although the nature of the superconducting state in, for example, CeCpSis, is still under
debate [51]. In 1987, Bednorz and Miuller received the noble prize for uncovering superconductivity in
LaBaCu, with a transition temperature T, 35K, higher than the critical temperatures measured so
far. Materials with similar or even higher T, were consequently dubbedhigh-T. superconductors. Note
that unconventional does not imply high-T;. Strontium ruthenate (Sr,RuQ,), for example, exhibits
unconventional pairing analogous to®He but only at temperatures as low as0:93K [52].

1 Since =0 , we occasionally refer to the two-particle vertex simply as  the vertex.
2 Areview on N -patch fRG can be found in Ref. [11].

14



Weak-coupling fRG for itinerant fermions

Recently, superconductivity with a transition temperature T, 1:7K has also been reported in twisted
bilayer graphene (tBG) [53]. The latter, as its name suggests, consists of two stacked graphene sheets
which are rotated with respect to each other, giving rise to nearly at bands for certain magic-angles
[54]. In consequence, the strength of electronic interactions relative to the bandwidth is strongly
enhanced, resulting in a plethora of fascinating low-temperature phases [55]. Since then, many more
twisted van der Waals heterostructures have received prominent attention in the search for exotic states
of matter. The most remarkable property of such materials is the degree of experimental tunability
they o er. The ability to change, for example, the carrier concentration by electrostatic gating has
therefore assigned moiré materials a prominent role in the search for robust condensed matter quantum
simulators [56].

In addition to moiré heterostructures, kagome metals such as CsySbs [57] have been put forward
as another exciting platform for realizing novel superconducting states. Their special appeal arises
from the intricate three-orbital geometry of the kagome network [58], which, already by itself, gives
rise to an enriched single-particle dispersion featuring at bands, Dirac cones and Van Hove points.
The discovery of all these new platforms for unconventional superconductivity brings tremendous
progress to the eld. Further, it lays the foundation for new theoretical concepts and numerical tools
for deciphering the nature of the pairing mechanism in condensed matter systems.

3.1.1 Mean- eld theory

The BCS Hamiltonian for spin-polarized fermions reads

X 1 X
H= (k)CiCk + N VBCS (knko)cicy kC kocko; (31)
k k:kO
where (k) = (k) is the single-particle dispersion relative to the chemical potential and

Vics (K; K9 = Vg kjke ko denotes the hermitian pairing potential®>. We assume thatVpcs is attractive
in a thin shell around the Fermi level (k) =0 without specifying its origin for now. To simplify the
interaction, we resort to the mean- eld decouplings

GO = i+ gdhy hgd,i
C 0G0 = T oGl + C 0G0 N C LoCol (3.2)

and discard terms of second order in the uctuations (the terms in rounded brackets). Up to a constant,
the Hamiltonian now reads

X 1 X h i
Hvr = (K)cc > ( K)e yq + ( Kacd, ; (3.3)
k k
where we de ned the pairing elds
1 X :
(k)= N Vecs (K ke oGl
kO
1 X 0 .
(k)= N Vecs (K% k)heloc” o (3.4)
KO

Introducing the spinor |, = (ck;cy )T, Hue assumes the quadratic form

X
Hue = 1000 wwim Qo= 5 (0 () (35)
k

In order to solve the mean- eld theory, the decoupled Hamiltonian needs to be diagonalized. To this
end, one performs the Bogoliubov-Valatin transformation
!

= bthk = U(k) & with U(k)=

uk)  v(k)

vik) u(k) (3:6)

3 That s, it obeys Vgcs (k;k9 = Vgcs (k% k), where the bar denotes complex conjugation.
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and subsequently eliminates all non-diagonal terms, which results in the condition
2 (Ku(k)v(k)+ ( KvEK)I?  ( Kuk)?=0: (3.7)
In general, ;u andv are complex valued, such that we can express them via Euler's identity
(k)=j( k)je
u(k) = ju(k)je «
v(k) = jv(k)je ®): (3.8)
Plugging into Eq. (3.7), one possible choice that diagonalizes the mean- eld Hamiltonian is

(k) .
E(k)’

ju(k)i? j v(k)j? = (3.9)

for (k) =0 and (k) = (k). Here, E(k) = P [ (k)]2+ ] ( k)j2. Requiring that the Bogoliubov
guasiparticles qﬂ” obey fermionic commutation relations*, we obtain our central result

X
Hwe = E(K)b, : (3.10)
k

Note that in order to derive Eg. (3.10), we assumed inversion symmetry, that is, (k) = ( k) and
JCKI=70 k).

Remarkably, the quasiparticleslq((y) have a largely gapped excitation spectrum withj ( k)j characterizing
magnitude and symmetry of the gap. Consequently, ( k) is dubbed gap function. The gap can
be determined self-consistently by applying[U (k)] ! to the pairing terms in Egs. (3.4) and utilizing

Fermi-Dirac statistics to compute the remaining quasiparticle expectation values. This procedure
yields the self-consistent gap equation at temperaturerl

( k9 E (k9
2Ek9 M o7

1 X
(k)= = Vees(k;k9
N L

(3.11)

Let us consider the form of this algebraic equation close to the critical temperaturel, where the gap
opens (closes). In that case, we may assume thd (k) (k) and, thus, contributions away from the
Fermi level (k) =0 are strongly suppressefl. The dominant terms in the momentum sum therefore
cover only a thin energy shell . K ¢ - around the Fermi surface and, consequently, we
can approximate the right-hand side of the gap equation by

z

c X
( k) 1 d ttanh — Vacs (k; k9 ( k9 ; (3.12)
N 2 2T,
c k92 FS
where the integral evaluates to
VAR 1
“tanh — In 1:13°% 1
d 5 tan o, n 3TC (3.13)

c

The linearized gap equation (3.12) has the form of an eigenvalue problem. The eigenvalues of
Vecs

= L; (3.14)

In 1:13ﬁ

characterize di erent mean- eld critical temperatures T, = 1:13 ce", respectively. The dominant
pairing elds are thus obtained as the eigenvectors with the largest, negative [59].

4 This implies that U is unitary.
5 In general, j ( k)j vanishes only at special values of k.
6 This can be seen by expanding ltanh(ﬁ) around =0.
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Cov | E |Co | 2C3 | 2Cs | 3 34
A, 1] 1 1 1 1 1
A, 1] 1 1 1 -1 -1
B; 1] -1 1 -1 1 -1
B, 1] -1 1 -1 -1 1
B 2| -2 -1 1 0 0
E 2| 2 -1 -1 0 0
Table 3.1: Character table for the point group Cev. The columns denote the six di erent classes

of the group: identity map, two-fold, three-fold and six-fold rotations as well as two kinds of re ections,
respectively. The rows, on the other hand, denote the di erent irreps. Note that the characters of
the identity map E, i.e. the rst column of the table, characterize the dimensions of the di erent
irreducible representations.

3.1.2 Classi cation via representation theory

In the last section, we derived an eigenvalue equation for the hermitian pairing potentialVgcs,
whose eigenvectors with the largest negative eigenvalue, , correspond to the superconducting gap
functions with the highest critical temperature. Note that we have switched to a matrix-vector
notation (Vecs)kke  Vees(k; k9 and ¢ ( k), respectively. Now, unitary transformations U
from the symmetry group G of the Hamiltonian should leave the pairing potential invariant, thus
UYVeecsU = Vpes for all U 2 G. Consequently, (U ) = Vgcs(U ) or in other words, the
eigenspacespanf g ) corresponding to the eigenvalue is also invariant under G. In that case, we
can expandU ' as a linear combination of the other eigenvectors as

i X G j
u = RSWU) J; (3.15)
j=1

that is, the gaps transform in an n-dimensional representationR ¢ of the symmetry group G, where
n=dim(f 'g) is the dimension of the eigenspace. Conversely, it should be possible to represent to
the gap by characteristic basis functionswhich likewise transform in this representation.

To formalize this discussion, let us recap some basic mathematical aspects of representation theory.
We focus on concepts which are elementary for the renormalized mean- eld analysis that is carried
out on the basis of the fRG formalism presented in Ch. 2. For an in-depth presentation of these
concepts, we refer the reader to Ref. [60]. To start with, recall that any groupG can be separated into

di erent classes of conjugate group elements. Two elements and y are called conjugate, if there exists
another element, sayu, suchthaty = u * x u, where denotes the group operation. Computing all
ensembles of conjugate elements, the classes®f is surprisingly simple and can be done by brute
force. One simply calculatesy = u * x uforallu2 G and for a xed x 2 G and thereby determines
all conjugate elementsy of x. Iterating this procedure over all x then allows one to sort conjugate
elements into the respective class.

Secondly, recall that a representationR® : G! GL(W) is a group homomorphism that maps the
elements ofG into the general linear group GL(W) of some vector spacéV. As such, the algebraic
structure of the group operation is preserved, that is,R®(x y)= R®(x) R ©(x) ( is the group
operation in GL(W)). W is dubbed representation space oR¢ and dim(W) is called the dimension
of the representation. For nite dimensional representations in particular, one can choose a basis iV
and identify the images of the group elementsR ©(x) with invertible matrices, such that  becomes
the usual matrix product. Group representations are extremely useful for practical purposes, since the
abstract elements of G can be identi ed with familiar algebraic objects (matrices). In other words, the
representation of a groupG basically de nes its action on the vector spaceW. Our discussion from
this point on always assumes nite dimensional representations. Moreover, we consider Hilbert spaces
W and require that the matrices R®(x) are unitary. R is thus called unitary representation.

