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Abstract

’There are very few things that can be proved rigorously in condensed matter physics.’

These famous words, brought to us by Nobel laureate Anthony James Leggett in 2003, summarize very
well the challenging nature of problems researchers find themselves confronted with when entering the
fascinating field of condensed matter physics. The former roots in the inherent many-body character
of several quantum mechanical particles with modest to strong interactions between them: their
individual properties might be easy to understand, while their collective behavior can be utterly
complex. Strongly correlated electron systems, for example, exhibit several captivating phenomena
such as superconductivity or spin-charge separation at temperatures far below the energy scale set by
their mutual couplings. Moreover, the dimension of the respective Hilbert space grows exponentially,
which impedes the exact diagonalization of their Hamiltonians in the thermodynamic limit. For this
reason, renormalization group (RG) methods have become one of the most powerful tools of condensed
matter research - scales are separated and dealt with iteratively by advancing an RG flow from the
microscopic theory into the low-energy regime.
In this thesis, we report on two complementary implementations of the functional renormalization
group (fRG) for strongly correlated electrons. Functional RG is based on an exact hierarchy of coupled
differential equations, which describe the evolution of one-particle irreducible vertices in terms of an
infrared cutoff Λ. To become amenable to numerical solutions, however, this hierarchy needs to be
truncated. For sufficiently weak interactions, three-particle and higher-order vertices are irrelevant at
the infrared fixed point, justifying their neglect. This one-loop approximation lays the foundation for
the N -patch fRG scheme employed within the scope of this work. As an example, we study competing
orders of spinless fermions on the triangular lattice, mapping out a rich phase diagram with several
charge and pairing instabilities. In the strong-coupling limit, a cutting-edge implementation of the
multiloop pseudofermion functional renormalization group (pffRG) for quantum spin systems at zero
temperature is presented. Despite the lack of a kinetic term in the microscopic theory, we provide
evidence for self-consistency of the method by demonstrating loop convergence of pseudofermion
vertices, as well as robustness of susceptibility flows with respect to occupation number fluctuations
around half-filling. Finally, an extension of pffRG to Hamiltonians with coupled spin and orbital
degrees of freedom is discussed and results for exemplary model studies on strongly correlated electron
systems are presented.
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Kurzzusammenfassung

’There are very few things that can be proved rigorously in condensed matter physics.’

Diese berühmten Worte des Nobelpreisträgers Anthony James Leggett aus dem Jahr 2003, fassen
die herausfordernde Natur der Probleme, mit denen Wissenschaftler im faszinierenden Gebiet der
Physik kondensierter Materie konfrontiert werden, sehr gut zusammen. Diese resultieren aus dem
inhärenten Vielteilchen-Charakter von mehreren quantenmechanischen Teilchen mit mässigen bis
starken Wechselwirkungen: ihre individuellen Eigenschaften mögen einfach zu verstehen sein, ihr
kollektives Verhalten aber ist äusserst komplex. In Systemen bestehend aus stark korrelierten Elek-
tronen beispielsweise, treten spannende Phänomene wie Supraleitung oder die Trennung von Spin-
und Ladungsfreiheitsgraden erst bei Temperaturen auf, die weitaus niedriger sind als die Energieskala
ihrer wechselseitigen Kopplungen. Zudem verhindert das exponentielle Wachstum der Dimension
des zugehörigen Hilbert-Raums die exakte Diagonalisierung ihrer Hamiltonoperatoren im thermo-
dynamischen Limes. Renormierungsgruppen (RG) Methoden gehören aus diesem Grund zu den
mächtigsten Werkzeugen der Forschung an kondensierter Materie, da Skalen voneinader separiert
und iterativ abgehandelt werden indem ein RG Fluss von der mikroskopischen Theorie bis hin zum
Niedrigenergiebereich fortgesetzt wird.
In dieser Arbeit diskutieren wir zwei komplementäre Implementierungen der funktionalen Renormie-
rungsgruppe (fRG) für stark korrelierte Elektronen. Funktionale RG basiert auf einer exakten Hierarchie
von gekoppelten Differentialgleichungen, welche die Entwicklung Einteilchen-irreduzibler Vertizes an-
hand eines Infrarot cutoff Λ beschreiben. Damit sie numerisch lösbar wird, muss diese Hierarchie
jedoch trunkiert werden. Für hinreichend schwache Wechselwirkungen sind Dreiteilchen-Vertizes
und solche noch höherer Ordnung am Infrarotfixpunkt irrelevant und können daher vernachlässigt
werden. Diese one-loop Näherung bildet im Rahmen dieser Arbeit die Grundlage für das angewandte
N -Patch fRG Schema. Als Beispiel betrachten wir konkurrierende Ordnungen spinloser Fermionen
auf dem Dreiecksgitter, für welche wir ein ergiebiges Phasendiagramm mit mehreren Ladungs- und
Paarungsinstabilitäten berechnen. Für den Fall starker Wechselwirkungen stellen wir eine Spitzenimple-
mentierung der multiloop Pseudo-Fermion funktionalen Renormierungsgruppe (pffRG) zur Anwendung
auf quantenmechanische Spinsysteme am absoluten Nullpunkt vor. Darüber hinaus zeigen wir, dass die
Methode, trotz des Fehlens eines kinetischen Terms in der mikroskopischen Theorie, selbstkonsistent
ist, indem wir sowohl die loop-Konvergenz der Pseudo-Fermion Vertizes demonstrieren, als auch
die Stabilität von Suszeptibilitätsflüssen gegenüber Teilchenzahlfluktuationen nahe halber Füllung.
Schliesslich diskutieren wir die Anwendung der pffRG Methode auf Hamiltonoperatoren mit gekoppelten
Spin- und Orbitalfreiheitsgraden und stellen die Ergebnisse von Modellstudien an stark korrelierten
Elektronensystemen vor.
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Introduction

1 Introduction

Strongly correlated electron systems haven proven themselves fertile ground for the discovery of novel
and intriguing physical phenomena, such as high-temperature superconductivity, frustrated magnetism
or the fractionalization of quantum numbers. The common motif shared by materials exhibiting these
strong correlations is the absence of a coherentsingle-particle picture - interactions between them are
often on a par with their kinetic energy, which calls for a many-body perspective.

To develop the latter, the consultancy of theoretical models is of paramount importance. Ideally, these
should be simple enough to distill the essential properties of an interacting electron system, while
being of relevance for actual materials. A prototypical Hamiltonian for strongly correlated electrons is
the Hubbard model [1, 2], which describes fermions within a single band subject to Coulomb repulsion.
Their movement is thereby restricted to hopping processes between nearest neighbor sites of the crystal
lattice, characterized by some ratet, whereas their interactions are assumed to be screened, such that
only an on-site term of magnitude U remains.

In the weak-coupling limit, that is U=t � 1, one may view the interacting system as a perturbed version
of the Fermi gas in which the constituents acquire an e�ective orrenormalized mass and magnetic
moment [3]. Excitations of such a Fermi liquid (FL), its so-called quasiparticles, are thus qualitatively
equivalent to those of the non-interacting system. In general, their lifetime is �nite due to scattering
processes close the Fermi level. Importantly, one should not labor the misapprehension that the Fermi
liquid state is stable just becauseU is su�ciently small. An in�nitesimal attractive interaction, for
example, could cause an unbounded growth of scattering amplitudes with vanishing total spin and
momentum and ultimately lead to a breakdown of FL theory [4, 5]. Such apairing instability marks
the onset of a superconducting phase in which electron pairs obey Bose-Einstein statistics and are thus
capable of condensing into a coherent ground state. Yet, the bare Coulomb interaction is repulsive,
which should impede the formation of bound electron states all together. This raises the question
how an e�ective interaction capable of glueing one electron to another can be generated. A famous
paper by Bardeen, Cooper and Schrie�er (BCS) [6] provides one possible explanation by attributing
the adhesion to electron-phonon coupling: one electron perturbs its surrounding crystal structure
and indirectly attracts another electron nearby. For some materials, such as iron-pnictides, however,
phonon mediated pairing is too weak to explain their ability to conduct electrical currents without
resistivity. A general explanation for the pairing mechanism in superconducting materials has, despite
all e�orts, remained obscure up to the present day.

According to conventional wisdom, partially �lled valence bands make for archetypal electrical conduc-
tors. For su�ciently strong interactions U=t & 1 though, metals may undergo a Mott transition and
become insulators, which sharply contrasts this single-particle picture. In the strong-coupling limit
U=t ! 1 , electrons localize and one expects some sort of magnetic ground state driven by residual
interactions between their spin degrees of freedom. In the presence of strong quantum �uctuations,
however, such spin models can harbor quantum spin liquids (QSLs), massively entangled states of
matter which host fractionalized spinon excitations and refuse to order even at lowest temperatures.
Apart from few exceptions, such as the honeycomb Kitaev model [7] and the observation of a half-
integer thermal quantum hall response in� -RuCl3 [8], their pivotal property, namely the absence of a
magnetic order parameter, complicates the unambiguous identi�cation of QSLs in experiments as well
as numerical simulations. Moreover, despite ambitions to characterize them in terms of their underlying
gauge structure[9], physicists have hitherto struggled to come up with a complete classi�cation of
elusive quantum spin liquids [10].

Capturing the multitude of collective phenomenainherent to strongly correlated electron systems is
particularly challenging due to their scale-dependentnature. In cuprate superconductors, for example,
one traverses three orders of magnitude in energy starting from the Coulomb repulsion, over magnetic
exchange couplings, down to the superconducting transition temperature [11]. The renormalization
group (RG) framework is particularly powerful for bridging between microscopic models and their
e�ective low-energy description. Over the years, various implementations of the RG idea have come
forth, many of which can only be pursued numerically. Wilson's numerical renormalization group (NRG),
for example, is an excellent tool for solving impurity models in an accurate and non-perturbative way.
In conjunction with dynamical mean-�eld theory (DMFT) it can also be extended to lattice systems
at the cost of neglecting non-local correlations and yields valuable insights into the metal-insulator
transition exhibited by the Hubbard model [12]. In one dimension, the density matrix renormalization
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Introduction

group (DMRG) is probably the single most potent method for determining properties of strongly
correlated quantum models, since one is able to calculate static, as well as dynamic quantities up to
machine precision while invoking only moderate computational resources [13]. The generalization of
DMRG to higher spatial dimensions in the form of tensor network methods [14] is currently one of the
most vibrant �elds in computational condensed matter physics.

The RG �avor laying the foundation for this thesis is the functional renormalization group (fRG)
[15], which will be formally introduced in Chapter 1. In particular, we discuss the derivation of the
di�erential equation for the e�ective action at heart of the fRG approach, as well as important approx-
imations required to render its solution feasible. Chapters 2 and 3 are devoted to two complementary
incarnations of functional RG: one for weakly-coupled itinerant electrons and the other one capable of
dissecting magnetic instabilities in quantum spin models. Special emphasis is payed to their numerical
implementation - we will detail each and every algorithm and point out mayor improvements regarding
the accuracy of the so-obtained results when compared to existing literature. Both chapters are
closed with two examples each, giving insight into the outputs produced by the di�erent fRG solvers
and simultaneously highlighting the �exibility of the method. Chapter 5 summarizes methodological
developments pursued within the scope of this thesis: the implementation of multiloop �ow equations
for quantum spin systems and the extension of the fRG formalism to spin-valley coupled Hamiltonians,
relevant for moiré heterostructures such as TLG/h-BN [16]. Applications of functional RG to various
model systems are discussed in Chapter 6. Chapter 7 is concerned with side projects disconnected
from the fRG aspect of this work. We present two novel platforms for engineering exotic quantum
states, multi-layer compositions of transition metal dichalcogenides (TMDs), in which the twist angle
between adjacent TMD sheets provides another tuning parameter for controlling properties of the
band structure, and magnetic materials coupled to an optical cavity. The latter hold promise for
the realization of robust QSL states, which we decipher via a Schwinger-Boson analysis. Chapter 8
provides a summary of the insights gained in this work and speculates about future methodological
directions for the fRG approach.

2



Functional renormalization group

2 Functional renormalization group

In this chapter, the functional renormalization group (fRG) approach to correlated fermionic systems
is introduced on a general level, closely following the derivations presented in Refs. [17, 18]. After its
inception in high-energy physics [19, 20], fRG calculations are, nowadays, also employed in the context
of condensed matter systems, ranging from applications to variants of the Hubbard model [11, 21],
over strongly-coupled spin Hamiltonians [22, 23] to impurity models [24, 25].

The general idea behind fRG is the successive inclusion of fermionic �uctuations during a renormalization
group �ow, which evolves the many-body interactions of a microscopic theory in terms of an infrared
cuto� � . The outcome of an fRG calculation are fully renormalized, one-particle irreducible vertices,
which characterize the e�ective interactions of the system at low energies. From these, useful physical
quantities such as magnetic response functions or superconducting gaps can be obtained.

While the fRG description of a given fermionic model is in principle exact, appropriate truncation
schemes are essential for facilitating numerical solutions of the �ow equations. Most implementations
of fRG concern themselves with the self-energy and two-particle vertex, while neglecting higher-order
terms. Although many physical phenomena can already be captured by this seemingly simple approach,
functional RG calculations have often been lacking quantitative accuracy. In recent years, however,
multiple attempts for improving the predictive power of fRG have been made [26, 27]. The multiloop
scheme by Kugler and von Delft [28] is the latest iteration in that series, allowing to e�ciently
incorporate all diagrams of parquet type, that is, diagrams which can be evaluated at the numerical
cost of the conventional one-loop �ow.

In the following, we �rst present the derivation of fRG �ow equations from general principles. We
continue by discussing di�erent truncation schemes and how they can be motivated from the parquet
formalism, which o�ers an alternative �eld-theoretical description of the many-body problem up to
the two-particle level. Given the vast amount of literature that exists on the matter, some of our
considerations are kept short and the reader is encouraged to follow the given references, which provide
excellent discussions beyond the scope of this work.

2.1 Generating functionals

We consider Hamiltonians of the formH = H 0 + H int , featuring a quadratic part

H 0 =
X

x 0
1 ;x 1

� x 0
1 j x 1 cy

x 0
1
cx 1

; (2.1)

and a two-particle interaction

H int =
X

x 0
1 ;x 0

2 ;x 1 ;x 2

Vx 0
1 x 0

2 j x 1 x 2 cy
x 0

1
cy

x 0
2
cx 2

cx 1
: (2.2)

Here, cy
x (cx ) creates (annihilates) a fermion with quantum numbers encoded in the multi-indexx.

According to the algebra of fermionic operators, the matrix elementsVx 0
1 x 0

2 j x 1 x 2 must be antisymmetric
with respect to permutations (x0

1 $ x0
2) and (x1 $ x2), as indicated by a vertical line separating the

respective index sets.

Since fRG is formulated in the path-integral formalism, we introduce the action of our Hamiltonian in
terms of Grassmann �elds � ;  as

S[ � ;  ] = � ( � ; G � 1
0  ) +

X

x 0
1 ;x 0

2 ;x 1 ;x 2

Vx 0
1 x 0

2 j x 1 x 2
� x 0

1
� x 0

2
 x 2  x 1 ; (2.3)

where we de�ned ( � ; G � 1
0  ) �

P
x 0

1 ;x 1
� x 0

1
[G� 1

0 ]x 0
1 x 1  x 1 . The bare propagator G0 can be determined

from H 0 and we write out its algebraic expression explicitly once we settle on a particular model.
For now, however,G0 is left unspeci�ed. The partition function Z for the action in Eq. (2.3) can be
expressed as

Z =
1

Z0

Z
D[ � ;  ]e� S[ � ; ] ; (2.4)
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Figure 2.1: Schematic illustration of the functional renormalization group . The e�ective action
�[ ��; � ] lives in a high-dimensional parameter space spanned by the self-energy� , the two-particle vertex � 2

and higher-order vertex functions. Under the RG �ow, the couplings are evolved from the ultraviolet (UV) to
the infrared (IR) limit as a function of some cuto� scale � . In practical applications, however, approximations
are unavoidable, such that one computes e�ective low-energy theories only in proximity to the exact solution
(grey). The multiloop ( m` ) truncation, for example, successively incorporates more complex diagrams, until
one recovers a solution to the parquet approximation (PA) for m ! 1 .

where we normalize with its non-interacting counterpart Z0.

The sought-after quantities for a given action are correlations between its fermionic constituents, which
can be computed as Taylor coe�cients of properly de�ned generating functionals. The generator of
disconnectedn-particle Green's functions W [��; � ], for example, is obtained by adding source �elds��; �
to the partition function, yielding

W [��; � ] =
1

Z0

Z
D[ � ;  ]e� S[ � ; ]� ( � ;� ) � ( ��; ) : (2.5)

Disconnected correlation functions can subsequently be calculated as

Gn (x0
1; :::; x0

n jx1; :::; xn ) =
� n

� �� x 1 :::� �� x n

� n

�� x 0
n
:::�� x 0

1

W [��; � ]

�
�
�
�

�� = � =0
: (2.6)

The Gn are fully determined by their connected components as spawned by the Schwinger functional
Wc[��; � ] = ln( W [��; � ]), whose Legendre transform

�[ ��; � ] = � Wc[��; � ] � ( ��; � ) � (��; � ) + ( ��; G � 1
0 � ) ; (2.7)

is the generator for one-particle irreducible (1PI) vertex functions [15]. Here,� = � �W c [ ��;� ]
� �� and

�� = �W c [ ��;� ]
�� denote conjugate source �elds. The 1PI vertices cannot be decomposed any further

by cutting single propagator lines and thus constitute the elementary building blocks for computing
connected correlation functions via the so-called tree expansion [15]. To clarify their physical meaning,
let us consider the matrix identity

R �

 
� 2 W c [ ��;� ]

� ���� � � 2 W c [ ��;� ]
� ��� ��

� � 2 W c [ ��;� ]
����

� 2 W c [ ��;� ]
��� ��

!

=

0

@
� 2 �[ ��;� ]

� ����
+ G� 1

0
� 2 �[ ��;� ]

� ��� ��
� 2 �[ ��;� ]

����
� 2 �[ ��;� ]

��� ��
� (G� 1

0 )T

1

A

� 1

; (2.8)

which can be derived from Eq.(2.7). Focusing on the matrix element to the upper left for vanishing
source �elds and pairing terms1, we �nd the identity

G =
�
G� 1

0 + � 1
� � 1

; (2.9)

1 With pairing terms , we refer to derivatives � 2 F
� � and the likes of them. F denotes some generic functional of

Grassmann �elds.
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where we de�ned the dressed or full propagator

G �
�W c[��; � ]

� ����

�
�
�
�

�� = � =0
; (2.10)

and the one-particle vertex

� 1 �
� �[ ��; � ]

� ����

�
�
�
�

�� = � =0
: (2.11)

Equation (2.9) resembles the form of Dyson's identityG = ( G� 1
0 � �) � 1, which de�nes the self-energy

as the interaction correction to the bare propagator. Consequently,� 1 = � � . This sheds light on
the interpretation of 1PI vertices: they capture e�ective many-body interactions and their generating
functional �[ ��; � ] is therefore commonly referred to ase�ective action [11, 15].

2.2 Exact �ow equations

The central step for setting up the fRG approach amounts to implementing a cuto� � into the bare
propagator, such that it vanishes in the ultraviolet limit, G� !1

0 = 0 , and coalesces withG0 when
approaching the infrared, G� ! 0

0 = G0. By construction, all other Green's functions become cuto�
dependent, too, since they depend onG0 through their respective generating functional. In order to
capture the variation of 1PI vertices under incremental changes of the cuto� parameter, one rephrases
Eq. (2.7) as a di�erential equation. For this sake, we need the cuto�-derivative of Wc[��; � ], which
reads

d
d�

W �
c [��; � ] = � Tr

�
Q� G�

0

�
+ Tr

�
Q� � 2W �

c [��; � ]
� ����

�
�

�
�W �

c [��; � ]
��

; Q� �W �
c [��; � ]
� ��

�
; (2.12)

with Q� � d
d� (G�

0 ) � 1. The cuto�-derivative of the e�ective action evaluates to

d
d�

� � [ ��; � ] = �
d

d�
W �

c [�� � ; � � ] �
�

��;
d

d�
� �

�
�

�
d

d�
�� � ; �

�
+

� ��; Q � �
�

; (2.13)

where a� -dependence needs to be added to the��; � source �elds to make up for the change of variables
in the Legendre transformation. Plugging Eq. (2.12) into Eq. (2.13) one �nds

d
d�

� � [ ��; � ] = Tr
�
Q� G�

0

�
� Tr

�
Q� R�

11

�
; (2.14)

where we made use of Eq.(2.8). Eliminating G� 1
0 in R using Dyson's equation, this expression can be

rephrased as

d
d�

� � [ ��; � ] = Tr
�
Q� G�

0

�
� Tr

�
G� Q� ~R�

11

�
; (2.15)

where ~R�
11 denotes the upper left element of

~R� =

2

41 �
�

� G� 0

0
�
G�

� T

�
0

@ U � � 2 � � [ ��;� ]
� ��� ��

� 2 � � [ ��;� ]
���� � (U � )T

1

A

3

5

� 1

; (2.16)

with U � = � 2 � � [ ��;� ]
� ����

� � �
1 . ~R� resembles a geometric series, which is particularly useful for the

derivation of vertex �ow equations discussed below.

Starting from Eq. (2.15), we expand � � [ ��; � ] in powers of the conjugate source �elds

� � [ ��; � ] =
1X

n =0

(� 1)n

(n!)2

X

x 0
1 ;:::;x 0

n
x 1 ;:::;x n

� �
n (x0

1; :::; x0
n jx1; :::; xn ) �� x 0

1
::: �� x 0

n
� x n :::� x 1 ; (2.17)

in order to obtain �ow equations for the Taylor coe�cients of the e�ective action (see Fig. 2.1). Limiting
ourselves to terms of �rst and second order in the �elds, we arrive at the self-energy �ow

d
d�

� � (x0
1jx1) = � [� � � S� ]� � �

X

x 0
2 ;x 2

� � (x0
1; x0

2jx1; x2)S� (x2jx0
2) : (2.18)
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Here, S� � G� Q� G� = � d
d� G� j � �

2 denotes the single-scale propagator. The corresponding �ow
equation for the two-particle vertex reads

d
d�

� � (x0
1; x0

2jx1; x2) =
X

x 0
3 ;x 3

� � (x0
1; x0

2; x0
3jx1; x2; x3)S� (x3jx0

3)

+
X

x 0
3 ;x 0

4 ;x 3 ;x 4

[� � (x0
3; x0

4jx1; x2)� � (x0
1; x0

2jx3; x4)

� � � (x0
1; x0

4jx1; x3)� � (x0
3; x0

2jx4; x2) � (x0
3 $ x0

4; x3 $ x4)

+ � � (x0
2; x0

4jx1; x3)� � (x0
3; x0

1jx4; x2) + ( x0
3 $ x0

4; x3 $ x4)]

� G� (x3jx0
3)S� (x4jx0

4) ; (2.19)

where we employed the abbreviations

� � (x0
1; x0

2jx1; x2) � � �
2 (x0

1; x0
2jx1; x2)

� � (x0
1; x0

2; x0
3jx1; x2; x3) � � �

3 (x0
1; x0

2; x0
3jx1; x2; x3) : (2.20)

For � ! 1 , the e�ective action reduces to the bare many-body interactions [15], which constitute the
initial condition for the RG �ow. Here, we have focused on two-particle interactions and as such only
� survives in the UV limit

� � !1 (x0
1; x0

2jx1; x2) = � 0(x0
1; x0

2jx1; x2) = Vx 0
1 x 0

2 j x 1 x 2 : (2.21)

To simplify the following discussions, contributions to d
d� � � are grouped into three channels: the

particle-particle ( s) channel, the direct particle-hole (t) channel and the crossed particle-hole (u)
channel, corresponding to the �rst/second/third diagram depicted in Fig. 2.2, respectively. A diagram
is referred to as two-particle reducible (2PR) in the s channel if it can be decomposed by cutting two
parallel propagator lines. Diagrams which can be split up by cutting two antiparallel lines, on the other
hand, are dubbed particle-hole reducible and therefore belong either to thet or u channel, depending
on whether the disconnected parts carry external indices(x0

1; x1)=(x0
2; x2) or (x0

2; x1)=(x0
1; x2). Note

that two-particle diagrams are either s/ t/ u-reducible or fully two-particle irreducible (2PI). With each
channel c, we associate a bubble functionBc = [� � (G � G0) � � 0]c de�ned for generic two-particle
vertices � ; � 0 and propagatorsG; G0, namely

Bs(x0
1; x0

2jx1; x2) � �
1
2

X

x 0
3 ;x 0

4 ;x 3 ;x 4

�( x0
3; x0

4jx1; x2)G(x3jx0
3)G0(x4jx0

4)� 0(x0
1; x0

2jx3; x4)

B t (x0
1; x0

2jx1; x2) � +
X

x 0
3 ;x 0

4 ;x 3 ;x 4

�( x0
1; x0

4jx1; x3)G(x3jx0
3)G0(x4jx0

4)� 0(x0
3; x0

2jx4; x2)

Bu (x0
1; x0

2jx1; x2) � �
X

x 0
3 ;x 0

4 ;x 3 ;x 4

�( x0
2; x0

4jx1; x3)G(x3jx0
3)G0(x4jx0

4)� 0(x0
3; x0

1jx4; x2) : (2.22)

Hence, the �ow of the two-particle vertex can be compactly written as

d
d�

� � (x0
1; x0

2jx1; x2) =
X

x 0
3 ;x 3

� � (x0
1; x0

2; x0
3jx1; x2; x3)S� (x3jx0

3) +
X

c

~B �
c (x0

1; x0
2jx1; x2) ; (2.23)

with ~B �
c = [� � � d

d� (G� � G� )
�
�
� � � � � ]c. Note that the particle-hole bubbles ful�ll

B t (x0
1; x0

2jx1; x2) = � Bu (x0
2; x0

1jx1; x2) = � Bu (x0
1; x0

2jx2; x1)

Bu (x0
1; x0

2jx1; x2) = � B t (x0
2; x0

1jx1; x2) = � B t (x0
1; x0

2jx2; x1) ; (2.24)

which follows from antisymmetry of the two-particle vertex under commutations of incoming or outgoing
legs (crossing symmetry).

The biggest obstacle in solving the �ow equations is the appearance of the three-particle vertex� in
Eq. (2.19). Generally speaking, the �ow for any 1PI vertex � n depends on all� m with m � n + 1 ,
such that a closed set of fRG equations necessitates a truncation. In the next section, we discuss three
di�erent truncation schemes of increasing diagrammatic complexity and how they can be derived from
the parquet formalism.

2 d
d� G� j � � is a shorthand notation for d

d� G� j � � = const. :
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Figure 2.2: fRG equations for the self-energy (a) and two-particle vertex (b). The slashed line in
the � -�ow denotes a single-scale propagator S� , while pairs of slashed lines correspond to cuto�-derivatives
of the form d

d� (G� � G� )j � � (see text). The �rst three diagrams appearing in the � -�ow di�er in their
two-particle reducibility: they can either be split into disconnected parts by cutting parallel (for the s channel)
or antiparallel lines (for the t and u channel). The three-particle vertex � cannot be computed exactly and in
general requires some approximation. Note that we have exchanged the outgoing lines for both two-particle
vertices in the u channel compared to Eq. (2.19).

2.3 Systematic truncation via parquet approximation

In the last section, we derived �ow equations for the self-energy and two-particle vertex, concluding
that some approximation for the three-particle vertex is vital for closing the in�nite hierarchy of fRG
equations. Here, we switch gears and tackle the problem of computing fermionic vertices in the parquet
formalism [29], which provides a di�erent, yet concomitant perspective on our previous considerations.
In doing so, we refrain from deriving the parquet equations explicitly, referring the reader to the
excellent discussion given in Ref. [30] instead.

Within the parquet formalism, the two-particle vertex is decomposed into two distinct classes of
diagrams, those which are 2PI and those reducible in one of the three channels introduced in Sec. 2.2.
Schematically, we may thus write

� = I 2PI + 
 s + 
 t + 
 u ; (2.25)

or, alternatively,

� = I c + 
 c ; (2.26)

where I c = I 2PI +
P

�c 
 �c
3 denotes diagrams irreducible in channelc. For each channel, one formulates

a self-consistent Bethe-Salpeter equation (BSE)


 c = [ I c � (G � G) � �] c = [� � (G � G) � I c]c ; (2.27)

which requires full propagatorsG as input [28, 29]. To dress them with self-energies, one determines�
likewise self-consistently via the Schwinger-Dyson equation (SDE), which, using the compact notation
introduced in the previous section, reads

� = [� 0 � G]� + [[� 0 � (G � G) � �] s � G]� = [� 0 � G]� +
1
2

[[� 0 � (G � G) � �] u � G]� : (2.28)

While solving the parquet equations for an action as in Eq.(2.3) amounts to �nding an exact solution
for e�ective interactions up to the two-particle level [29, 30], one needs to determineI 2PI before all
other vertices follow self-consistently from the SDE and BSEs. Away from weak-coupling, however,
this becomes a formidable challenge, since more complicated diagrams start to contribute. Henceforth,
we work in the famous parquet approximation (PA) [29], which replaces the fully irreducible vertex
by its �rst-order contribution I 2PI = � 0 (see Fig. 2.3). Although the PA corresponds to the most

3 With �c we refer to all c0 6= c.
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simple approximation for I 2PI , it retains a number of useful properties by (a) summing up the
leading, logarithmically divergent diagrams from perturbation theory [29], (b) ful�lling the Mermin-
Wagner theorem [31], (c) presenting a conserving approximation on the one-particle level [32], and (d)
incorporating important diagrammatic identities [33].