A representation R® of G is called irreducible, if it has no invariant subspacesS W, that is
RC(x)s2 S for s2 S and x 2 G, except the zero elementf Og and W itself. If this is not the case,
RC is coined reducible. Every matrix in a unitary representation of a Hilbert space can be written as
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a direct sum of the respectiveirreps’. Hence, the latter are su cient to fully characterize possible
representations of G. A powerful concept to determine irreducible representations or nding out
whether a particular representation is reducible are the characters ©(x) of the group elements in a
representation R®, which are de ned as

S(x)=Tr RE(X)]: (3.16)

The character of the identity element e 2 G, for example, corresponds to the dimension oR€. In
general, the characters of group elements in the same class are equal. Moreover, the number of classes
in G corresponds to the number of its irreducible representations. For this reason, we may sort all
characters in anng ng tableau, the character table of G, where ng is the number of classes. The
character table for the group Cg,, for example, is given in Tab. 3.1. Deciding, whether or not a
representation R € is irreducible thus boils down to computing its characters and comparing the result
with the rows of the character table.

We can use the concepts outlined above to characterize superconducting gaps in terms of irreducible
representations of the Hamiltonian's point group. From the action of unitary transformations on the
eigenspaces of the gap equation (see [E€B.15)]) it became apparent that the gaps transform in some
representation of the symmetry group. In principle, that respective representation might be reducible
or irreducible, in most cases, however, it is irreducible [59, 60]. We can therefore reconstruct the gaps
in terms of basis functions or lattice harmonics of a suitable irrep. To accomplish this goal, we utilize
the projection

X
P(R®) = S(x)x; (3.17)
x2G

which singles out those contributions that transform in the irrep R¢ [60]. Given some trial function
f(ri;r;) on lattice sitesr; andr;, we computeP (R®)f and transform to momentum space to allow
for comparison with ( k). Consider, for example,f (ri;rj)= r,;r,=r,+a,, Wherea; = (1;0)7 is the
nearest-neighbor bond of the triangular lattice with point group Ce,. Operating upon f with the

projection operator for the E,; irrep yields

[P(El)f](l’i;l‘j)=2( riri+as rir a1)+ riri+as rir; as ricrivas T orir oass (3.18)

p_ T p_ T
with a,= ;-2 andag= %;-2 . In momentum space, we therefore obtain
P P
[P(ED)fI(k; k% = i ko 4sin(ky)+2sin I%X+ zky 2sin k7x+ iky ; (3.19)

which can now be compared to the momentum dependence of the gap function. In similar fashion,
basis functions for the other irreps and beyond the nearest-neighbor level can be computed. Note that
E; is two-dimensional, and as such, one needs at least two lattice harmonics to characterize functions
transforming in E; for each nearest-neighbor shell, as demonstrated in Fig. 3.1. To nd an additional

basis function, one can simply repeat the calculation above, but for a linearly independent bond.

3.1.3 Topological superconductivity

On the mean- eld level (see Sec. 3.1.1), supechnductors can be described in terms of Bogoliubons, that
is, quasiparticles with energy spectrumE (k) = [ (k)]2+ j ( k)j28. On the Fermi line, the energy is
entirely determined by the gap function, sinceE (k) = j ( k)j. A conventional s-wave superconductor
with ( k) =  therefore opens a nite energy gap of magnitudg j. Generally speaking, however,
there might be zero-crossings, so-called nodes, at which k) becomes gapless. In many cases, these
nodes are energetically unfavorable since excited states could be occupied without any penalty.

Imaginary contributions to the gap function, on the other hand, can reinstate a nite energy gap at the
Fermi level and render superconducting states with extended symmetries, such ab+ id, competitive
[61]. A complex order parameter ( k) is not invariant under the anti-unitary time-reversal operation

7 Note that each group has a trivial irrep which assigns RS (x)=1 to any x 2 G.

8 We still focus on spinless fermions for which (k) has no spin dependence.
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Figure 3.1: Basis functions of Cev irreps on the triangular lattice. (a) The A irrep (s-wave) is
one-dimensional and thus a single basis function su ces on both the rst and second neighbor level. The

p-wave irrep E; shown in (b) is, on the other hand, two-dimensional and another linearly independent lattice

harmonic needs to be computed. The black hexagon denotes the boundary of the rst Brillouin zone.

( k)! ( k)®, since the latter involves complex conjugation. For spinful systems withSU(2)
symmetry, such states would thus belong to clas€ in the Altland-Zirnbauer tenfold-way [61, 62] and
can exhibit non-trivial topology. To unravel the latter, we can resort to an integer-valued topological
invariant, the Chern number C, which can be computed from the winding of the pseudospim (k)
along the contour lines of (k) resulting in the skyrmion number formul%[Gl, 63] 10

z Re[ ( k)]
_ 1 @n(k) @nk 1 |
C=7 % ml)—gy gy M m()= E(k)@lm[((k)k)]A : (3.20)

Finite jCj> 0 indicate non-trivial topology and imply, for example, quantized spin Hall conductances
proportional to the Chern number in spinful systems [64] as well as the existence of gapless edge
modes by virtue of the bulk-boundary correspondence [65]. For vanishingRe] ( k)] or Im[ ( k)], the
Chern number evaluates toC= 0 and the superconducting state is thus topologically trivial. The sign

of Cis related to the handedness of the Skyrmion winding. In consequence, superconductors with
C#60 are commonly referred to as chiral superconductors. Notably, any chiral superconductor breaks
time-reversal, otherwiseC =0 as discussed above. Conversely, superconductors breaking time-reversal
do not generically qualify as chiral (see Ref. [61] and references therein).

3.2 Level-2 fRG for spin-polarized fermions

In Ch. 2, the fRG formalism was introduced on a general level and ow equations for the self-energy
and two-particle vertex were derived. Here, we work in the L2 truncation and simplify these equations
for spin-polarized fermions. Much in the spirit of related weak-coupling fRG implementations [11, 21,
39, 40, 66, 67], self-energy feedback is neglected such that we content ourselves with the ow of the
two-particle vertex Eq. (2.37), which reads

d 0.,0; . — 1 X . H . 0.,0; . .

a ( X713 X3jX15X2) = 5 ( X35 XajX1;X2) ( X7, X2)X3; X4)P (X3;X4)

X3 X4
( X9: XajX1;X3) ( X3 X3jX4; X2)P (X3 Xa)
X3 X 4
+ ( X9;Xajx1;%3) ( X3;X9jX4; X2)P (X35 Xa) ; (3.21)

X3:X4

with P(X3;X4) S(Xx3)G(x4) + G(X3)S(X4). Note that we dispense with symbolically indicating the
-dependence of the vertices and, instead, assume it implicitly. We consider an action of spin-polarized

9 In spinful systems, time-reversal would additionally ip the spin.

10 hj:i denotes the inner product of Euclidean space.
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fermions in imaginary time, such that x; = (! i;k;) with Matsubara frequency ! ; and momentum k; 2.
For translation invariant systems, the propagators are diagonal and conserve energy and momentum
[11, 15]. In addition, the vertex obeys

( xT5x9ix1;X2) = V(x9; %35 X1) 104100 41,  ABZ KO+kOiky+ky (3.22)

that is, the fourth frequency (momentum) in  can be computed from the other three and does not
need to be written out explicitly. Here, Agz denotes the volume of the rst Brillouin zone and =1=T
is the inverse temperature.

3.2.1 Temperature ow scheme

The cuto scale can be implemented di erently, as long as the boundary conditionsG,"* =0
and G,' ° = Gy are fullled. This implies, however, that the results obtained with a truncated
fRG ow are a ected by the choice of regulator (see Sec. 2.4). Moreover, depending on the type of
regulator that is selected, e.g., momentum or frequency, uctuations in some channels may be arti cially
enhanced or suppressed, leading to an inherent bias towards speci ¢ phases. A momentum-shell RG
ow, for example, underestimates uctuations with small total momenta in the particle-hole channels
above scales set by the temperature and, thus, long-range antiferromagnetic correlations may overhaul
putative ferromagnetic ordering tendencies [67]. Choosing an appropriate regulator is, therefore, of
uttermost importance to make robust predictions.

Here, we adopt the temperature ow scheme pioneered by Honerkamp and Salmhofer [67], which
directly associates with the physical temperature T and allows to track small momentum transfers
on equal footing in all interaction channels. The central step to implement theT- ow, amounts to
removing all temperature dependencies in the quartic part of the action, such that only the Gaussian
part depends onT. This can be achieved, by rescaling the original elds by a factor 374, which
cancels the 2 prefactor from the normalization of Matsubara sums [67]. The bare propagator then
becomes

T Tl=2

Go( ;K)! Go('n;k)= ————;

0( n, ) 0( n, ) |-Ir| (k)
where (k) = (k) is the single-particle dispersion for chemical potential . Using! , =(2n+1) T ,
we now observe thatG] scales likeT 172 for large T and therefore G{'* =0. The second boundary
condition, which quali es Eq. (3.23) as a suitable cuto implementation, is ful lled by construction, since
G{ presents the usual bare propagator for the rescaled eld theory. Therefore, we can straightforwardly
use the ow equation (3.21), substituting ! T and dropping the temperature normalization of
the Matsubara sums. Without self-energy feedback, the propagator bubble in the vertex ow then
evaluates to

P(1 kil k)= = [Go(l 1K) ot kO] =

(3.23)

a T .
dT (tn (K)(1ne (K9

where we again suppress temperature dependencies to keep the notation convenient.