In the following, we connect to our discussion of the fRG approach in Sec. 2.2 by using the parquet
approximation as an alternative starting point to derive �ow equations for the self-energy and two-
particle vertex. Our motivation for doing so is twofold. On the one hand side, this allows us to replace
the set of algebraic parquet equations by ordinary di�erential equations, for which e�cient numerical
solvers are readily available. On the other hand, di�erent truncation schemes for approximating the
three-particle vertex in fRG can be developed in a systematic manner.

We start by equipping the bare propagator with an infrared cuto� � , i.e. G0 ! G�
0 . Consequently, �

and � acquire a scale dependence through the SDE and BSEs, if we require the parquet equations to
hold at any value of � for a given I 2PI [32]. Di�erentiating the c-channel with respect to the cuto�, we
therefore arrive at the �owing BSE

d
d�


 c =
�

d
d�

I c � (G � G) � �
�

c
+

�
I c �

d
d�

(G � G) � �
�

c
+

�
I c � (G � G) �

d
d�

�
�

c
: (2.29)

Note that we refrain from writing out � -superscripts for brevity, since all object are implicitly cuto�
dependent. Using� = I c + 
 c, the right hand side can be written as

d
d�


 c =
�
� �

d
d�

(G � G) � �
�

c

+
�

d
d�

I c � (G � G) � �
�

c
+

�
� � (G � G) �

d
d�

I c

�

c

+
�
� � (G � G) �

d
d�


 c

�

c
�

�

 c �

d
d�

(G � G) � �
�

c
�

�

 c � (G � G) �

d
d�

�
�

c
: (2.30)

Finally, plugging [Eqs. (2.27) & (2.29)] into Eq. (2.30) yields

d
d�


 c =
�
� �

d
d�

(G � G) � �
�

c

+
�

d
d�

I c � (G � G) � �
�

c
+

�
� � (G � G) �

d
d�

I c

�

c

+
�
� � (G � G) �

�
d

d�
I c � (G � G) � �

�

c

�

c

; (2.31)

where we have ordered the contributions to the �ow of 
 c according to the position of the cuto�-
derivative in their respective bubble function. The �rst line in Eq. (2.31), which we dub one-loop part
_
 (1 ` )
c , resembles ~Bc, except that single-scale propagators are substituted by full� -derivatives of G.

The three leftover terms are referred to as left, right and central part and denoted by _
 L
c ; _
 R

c and _
 C
c ,

respectively. In consequence, we can recast Eq. (2.31) in the compact form

d
d�


 c = _
 (1 ` )
c + _
 L

c + _
 C
c + _
 R

c ; (2.32)

from which the �ow of the full two-particle vertex follows as d
d� � =

P
c

d
d� 
 c. Remarkably, the

inner bubble of the central part can be substituted for the right vertex object (as in [Eq. (2.31)]) or,
alternatively, for the left one. This can be seen, for example, by writing out the bubble functions
explicitly and comparing the resulting expressions.

Although conceptually simple, deriving a �ow equation for the self-energy from the SDE requires
extensive algebraic modi�cations to rephrase all terms by known objects. Hence, we content ourselves
with stating the �nal result

d
d�

� = � [� � S]� + _� 1 + _� 2

_� 1 =
�

_
 C
�t � G

�
�

_� 2 =
�
� � (G � _� 1 � G)

�
� ; (2.33)
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Figure 2.3: Diagrammatic representation of the parquet equations. (a) The self-energy is computed
from the Schwinger-Dyson equation, such that the one and two-particle level are linked self-consistently.
(b) Contributions to the two-particle vertex are segregated into a two-particle irreducible part I 2PI and three
2PR functions 
 c , each of which is determined by a Bethe-Salpeter equation. In the parquet approximation
(cyan box), I 2PI is approximated by its lowest-order contribution � 0 .

and refer the reader to Ref. [32] for further details. Note that the �rst contribution to the � -�ow in
the parquet approximation precisely coincides with the respective fRG �ow derived in Sec. 2.2, while
the other terms correspond to higher-order corrections.

Taken together, these equations track the evolution of the self-energy and reducible vertices along a
self-consistent �ow trajectory and their solution in the limit � ! 0 is equivalent to solving the parquet
approximation. Nonetheless, the �owing SDE and BSEs resemble algebraic di�erential equations,
which are generally hard to solve. For this reason, we proceed by approximating them via ordinary
di�erential equations corresponding to resummation schemes of increasing diagrammatic complexity.
This allows us to establish a stringent connection between common fRG truncations and simpli�ed
versions of the �owing PA.

2.3.1 Level-2 truncation

The simplest approximation for the �owing PA can be motivated from a perturbative point of view.
To begin with, let us consider the �ow of reducible vertices in Eq. (2.32), in which we substitute full
vertices � by their lowest-order contribution � 0. It immediately follows that the one-loop contribution
_
 (1 ` )
c is at least second order in� 0, while the left and right parts are O

�
� 3

0

�
. Finally, contributions to

the central part start at fourth power in � 0. Assuming the bare two-particle interactions to be weak,
it thus makes sense to maintain only the leading term, given by_
 (1 ` )

c , and discard the rest. Similarly,
one �nds that the leading contribution to the self-energy �ow is given by the single-scale loop, whereas
_� 1 and _� 2 are O

�
� 4

0

�
and O

�
� 5

0

�
, respectively.

The simpli�ed �ow equations for the self-energy and reducible vertices thus read

d
d�

� = � [� � S]�

d
d�


 c =
�
� �

d
d�

(G � G) � �
�

c
: (2.34)

These particular equations, which will be discussed in greater detail in the next section, are known as
Katanin �ow equations in the fRG context [26]. Note that so far, the 
 c-�ow implicitly depends on the
�ow of the self-energy due to the full � -derivative of G which appears in the bubble function. Therefore,
it silently incorporates additional third order contributions. More explicitly, the cuto�-derivative of
the (matrix valued) dressed propagator reads

d
d�

G =
d

d�

�
G� 1

0 � �
� � 1

= � G
�

d
d�

�
G� 1

0 � �
�
�

G = � S + G
�

d
d�

�
�

G : (2.35)
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Consequently, the �ow of the vertices can be split into two parts

d
d�


 c = � [� � (S � G + G � S) � �] c +
�
� �

�
G

�
d

d�
�

�
G � G + G � G

�
d

d�
�

�
G

�
� �

�

c
; (2.36)

where the second term summarizes precisely these higher-order terms. In order to eliminate the
self-energy derivative from the vertex �ows and thereby assemble �ow equations which only contain the
leading terms in the bare coupling, we simply drop the second term from Eq.(2.36), which yields

d
d�

� = � [� � S]�

d
d�


 c = � [� � (S � G + G � S) � �] c : (2.37)

Remarkably, we may now establish a stringent connection between the leading-order PA �ows in
Eq. (2.37) and the fRG equations (2.18) and (2.23): the former are recovered if one truncates all
vertices beyond the two-particle level from the fRG hierarchy. Therefore, we call Eq.(2.37) level-2
(L2) truncation.

Importantly, our arguments to rationalize Eq. (2.37) were entirely based on the presence of a small
bare interaction � 0. We are, however, interested in �nding a suitable approximation to the PA, which
is consistent for all RG scales� , not just in vicinity of the UV limit. To this end, we need to take the
scaling behavior of di�erent contributions to the e�ective action into account. On the crudest level of
counting powers in � , one indeed �nds that n-particle vertices with n � 3 are irrelevant in the RG
sense [34], that is, they can be neglected at the infrared �xed point. For spatial dimensionsd > 1 and
curved Fermi surfaces, this holds true even if an improved power counting is applied [34]. Hence, the
L2 equations should provide aqualitatively meaningful description of 1PI �ows even upon lowering the
cuto�.

The most noteworthy simpli�cation over the full PA that we reached thus far, is the removal of
di�erentiated vertices from the right hand side of the �ow equations. In other words, we have successfully
replaced the algebraic di�erential equations(2.32) and (2.33) by a set of ordinary di�erential equations,
which can be solved numerically. Despite its simplicity (we merely distilled the leading-order terms
in the bare interaction), this approximation already captures the non-trivial interplay of �uctuations
in the 2PR channels and is therefore routinely employed to shed light on the pairing mechanism in
prototypical model systems of high temperature superconductivity such as cuprates or iron-pnictides
[11, 21, 35, 36]. More recently, it has also been applied to map out the phase diagrams of novel moiré
heterostructures and eludicate the role of competing instabilities therein [37�40]. Note, however, that
self-energy feedback is neglected in these works, i.e. the� -�ow is set to zero and dressed propagators
are replaced by bare ones. From a scaling point of view [15, 34], this approximation is inconsistent:
the leading contribution [� � S]� to the self-energy �ow is non-negligible on the bare level and� has
marginal dependencies on Matsubara frequencies and momenta orthogonal to the Fermi surface. Yet,
the inclusion of self-energy e�ects is in general quite complicated, which motivates their neglect for
reasons of numerical simplicity if not for mathematical rigour.

2.3.2 Katanin's self-energy corrections

In hindsight of the simpli�ed �ow equations obtained in the previous section, we may ask whether
there is any need to further improve them. After all, their validity could be justi�ed on the bare
level and more importantly even at the IR �xed point. One of the reasons to do so, is to remedy
de�ciencies related to the ful�llment of conservation laws. Recall that a solution of the full PA, which
we would obtain if we could solve [Eqs.(2.32) & (2.33)] in the infrared limit � ! 0, is conserving
on the one-particle level and thus ful�lls certain Ward identities. In the derivation of Eq. (2.37), we
have, however, discarded subclasses of parquet diagrams, which spoils the exact ful�llment of said
conservation laws.

To lower the systematic error induced by the L2 truncation, the Katanin substitution

S ! �
d

d�
G (2.38)

was proposed in Ref. [26]. It reinstantiates the full � -derivative of the propagator and allows for
feedback of the self-energy �ow into 2PR vertices (see [Fig. 2.4(a)]). One thus incorporates terms
of the form indicated in Eq. (2.36) from the three-particle vertex. Notably, ladder summations in
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Figure 2.4: Katanin substitution and exemplary 2` diagrams. (a) The Katanin substitution replaces
single-scale propagators in the L2 �ow equations by total � -derivatives of G. This way, the derivative of the
self-energy (turquoise box) is fed back into the �ow of the vertices, such that certain third order diagrams like
the one on the right are generated. (b) Multiloop �ows go beyond the Katanin substitution by incorporating
parquet diagrams with overlapping loops. In 2` �ows, for example, one inserts 1` diagrams into bubbles with
complementary two-particle reducibility. Here, the 1` �ow in the t channel (cyan box) is plugged into the left
vertex of the s bubble, giving rise to the _gL (2 ` )

s diagram on the right hand side.

the particle-hole channels with the Katanin substitution ful�ll Ward identities exactly and recover
standard mean-�eld results [26].

We have already seen that, from the perspective of the parquet approximation, the �ow equations
proposed by Katanin can be obtained by setting the left, right and central part in Eq. (2.32) to zero.
Similar to the L2 equations, vertex derivatives are thus erased from the right hand side of the �ow
and we are again left with a coupled set of ordinary di�erential equations. The only exception is that
the self-energy derivative is now required as additional input to compute the 2PR �ows and therefore
needs to be calculated beforehand.

2.3.3 Multiloop fRG

So far, we have discussed two approximations to the PA, which both discard di�erentiated vertices
from the �ow equations. The missing diagrams are, however, vital to achieve full consistency with
the PA and instill con�dence in the ful�llment of conservation laws. Yet, their appearance poses a
numerical challenge, as the full set of �owing SDE and BSEs is algebraic, not ordinary. Fortunately,
one can reconstruct the left, right and central part (and as such also the corrections to the self-energy)
in an iterative manner, which results in the multiloop fRG (mfRG) scheme pioneered by Kugler and
von Delft [28, 32].

The central idea to derive the multiloop �ow equations has already been discussed: it is precisely the�
power counting which we used to motivate the L2 and Katanin �ow equations, that is, we start from
the lowest-order contributions and iteratively generate higher-order diagrams. We start by considering
the 1` �ows

d
d�

�
(1 ` )
= � [� � S]�

d
d�


 c
(1 ` )
=

�
� �

d
d�

(G � G) � �
�

c
: (2.39)

from which one constructs the lowest-order contributions to the left and right part as

_
 L (2 ` )
c =

h
_
 (1 ` )

�c � (G � G) � �
i

c

_
 R (2` )
c =

h
� � (G � G) � _
 (1 ` )

�c

i

c
: (2.40)
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Hence, thetwo-loop �ow [27] computes to

d
d�


 c
(2 ` )
= _
 (2 ` )

c = _
 (1 ` )
c + _
 L (2 ` )

c + _
 R (2` )
c : (2.41)

At the three-loop level and beyond, consecutive loop orders are constructed in similar fashion. The
multiloop (m` ) �ow for the two-particle vertex with m � 3 reads

d
d�


 c
(m` )
= _
 (1 ` )

c +
mX

n =2

_
 L (n` )
c +

mX

n =3

_
 C (n` )
c +

mX

n =2

_
 R (n` )
c ; (2.42)

with

_
 L (m` )
c =

h
_
 ([ m � 1]` )

�c � (G � G) � �
i

c

_
 C (m` )
c =

h
� � (G � G) � _
 L ([ m � 1]` )

c

i

c

_
 R (m` )
c =

h
� � (G � G) � _
 ([ m � 1]` )

�c

i

c
: (2.43)

For m ! 1 , Eq. (2.42) incorporates all parquet diagrams, which can be computed with the same cost
as the one-loop �ow. Hence, the calculation of vertex corrections with overlapping loops scales only
linear in ` and is therefore well-suited for numerical simulations [28].

Finally, we need to discuss how to reinstantiate self-energy corrections. Before we proceed, however,
let us remind ourselves why these corrections are necessary. From the perspective of the PA, the
terms _� 1(2) naturally appeared when computing the cuto�-derivative of the Schwinger-Dyson equation.
In the fomally exact fRG, on the other hand, d

d� � is given solely by the single-scale loop. However,
the �ow equations are truncated and the vertex which enters the single-scale loop is therefore only
determined approximately. Hence, the additional corrections ensure self-consistency between the one
and two-particle level by virtue of the PA. The only input required to explicitly compute them are
t-irreducible contributions to the central part

_
 C
�t

(m` )
=

mX

n � 3

_
 C (n` )
�t : (2.44)

which are needed anyways to account for vertex corrections. On the other hand,_
 C
�t depends on d

d� �
via Katanin diagrams and restoring the self-energy corrections in full glory would therefore already
require the exact solution. This means that aone-shotcalculation of _� 1(2) from _
 C

�t does not necessarily
su�ce to reach self-consistency and the re�ned self-energy should, in turn, be used to recompute vertex
corrections until convergence is reached. The importance of such self-energy cycles can, for example, be
seen in fRG calculations for the two-dimensional Hubbard model, where they are essential to achieve
quantitative agreement with other numerical approaches [41].

2.4 Final remarks

In this chapter, we have introduced the fRG approach to fermionic many-body systems and discussed
three di�erent truncation schemes to close the hierarch of �ow equations: level-2 truncation, Katanin
scheme and mfRG. The Katanin scheme extended the diagrams of the L2 truncation by replacing
single-scale propagatorsS with full cuto�-derivatives d

d� G. This way, certain contributions from the
three-particle vertex could be included. The multiloop fRG developed this approach even further,
adding parquet diagrams with overlapping loops to the �ow of 2PR vertices and accounting for
additional self-energy diagrams. Both, vertex and self-energy corrections are essential to establish
consistency with the parquet approximation, from which these di�erent truncation schemes could be
motivated, and guarantee the ful�llment of conservation laws on the one-particle level. Here, we add
some further comments on di�erent aspects of (multiloop) fRG.

Hitherto, the only requirements for the regularization G0 ! G�
0 were that G� !1

0 = 0 and G� ! 0
0 = G0,

but otherwise � could have been implemented arbitrarily. For this reason, however, fRG results
obtained within the L2 or Katanin scheme depend on the actual choice of regulator, even if it acts on
the same physical quantity, such as momentum [11] or frequency [24, 42]. The quantitative accuracy of
such a renormalization group �ow is therefore di�cult to assess. Remarkably, regulator independence is
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restored in mfRG calculations, since the couplings �ow towards a solution of the parquet approximation.
The latter, as a general many-body relation, has cuto� independent solutions. Numerical evidence for
this property of mfRG is, for example, provided in Ref. [43].

Although the multiloop �ow has a number of bene�cial properties, namely those incorporated by
the PA, it cannot go beyond the parquet approximation. Outside the weak-coupling regime, the
neglect of diagrams beyond the bare vertex� 0 could therefore be insu�cient to characterize two-
particle irreducible contributions to the vertex. Any de�ciency embodied by the PA would thus carry
over to mfRG and render its outcome self-consistent, but only qualitative. One can come up with
di�erent strategies to extend the multiloop �ow even beyond the PA, some of which are reported in
Ref. [28].

Up to now, we have not addressed the role of symmetries, which play a vital role in reducing the
numerical e�ort for computing 1PI functions. Usually, they are incorporated via e�cient vertex
parametrizations, which reduce, for example, the number of �ow equations in the fRG formalism.
These symmetries are model speci�c after all, and their discussion has therefore been postponed to
later sections of this thesis.
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3 Weak-coupling fRG for itinerant fermions

In this chapter, we consider the application of the functional renormalization group framework presented
in Ch. 2 to itinerant electron systems. Our focus lies on spin-polarized or spinless fermions, throughout.
This allows us, on the one hand, to study toy models for the single band physics in so-calledmoiré
systems, speci�cally transition metal dichalcogenides (TMDs). On the other hand, the capabilities
of the fRG approach can be presented without complicating the matter by additional spin or orbital
degrees of freedom. Furthermore, we exclusively consider level-2 truncated �ow equations, which
incorporate the lowest-order contributions to the parquet approximation. This is justi�ed insofar that
we assume only moderately strong interactions (see Sec. 2.3.1). Self-energy feedback and frequency
dependencies of the two-particle vertex are neglected. Yet, monitoring the full momentum dependence
of the 2PR channels remains numerically challenging.

Nonetheless, some implementations [37, 38, 44] successfully managed to integrate the vertex �ow1 on a
dense grid with up to 24� 24 momenta in the �rst Brillouin zone by exploiting the sheer power of
large scale computing architectures. While this approach o�ers a lot of �exibility and allows to tackle,
for example, few-band models with ease, its scalability is severely limited by the cubic growth of the
required memory resources with the number of momenta. Furthermore, subtle incommensurate e�ects,
which require even more �ne grained grids, are di�cult to capture. This circumstance calls for more
e�cient ways to store the vertex.

Traditionally, N -patch schemes2 have been employed to study competing orders in two-dimensional
Hubbard models [21, 35, 36, 40]. Within this approach, scattering processes perpendicular to the
Fermi surface (FS) are not accounted for due to their negative scaling dimension [15] and the vertex
is consequently approximated by its values along the FS. For illustrative purposes and due to its
comparably simple numerical implementation, N -patch fRG is our method of choice in the following.
There are, however, more advanced techniques, such as truncated-unity (TU) approximations [45, 46],
which deserve to be mentioned. Within TU schemes, computing times grow only linear in the number
of momenta, such that further methodological improvements like those presented in Refs. [41, 47, 48]
can be considered.

This chapter is structured as follows. First, some basic aspects of superconductivity, such as its
mean-�eld description or its classi�cation in term of irreducible representations of the lattice point
group are recapped. We proceed by presenting our numerical implementation ofN -patch fRG and
the analysis of results obtained therein. Lastly, exemplary results for spinless fermion models on the
triangular lattice are discussed.

3.1 A prelude on superconductivity

More than a century after its discovery by Kamerlingh Onnes in 1911 [49], the phenomenon of
superconductivity - vanishing electral resistivity and the sudden expulsion of magnetic �elds at low
temperatures known as Meissner-Ochsenfeld e�ect [50] - has remained one of the most intensely studied
subjects in condensed matter physics. Its �rst theoretical characterization was due to Bardeen, Cooper
and Schrie�er (BCS) in 1957 [6]. Their celebrated BCS theory attributes superconductivity to an
attractive electron-electron interaction mediated by phonon modes which cause them to bind asCooper
pairs. In their most symmetric form, the s-wave state, these pairs form a spin singlet without relative
angular momentum. Such superconductors are nowadays dubbedconventional.

Unconventional superconductors, in contrast, exhibit di�erent kinds of pairing mechanisms which
disfavor the conventional s-wave state. After the discovery of super�uidity in liquid 3He, highly
sought-after unconventional pairing in a solid state platform was reported in multiple heavy fermion
materials, although the nature of the superconducting state in, for example, CeCu2Si2 is still under
debate [51]. In 1987, Bednorz and Müller received the noble prize for uncovering superconductivity in
LaBaCu4 with a transition temperature Tc � 35K , higher than the critical temperatures measured so
far. Materials with similar or even higher Tc were consequently dubbedhigh-Tc superconductors. Note
that unconventional does not imply high-Tc. Strontium ruthenate (Sr 2RuO4), for example, exhibits
unconventional pairing analogous to3He but only at temperatures as low as0:93K [52].

1 Since � = 0 , we occasionally refer to the two-particle vertex simply as the vertex.
2 A review on N -patch fRG can be found in Ref. [11].
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Recently, superconductivity with a transition temperature Tc � 1:7K has also been reported in twisted
bilayer graphene (tBG) [53]. The latter, as its name suggests, consists of two stacked graphene sheets
which are rotated with respect to each other, giving rise to nearly �at bands for certain magic-angles
[54]. In consequence, the strength of electronic interactions relative to the bandwidth is strongly
enhanced, resulting in a plethora of fascinating low-temperature phases [55]. Since then, many more
twisted van der Waals heterostructures have received prominent attention in the search for exotic states
of matter. The most remarkable property of such materials is the degree of experimental tunability
they o�er. The ability to change, for example, the carrier concentration by electrostatic gating has
therefore assigned moiré materials a prominent role in the search for robust condensed matter quantum
simulators [56].

In addition to moiré heterostructures, kagome metals such as CsV3Sb5 [57] have been put forward
as another exciting platform for realizing novel superconducting states. Their special appeal arises
from the intricate three-orbital geometry of the kagome network [58], which, already by itself, gives
rise to an enriched single-particle dispersion featuring �at bands, Dirac cones and Van Hove points.
The discovery of all these new platforms for unconventional superconductivity brings tremendous
progress to the �eld. Further, it lays the foundation for new theoretical concepts and numerical tools
for deciphering the nature of the pairing mechanism in condensed matter systems.

3.1.1 Mean-�eld theory

The BCS Hamiltonian for spin-polarized fermions reads

H =
X

k

� (k )cy
k ck +

1
2N

X

k ;k 0

VBCS (k ; k 0)cy
k cy

� k c� k 0ck 0 ; (3.1)

where � (k ) = � (k ) � � is the single-particle dispersion relative to the chemical potential � and
VBCS (k ; k 0) = Vk � k jk 0� k 0 denotes the hermitian pairing potential3. We assume thatVBCS is attractive
in a thin shell around the Fermi level � (k ) = 0 without specifying its origin for now. To simplify the
interaction, we resort to the mean-�eld decouplings

cy
k cy

� k = hcy
k cy

� k i +
�

cy
k cy

� k � h cy
k cy

� k i
�

c� k 0ck 0 = hc� k 0ck 0i +
�

c� k 0ck 0 � h c� k 0ck 0i
�

; (3.2)

and discard terms of second order in the �uctuations (the terms in rounded brackets). Up to a constant,
the Hamiltonian now reads

H MF =
X

k

� (k )cy
k ck �

1
2

X

k

h
��( k )c� k ck + �( k )cy

k cy
� k

i
; (3.3)

where we de�ned the pairing �elds

�( k ) = �
1
N

X

k 0

VBCS (k ; k 0)hc� k 0ck 0i

��( k ) = �
1
N

X

k 0

VBCS (k 0; k )hcy
k 0c

y
� k 0i : (3.4)

Introducing the spinor 	 k = ( ck ; cy
� k )T , H MF assumes the quadratic form

H MF =
X

k

	 y
k Q(k)	 k with Q(k) =

1
2

�
� (k ) � �( k )

� ��( k ) � � (k )

�
: (3.5)

In order to solve the mean-�eld theory, the decoupled Hamiltonian needs to be diagonalized. To this
end, one performs the Bogoliubov-Valatin transformation

� k =

 
bk

by
� k

!

= U (k )	 k with U (k ) =
�

�u(k ) � v(k )
�v(k ) u(k )

�
; (3.6)

3 That is, it obeys VBCS (k ; k 0) = �VBCS (k 0; k ), where the bar denotes complex conjugation.
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and subsequently eliminates all non-diagonal terms, which results in the condition

2� (k )�u(k )v(k ) + ��( k )[v(k )]2 � �( k )[�u(k )]2 = 0 : (3.7)

In general, � ; u and v are complex valued, such that we can express them via Euler's identity

�( k ) = j�( k )jei� (k )

u(k ) = ju(k )jei� (k )

v(k ) = jv(k )jei
 (k ) : (3.8)

Plugging into Eq. (3.7), one possible choice that diagonalizes the mean-�eld Hamiltonian is

ju(k )j2 � j v(k )j2 =
� (k )
E (k )

; (3.9)

for � (k ) = 0 and � (k ) = 
 (k ). Here, E(k ) =
p

[� (k )]2 + j�( k )j2. Requiring that the Bogoliubov

quasiparticles b(y)
k obey fermionic commutation relations4, we obtain our central result

H MF =
X

k

E(k)by
k bk : (3.10)

Note that in order to derive Eq. (3.10), we assumed inversion symmetry, that is,� (k ) = � (� k ) and
j�( k )j = j�( � k )j.

Remarkably, the quasiparticlesb(y)
k have a largely gapped excitation spectrum withj�( k )j characterizing

magnitude and symmetry of the gap5. Consequently, �( k ) is dubbed gap function. The gap can
be determined self-consistently by applying[U (k )] � 1 to the pairing terms in Eqs. (3.4) and utilizing
Fermi-Dirac statistics to compute the remaining quasiparticle expectation values. This procedure
yields the self-consistent gap equation at temperatureT

�( k ) = �
1
N

X

k 0

VBCS (k ; k 0)
�( k 0)
2E(k 0)

tanh
�

E(k 0)
2T

�
: (3.11)

Let us consider the form of this algebraic equation close to the critical temperatureTc, where the gap
opens (closes). In that case, we may assume thatE(k ) � � (k ) and, thus, contributions away from the
Fermi level � (k ) = 0 are strongly suppressed6. The dominant terms in the momentum sum therefore
cover only a thin energy shell� � c � � k � � c � � FS around the Fermi surface and, consequently, we
can approximate the right-hand side of the gap equation by

�( k ) � �
1
N

� Z � c

� � c

d�
1
2�

tanh
�

�
2Tc

�� X

k 02 FS

VBCS (k ; k 0)�( k 0) ; (3.12)

where the integral evaluates to
Z � c

� � c

d�
1
2�

tanh
�

�
2Tc

�
� ln

�
1:13

� c

Tc

�
: (3.13)

The linearized gap equation (3.12) has the form of an eigenvalue problem. The eigenvalues of
VBCS ,

� = �
N

ln
�

1:13 � c
Tc

� ; (3.14)

characterize di�erent mean-�eld critical temperatures Tc = 1 :13� ce
N
� , respectively. The dominant

pairing �elds are thus obtained as the eigenvectors with the largest, negative� [59].

4 This implies that U is unitary.
5 In general, j�( k )j vanishes only at special values of k .
6 This can be seen by expanding 1

� tanh ( �
2T ) around � = 0 .
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C6v E C2 2C3 2C6 3� � 3� d

A 1 1 1 1 1 1 1

A 2 1 1 1 1 -1 -1

B1 1 -1 1 -1 1 -1

B2 1 -1 1 -1 -1 1

E1 2 -2 -1 1 0 0

E2 2 2 -1 -1 0 0

Table 3.1: Character table for the point group C6v . The columns denote the six di�erent classes
of the group: identity map, two-fold, three-fold and six-fold rotations as well as two kinds of re�ections,
respectively. The rows, on the other hand, denote the di�erent irreps. Note that the characters of
the identity map E, i.e. the �rst column of the table, characterize the dimensions of the di�erent
irreducible representations.