(3.24)

3.2.2 Patching approximation

Following the RG ow in Eq. (3.21), corresponds to integrating the right-hand side of the vertex
ow from the UV to the IR limit. The vertex itself is, even after utilizing translation invariance, a
high-dimensional object with three momentum and three frequency arguments and as such scales as
N!3Nk3. Its most singular contributions, however, are located at zero frequency and along the Fermi
surface [11]. The momentum dependence orthogonal to the FS is, in contrast, less important.

As a rst simpli cation, we therefore set external frequencies in the ow equation (3.21) to zero and
neglect the frequency dependence of vertices. Using E(B.22), the vertex ow then computes to
z

dyKEKkGky) = 2 dk V(kige kikn)V(K:KEK)Ls(k: G

dT ZABZZ BZ
Lk V(K ki)Y + KK KL (K; )
Agz ZBZ

1
+ - dk V(KSqu + kik)V (ki kD qu + K)Lu(k;qu); (3.25)
Az Bz
] D [»]
11 gyms , therefore have to be interpreted as 1’ . % " dk; .
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where we introduced the particle-particle and particle-hole loop functions

t((k)+ (@ k)

Ls(k;a) =

©+ @ K
L= LB = L), (3.26)

with  g(X) = diT F(x) and Fermi function ¢ (x) = (€T +1) . The expressions for the loop
functions result from carrying out Matsubara sums over (3.24) analytically using

X T F(1)  r(2)
- - = : 3.27
o )@ a o 2) 12 (3:27)
Here, the transfer momenta q; are given by the Mandelstam variables
s k9+kd
Ot k(l) K1
a kY koo (3.28)

In a second step, we de ne the projection : BZ ! ZFg, mapping any momentum k in the rst
Brillouin zone to its nearest-neighbor (k) within an angular discretization Z¥ of the Fermi surface
consisting of N points. The set of all points closer to one discretization point then to any other point
is called apatch, which lends the approximation its name: N -patch fRG [11]. In this manuscript, we
considerz¥s = f § = ZWi ji=1;::;Ng, but the generalization of our results to non-uniform grids is
straightforward. Applying this projection to the momentum dependence of the vertex, we obtain the
ow equation

y4
d oo o e | (o |
a8 80T KV @ K OVCE 8 RLkia
o dkVOE (R DV @k % (Lkia)
Bz ZBZ
Pl V(S @R OV K S @t Lkia);  (329)
BZ Bz

where we replaced all arguments which coincide with a patching poink; by the respective angle

i. Note that the patching approximation spoils momentum conservation: the momentumk, =

k9 + (k9 (k1) for three projected momenta (k9); (k9); (ki) is usually o set from the Fermi
surface and thus necessitates to be operated upon by an additional projection. Yet, the numerical
e ort and memory requirements for computing the two-particle vertex are greatly reduced. Instead of
having to discretize momenta in the entire Brillouin zone, one only needs to account for patch points
on the Fermi surface, that is, some lower dimensional manifold in momentum space. In most cases,
fewer discretization points are thus su cient for resolving the vertex.

3.3 Numerical implementation of N -patch fRG

Having simpli ed the ow equations as much as possible, we now want solve Eq(3.29) numerically.
This requires two ingredients: (a) somegquadrature to compute the two-dimensional momentum integrals
and (b) an ordinary di erential equation (ODE) solver to lower the temperature (see Fig. 3.2). It
turns out bene cial to change the basis and formulate the momentum integrals in polar coordinates.
Without loss of generality, let us focus on the particle-particle channel (the rst line in [Eq. 3.29]),
which, after performing the basis change, reads

d 1 z 2 z R

— (%)= d dkk V( (k) (@s k)i DV( S 5 (k)Ls(k ;gs):

dT 2ABz o 0

(3.30)

Recall that the vertices possess no radial dependence on momentum due to the projection onto patch
points and we can thus write
A
d 1 =2

gr (DS 0= g AR @ k) V(S S k) G @3
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Figure 3.2: Numerical implementation of N -patch fRG for spinless fermions. For a given single-
particle dispersion (k) one computes the renormalized interactions V from the bare interaction V, by integrating
the renormalization group ow from some initial temperature Tyy to some nal scale Tir using an ODE solver.
The latter step involves the computation of two-dimensional momentum integrals, which can e ciently be
evaluated in polar coordinates. The renormalized 2PR channels, obtained at Tr or at Tc > T |r where one of
them eventually diverges, characterize the e ective low-energy theory and can be used to extract symmetries
of the associated mean- eld gaps. For more details on the individual algorithms, see text.

where (; gs) is the radial integral over the loop function
V4 R
s(50s) = dk k L s(k ;0s): (3.32)
0

Usually, the k-integral needs to be computed with high-accuracy to obtain a stable and qualitatively
correct fRG ow as will be demonstrated in the next section. The -integral, on the other hand,
causes mostly quantitative changes, but leaves the important physics, regarding, for example, which
couplings become relevant in the low-temperature regime, unchanged. We therefore approximate the
latter by a simple Riemann sum over the patch points, such that our exemplary ow in the s channel
becomes

d X

- 0. 0.
s( 1y 2 1) 2ABZ

i V(i (@ k) V(Y %) sCias)+ O )?;  (3.33)

i=1

with = ZW Hence, higher resolution on the Fermi surface, which is desirable anyways, simultaneously
reduces the error for the -integration (see Fig. 3.4).

3.3.1 Radial integration of the loop function

As we have seen in the last section, the only input required to evaluate the right-hand side of the ow
equation are the radially-integrated loop functions .. In order to choose an appropriate quadrature
from the large pool of numerical algorithms which exist for that matter, a meticulous study of the

target function is required to make a well-informed decision.

To do so, we compute the loop function as well at itsk-integral taking the dispersion

Ky P 3ky Ky P 3ky

(k)= 2t cosky)+cos ?+ +cos 5 ; (3.34)

of the single-band Hubbard model on the triangular lattice as an example. In [Figs. 3.3(c) &
(d)], we show the loop function along the same two representative momentum space cuts, but at
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Figure 3.3: Radial integration of the loop function. (a) Schematic illustration of the N -patch fRG
scheme for the single-band triangular lattice Hubbard model with N = 24. Silver lines mark the boundaries
of the individual patches and black dots denote their respective patch points on the Fermi surface. (b)
Temperature ow of the scale-derivative of the pairing susceptibility _s(gs = 0) . Standard integration schemes
such as Gauss-Kronrod quadrature (dashed lines) fail to faithfully compute the radial component of the
necessary momentum integral, resulting in non-analytic results for T=t < 10 2. In contrast, a temperature
adaptive routine (dubbed custom for brevity), yields stable results for temperatures as low as T=t = 10 °
(full lines). The origin for this behavior roots in the progressive sharpening of the loop function around the
Fermi level, as displayed in (c) and (d) . Here, we plot Ls(k;gs =0) for =t =1:7 along two high-symmetry
directions of the triangular lattice. The respective intersection points K gs and M gs with the circularly shaped
Fermi surface are marked by dotted vertical lines.

di erent temperatures. In both cases, the largest value is assumed at the Fermi level. The width of
the corresponding peak, however, is strongly modulated upon lowerin@ . An e cient quadrature
should take this e ect into account and successively increase the radial resolution upon lowering the
temperature.

Here, we adress this issue in three consecutive steps. We rstly subdivide the integral into two parts,
one ranging from the origin k = 0 to the Fermi surface and a second one ranging from the Fermi
surface to the boundary of the Brillouin zone. We thus have
(5 de) = dk k L c(k ;0c)+ dkk L c(k ;dc); (3.35)
0 F

where the radiusF corresponds to the Fermi level at angle . This way, we can rest assured that
the most dominant contribution is always accounted for. In a second step, we further subdivide both
integrals into nt uniform domains, that is

X 12 (i ZF B (in) #
(5 de) = . dkk L c(k ;qc)+ - dk k L c(k ;0c) (3.36)
i=0 ﬁi F o+ nT i
where we scale the number of subdomains according to
Nt =min max []pT%; Ntyy NTR - (3.37)

This procedure ensures stability of the routine also at small temperatures by successively increasing
the number of integration nodes. Lastly, each integral is solved by an adaptive routine to obtain
error-controlled results. We opt for Simpson's rule as a compromise between numerical e ciency
and accuracy. The number of function evaluations is thereby doubled until we either meet the error
tolerance or surpass the maximum number of function evaluations. Unless stated otherwise, we use
an absolute tolerancea, =10 & and a relative tolerancery =10 *. The integration is terminated
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preemptively if the number of function evaluations exceed<2?°. Additionally, we x nt, =10 and
nt, = 10%. Note that in order to estimate the integration error, a single Richardson extrapolation
between two consecutive steps, as well as on the nal result, is performed.

To demonstrate the superiority of our implementation, we compute the scale-derivative of the pairing
susceptibility, i.e. the momentum integral

S@=0= ik Ly(kias=0); (3.38)

BZ Bz

as a function of temperature. In Fig. 3.3(b), we have contrasted our radial quadrature with an adaptive
Gauss-Kronrod rule as exported by theQuadGHKibrary in the Julia programming language. In all
cases, we employ & = 192 Riemann sum for the angular integration. For temperaturesT=t > 10 ?
both methods are in perfect agreement. Below this scale, however, one observes non-analytic jumps in
the results obtained with the Gauss-Kronrod rule, whereas the implementation described here yields
accurate results for temperatures as low a¥ =t =10 ° - an appreciable boost by more than two orders
of magnitude. On the triangular lattice, such temperature scales can in fact become relevant due to
the collective interplay between uctuations and geometric frustration [39, 40].

3.3.2 Di erential equation solver

Knowing how to compute the right-hand side of Eq(3.29), one can evolve the vertexV given at some
initial temperature scale T; to some lower temperatureT; < T; by integrating the ow equations.
More speci cally, these are of the form

d

dTV = f(T;V) (3.39)
wheref schematically represents the sum of channel derivatives, which makes up the right-hand side
of the ow. This equation amounts to a set of ordinary di erential equations for which numerous
solvers are available. Ideally, one would like to use that algorithm which produce®/ ™ with the highest
possible accuracy but the least number of evaluations of . Indeed, as recent e orts have demonstrated
[44], an optimal solver for a speci ¢ incarnation of the ow equations may exist. Although the ideal
choice may be model dependent after all, there are some generic traits shared by well-performing ODE
solvers for fRG ow equations. A quali ed ODE solver should

(a) adjust its step size dynamically to account for sudden changes such as the rapid growth of certain
couplings when approaching the infrared regime.

(b) account for the change of di culty upon lowering the temperature. A maximum step width that
one deems appropriate for largeT might be a bad choice close to the infrared, where the vertex
has been subject to strong renormalization e ects. Conversely, if the couplings change only
weakly with T, small step sizes are ine cient and should be circumvented to safe computation
time.

(c) optimize both e ciency and numerical accuracy. Multiple evaluations of f should be avoided if
the hypothetical gain in accuracy is in an imbalance with the actual change of the results. For
example, if one is only interested in qualitative results simple methods such as single-step Euler
solvers might su ce already.

To respect these conditions, we integrate the ow equations using the Bogacki-Shampine [RK3(2)]
method [68] from the Runge-Kutta family and implement the step-size adjustment (a) according
to the proposal in Ref. [69]. We set an absolute (relative) error tolerance ofl0 8 (10 2), unless
stated otherwise. In order to factor in (b), the maximum step size of the solver is chosen relative to
the current temperature, max( T) = T=10. The minimum step size, on the other hand, is xed to
min( T) =10 7 (T is given in units of the hopping). Most notably, this algorithm possesses the
First-Same-As-Last (FSAL) property, allowing one to recycle the function evaluation for the error
estimate in the subsequent ODE step, which helps to pay heed to (c).

3.3.3 Linearized gap equations and calculation of Chern numbers

In Sec. 3.1.1, we linearized the mean- eld equation for the superconducting gaff k) around the Fermi
surface. The resulting gap equation then assumed the form

X
(k)= Vacs (K; kY ( k9 ; (3.40)
K92 FS
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Figure 3.4: Numerical convergence checks in N -patch fRG. In (a) we plot temperature ows of the
scale-derivative of the pairing susceptibility _s(qs = 0) at van Hove lling for various angular resolutions N. In
the high temperature regime T=t & 10 2 all curves agree su ciently well, while at low temperatures signi cant
deviations are visible. In our fRG calculations we typically use N =192 as a compromise between accuracy
and computing time. Note that below van Hove lling convergence is typically reached much faster. The
scaling of the Chern number calculation with the Brillouin zone resolution for the E; irrep is shown in (b) .
The convergence behavior generally depends on the lling (close to nesting, convergence is typically slower),
yet, Ny~ 10° momenta are usually su cient to obtain the correct result.

that is, an eigenvalue equation for the pairing potential Vzcs, whose solutions (eigenvectors) are
superconducting gaps with associated eigenvalue, which sets the corresponding mean- eld critical
temperature. Our analysis further revealed that the largest, negative eigenvalue represents the dominant
pairing tendency.

At that point, however, the precise form and origin of the pairing potential remained obscure. Fortu-
nately, it can be explicitly computed from the fRG approach. When one integrates the ow, some
contributions to the vertex usually become singular, indicating spontaneous symmetry breaking and
the onset of an ordered phase [11, 15, 70]. At this point, the fRG ow has to be stopped. Now, consider
an e ective interaction of the form Vacs (k; k9 = V(k; kjk% k9, which has a transfer momentum
gs = 0 and should thus be dominated by uctuations in the particle-particle channel. If it occurs that
the latter diverges during the fRG ow 2, this means that the fermions become strongly-interacting
and the Fermi liquid state thus exhibits a pairing instability . The pairing potential at the critical scale
T.13 can then be extracted as

Vecs (kik9  s(k; kjk% k9: (3.41)

Consequently, any numerical eigenvalue solver can be applied in order to calculate the leading
superconducting gap from Eq.(3.40). More generally speaking, an instability in any channel can be
associated with a linearized gap equation for the respective scattering potential [71]. A mean- eld
decouplingh y+q, «i, for example, corresponds to an e ective interaction ((k + q; k9k;k%+ q) in
the t channel with transfer momentum q; and the eigenvectors would therefore characterize a density
wave. Note, however, that the gap is computed from a singular vertex ; at T = T, and as such, there
is no real meaning in its size, but only in its symmetry.

Having obtained the pairing eld from the renormalized vertex, the symmetry based classi cation
discussed in Sec. 3.1.2 can be applied. In particular, one can nd an optimal t of lattice harmonics
by comparing the agreement of di erent irreps with the dominant eigenvectors of the scattering
potential. Recall that in the case of degenerate pairing solutions, corresponding to multi-dimensional
representations, complex superpositions of lattice harmonics would open a gap at the Fermi surface and
are thus preferable from an energetic point of view. Superconducting gaps of this form could exhibit
non-trivial topology, that is, they could have a nite Chern number C. For a complex superposition
of two such ts, the latter can be determined from the winding of the pseudospinm (k) around the
Fermi surface (see Sec. 3.1.3) using

z
.- & my @K @K

BZ @k @k

(3.42)

'h‘l—\

12 Numerically, a divergence can, for example, be characterized by the channel maximum growing larger than some
multiple of the electronic bandwidth.

13 |n this context, T corresponds to the temperature at which the fRG ow breaks down.
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Figure 3.5: Spinless N -patch fRG in the pairing channel for V=t= 1. (a) For low densities =t< 2,
the Fermi surface (dark grey line) resembles a circular shape. Beyond Van Hove lling =t =2, where nesting
(silver line) occurs, the Fermi surface intersects with the boundary of the Brillouin zone (black line) and forms
pockets around the K points (white lines). (b) Critical fRG scale T.=t as a function of the chemical potential
=t. At =t  1:2 one nds a transition from p-wave to f -wave superconductivity. The p-wave instability could
be chiral with Chern number C= 1.

Computing Cboils down to calculating a two-dimensional momentum integral. The di culty in solving

the latter for arbitrary m evolves around developing a stable algorithm, which is able to cope with

repeated evaluations of the product of partial derivatives. Here, we proceed in two steps. First, the

integral is replaced by a two-dimensional Riemann sum

* +
k) @ ® @n (k)

ABZX\J .
@k -y, @K ok,

C= Z

(3.43)

i=1

where the k; form a uniform discretization of the Brillouin zone, that is, the Wigner-Seitz cell for
each point encloses the same volume Agz = A%. To compute the sum, we evaluate the partial
derivatives via forward mode automatic di erentiation (AD), as exported by the ForwardDiff Julia
module. Compared to nite-di erence methods, AD has turned out to be more stable in the present
context. We nd the interval to converge already with a modest momentum resolution N, 10, as
exempli ed in Fig. 3.4(b).

3.4 Examples

In the last decades, the Hubbard model on the square lattice has attracted tremendous attention as
the prototypical Hamiltonian of strong correlations in high- T, candidate materials, such as cuprates
or iron-pnictides [1, 2]. Moreover, it has served as a valuable environment for benchmarking novel
numerical approaches and exploring their performance for disentangling the non-trivial interplay

between thermal and quantum uctuations [41, 72].

The advent of twisted bilayer graphene [53, 73] as one of the rst moiré materials for which a
plethora of correlated many-body states could be observed, however, renewed the conceptual interest in
e ective Hamiltonians on hexagonal geometries, such as the honeycomb, kagome or triangular lattice.
Remarkably, the phase diagram of tBG [53, 55, 73], resembles that of the highz cuprate materials:
superconducting domes are separated by insulating regions as a function of doping. Moreover, a
comparison of the superconducting transition temperatureT, relative to the Fermi temperature Tg [53]
shows that T.=Tg for twisted bilayer graphene lies somewhere between the iron-pnictides and cuprates,
indicating tBG as a potential platform for the study of unconventional superconductivity.