3.1.2 Classi�cation via representation theory

In the last section, we derived an eigenvalue equation for the hermitian pairing potentialVBCS ,
whose eigenvectors with the largest negative eigenvalue,� , correspond to the superconducting gap
functions with the highest critical temperature. Note that we have switched to a matrix-vector
notation (VBCS )kk 0 � VBCS (k ; k 0) and � k � �( k ), respectively. Now, unitary transformations U
from the symmetry group G of the Hamiltonian should leave the pairing potential invariant, thus
U yVBCS U = VBCS for all U 2 G. Consequently, � (U � ) = VBCS (U � ) or in other words, the
eigenspacespan(f � i g� ) corresponding to the eigenvalue� is also invariant under G. In that case, we
can expandU � i as a linear combination of the other eigenvectors as

U � i =
nX

j =1

R G
ij (U )� j ; (3.15)

that is, the gaps transform in an n-dimensional representationR G of the symmetry group G, where
n = dim( f � i g� ) is the dimension of the eigenspace. Conversely, it should be possible to represent to
the gap by characteristic basis functionswhich likewise transform in this representation.

To formalize this discussion, let us recap some basic mathematical aspects of representation theory.
We focus on concepts which are elementary for the renormalized mean-�eld analysis that is carried
out on the basis of the fRG formalism presented in Ch. 2. For an in-depth presentation of these
concepts, we refer the reader to Ref. [60]. To start with, recall that any groupG can be separated into
di�erent classes of conjugate group elements. Two elementsx and y are called conjugate, if there exists
another element, sayu, such that y = u� 1 � x � u, where � denotes the group operation. Computing all
ensembles of conjugate elements, the classes ofG, is surprisingly simple and can be done by brute
force. One simply calculatesy = u� 1 � x � u for all u 2 G and for a �xed x 2 G and thereby determines
all conjugate elementsy of x. Iterating this procedure over all x then allows one to sort conjugate
elements into the respective class.

Secondly, recall that a representationR G : G ! GL(W) is a group homomorphism that maps the
elements ofG into the general linear group GL(W) of some vector spaceW. As such, the algebraic
structure of the group operation is preserved, that is,R G (x � y) = R G (x) � R G (x) (� is the group
operation in GL(W )). W is dubbed representation space ofR G and dim(W ) is called the dimension
of the representation. For �nite dimensional representations in particular, one can choose a basis inW
and identify the images of the group elementsR G (x) with invertible matrices, such that � becomes
the usual matrix product. Group representations are extremely useful for practical purposes, since the
abstract elements ofG can be identi�ed with familiar algebraic objects (matrices). In other words, the
representation of a groupG basically de�nes its action on the vector spaceW. Our discussion from
this point on always assumes �nite dimensional representations. Moreover, we consider Hilbert spaces
W and require that the matrices R G (x) are unitary. R G is thus called unitary representation.

A representation R G of G is called irreducible, if it has no invariant subspacesS � W, that is
R G (x)s 2 S for s 2 S and x 2 G, except the zero elementf 0g and W itself. If this is not the case,
R G is coined reducible. Every matrix in a unitary representation of a Hilbert space can be written as
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a direct sum of the respectiveirreps7. Hence, the latter are su�cient to fully characterize possible
representations ofG. A powerful concept to determine irreducible representations or �nding out
whether a particular representation is reducible are the characters� G (x) of the group elements in a
representation R G , which are de�ned as

� G (x) = Tr[ R G (x)] : (3.16)

The character of the identity element e 2 G, for example, corresponds to the dimension ofR G . In
general, the characters of group elements in the same class are equal. Moreover, the number of classes
in G corresponds to the number of its irreducible representations. For this reason, we may sort all
characters in annG � nG tableau, the character table ofG, where nG is the number of classes. The
character table for the group C6v , for example, is given in Tab. 3.1. Deciding, whether or not a
representation R G is irreducible thus boils down to computing its characters and comparing the result
with the rows of the character table.

We can use the concepts outlined above to characterize superconducting gaps in terms of irreducible
representations of the Hamiltonian's point group. From the action of unitary transformations on the
eigenspaces of the gap equation (see [Eq.(3.15)]) it became apparent that the gaps transform in some
representation of the symmetry group. In principle, that respective representation might be reducible
or irreducible, in most cases, however, it is irreducible [59, 60]. We can therefore reconstruct the gaps
in terms of basis functions or lattice harmonics of a suitable irrep. To accomplish this goal, we utilize
the projection

P(R G ) =
X

x 2 G

�� G (x)x ; (3.17)

which singles out those contributions that transform in the irrep R G [60]. Given some trial function
f (r i ; r j ) on lattice sites r i and r j , we computeP(R G )f and transform to momentum space to allow
for comparison with �( k ). Consider, for example,f (r i ; r j ) = � r i ;r j = r i + a 1 , where a1 = (1 ; 0)T is the
nearest-neighbor bond of the triangular lattice with point group C6v . Operating upon f with the
projection operator for the E1 irrep yields

[P(E1)f ](r i ; r j ) = 2( � r i ;r i + a 1 � � r i ;r i � a 1 ) + � r i ;r i + a 2 � � r i ;r i � a 2 � � r i ;r i + a 3 + � r i ;r i � a 3 ; (3.18)

with a2 =
�

1
2 ;

p
3

2

� T
and a3 =

�
� 1

2 ;
p

3
2

� T
. In momentum space, we therefore obtain

[P(E1)f ](k ; k 0) = i� k ;k 0

�
4sin (kx ) + 2sin

�
kx

2
+

p
3ky

2

�
� 2sin

�
�

kx

2
+

p
3ky

2

��
; (3.19)

which can now be compared to the momentum dependence of the gap function. In similar fashion,
basis functions for the other irreps and beyond the nearest-neighbor level can be computed. Note that
E1 is two-dimensional, and as such, one needs at least two lattice harmonics to characterize functions
transforming in E1 for each nearest-neighbor shell, as demonstrated in Fig. 3.1. To �nd an additional
basis function, one can simply repeat the calculation above, but for a linearly independent bond.

3.1.3 Topological superconductivity

On the mean-�eld level (see Sec. 3.1.1), superconductors can be described in terms of Bogoliubons, that
is, quasiparticles with energy spectrumE(k) =

p
[� (k )]2 + j�( k )j28. On the Fermi line, the energy is

entirely determined by the gap function, sinceE(k ) = j�( k )j. A conventional s-wave superconductor
with �( k ) = � therefore opens a �nite energy gap of magnitudej� j. Generally speaking, however,
there might be zero-crossings, so-called nodes, at which�( k ) becomes gapless. In many cases, these
nodes are energetically unfavorable since excited states could be occupied without any penalty.

Imaginary contributions to the gap function, on the other hand, can reinstate a �nite energy gap at the
Fermi level and render superconducting states with extended symmetries, such asd + id, competitive
[61]. A complex order parameter�( k ) is not invariant under the anti-unitary time-reversal operation

7 Note that each group has a trivial irrep which assigns R G (x) = 1 to any x 2 G.
8 We still focus on spinless fermions for which �( k ) has no spin dependence.
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Figure 3.1: Basis functions of C6v irreps on the triangular lattice. (a) The A 1 irrep ( s-wave) is
one-dimensional and thus a single basis function su�ces on both the �rst and second neighbor level. The
p-wave irrep E1 shown in (b) is, on the other hand, two-dimensional and another linearly independent lattice
harmonic needs to be computed. The black hexagon denotes the boundary of the �rst Brillouin zone.

�( k ) ! �� (� k )9, since the latter involves complex conjugation. For spinful systems withSU(2)
symmetry, such states would thus belong to classC in the Altland-Zirnbauer tenfold-way [61, 62] and
can exhibit non-trivial topology. To unravel the latter, we can resort to an integer-valued topological
invariant, the Chern number C, which can be computed from the winding of the pseudospinm (k)
along the contour lines of� (k ) resulting in the skyrmion number formula [61, 63] 10

C =
1

4�

Z

BZ
dk

�
m (k)

�
�
�
�
@m (k)

@kx
�

@m (k)
@ky

�
with m (k) =

1
E(k)

0

@
Re[�( k )]
Im[�( k )]

� (k )

1

A : (3.20)

Finite jCj > 0 indicate non-trivial topology and imply, for example, quantized spin Hall conductances
proportional to the Chern number in spinful systems [64] as well as the existence of gapless edge
modes by virtue of the bulk-boundary correspondence [65]. For vanishingRe[�( k )] or Im[�( k )], the
Chern number evaluates toC = 0 and the superconducting state is thus topologically trivial. The sign
of C is related to the handedness of the Skyrmion winding. In consequence, superconductors with
C 6= 0 are commonly referred to as chiral superconductors. Notably, any chiral superconductor breaks
time-reversal, otherwiseC = 0 as discussed above. Conversely, superconductors breaking time-reversal
do not generically qualify as chiral (see Ref. [61] and references therein).

3.2 Level-2 fRG for spin-polarized fermions

In Ch. 2, the fRG formalism was introduced on a general level and �ow equations for the self-energy
and two-particle vertex were derived. Here, we work in the L2 truncation and simplify these equations
for spin-polarized fermions. Much in the spirit of related weak-coupling fRG implementations [11, 21,
39, 40, 66, 67], self-energy feedback is neglected such that we content ourselves with the �ow of the
two-particle vertex Eq. (2.37), which reads

d
d�

�( x0
1; x0

2jx1; x2) =
1
2

X

x 3 ;x 4

�( x3; x4jx1; x2)�( x0
1; x0

2jx3; x4)P(x3; x4)

�
X

x 3 ;x 4

�( x0
1; x4jx1; x3)�( x3; x0

2jx4; x2)P(x3; x4)

+
X

x 3 ;x 4

�( x0
2; x4jx1; x3)�( x3; x0

1jx4; x2)P(x3; x4) ; (3.21)

with P(x3; x4) � S(x3)G(x4) + G(x3)S(x4). Note that we dispense with symbolically indicating the
� -dependence of the vertices and, instead, assume it implicitly. We consider an action of spin-polarized

9 In spinful systems, time-reversal would additionally �ip the spin.
10 h:j:i denotes the inner product of Euclidean space.
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fermions in imaginary time, such that x i = ( ! i ; k i ) with Matsubara frequency ! i and momentum k i
11.

For translation invariant systems, the propagators are diagonal and conserve energy and momentum
[11, 15]. In addition, the vertex obeys

�( x0
1; x0

2jx1; x2) = V (x0
1; x0

2; x1) � �� ! 0
1 + ! 0

2 ;! 1 + ! 2 � ABZ � k 0
1 + k 0

2 ;k 1 + k 2 ; (3.22)

that is, the fourth frequency (momentum) in � can be computed from the other three and does not
need to be written out explicitly. Here, ABZ denotes the volume of the �rst Brillouin zone and � = 1=T
is the inverse temperature.

3.2.1 Temperature �ow scheme

The cuto� scale � can be implemented di�erently, as long as the boundary conditionsG� !1
0 = 0

and G� ! 0
0 = G0 are ful�lled. This implies, however, that the results obtained with a truncated

fRG �ow are a�ected by the choice of regulator (see Sec. 2.4). Moreover, depending on the type of
regulator that is selected, e.g., momentum or frequency, �uctuations in some channels may be arti�cially
enhanced or suppressed, leading to an inherent bias towards speci�c phases. A momentum-shell RG
�ow, for example, underestimates �uctuations with small total momenta in the particle-hole channels
above scales set by the temperature and, thus, long-range antiferromagnetic correlations may overhaul
putative ferromagnetic ordering tendencies [67]. Choosing an appropriate regulator is, therefore, of
uttermost importance to make robust predictions.

Here, we adopt the temperature �ow scheme pioneered by Honerkamp and Salmhofer [67], which
directly associates� with the physical temperature T and allows to track small momentum transfers
on equal footing in all interaction channels. The central step to implement theT-�ow, amounts to
removing all temperature dependencies in the quartic part of the action, such that only the Gaussian
part depends onT. This can be achieved, by rescaling the original �elds by a factor� 3=4, which
cancels the� � 3 prefactor from the normalization of Matsubara sums [67]. The bare propagator then
becomes

G0(! n ; k ) ! GT
0 (! n ; k ) =

T1=2

i! n � � (k )
; (3.23)

where � (k ) = � (k ) � � is the single-particle dispersion for chemical potential� . Using ! n = (2 n + 1) �T ,
we now observe thatGT

0 scales likeT � 1=2 for large T and therefore GT !1
0 = 0 . The second boundary

condition, which quali�es Eq. (3.23) as a suitable cuto� implementation, is ful�lled by construction, since
GT

0 presents the usual bare propagator for the rescaled �eld theory. Therefore, we can straightforwardly
use the �ow equation (3.21), substituting � ! T and dropping the temperature normalization of
the Matsubara sums. Without self-energy feedback, the propagator bubble in the vertex �ow then
evaluates to

P(! n k ; ! n 0k 0) = �
d

dT
[G0(! n ; k )G0(! n 0; k 0)] = �

d
dT

�
T

(! n � � (k ))( ! n 0 � � (k 0))

�
; (3.24)

where we again suppress temperature dependencies to keep the notation convenient.

3.2.2 Patching approximation

Following the RG �ow in Eq. (3.21), corresponds to integrating the right-hand side of the vertex
�ow from the UV to the IR limit. The vertex itself is, even after utilizing translation invariance, a
high-dimensional object with three momentum and three frequency arguments and as such scales as
N 3

! N 3
k . Its most singular contributions, however, are located at zero frequency and along the Fermi

surface [11]. The momentum dependence orthogonal to the FS is, in contrast, less important.