Recently, multilayer transition metal dichalcogenides (TMDs) have been put forward as another
highly-tunable platform for the simulation of exotic many-body states [40, 74 81]. The e ective models
considered for TMDs usually involve a couple of spin-split bands that arise from broken SW) symmetry
due to strong spin-orbit coupling in the monolayer system [78, 82, 83]. To capture the elementary
physics of interacting fermions on a lattice relevant to the eld of TMDs and, more importantly, to
exemplify the capabilities of the functional renormalization group approach, we consider a toy model
of spinless fermions on the triangular lattice with real-space Hamiltonian

X X X
de+V  ddgg; (3.44)
hij i [ hij i
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Figure 3.6: Characterization of pairing instabilities in the Cooper channel. (a) Temperature
ow of the maximum of s for =t = 0. The calculation is terminated preemptively, once an upper bound
of 3W=t (upper silver line) is surpassed. (b) Renormalized 2PR vertex s at the critical scale T.. Singular
couplings appear as two parallel lines, whose momenta add up togs = 0. (c) p-wave gap function extracted
from the vertex in (b) . The leading eigenvalue is doubly degenerate and can be accurately described by the
nearest-neighbor harmonics of the E; irrep (dashed lines). (d) & (e) same as(a) & (b) but at Van Hove
ling. (f) Gap function for the f -wave instability. Here, only a single eigenvector, which transforms in the B;
irrep, is competitive.

which could perhaps be realized by coupling an external magnetic eld to spins in the moiré valence
band and driving the system into a polarized state. Note that in the absence of a spin degree of
freedom, the nearest-neighbor density interactionV presents the simplest conceivable interaction term.
Here, our sign convention is chosen such that/ < 0 (> 0) denotes an attractive (repulsive) interaction.
In momentum space Eq. (3.44) becomes

X X
H=" (g + VE(Sks) (84K ki Ka)dedluGGi  (345)
k SHEH NS

P - 0 . . .
where F (k;k% = = (@& k) corresponds to the nearest-neighbor form factor with triangular
displacement vectors . The single-particle dispersion
P P
k k k k
(k)= 2t cos(ky)+cos 7)(+ 3ky +COoS ?X :;y :

p

(3.46)

is computed for Bravais lattice vectorsa; = (1;0)T and a, = (1=2; 3=2)T.

To shed light on the ground state instabilities of this toy model, we employ theN -patch fRG scheme
from Sec. 3.2.2 combined with the renormalized mean- eld analysis discussed in Sec. 3.3.3. The
properly antisymmetrized initial condition for the two-particle vertex is given by

Vo(k;kSiky) = V [F (kykd) F (KKl ; (3.47)

where we utilized inversion symmetry of the triangular lattice. We set the initial scale Tyy to the
bandwidth W = 9t and terminate the ow for temperatures T Tg =10 5t or if the maximum of
one channels exceed3W, in which case we declare to have reached the strong-coupling regime. The
ow of the vertex is tracked on N = 192 patches, for which our susceptibility results in Fig. 3.4 seemed
reasonably well converged. In total, this corresponds to a set of roughly seven million di erential
equations in every channel, which goes signi cantly beyond previously used patching resolutions.

In the following, numerical results for the phase diagram of Eq.(3.44) are presented. We proceed
in two steps. Firstly, our approach is benchmarked against mean- eld results from Ref. [84] by
exclusively considering thes channel and setting all other 2PR diagrams to zero. In this case, the fRG
ow resembles a ladder summation of particle-particle diagrams. Secondly, we perform full patching
calculations and map out the phase diagram for both attractive and repulsive four-fermion interactions
V.
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Figure 3.7: Phase diagrams for spinless fermions on the triangular lattice. (a) Close to Van Hove
lling and for sizable attractive interactions V=t < 0, one nds a Pomeranchuk instability, whose onset is
marked by a colored dot for the respective T line. Below =t = 2, however, two pairing instabilities can
occur: p-wave at low densities and an f -wave superconductor at intermediate llings, for which we indicate the
respective transition by diamond markers. Note that for V=t= 1.0 (blue line) no f -wave instability is found
in the fRG calculation. For weak interactions V=t= 0:4 there additionally exists a metallic regime. (b) Same
as (a) , but for repulsive density interactions V=t > 0. Instead of a Pomeranchuk instability, one nds a charge
density wave with a nite pitch vector g = M that breaks translation invariance. If the lling is reduced,
the particle-hole instability is overhauled by a divergence in the s channel. The respective gap hasp-wave
symmetry, i.e. it transforms in the E; irrep, but further neighbor contributions need to be accounted for. At
low densities we nd a metallic phase, in which singular couplings are absent.

3.4.1 Example 1: Channel truncated N -patch fRG

For the mean- eld scenario, we study the Hamiltonian presented in Eq.(3.44) with attractive interac-
tionsV=t= 1landfor llings =t 2 [ 1;2]. For =t =2, the dispersion Eq.(3.46) exhibits a Van Hove
singularity at k = M due to saddle points in the dispersion. Moreover, the Fermi surface is perfectly
nested (see [Fig. 3.5(a)]) and touches the Brillouin zone at the Van Hove points. For larger chemical
potentials, the (k) =0 line intersects with the boundary of the Brillouin zone, giving rise to Fermi
pockets around theK -points. This opens up the possibility for superconducting states with extended
symmetries (such asf -wave) if their respective nodes lie in the regions between the pockets. Below
Van Hove lling, nesting is absent and the Fermi surface assumes a circular shape, which progressively
shrinks around the -point when =t is decreased. One could therefore expect a competition between
two superconducting instabilities in the chosen range of Ilings: one with extended symmetry in vicinity
of Van Hove lling, and one with a lesser number of nodes for=t< 2.

Indeed, as depicted Fig. 3.5(b) and in agreement with Ref. [84], we nd a transition between g-wave
instability at low llings and an f -wave superconductor for =t & 1:2, signi ed by a local minimum

in the critical temperature. The p-wave instability features two nodes on the Fermi surface and its
gap, which is best described by the nearest-neighbor basis functionsg; , of the two-dimensional E;
irrep, is doubly degenerate (see [Fig. 3.6(a) - (c)]). Its Chern number for a mean- eld constructed
as ( k)= 1(k) i 2(k) evaluates toC= 1, that is, the respective p, + ip, state is topologically
non-trivial, which agrees with the ndings of Ref. [84]. The f -wave state (see [Fig. 3.6(d) - ()]),
on the other hand, transforms in the one-dimensionaB; irrep and is therefore topologically trivial.
Consequently, there must be a quantum phase transition in between, which according to Ref. [84] is
likely rst order.

3.4.2 Example 2: N-patch fRG for spinless triangular-lattice fermions

Having instilled some con dence in the correctness of our implementation, we now turn to the discussion
of the fRG results with competing channels. To generalize the results from the ladder resummation,
we begin by presenting the phase diagram for various attractive interactionsV=t < 0, plotted in
Fig. 3.7(a).

In total, we nd three di erent ground state instabilities. Starting from a p-wave instability at low
densities, the symmetry of the gap changes fronp- to f -wave for interactions 04 <V=t< 1,
followed by a plateau of particle-hole instabilities. For smallerjVj=t, the critical temperature of the
p-wave instability is suppressed belowT g =10 ° and thus becomes elusive. The respective region in
the phase diagram is therefore coinednetal. For larger jVj=t, on the other hand, the region off -wave
superconductivity diminishes.
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Figure 3.8: Competing instabilities for repulsive interactions close to Van Hove lling. (a) Flow
of the maxima in the 2PR channels, signifying an instability in the pairing channel. (b) Renormalized pairing
vertex at the critical scale T.. (c) Superconducting gap function computed from (b) . The solution is doubly
degenerate and hast extendedp-wave symmetry, as indicated by multiple nodes on the Fermi surface. A t
of E; basis functions is plotted as dashed lines. (d) Same as(a) , but with an instability in the particle-hole
channels. (e) Direct particle-hole channel at the critical temperature. The respective order parameter is
plotted in (f) , with a t of Aj (s-wave) lattice harmonics (dashed blue line).

Close to Van Hove lling, one nds a simultaneous divergence of the two particle-hole channels (see
Fig. 3.8). Due to crossing symmetry, which relates the respective bubble functions ([Eq. 2.24]), the
ows closely align and we can reduce our discussion to; for brevity. The direct particle-hole channel
becomes singular for transfer momentay; = 0, that is, a Pomeranchuk instability occurs. Since the
respective gap equation possesses a large negative eigenvalue, it seems that the system develops a
tendency towards Fermi surface deformation [35]. This result, however, has to be taken with a grain of
salt, since the respective mean- eldh ¢ i, corresponding to the fermion density, does not break any
symmetries. Therefore, we cannot associate the singularity with any order. One possible reason for
the divergence of the ow could be the neglect of self-energy e ects ilN -patch fRG. The latter could,

in principle, acquire a non-trivial momentum dependence and counteract the divergence, but in the
absence of numerical results, this remains speculation.

On a qualitative level, our results obtained with additional uctuations in the particle-hole channels
are consistent with those obtained in the previous section, since the gaps for both thp and f -wave
instabilities transform in the same irreps of Cg,. Moreover, the sequence of their appearance as a
function of doping remains identical. The Pomeranchuk instability, on the other hand, could not be
obtained from exclusively considering uctuations in .

Let us now consider repulsive interactionsV=t > 0. Similar to the attractive case, we again nd an
instability of the particle-hole channels for chemical potentials =t 2. This time, however, nite
momentag; = M are transferred through the internal bubble, signaling the emergence of a charge
density wave (CDW), which breaks translation invariance. Sinceq; coincides with the nesting vector,
this instability can be considered a two-dimensional analogue of a Peierl's instability. The dominant
eigenvector of the associated scattering potential is found to transform in theA ; irrep and has s-wave
symmetry.

Below Van Hove lling nesting is lost, but uctuations in the particle-hole channels remain sizable.
Nonetheless, one nds an instability in ¢ if =t is decreased far enough. This is remarkable, since the
nearest-neighbor interaction is repulsive,V=t > 0, and an attractive interaction in the Cooper channel
must be caused by inter-channel feedback during the RG ow, similar to the generation ofd-wave
superconductivity from antiferromagnetic uctuations in the square lattice Hubbard model [21, 36].
The ows of the 2PR channels plotted in Fig. 3.8(a), for su ciently strong V=t mimic this behavior.
At large temperatures, the vertex is dominated by the particle-hole channels. When the temperature
is decreased, however, both; and  freeze out and ow to a constant value. The particle-particle
channel, which is subdominant in the ultraviolet, then displays a strong increase in the low-temperature
regime and its maximum ultimately surpasses the upper numerical boundW. The corresponding
gap function features an unusual large number of ten nodes on the Fermi surface and has higher-order
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p-wave symmetry, that is it transforms in the E; irrep but its momentum dependence needs to be
modeled with both rst and second neighbor harmonics. From an experimental point of view this is
interesting insofar that a superposition of nearest and next-nearest-neighbor functions of thé&; irrep
can boost the Chern number to valuesC> 1 (see Ch. 6.1), which would result in a strongly enhanced
guantum Hall response.

Let us summarize the main achievements of this section. We have presented an accurate, yet numerically
e cient implementation of N -patch fRG, which facilitated calculations with Fermi surface resolutions
well beyond the scope of other studies. Motivated by twisted transition metal dichalcogenides with
hexagonal superlattices, we considered a toy model of spinless fermions on the triangular lattice, for
which a plethora of charge and pairing instabilities could be uncovered. Moreover, our results have
been carefully benchmarked with a truncated-unity fRG solver (see Ch. 6.1). Therefore, our work can
be readily generalized to more realistic models for moiré materials with additional spin and/or orbital
degrees of freedom.
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4 Pseudofermion fRG for quantum spin systems

In this chapter, we concern ourselves with another avor of the fRG approach: the pseudofermion
functional renormalization group (p RG) and its application to quantum spin systems. The method
was pioneered by Reuther and Wél e in Ref. [22] and, as its name suggests, is based on a representation
of spin operators in terms of Abrikosov fermions. In sharp contrast to itinerant electron models, where
the Hamiltonian typically contains both, a kinetic part characterized by some hopping amplitude t
and interaction terms identi ed with some energy scaleU, the pseudofermion Hamiltonian resembles
the t=U ! O limit, where only quartic terms remain. Since the approximations presented in Sec. 2.3
were derived assuming weak coupling, the question arises to which extent a truncated and thus
formally uncontrolled p RG ow is able to capture the low-energy physics of strongly interacting spin
models.

First insight into this issue can be gained from a closer inspection of thd®™ ow. The Katanin truncated

p RG equations boil down to a resummation of ladder diagrams both in the large-S (spin length) and
large-N (as in in SU(N)) limit [70, 85], the former boosting classical order, whereas the latter promotes
quantum uctuations. In both cases the exact mean- eld results are recovered. This indicates that,
even forS = 1=2 and N = 2, some competition between magnetic instabilities and paramagnetic
uctuations, which hamper the spread of long-range correlations, is built into the p RG ow. Note
that feedback of the self-energy derivative into the ow of 2PR vertices is crucial for establishing this
delicate balance, since ows without the Katanin truncation appear to be heavily biased towards
magnetic instabilities [22].

Throughout the past decadel -p RG has, due to its versatility, been picked up by quite a number
of research groups, which uttered in a surge of papers that concern themselves with a plethora of
(frustrated) spin models in di erent spatial dimensions [22, 86 114]. Apart from the addition of 2°
corrections by Rick and Reuther [115], the assessment of systematic errors induced by truncating
the p RG ow, has, until recently [P1, 116], attracted much less attention. This is surprising insofar
that 1=S (1=N) is usually not a small parameter such that the neglect of higher-order contributions
is unjusti ed. Therefore, assuring self-consistency of the method becomes a mandatory task. As
outlined in Sec. 2.3.3, the addition of multiloop corrections restores the equivalence between fRG and
solutions of the self-consistent parquet approximation. For this reason, mfRG can be deemed a valid
starting point for gauging the importance of higher-order corrections. The loop order hereby serves as
a control parameter: convergence of the pseudofermion vertices with increasinginstills con dence in
the respective level of truncation and ensures that mutual screening e ects between the 2PR channels
are fully accounted for.

The remainder of this chapter is structured as follows. In Sec. 4.1 we provide a brief introduction to
the intricate physics of frustrated quantum spins systems and the appearance of exotic spin liquid
states therein. We proceed by reviewing the pseudofermion representation of spin operators in Sec. 4.2
and, following Refs. [117, 118], present an e cient parametrization of the vertices with regard to their
real space, spin and frequency structure. At last, the numerical implementation of p RG is extensively
discussed and rounded o with a few computational examples in Sec. 4.5.

4.1 Frustrated magnetism and quantum spin liquids

Quantum spin models are Hamiltonians which describe interactions between the magnetic moments of
rmly localized, yet strongly correlated electrons. At high temperatures, spins usually exhibit param-
agnetic behavior, that is, the contributions from individual moments to the macroscopic magnetization
cancel out. Upon cooling, however, they can behave cooperatively and give rise to long-range magnetic
order. Frustrated quantum magnets, on the other hand, provide prominent exceptions to this rule.
Here, the proliferation of magnetic correlations is impeded by strong uctuations and the presence of
competing ground states.

One recurring motif in frustrated magnets is the formation of so-called quantum spin liquids (QSLS),
exotic states of matter in which the spins remain disordered even at the lowest temperature scales.
A positive de nition of QSLs goes to back to the resonating valence bond (RVB) state proposed by
Anderson as an alternative ground state of spint=2 antiferromagnets [119]. In an RVB, the ground
state wave function is composed of a massive superposition of singlet coverings of the lattice, so-called
valence bond states, and thus shows an anomalously large degree of quantum entanglement. Moreover,
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the RVB state features spin-1=2 quasiparticles calledspinons, which can be generated by fractionalizing
one of the singlets into two decon ned magnetic charges. These excitations can be gapped or gapless
depending on the spatial extent of singlet bonds.

Over the years, the theory of quantum spin liquids has rapidly evolved, resulting in many excellent
review papers such as Refs. [10, 120, 121]. However, the key ingredients of QSL states, hamely competing
interactions, frustration and strong quantum uctuations, have impeded the development of a complete
classi cation scheme [10]. In this vacuum, the consultancy of realistic models which are exactly solvable
and thus provide invaluable insights into the physics of spin liquids are of paramount importance. A
famous example of a Hamiltonian which precisely ts these criteria is Kitaev's honeycomb model [7],
which, despite its simplicity, harbors both gapped and gapless QSL states. Here, spins fractionalize into
Majorana fermions and a staticZ, gauge eld. Their respective fate in the presence of tilted magnetic
elds has recently been investigated in breakthrough experiments by Kasahara [8] and, concomitantly,
by numerical calculations with di erent many-body techniques [122 125].

The revelation that the Kitaev model could be realized in Mott insulators with partially lled taq
shells and strong spin-orbit coupling [126] has ignited a lasting interest in the quest for palpable
spin liquid materials. This search is, of course, not strictly limited to pristine Kitaev materials, but
includes triangular and kagome systems such as EtM&Sb[Pd(dmit) 2], [127] and Herbertsmithite
(ZnCu3(0OH)6Cl,) [128] besides three-dimensional spin-ice materials like Hdi,0; and Dy, Ti,O7 [129].
Despite the steady stream of additions to the family of QSL candidates, tackling the multifaceted spin
Hamiltonians encountered therein has remained challenging, although many established numerical
methods have become very sophisticated. The exponential growth of the Hilbert space dimension with
system size has, so far, prohibited the study of large systems with exact diagonalization or DMRG,
while the infamous sign problem restricts quantum Monte Carlo (QMC) simulations to relatively high
temperatures. This calls for the development of novel theoretical tools to unravel the low-temperature
phase diagrams of frustrated quantum magnets.