As a �rst simpli�cation, we therefore set external frequencies in the �ow equation (3.21) to zero and
neglect the frequency dependence of vertices. Using Eq.(3.22), the vertex �ow then computes to

d
dT

V(k 0
1; k 0

2; k1) =
1

2ABZ

Z

BZ
dk V(k ; qs � k ; k1)V (k 0

1; k 0
2; k )L s(k ; qs)

�
1

ABZ

Z

BZ
dk V(k 0

1; k ; k1)V (qt + k; k 0
2; k )L t (k ; qt )

+
1

ABZ

Z

BZ
dk V(k 0

2; qu + k; k1)V (k ; k 0
1; qu + k)L u (k ; qu ) ; (3.25)

11 Sums
P

x i
therefore have to be interpreted as 1

�

P
! i

1
A BZ

R
dk i .
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where we introduced the particle-particle and particle-hole loop functions

L s(k ; q) =
� f (� (k )) + � f (� (q � k ))

� (k ) + � (q � k )

L t (k ; q) = �
� f (� (k )) � � f (� (q + k))

� (k ) � � (q + k)
= L u (k ; q) ; (3.26)

with � F (x) = d
dT � F (x) and Fermi function � F (x) = ( ex=T + 1) � 1. The expressions for the loop

functions result from carrying out Matsubara sums over (3.24) analytically using

X

! n

T
(i! n � � 1)( i! n � � 2)

=
� F (� 1) � � F (� 2)

� 1 � � 2
: (3.27)

Here, the transfer momenta qc are given by the Mandelstam variables

qs � k 0
1 + k 0

2

qt � k 0
1 � k1

qu � k 0
1 � k2 : (3.28)

In a second step, we de�ne the projection� : BZ ! ZN
FS , mapping any momentum k in the �rst

Brillouin zone to its nearest-neighbor � (k ) within an angular discretization ZN
FS of the Fermi surface

consisting of N points. The set of all points closer to one discretization point then to any other point
is called apatch, which lends the approximation its name: N -patch fRG [11]. In this manuscript, we
considerZN

FS = f � i = 2�
N i j i = 1 ; :::; N g, but the generalization of our results to non-uniform grids is

straightforward. Applying this projection to the momentum dependence of the vertex, we obtain the
�ow equation

d
dT

V(� 0
1; � 0

2; � 1) =
1

2ABZ

Z

BZ
dk V(� (k ); � (qs � k ); � 1)V (� 0

1; � 0
2; � (k ))L s(k ; qs)

�
1

ABZ

Z

BZ
dk V(� 0

1; � (k ); � 1)V (� (qt + k); � 0
2; � (k ))L t (k ; qt )

+
1

ABZ

Z

BZ
dk V(� 0

2; � (qu + k); � 1)V (� (k ); � 0
1; � (qu + k))L u (k ; qu ) ; (3.29)

where we replaced all arguments which coincide with a patching pointk i by the respective angle
� i . Note that the patching approximation spoils momentum conservation: the momentum k2 =
� (k 0

1) + � (k 0
2) � � (k1) for three projected momenta� (k 0

1); � (k 0
2); � (k1) is usually o�set from the Fermi

surface and thus necessitates to be operated upon by an additional projection. Yet, the numerical
e�ort and memory requirements for computing the two-particle vertex are greatly reduced. Instead of
having to discretize momenta in the entire Brillouin zone, one only needs to account for patch points
on the Fermi surface, that is, some lower dimensional manifold in momentum space. In most cases,
fewer discretization points are thus su�cient for resolving the vertex.

3.3 Numerical implementation of N -patch fRG

Having simpli�ed the �ow equations as much as possible, we now want solve Eq.(3.29) numerically.
This requires two ingredients: (a) somequadrature to compute the two-dimensional momentum integrals
and (b) an ordinary di�erential equation (ODE) solver to lower the temperature (see Fig. 3.2). It
turns out bene�cial to change the basis and formulate the momentum integrals in polar coordinates.
Without loss of generality, let us focus on the particle-particle channel (the �rst line in [Eq. 3.29]),
which, after performing the basis change, reads

d
dT


 s(� 0
1; � 0

2; � 1) =
1

2ABZ

Z 2�

0
d�

Z R �

0
dk k � V (� (k � ); � (qs � k � ); � 1)V (� 0

1; � 0
2; � (k � ))L s(k � ; qs) :

(3.30)

Recall that the vertices possess no radial dependence on momentum due to the projection onto patch
points and we can thus write

d
dT


 s(� 0
1; � 0

2; � 1) =
1

2ABZ

Z 2�

0
d� V (� (k � ); � (qs � k � ); � 1)V (� 0

1; � 0
2; � (k � ))� s(�; qs) ; (3.31)
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Figure 3.2: Numerical implementation of N -patch fRG for spinless fermions. For a given single-
particle dispersion � (k ) one computes the renormalized interactions V from the bare interaction V0 by integrating
the renormalization group �ow from some initial temperature TUV to some �nal scale TIR using an ODE solver.
The latter step involves the computation of two-dimensional momentum integrals, which can e�ciently be
evaluated in polar coordinates. The renormalized 2PR channels, obtained at TIR or at Tc > T IR where one of
them eventually diverges, characterize the e�ective low-energy theory and can be used to extract symmetries
of the associated mean-�eld gaps. For more details on the individual algorithms, see text.

where � s(�; qs) is the radial integral over the loop function

� s(�; qs) =
Z R �

0
dk k � L s(k � ; qs) : (3.32)

Usually, the k-integral needs to be computed with high-accuracy to obtain a stable and qualitatively
correct fRG �ow as will be demonstrated in the next section. The � -integral, on the other hand,
causes mostly quantitative changes, but leaves the important physics, regarding, for example, which
couplings become relevant in the low-temperature regime, unchanged. We therefore approximate the
latter by a simple Riemann sum over the patch points, such that our exemplary �ow in the s channel
becomes

d
dT


 s(� 0
1; � 0

2; � 1) �
� �

2ABZ

NX

i =1

V(� i ; � (qs � k � i ); � 1)V (� 0
1; � 0

2; � i )� s(� i ; qs) + O((� � )2) ; (3.33)

with � � = 2�
N . Hence, higher resolution on the Fermi surface, which is desirable anyways, simultaneously

reduces the error for the� -integration (see Fig. 3.4).

3.3.1 Radial integration of the loop function

As we have seen in the last section, the only input required to evaluate the right-hand side of the �ow
equation are the radially-integrated loop functions � c. In order to choose an appropriate quadrature
from the large pool of numerical algorithms which exist for that matter, a meticulous study of the
target function is required to make a well-informed decision.

To do so, we compute the loop function as well at itsk-integral taking the dispersion

� (k ) = � 2t �
�
cos (kx ) + cos

�
kx

2
+

p
3ky

2

�
+ cos

�
kx

2
�

p
3ky

2

��
; (3.34)

of the single-band Hubbard model on the triangular lattice as an example. In [Figs. 3.3(c) &
(d)], we show the loop function along the same two representative momentum space cuts, but at
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Figure 3.3: Radial integration of the loop function. (a) Schematic illustration of the N -patch fRG
scheme for the single-band triangular lattice Hubbard model with N = 24 . Silver lines mark the boundaries
of the individual patches and black dots denote their respective patch points on the Fermi surface. (b)
Temperature �ow of the scale-derivative of the pairing susceptibility _� s (qs = 0) . Standard integration schemes
such as Gauss-Kronrod quadrature (dashed lines) fail to faithfully compute the radial component of the
necessary momentum integral, resulting in non-analytic results for T=t < 10� 2 . In contrast, a temperature
adaptive routine (dubbed custom for brevity), yields stable results for temperatures as low as T=t = 10 � 5

(full lines). The origin for this behavior roots in the progressive sharpening of the loop function around the
Fermi level, as displayed in (c) and (d) . Here, we plot L s (k ; qs = 0) for �=t = 1 :7 along two high-symmetry
directions of the triangular lattice. The respective intersection points K FS and M FS with the circularly shaped
Fermi surface are marked by dotted vertical lines.

di�erent temperatures. In both cases, the largest value is assumed at the Fermi level. The width of
the corresponding peak, however, is strongly modulated upon loweringT. An e�cient quadrature
should take this e�ect into account and successively increase the radial resolution upon lowering the
temperature.

Here, we adress this issue in three consecutive steps. We �rstly subdivide the integral into two parts,
one ranging from the origin k = 0 to the Fermi surface and a second one ranging from the Fermi
surface to the boundary of the Brillouin zone. We thus have

� c(�; qc) =
Z F �

0
dk k � L c(k � ; qc) +

Z R �

F �

dk k � L c(k � ; qc) ; (3.35)

where the radius F� corresponds to the Fermi level at angle� . This way, we can rest assured that
the most dominant contribution is always accounted for. In a second step, we further subdivide both
integrals into nT uniform domains, that is

� c(�; qc) =
n T � 1X

i =0

" Z F �
n T

( i +1)

F �
n T

i
dk k � L c(k � ; qc) +

Z F � +
R � � F �

n T
( i +1)

F � +
R � � F �

n T
i

dk k � L c(k � ; qc)

#

; (3.36)

where we scale the number of subdomains according to

nT = min
�

max
�

nTUVp
T

; nTUV

�
; nT IR

�
: (3.37)

This procedure ensures stability of the routine also at small temperatures by successively increasing
the number of integration nodes. Lastly, each integral is solved by an adaptive routine to obtain
error-controlled results. We opt for Simpson's rule as a compromise between numerical e�ciency
and accuracy. The number of function evaluations is thereby doubled until we either meet the error
tolerance or surpass the maximum number of function evaluations. Unless stated otherwise, we use
an absolute toleranceatol = 10 � 8 and a relative tolerancer tol = 10 � 4. The integration is terminated
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preemptively if the number of function evaluations exceeds220. Additionally, we �x nTUV = 10 and
nT IR = 103. Note that in order to estimate the integration error, a single Richardson extrapolation
between two consecutive steps, as well as on the �nal result, is performed.

To demonstrate the superiority of our implementation, we compute the scale-derivative of the pairing
susceptibility, i.e. the momentum integral

_� s(qs = 0) =
1

ABZ

Z

BZ
dk L s(k ; qs = 0) ; (3.38)

as a function of temperature. In Fig. 3.3(b), we have contrasted our radial quadrature with an adaptive
Gauss-Kronrod rule as exported by theQuadGKlibrary in the Julia programming language. In all
cases, we employ aN = 192 Riemann sum for the angular integration. For temperaturesT=t > 10� 2

both methods are in perfect agreement. Below this scale, however, one observes non-analytic jumps in
the results obtained with the Gauss-Kronrod rule, whereas the implementation described here yields
accurate results for temperatures as low asT=t = 10 � 5 - an appreciable boost by more than two orders
of magnitude. On the triangular lattice, such temperature scales can in fact become relevant due to
the collective interplay between �uctuations and geometric frustration [39, 40].

3.3.2 Di�erential equation solver

Knowing how to compute the right-hand side of Eq.(3.29), one can evolve the vertexV given at some
initial temperature scale Ti to some lower temperatureTf < T i by integrating the �ow equations.
More speci�cally, these are of the form

d
dT

V = f (T; V) (3.39)

where f schematically represents the sum of channel derivatives, which makes up the right-hand side
of the �ow. This equation amounts to a set of ordinary di�erential equations for which numerous
solvers are available. Ideally, one would like to use that algorithm which producesV T f with the highest
possible accuracy but the least number of evaluations off . Indeed, as recent e�orts have demonstrated
[44], an optimal solver for a speci�c incarnation of the �ow equations may exist. Although the ideal
choice may be model dependent after all, there are some generic traits shared by well-performing ODE
solvers for fRG �ow equations. A quali�ed ODE solver should

(a) adjust its step size dynamically to account for sudden changes such as the rapid growth of certain
couplings when approaching the infrared regime.

(b) account for the change of di�culty upon lowering the temperature. A maximum step width that
one deems appropriate for largeT might be a bad choice close to the infrared, where the vertex
has been subject to strong renormalization e�ects. Conversely, if the couplings change only
weakly with T, small step sizes are ine�cient and should be circumvented to safe computation
time.

(c) optimize both e�ciency and numerical accuracy. Multiple evaluations of f should be avoided if
the hypothetical gain in accuracy is in an imbalance with the actual change of the results. For
example, if one is only interested in qualitative results simple methods such as single-step Euler
solvers might su�ce already.

To respect these conditions, we integrate the �ow equations using the Bogacki-Shampine [RK3(2)]
method [68] from the Runge-Kutta family and implement the step-size adjustment (a) according
to the proposal in Ref. [69]. We set an absolute (relative) error tolerance of10� 8 (10� 2), unless
stated otherwise. In order to factor in (b), the maximum step size of the solver is chosen relative to
the current temperature, max(� T) = T=10. The minimum step size, on the other hand, is �xed to
min(� T) = 10 � 7 (T is given in units of the hopping). Most notably, this algorithm possesses the
First-Same-As-Last (FSAL) property, allowing one to recycle the function evaluation for the error
estimate in the subsequent ODE step, which helps to pay heed to (c).

3.3.3 Linearized gap equations and calculation of Chern numbers

In Sec. 3.1.1, we linearized the mean-�eld equation for the superconducting gap�( k ) around the Fermi
surface. The resulting gap equation then assumed the form

� �( k ) =
X

k 02 FS

VBCS (k ; k 0)�( k 0) ; (3.40)

24



Weak-coupling fRG for itinerant fermions

Figure 3.4: Numerical convergence checks in N -patch fRG. In (a) we plot temperature �ows of the
scale-derivative of the pairing susceptibility _� s (qs = 0) at van Hove �lling for various angular resolutions N . In
the high temperature regime T=t & 10� 2 all curves agree su�ciently well, while at low temperatures signi�cant
deviations are visible. In our fRG calculations we typically use N = 192 as a compromise between accuracy
and computing time. Note that below van Hove �lling convergence is typically reached much faster. The
scaling of the Chern number calculation with the Brillouin zone resolution for the E1 irrep is shown in (b) .
The convergence behavior generally depends on the �lling (close to nesting, convergence is typically slower),
yet, Nk � 103 momenta are usually su�cient to obtain the correct result.

that is, an eigenvalue equation for the pairing potential VBCS , whose solutions (eigenvectors) are
superconducting gaps with associated eigenvalue� , which sets the corresponding mean-�eld critical
temperature. Our analysis further revealed that the largest, negative eigenvalue represents the dominant
pairing tendency.