4.2 Abrikosov fermion representation of spin operators
We consider general spint=2 Hamiltonians of the form

1 X
i

H (4.1)

where S, denotes the 2 f x;y;zg component of the su(2)* spin operator on lattice site i. The
prefactor 1=2 ensures that each bond(i;j ) contributes to the total energy only once. We assume that

the couplings J; (usually J; = 0) between sitesi and j are real, such that the spin Hamiltonian is
hermitian and time-reversal symmetric [117]. Moreover, we impose
J =J. = J. 4.2)

1) ]I I}

Here, 2f 1gis aZ, variable such that J; can be symmetric or antisymmetric in spin space and
either break or preserve inversion symmetry on individual bonds. This Hamiltonian already captures a
plethora of di erent spin models including, for example, SU(2) symmetric Heisenberg interactions for
which J; evaluates toJ; = Jj

In order to apply the fRG framework developed in Ch. 2, the spin operators are expressed in terms of
complex pseudofermions [130] as

1

Si = é

where equal spin indices 2 f* ;#gare summed over. Here,  are the elements of the Pauli matrix
. Introducing the matrix operator

o c ; (4.3)

c. ¢
Fi= L (4.4)
I Cy
S, can alternatively be represented as
1
S = éTr[Fiy F 1: (4.5)

1 su(2) denotes the spin algebra.
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Importantly, S; is invariant under F; ! F;T;, whereT; 2 SU(2) is a localgauge transformation Note
that in contrast to a physical symmetry, which would be implemented by left multiplication with some
unitary matrix UY, the gauge transformation is de ned by right multiplication, instead. A general
symmetry, in the sense that it leaves the Hamiltonian unchanged, can therefore act both globally as
well as in the gauge sectorf; | UYF;T;. Guided the pioneering work of Wen [9], this observation has
led to the notion of projective symmetry groups (PSGsy and quantum order, which can be used to
classify mean- eld ansétze for spin liquid phases.

Although the Pauli matrices ensure that the su(2) commutator stays intact, Eq. (4.5) does not yet
su ce to faithfully reproduce the original spin model. This is because the dimensiond=2 2=4
of the local pseudofermion Hilbert space is larger than that of the spint=2 representation (d = 2).
Two of these states, namelyjn-;ngi = jO;0i and jn-;n4i = j1;1i, wheren denotes the spin up (down)
occupation are unphysical, since they corresponds to magnetic vacancies which are absent in £4.1).
Their existence requires an additional half- lling constraint

dec =1; (4.6)

to be fullled on every lattice site in order to render the pseudofermion model isomorphic to the
spin-1=2 Hamiltonian. In the context of p RG, several ways to cope with this local constraint have
been suggested:

(a) Anexact ful llmentin a eld-theoretical setup such as fRG could, for example, be accomplished by
introducing a functional -distribution on the level of the fermionic action [131]. In consequence,
one would need to keep track of an additional owing constraint eld, which complicates the
fRG analysis tremendously. For this reason, we refrain from employing this approach.

(b) At nite temperatures, unphysical contributions to the partition function can be projected out by
means of an imaginary valued chemical potential = iTT as suggested by Popov and Fedotov
[132]. ForT ! 0 the chemical potential vanishes, which motivates its neglect at zero temperature.
Indeed, as has been demonstrated in Ref. [133], pseudofermion fRG results obtained with and
without the Popov-Fedotov constraint coincide in the low temperature regime. Unfortunately,
breaks the hermitian symmetry of the Hamiltonian, which makes its implementation comparably
expensive [22].

(c) At zero temperature the constraint is usually not exactly enforced, but holds on average due to
local particle-hole symmetry of the pseudofermion Hamiltonian [P1, 117]. As will be exempli ed
in Sec. 4.5.2, the magnitude of uctuations around the averagehc’ ¢ i = 1 can be further
reduced by means of local level repulsion term&S; S; which, for A < 0, swell the gap between
physical and unphysical states proportional tojAj [85, 116]. In principle, one could achieve
the same by employing a Lagrange multiplier (n; 1)? on every site, wheren; denotes the
local pseudofermion density. Yet, this approach manifestly breaks particle-hole symmetry and is
therefore numerically ine cient (see Sec. 4.3.4).

In the following, our focus lies on the implementation of local half- lling as outlined in (c), which
restricts us to quantum spin models in the zero temperature limit.

4.3 Parametrization of pseudofermion vertices

In its pseudofermion representation, the general spin Hamiltonian Eq. (4.1) computes to

1 X
Hzg__ Jj ddcdco; 4.7)
i
that is, it does not comprise a kinetic part and assumes a purely quartic form instead. The bare
propagator Gg is therefore particularly simple and reads
. 1
Go(x9jx1) = T o, 9,10, Go(l1) %, 0 5 101, (4.8)
i.e., Gg is diagonal in all fermionic indicesx; = (i1; 1;!1), where lattice sites are denoted byi,,
spin indices by ; and Matsubara frequencies by! 1, respectively. Following the initial proposal

2 A PSG combines the symmetry group of a QSL with its invariant gauge group, i.e. the set of pure gauge transformations
which leave a given pseudfermion mean- eld ansatz unchanged.

33



Pseudofermion fRG for quantum spin systems

Figure 4.1: Sketch of scale-dependent bare propagators. The regularized bare propagator Go(! ) (blue
line) peaks for frequencies close to the RG scale and decays algebraically for j! j . The bare single-scale
propagator So(! ) = diGo(! ) displays even sharper features close tg! j = and falls o exponentially for
large j! j= . Both propagators are antisymmetric with respect to the origin.

by Reuther [22], the p RG cuto has commonly been implemented via a Heavyside -function:

Go(')= ('j ) Go(!). This way, uctuations with j! j< are sharply suppressed. Although the
sharp cuto helps to facilitate analytical calculations [70, 85], is not a smooth function, which has
prohibited the usage of higher-order numerical integration methods. To circumvent this issue, we
employ a Gaussian regulator

2

Go(1)= 1 e'™" Go(); (4.9)

as shown in Fig. 4.1. Notably,G, (! ) exhibits an algebraic fall-o with 1=! for frequencieg! j

Our parametrization of pseudofermion vertices is largely based on the thorough symmetry analysis
performed in Ref. [117]. The general strategy unfolds in two steps: First, symmetry transformations
are veri ed on the level of the action and their validity is subsequently imposed on the level of 1PI/2PR
vertices. In a second step, one derives a set of constraints that they ought to obey. Equipped with these
prerequisites, the general expressions for the self-energy loop and channel speci ¢ bubble functions
from Sec. 2.2 can be drastically simpli ed.

4.3.1 Local ow equations

The rst invariance we concern ourselves with, is the local UQ) gauge redundancy of the pseudofermion
action, i.e. Grassmann elds are assigned a local phasg as

j !eiij
el (4.10)

which leaves single spin operators; unchanged. Due to the absence of any kinetic term in Eq(4.7), this
implies conservation of the particle number per site and thus demands (bi-)locality of the propagators
and 1PI vertices [117]. In other words, (as well asG) is diagonal in site indices

(X3ixa) = 0, (e0j%1)  poiy s (4.11)
whereas (as well as () is subject to the condition

(x%x9yxaixz) = 5i, D x0i%as %) oy igi, + 0, (DX %) i, g, (4.12)
On the right-hand side of these equations, dependencies on the lattice sites have been made explicit
such that »; solely comprises frequency and spin indices. In p RG, one usually assumes that all
sites are symmetry equivalents of one another and, consequently, the self-energy and propagators are
spatially uniform ;, 09%1) = ( x9jx;). For the models considered in this work, this conjecture is
indeed ful lled. The components ~ and correspond to the two possibilities of connecting incoming
and outgoing fermions at a generic two-particle vertex: lattice indices are either preserved along two

parallel (=) or two crossing lines ( ) (see Fig. 4.2). Notably, crossing symmetry implies that

b, Ok ) = L Ok xe) = D, (kY6 k) (4.13)
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Figure 4.2: Bilocal parametrization of the two-particle vertex. Due to local U(1) symmetry,

decomposes into a parallel ( ) and a crossed component (), corresponding to the two possibilities to

connect in and outgoing legs. Here, lattice indices are preserved along single fermion lines. The two vertices
= and are related to one another by crossing symmetry.

which allows us to formulate the ow equations entirely in terms of = or 3. Applying this
parametrization to the self-energy loop we nd

X
[ G] = i, (R0 %) iy 01, iy, (69 XRi%a%2) i, 0, G(%2i%9) igi,
0.
Xi,XZ
= o O 061 %2) oy inin Thi, O X% %2) o0, iy, G%2iXD)
xX9i%2 2
2 3
X X
= DO %) T (kX %2) D GOkXD) o, (4.14)
X%z ]

Note that we have highlighted vertex components =~ which have been obtained through Eq.(4.13)
as 7~ . This level of book keeping becomes essential for the formulation of the multiloop p RG ow,
where is occasionally substituted with 2PR contributions . To compute the mfRG ow for the
self-energy, for examplet-irreducible vertex contributions need to be inserted into the self-energy loop
in order to compute . This is important insofar that  and |, are exchanged by crossing symmetry,
giving rise to the identities

0.,0ire - _ = 0..0i\ . _ = 0.0\ .
ti i, (%13 X20%15 %2) = wi i, (%20 X7)%15 %2) = wi iy (%13 X2)%2; %1)

wih, 0% x) = oL 0k xo) = 5 Oed i k) (4.15)

In similar fashion, one can bring the general bubble functionsB. into their bilocal form, which likewise
decomposes into a parallel and a crossed component. Here, we present results for the former and
dispense with presenting the explicit calculation. Thes bubble only operates on crossing symmetric
objects like , ¢ or s and projections between the parallel and crossed components thus do not need
to be especially accounted for, resulting in the compact expression
X
Si i, O X%y %) = D, 09 X0 %0) G(%3jx3) G (%ajx9) [, (%) xj%3;%4) 1 (4.16)
x3:%9 %304

The bubble function for the direct particle-hole channel, in contrast, contains contributions a ected by
[Egs. (4.15)], such that further book keeping is required. Using the™ notation introduced for the
self-energy loop,B computes to

= 0.,.0; X X = 0.,.0; 130 i 0y = 0.,.0;

Bii i, (X1 %00%15 %2) =+ nj (%1 Xa)%1; %3) G(%3)x3) G(%a)Xa) i , (X35 %2)%4; %2)

xg;xji’(;xs;m j

tigiz

i (65 X311 %3) G (%3 X3) G (xajX7) 7, 1, (%3: X3i%2; Xa)
xg;X)S(;*g;m
iy (% x0xa; %1 ) G (%3)%3) G (xaj%]) i, (%3; X9jxa; x2) 1 (4.17)

%3:%9 %3, %4

For the calculation of the u bubble, only parallel components need to be invoked and we can straight-
forwardly calculate B, ;,, which yields
X
o 11, O XD %1 %) = D, 09 30 %) G(%3jx3) G (xajx]) [, (%) x5i%s; %) 1 (4.18)
x31%9 3%

3 We choose =
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Figure 4.3: (Bi-)local p RG ow equations in 1" truncation. (&) The self-energy ow decomposes
into a non-local Fock and a local Hartree term (the rst and second diagram, respectively). Slashed lines
denote single-scale propagators.(b) The ow of the two-particle vertex can be entirely expressed in terms of
its parallel component. Notably, t-reducible contributions to  (magenta box) fall apart into three terms, the
rst of which is the RPA diagram, responsible for the proliferation of magnetic correlations over the lattice.
Here, a pair of slashed fermion lines corresponds todi(G G).

Having parametrized the bubble functions, one can formulate the p RG ow equations in terms
of bilocal vertices, as diagrammatically shown in Fig. 4.3 for” = 1. Remarkably, only the rst
term in the t bubble, the RPA diagram, contains a lattice summation and is therefore responsible
for the proliferation of (magnetic) correlations. This argument is further supported by the large-S
generalization of p RG, wherein the RPA loop receives an additional sum over fermion avors [85]
and thus a prefactor proportional to S. Other contributions to the ow are on the order of unity,
instead. Instabilities in the t channel are therefore prominently associated with long-range magnetic
order.

4.3.2 E cient evaluation of spin sums

We now turn to the simpli cation of the spin dependence of the vertices. To keep the notation
concise, we refrain from writing out superscripts for the parallel vertex component and, instead, assume
i1i. = 1,i, from now on. In agreement with Ref. [117], we expand the vertices in terms of the basis
elements of thesu(2) spin-1=2 representation, i.e. in Pauli matrices, and add2 2 unities, which cover
density uctuations. The self-energy (and propagators) then assume the general form
X
(x3jx1) = (CE/IEV I (4.19)

1

with 2 f d; x;y; zg, whereas bilocal two-particle vertices decompose into

(4.20)

i1, (605 X9j%1; X2) = AN (EHEIEHP) 0, 9,
Here, 9= 1. For highly symmetric spin models, such as spin-rotation invariant Heisenberg Hamilto-
nians, some functions ; ; remain identical to zero and can thus be neglected. Here, however, we keep
them for the sake of generality. At this point, we can make use of the hermiticity and time-reversal
symmetry of the general spin Hamiltonian in Eqg. (4.1), which impose that single-particle objects are
diagonal in spin space [117]. In the expansion of the self-energy, we therefore only need to consider
density contributions.

Plugging the spin parametrization into the local self-energy loop Eq. (4.11) therefore yields
2 3

1X4deo.o-. X 0.1 0i1 -1 5 0 .
- 2 i1j(! L2l t2) ilil(! M1 2)2 G( 2jt 5) i% 9 1o

[ G] =

PN J

(4.21)
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that is, only vertex functions with equal spin directions = contribute. Note that we have dropped
the d superscript over the propagator G for brevity. To compress the respective algebraic expression
for the 2PR bubbles, we introduce the rank-4 doublet and rank-5 triplet tensors, denoted by , and

3 respectively, and de ned as

X
2,9 2 21
X
3 9 . 99 92 21 (4.22)
21 2
The spin-parametrized bubble functions then read
0.0 - 1 X X
Bsiiliz(XLX'ZJX'LX'Z): = 29, 29,
I H I H IR
iliz(!)%:! it 2)G( sl DG 4! ) 15, (1 251200 55! a)
Btiiliz(xg;x'gj*l;x?):"' =z . 0, 92
I HIEH IV i
g (DR 151 3)G( st DG ajt 2) i, (13 art )
1 X X
T4 g 13 g 2
I H I H I IR
o (A1 151 8)G(! sj! §)G(! af! )Ty, (1551 20! 231 4)
1 X
4 3391 92
I H I I IR
T U121 s )G aj! G 4it D) i, (1101 4r! )
0. 0 1 X X
Bui,i, (%1:%5)%1,%2) = — 2.0, 29,
R H I S IR
L (U0 151 )G s DG 4j! )T, (N a1 2): (4.23)

To obtain a specic B one can yet again expand the doublet and triplet tensors in  and

Ciiqin?
exploit that the Pauli ma%rizces, in contrast to the Kronecker delta, are traceless, i.anr( ) =0 for
6 d. Without loss of generality (for 3 one proceeds analogously), consider, = a , which
implies
1
ag = éTr( 5 ) (4.24)
Moreover, we have the identity = 1+ , Where is the Levi-Civita symbol. From this

equation, we are able to obtain the coe cient a (with 6 d) as simple as
1
a = QTI‘ [ » asl) 1; (4.25)

such that the right-hand side of each bubble function can ultimately be decomposed into contributions to
speci c componentsB.,; ;. Using a computer algebra program to perform these algebraic manipulations
for a given model, one can straightforwardly derive e cient, spin-parametrized p RG ow equations
for the general Hamiltonian in Eq. (4.1).

4.3.3 Asymptotic frequency parametrization

The last step in reducing the complexity of the ow equations amounts to exploiting frequency (energy)
conservation by virtue of time translation invariance [117], that is, we impose

(M9 )=(ly) o, (4.26)
on the self-energy and propagators and
i, (! g;!gj!1;!2): i, (Usit ) PO+1 0 141, (4.27)
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Figure 4.4: Natural frequency parametrization of 2PR vertices. Each channel . is associated with
one bosonic transfer frequency! . and two fermionic frequencies . and 2. Our convention is chosen such that
¢ ( ) exclusively appears as an argument of the left (right) vertex object in the respective bubble function
B.. Moreover, the general vertex symmetries Eq. (4.36) assume a particularly convenient form when projected

into ..

on two-particle vertices, where we introduced thetransfer frequencies

Lyt (4.28)

This way, only one instead of two frequency arguments for one-particle objects and three instead of four
frequencies for two-particle objects need to be accounted for. So far, we kept our derivations applicable
also to nite temperatures for the sake of generality. When approachingT = 0, however, the spectrum
of Matsubara frequencies becomes continuous and, consequently, Matsubara sums are promoted to
integrals over the imaginary axis. Since zero temperature is the preferred regime of operation for p RG
because thermal uctuations which could boost the occupation of unphysical states are frozen out, we
switch to the integral notation from now on. The self-energy loop thus simpli es to
7 2 3
X X
[ G] = dv42 ddry+v;0l 1 V) Tun (Tt Vv 13509 G(V) o, o

i1] i1i1 L

(4.29)

Note that using the simpli ed self-energy loop (or 2PR bubbles) to derive ow equations for 1PI
vertices requires to parametrize the respective left-hand side of the equation in similar terms. This
procedure cancels not only the leftover Kronecker deltas or Pauli matrices, but also produces a prefactor
2 , which needs to be included in an explicit implementation. Using energy conservation, the spin
parametrized bubbles Eq. (4.23) evaluate to

0.,.0; z X
Bsiyi, (%1, X20%15 %2) = dv 2,0, 29 5 101001,
. . .10 .10
2'2(! S!V ! l,V ! Z)G(V)G(! s V) |1|2(! S)! 1 V,! 1 S+ V)
o o X X
Bti i, (%1, X0)%1;,%2) =+2  dv 0, 9, 10HISN

j
D TR viigl Y MGWIG(Y ) i, (19 vty 1)

4
dv 0, 3 9, 1PHIaHt,
0 . .10 ~ 0 . .
Zi1i2(!1 e+ vyl VIGWG(Y )7L, (ta+viv Tarly)
X
dv 30, 9o 1dHI%ant,
~ 0 .10 . 0 . .
Zilil(!1 e+ vyl viTOGWG(Y  Ty) 4,002+ vty 1))
0.,.0i\c . _
Buji yi, (X1; %5)%1; %2) = dv 2,9, 29 2 19HI%aHt,

iliz(!’ 'g’+ viv Ll )GMGKY 1) T, () tu+ vt vty
(4.30)

Remarkably, every transfer frequency! . is intimately tied to one of the 2PR bubbles and describes
the energy transmitted through the internal loop. The frequency! 5, for example, only appears in the
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