At that point, however, the precise form and origin of the pairing potential remained obscure. Fortu-
nately, it can be explicitly computed from the fRG approach. When one integrates the �ow, some
contributions to the vertex usually become singular, indicating spontaneous symmetry breaking and
the onset of an ordered phase [11, 15, 70]. At this point, the fRG �ow has to be stopped. Now, consider
an e�ective interaction of the form VBCS (k ; k 0) = V (k ; � k jk 0; � k 0), which has a transfer momentum
qs = 0 and should thus be dominated by �uctuations in the particle-particle channel. If it occurs that
the latter diverges during the fRG �ow 12, this means that the fermions become strongly-interacting
and the Fermi liquid state thus exhibits a pairing instability . The pairing potential at the critical scale
Tc

13 can then be extracted as

VBCS (k ; k 0) � 
 s(k ; � k jk 0; � k 0) : (3.41)

Consequently, any numerical eigenvalue solver can be applied in order to calculate the leading
superconducting gap from Eq.(3.40). More generally speaking, an instability in any channel can be
associated with a linearized gap equation for the respective scattering potential [71]. A mean-�eld
decoupling h� k + qt  k i , for example, corresponds to an e�ective interaction
 t (k + qt ; k 0jk ; k 0+ qt ) in
the t channel with transfer momentum qt and the eigenvectors would therefore characterize a density
wave. Note, however, that the gap is computed from a singular vertex
 c at T = Tc and as such, there
is no real meaning in its size, but only in its symmetry.

Having obtained the pairing �eld from the renormalized vertex, the symmetry based classi�cation
discussed in Sec. 3.1.2 can be applied. In particular, one can �nd an optimal �t of lattice harmonics
by comparing the agreement of di�erent irreps with the dominant eigenvectors of the scattering
potential. Recall that in the case of degenerate pairing solutions, corresponding to multi-dimensional
representations, complex superpositions of lattice harmonics would open a gap at the Fermi surface and
are thus preferable from an energetic point of view. Superconducting gaps of this form could exhibit
non-trivial topology, that is, they could have a �nite Chern number C. For a complex superposition
of two such �ts, the latter can be determined from the winding of the pseudospinm (k) around the
Fermi surface (see Sec. 3.1.3) using

C =
1

4�

Z

BZ
dk

�
m (k)

�
�
�
�

@m (k)
@kx

�
@m (k)

@ky

�
: (3.42)

12 Numerically, a divergence can, for example, be characterized by the channel maximum growing larger than some
multiple of the electronic bandwidth.

13 In this context, Tc corresponds to the temperature at which the fRG �ow breaks down.
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Figure 3.5: Spinless N -patch fRG in the pairing channel for V=t = � 1. (a) For low densities �=t < 2,
the Fermi surface (dark grey line) resembles a circular shape. Beyond Van Hove �lling �=t = 2 , where nesting
(silver line) occurs, the Fermi surface intersects with the boundary of the Brillouin zone (black line) and forms
pockets around the K points (white lines). (b) Critical fRG scale Tc=t as a function of the chemical potential
�=t . At �=t � 1:2 one �nds a transition from p-wave to f -wave superconductivity. The p-wave instability could
be chiral with Chern number C = � 1.

Computing C boils down to calculating a two-dimensional momentum integral. The di�culty in solving
the latter for arbitrary m evolves around developing a stable algorithm, which is able to cope with
repeated evaluations of the product of partial derivatives. Here, we proceed in two steps. First, the
integral is replaced by a two-dimensional Riemann sum

C =
� ABZ

4�

NX

i =1

*

m (k i )

�
�
�
�
@m (k)

@kx

�
�
�
�
k = k i

�
@m (k)

@ky

�
�
�
�
k = k i

+

; (3.43)

where the k i form a uniform discretization of the Brillouin zone, that is, the Wigner-Seitz cell for
each point encloses the same volume� ABZ = A BZ

N . To compute the sum, we evaluate the partial
derivatives via forward mode automatic di�erentiation (AD), as exported by the ForwardDiff Julia
module. Compared to �nite-di�erence methods, AD has turned out to be more stable in the present
context. We �nd the interval to converge already with a modest momentum resolution Nk � 103, as
exempli�ed in Fig. 3.4(b).

3.4 Examples

In the last decades, the Hubbard model on the square lattice has attracted tremendous attention as
the prototypical Hamiltonian of strong correlations in high- Tc candidate materials, such as cuprates
or iron-pnictides [1, 2]. Moreover, it has served as a valuable environment for benchmarking novel
numerical approaches and exploring their performance for disentangling the non-trivial interplay
between thermal and quantum �uctuations [41, 72].

The advent of twisted bilayer graphene [53, 73] as one of the �rst moiré materials for which a
plethora of correlated many-body states could be observed, however, renewed the conceptual interest in
e�ective Hamiltonians on hexagonal geometries, such as the honeycomb, kagome or triangular lattice.
Remarkably, the phase diagram of tBG [53, 55, 73], resembles that of the high-Tc cuprate materials:
superconducting domes are separated by insulating regions as a function of doping. Moreover, a
comparison of the superconducting transition temperatureTc relative to the Fermi temperature TF [53]
shows that Tc=TF for twisted bilayer graphene lies somewhere between the iron-pnictides and cuprates,
indicating tBG as a potential platform for the study of unconventional superconductivity.

Recently, multilayer transition metal dichalcogenides (TMDs) have been put forward as another
highly-tunable platform for the simulation of exotic many-body states [40, 74�81]. The e�ective models
considered for TMDs usually involve a couple of spin-split bands that arise from broken SU(2) symmetry
due to strong spin-orbit coupling in the monolayer system [78, 82, 83]. To capture the elementary
physics of interacting fermions on a lattice relevant to the �eld of TMDs and, more importantly, to
exemplify the capabilities of the functional renormalization group approach, we consider a toy model
of spinless fermions on the triangular lattice with real-space Hamiltonian

H = � t
X

hij i

cy
i cj � �

X

i

cy
i ci + V

X

hij i

cy
i cy

j cj ci ; (3.44)

26



Weak-coupling fRG for itinerant fermions

Figure 3.6: Characterization of pairing instabilities in the Cooper channel. (a) Temperature
�ow of the maximum of 
 s for �=t = 0 . The calculation is terminated preemptively, once an upper bound
of 3W=t (upper silver line) is surpassed. (b) Renormalized 2PR vertex 
 s at the critical scale Tc . Singular
couplings appear as two parallel lines, whose momenta add up toqs = 0 . (c) p-wave gap function extracted
from the vertex in (b) . The leading eigenvalue is doubly degenerate and can be accurately described by the
nearest-neighbor harmonics of the E1 irrep (dashed lines). (d) & (e) same as(a) & (b) but at Van Hove
�lling. (f) Gap function for the f -wave instability. Here, only a single eigenvector, which transforms in the B1

irrep, is competitive.

which could perhaps be realized by coupling an external magnetic �eld to spins in the moiré valence
band and driving the system into a polarized state. Note that in the absence of a spin degree of
freedom, the nearest-neighbor density interactionV presents the simplest conceivable interaction term.
Here, our sign convention is chosen such thatV < 0 (> 0) denotes an attractive (repulsive) interaction.
In momentum space Eq. (3.44) becomes

H =
X

k

� (k )cy
k ck +

X

k 0
1 ;k 0

2 ;k 1 ;k 2

VF (k 0
2; k2) � � (k 0

1 + k 0
2 � k1 � k2)cy

k 0
1
cy

k 0
2
ck 2

ck 1
; (3.45)

where F (k ; k 0) =
P

f � g ei (k � k 0) � corresponds to the nearest-neighbor form factor with triangular
displacement vectors� . The single-particle dispersion

� (k ) = � 2t
�
cos (kx ) + cos

�
kx

2
+

p
3ky

2

�
+ cos

�
kx

2
�

p
3ky

2

��
� � ; (3.46)

is computed for Bravais lattice vectors a1 = (1 ; 0)T and a2 = (1 =2;
p

3=2)T .

To shed light on the ground state instabilities of this toy model, we employ theN -patch fRG scheme
from Sec. 3.2.2 combined with the renormalized mean-�eld analysis discussed in Sec. 3.3.3. The
properly antisymmetrized initial condition for the two-particle vertex is given by

V0(k 0
1; k 0

2; k1) = V [F (k1; k 0
1) � F (k 0

2; k1)] ; (3.47)

where we utilized inversion symmetry of the triangular lattice. We set the initial scale TUV to the
bandwidth W = 9 t and terminate the �ow for temperatures T � TIR = 10 � 5t or if the maximum of
one channels exceeds3W , in which case we declare to have reached the strong-coupling regime. The
�ow of the vertex is tracked on N = 192 patches, for which our susceptibility results in Fig. 3.4 seemed
reasonably well converged. In total, this corresponds to a set of roughly seven million di�erential
equations in every channel, which goes signi�cantly beyond previously used patching resolutions.

In the following, numerical results for the phase diagram of Eq.(3.44) are presented. We proceed
in two steps. Firstly, our approach is benchmarked against mean-�eld results from Ref. [84] by
exclusively considering thes channel and setting all other 2PR diagrams to zero. In this case, the fRG
�ow resembles a ladder summation of particle-particle diagrams. Secondly, we perform full patching
calculations and map out the phase diagram for both attractive and repulsive four-fermion interactions
V .
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Figure 3.7: Phase diagrams for spinless fermions on the triangular lattice. (a) Close to Van Hove
�lling and for sizable attractive interactions V=t < 0, one �nds a Pomeranchuk instability, whose onset is
marked by a colored dot for the respective Tc line. Below �=t = 2 , however, two pairing instabilities can
occur: p-wave at low densities and an f -wave superconductor at intermediate �llings, for which we indicate the
respective transition by diamond markers. Note that for V=t = � 1:0 (blue line) no f -wave instability is found
in the fRG calculation. For weak interactions V=t = � 0:4 there additionally exists a metallic regime. (b) Same
as (a) , but for repulsive density interactions V=t > 0. Instead of a Pomeranchuk instability, one �nds a charge
density wave with a �nite pitch vector qt = M that breaks translation invariance. If the �lling is reduced,
the particle-hole instability is overhauled by a divergence in the s channel. The respective gap has~p-wave
symmetry, i.e. it transforms in the E1 irrep, but further neighbor contributions need to be accounted for. At
low densities we �nd a metallic phase, in which singular couplings are absent.

3.4.1 Example 1: Channel truncated N -patch fRG

For the mean-�eld scenario, we study the Hamiltonian presented in Eq.(3.44) with attractive interac-
tions V=t = � 1 and for �llings �=t 2 [� 1; 2]. For �=t = 2 , the dispersion Eq.(3.46) exhibits a Van Hove
singularity at k = M due to saddle points in the dispersion. Moreover, the Fermi surface is perfectly
nested (see [Fig. 3.5(a)]) and touches the Brillouin zone at the Van Hove points. For larger chemical
potentials, the � (k ) = 0 line intersects with the boundary of the Brillouin zone, giving rise to Fermi
pockets around theK -points. This opens up the possibility for superconducting states with extended
symmetries (such asf -wave) if their respective nodes lie in the regions between the pockets. Below
Van Hove �lling, nesting is absent and the Fermi surface assumes a circular shape, which progressively
shrinks around the � -point when �=t is decreased. One could therefore expect a competition between
two superconducting instabilities in the chosen range of �llings: one with extended symmetry in vicinity
of Van Hove �lling, and one with a lesser number of nodes for�=t < 2.

Indeed, as depicted Fig. 3.5(b) and in agreement with Ref. [84], we �nd a transition between ap-wave
instability at low �llings and an f -wave superconductor for�=t & 1:2, signi�ed by a local minimum
in the critical temperature. The p-wave instability features two nodes on the Fermi surface and its
gap, which is best described by the nearest-neighbor basis functions� 1; � 2 of the two-dimensional E1

irrep, is doubly degenerate (see [Fig. 3.6(a) - (c)]). Its Chern number for a mean-�eld constructed
as �( k ) = � 1(k ) � i� 2(k ) evaluates to C = � 1, that is, the respective px + ipy state is topologically
non-trivial, which agrees with the �ndings of Ref. [84]. The f -wave state (see [Fig. 3.6(d) - (f)]),
on the other hand, transforms in the one-dimensionalB1 irrep and is therefore topologically trivial.
Consequently, there must be a quantum phase transition in between, which according to Ref. [84] is
likely �rst order.

3.4.2 Example 2: N -patch fRG for spinless triangular-lattice fermions

Having instilled some con�dence in the correctness of our implementation, we now turn to the discussion
of the fRG results with competing channels. To generalize the results from the ladder resummation,
we begin by presenting the phase diagram for various attractive interactionsV=t < 0, plotted in
Fig. 3.7(a).

In total, we �nd three di�erent ground state instabilities. Starting from a p-wave instability at low
densities, the symmetry of the gap changes fromp- to f -wave for interactions � 0:4 < V=t < � 1,
followed by a plateau of particle-hole instabilities. For smaller jV j=t, the critical temperature of the
p-wave instability is suppressed belowTIR = 10 � 5 and thus becomes elusive. The respective region in
the phase diagram is therefore coinedmetal. For larger jV j=t, on the other hand, the region off -wave
superconductivity diminishes.

28



Weak-coupling fRG for itinerant fermions

Figure 3.8: Competing instabilities for repulsive interactions close to Van Hove �lling. (a) Flow
of the maxima in the 2PR channels, signifying an instability in the pairing channel. (b) Renormalized pairing
vertex at the critical scale Tc . (c) Superconducting gap function computed from (b) . The solution is doubly
degenerate and hast extended~p-wave symmetry, as indicated by multiple nodes on the Fermi surface. A �t
of E1 basis functions is plotted as dashed lines. (d) Same as(a) , but with an instability in the particle-hole
channels. (e) Direct particle-hole channel at the critical temperature. The respective order parameter is
plotted in (f) , with a �t of A 1 (s-wave) lattice harmonics (dashed blue line).

Close to Van Hove �lling, one �nds a simultaneous divergence of the two particle-hole channels (see
Fig. 3.8). Due to crossing symmetry, which relates the respective bubble functions ([Eq. 2.24]), the
�ows closely align and we can reduce our discussion to
 t for brevity. The direct particle-hole channel
becomes singular for transfer momentaqt = 0 , that is, a Pomeranchuk instability occurs. Since the
respective gap equation possesses a large negative eigenvalue, it seems that the system develops a
tendency towards Fermi surface deformation [35]. This result, however, has to be taken with a grain of
salt, since the respective mean-�eldh� k  k i , corresponding to the fermion density, does not break any
symmetries. Therefore, we cannot associate the singularity with any order. One possible reason for
the divergence of the �ow could be the neglect of self-energy e�ects inN -patch fRG. The latter could,
in principle, acquire a non-trivial momentum dependence and counteract the divergence, but in the
absence of numerical results, this remains speculation.

On a qualitative level, our results obtained with additional �uctuations in the particle-hole channels
are consistent with those obtained in the previous section, since the gaps for both thep and f -wave
instabilities transform in the same irreps of C6v . Moreover, the sequence of their appearance as a
function of doping remains identical. The Pomeranchuk instability, on the other hand, could not be
obtained from exclusively considering �uctuations in 
 s.

Let us now consider repulsive interactionsV=t > 0. Similar to the attractive case, we again �nd an
instability of the particle-hole channels for chemical potentials �=t � 2. This time, however, �nite
momenta qt = M are transferred through the internal bubble, signaling the emergence of a charge
density wave (CDW), which breaks translation invariance. Sinceqt coincides with the nesting vector,
this instability can be considered a two-dimensional analogue of a Peierl's instability. The dominant
eigenvector of the associated scattering potential is found to transform in theA 1 irrep and has s-wave
symmetry.

Below Van Hove �lling nesting is lost, but �uctuations in the particle-hole channels remain sizable.
Nonetheless, one �nds an instability in 
 s if �=t is decreased far enough. This is remarkable, since the
nearest-neighbor interaction is repulsive,V=t > 0, and an attractive interaction in the Cooper channel
must be caused by inter-channel feedback during the RG �ow, similar to the generation ofd-wave
superconductivity from antiferromagnetic �uctuations in the square lattice Hubbard model [21, 36].
The �ows of the 2PR channels plotted in Fig. 3.8(a), for su�ciently strong V=t mimic this behavior.
At large temperatures, the vertex is dominated by the particle-hole channels. When the temperature
is decreased, however, both
 t and 
 u freeze out and �ow to a constant value. The particle-particle
channel, which is subdominant in the ultraviolet, then displays a strong increase in the low-temperature
regime and its maximum ultimately surpasses the upper numerical bound3W. The corresponding
gap function features an unusual large number of ten nodes on the Fermi surface and has higher-order
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~p-wave symmetry, that is it transforms in the E1 irrep but its momentum dependence needs to be
modeled with both �rst and second neighbor harmonics. From an experimental point of view this is
interesting insofar that a superposition of nearest and next-nearest-neighbor functions of theE1 irrep
can boost the Chern number to valuesC > 1 (see Ch. 6.1), which would result in a strongly enhanced
quantum Hall response.

Let us summarize the main achievements of this section. We have presented an accurate, yet numerically
e�cient implementation of N -patch fRG, which facilitated calculations with Fermi surface resolutions
well beyond the scope of other studies. Motivated by twisted transition metal dichalcogenides with
hexagonal superlattices, we considered a toy model of spinless fermions on the triangular lattice, for
which a plethora of charge and pairing instabilities could be uncovered. Moreover, our results have
been carefully benchmarked with a truncated-unity fRG solver (see Ch. 6.1). Therefore, our work can
be readily generalized to more realistic models for moiré materials with additional spin and/or orbital
degrees of freedom.
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4 Pseudofermion fRG for quantum spin systems

In this chapter, we concern ourselves with another �avor of the fRG approach: the pseudofermion
functional renormalization group (p�RG) and its application to quantum spin systems. The method
was pioneered by Reuther and Wöl�e in Ref. [22] and, as its name suggests, is based on a representation
of spin operators in terms of Abrikosov fermions. In sharp contrast to itinerant electron models, where
the Hamiltonian typically contains both, a kinetic part characterized by some hopping amplitude t
and interaction terms identi�ed with some energy scaleU, the pseudofermion Hamiltonian resembles
the t=U ! 0 limit, where only quartic terms remain. Since the approximations presented in Sec. 2.3
were derived assuming weak coupling, the question arises to which extent a truncated and thus
formally uncontrolled p�RG �ow is able to capture the low-energy physics of strongly interacting spin
models.

First insight into this issue can be gained from a closer inspection of the1` �ow. The Katanin truncated
p�RG equations boil down to a resummation of ladder diagrams both in the large-S (spin length) and
large-N (as in in SU(N )) limit [70, 85], the former boosting classical order, whereas the latter promotes
quantum �uctuations. In both cases the exact mean-�eld results are recovered. This indicates that,
even for S = 1 =2 and N = 2 , some competition between magnetic instabilities and paramagnetic
�uctuations, which hamper the spread of long-range correlations, is built into the p�RG �ow. Note
that feedback of the self-energy derivative into the �ow of 2PR vertices is crucial for establishing this
delicate balance, since �ows without the Katanin truncation appear to be heavily biased towards
magnetic instabilities [22].

Throughout the past decade1`-p�RG has, due to its versatility, been picked up by quite a number
of research groups, which uttered in a surge of papers that concern themselves with a plethora of
(frustrated) spin models in di�erent spatial dimensions [22, 86�114]. Apart from the addition of 2`
corrections by Rück and Reuther [115], the assessment of systematic errors induced by truncating
the p�RG �ow, has, until recently [P1, 116], attracted much less attention. This is surprising insofar
that 1=S (1=N) is usually not a small parameter such that the neglect of higher-order contributions
is unjusti�ed. Therefore, assuring self-consistency of the method becomes a mandatory task. As
outlined in Sec. 2.3.3, the addition of multiloop corrections restores the equivalence between fRG and
solutions of the self-consistent parquet approximation. For this reason, mfRG can be deemed a valid
starting point for gauging the importance of higher-order corrections. The loop order hereby serves as
a control parameter: convergence of the pseudofermion vertices with increasing̀instills con�dence in
the respective level of truncation and ensures that mutual screening e�ects between the 2PR channels
are fully accounted for.

The remainder of this chapter is structured as follows. In Sec. 4.1 we provide a brief introduction to
the intricate physics of frustrated quantum spins systems and the appearance of exotic spin liquid
states therein. We proceed by reviewing the pseudofermion representation of spin operators in Sec. 4.2
and, following Refs. [117, 118], present an e�cient parametrization of the vertices with regard to their
real space, spin and frequency structure. At last, the numerical implementation of p�RG is extensively
discussed and rounded o� with a few computational examples in Sec. 4.5.

4.1 Frustrated magnetism and quantum spin liquids

Quantum spin models are Hamiltonians which describe interactions between the magnetic moments of
�rmly localized, yet strongly correlated electrons. At high temperatures, spins usually exhibit param-
agnetic behavior, that is, the contributions from individual moments to the macroscopic magnetization
cancel out. Upon cooling, however, they can behave cooperatively and give rise to long-range magnetic
order. Frustrated quantum magnets, on the other hand, provide prominent exceptions to this rule.
Here, the proliferation of magnetic correlations is impeded by strong �uctuations and the presence of
competing ground states.

One recurring motif in frustrated magnets is the formation of so-called quantum spin liquids (QSLs),
exotic states of matter in which the spins remain disordered even at the lowest temperature scales.
A positive de�nition of QSLs goes to back to the resonating valence bond (RVB) state proposed by
Anderson as an alternative ground state of spin-1=2 antiferromagnets [119]. In an RVB, the ground
state wave function is composed of a massive superposition of singlet coverings of the lattice, so-called
valence bond states, and thus shows an anomalously large degree of quantum entanglement. Moreover,
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the RVB state features spin-1=2 quasiparticles calledspinons, which can be generated by fractionalizing
one of the singlets into two decon�ned magnetic charges. These excitations can be gapped or gapless
depending on the spatial extent of singlet bonds.

Over the years, the theory of quantum spin liquids has rapidly evolved, resulting in many excellent
review papers such as Refs. [10, 120, 121]. However, the key ingredients of QSL states, namely competing
interactions, frustration and strong quantum �uctuations, have impeded the development of a complete
classi�cation scheme [10]. In this vacuum, the consultancy of realistic models which are exactly solvable
and thus provide invaluable insights into the physics of spin liquids are of paramount importance. A
famous example of a Hamiltonian which precisely �ts these criteria is Kitaev's honeycomb model [7],
which, despite its simplicity, harbors both gapped and gapless QSL states. Here, spins fractionalize into
Majorana fermions and a static Z2 gauge �eld. Their respective fate in the presence of tilted magnetic
�elds has recently been investigated in breakthrough experiments by Kasahara [8] and, concomitantly,
by numerical calculations with di�erent many-body techniques [122�125].

The revelation that the Kitaev model could be realized in Mott insulators with partially �lled t2g

shells and strong spin-orbit coupling [126] has ignited a lasting interest in the quest for palpable
spin liquid materials. This search is, of course, not strictly limited to pristine Kitaev materials, but
includes triangular and kagome systems such as EtMe3Sb[Pd(dmit) 2]2 [127] and Herbertsmithite
(ZnCu3(OH) 6Cl2) [128] besides three-dimensional spin-ice materials like Ho2Ti 2O7 and Dy2Ti 2O7 [129].
Despite the steady stream of additions to the family of QSL candidates, tackling the multifaceted spin
Hamiltonians encountered therein has remained challenging, although many established numerical
methods have become very sophisticated. The exponential growth of the Hilbert space dimension with
system size has, so far, prohibited the study of large systems with exact diagonalization or DMRG,
while the infamous sign problem restricts quantum Monte Carlo (QMC) simulations to relatively high
temperatures. This calls for the development of novel theoretical tools to unravel the low-temperature
phase diagrams of frustrated quantum magnets.

4.2 Abrikosov fermion representation of spin operators

We consider general spin-1=2 Hamiltonians of the form

H =
1
2

X

ij

J ��
ij S�

i S�
j ; (4.1)

where S�
i denotes the � 2 f x; y; zg component of the su(2)1 spin operator on lattice site i . The

prefactor 1=2 ensures that each bond(i; j ) contributes to the total energy only once. We assume that
the couplings J ��

ij (usually J ��
ii = 0 ) between sitesi and j are real, such that the spin Hamiltonian is

hermitian and time-reversal symmetric [117]. Moreover, we impose

J ��
ij = �J ��

ji = �J ��
ij : (4.2)

Here, � 2 f� 1g is a Z2 variable such that J ��
ij can be symmetric or antisymmetric in spin space and

either break or preserve inversion symmetry on individual bonds. This Hamiltonian already captures a
plethora of di�erent spin models including, for example, SU(2) symmetric Heisenberg interactions for
which J ��

ij evaluates to J ��
ij = J ij � �� .

In order to apply the fRG framework developed in Ch. 2, the spin operators are expressed in terms of
complex pseudofermions [130] as

S�
i =

1
2

cy
i� � �

�� ci� ; (4.3)

where equal spin indices� 2 f" ; #g are summed over. Here,� �
�� are the elements of the Pauli matrix

� � . Introducing the matrix operator

F i =

 
ci " � cy

i #

ci # cy
i "

!

; (4.4)

S�
i can alternatively be represented as

S�
i =

1
2

Tr [F y
i � � F i ] : (4.5)

1 su(2) denotes the spin algebra.
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Importantly, S�
i is invariant under F i ! F i Ti , where Ti 2 SU(2) is a local gauge transformation. Note

that in contrast to a physical symmetry, which would be implemented by left multiplication with some
unitary matrix U y, the gauge transformation is de�ned by right multiplication, instead. A general
symmetry, in the sense that it leaves the Hamiltonian unchanged, can therefore act both globally as
well as in the gauge sector:F i ! U yF i Ti . Guided the pioneering work of Wen [9], this observation has
led to the notion of projective symmetry groups (PSGs)2 and quantum order, which can be used to
classify mean-�eld ansätze for spin liquid phases.

Although the Pauli matrices � � ensure that the su(2) commutator stays intact, Eq. (4.5) does not yet
su�ce to faithfully reproduce the original spin model. This is because the dimensiond = 2 � 2 = 4
of the local pseudofermion Hilbert space is larger than that of the spin-1=2 representation (d = 2 ).
Two of these states, namelyjn" ; n# i = j0; 0i and jn" ; n# i = j1; 1i , where n� denotes the spin up (down)
occupation are unphysical, since they corresponds to magnetic vacancies which are absent in Eq.(4.1).
Their existence requires an additional half-�lling constraint

cy
i� ci� = 1 ; (4.6)

to be ful�lled on every lattice site in order to render the pseudofermion model isomorphic to the
spin-1=2 Hamiltonian. In the context of p�RG, several ways to cope with this local constraint have
been suggested:

(a) An exact ful�llment in a �eld-theoretical setup such as fRG could, for example, be accomplished by
introducing a functional � -distribution on the level of the fermionic action [131]. In consequence,
one would need to keep track of an additional �owing constraint �eld, which complicates the
fRG analysis tremendously. For this reason, we refrain from employing this approach.

(b) At �nite temperatures , unphysical contributions to the partition function can be projected out by
means of an imaginary valued chemical potential� = i �T

2 as suggested by Popov and Fedotov
[132]. For T ! 0 the chemical potential vanishes, which motivates its neglect at zero temperature.
Indeed, as has been demonstrated in Ref. [133], pseudofermion fRG results obtained with and
without the Popov-Fedotov constraint coincide in the low temperature regime. Unfortunately, �
breaks the hermitian symmetry of the Hamiltonian, which makes its implementation comparably
expensive [22].

(c) At zero temperature, the constraint is usually not exactly enforced, but holds on average due to
local particle-hole symmetry of the pseudofermion Hamiltonian [P1, 117]. As will be exempli�ed
in Sec. 4.5.2, the magnitude of �uctuations around the averagehcy

i� ci� i = 1 can be further
reduced by means of local level repulsion termsAS �

i S�
i which, for A < 0, swell the gap between

physical and unphysical states proportional to jAj [85, 116]. In principle, one could achieve
the same by employing a Lagrange multiplier� (ni � 1)2 on every site, whereni denotes the
local pseudofermion density. Yet, this approach manifestly breaks particle-hole symmetry and is
therefore numerically ine�cient (see Sec. 4.3.4).

In the following, our focus lies on the implementation of local half-�lling as outlined in (c), which
restricts us to quantum spin models in the zero temperature limit.

4.3 Parametrization of pseudofermion vertices

In its pseudofermion representation, the general spin Hamiltonian Eq. (4.1) computes to

H =
1
8

X

ij

J ��
ij � �

�� � �

� cy

i� cy
j
 cj� ci� ; (4.7)

that is, it does not comprise a kinetic part and assumes a purely quartic form instead. The bare
propagator G0 is therefore particularly simple and reads

G0(x0
1jx1) =

1
i! 1

� �� i 0
1 i 1 � � 0

1 � 1 � ! 0
1 ! 1 � G0(! 1) � �� i 0

1 i 1 � � 0
1 � 1 � ! 0

1 ! 1 ; (4.8)

i.e., G0 is diagonal in all fermionic indices x1 = ( i 1; � 1; ! 1), where lattice sites are denoted byi 1,
spin indices by � 1 and Matsubara frequencies by! 1, respectively. Following the initial proposal

2 A PSG combines the symmetry group of a QSL with its invariant gauge group, i.e. the set of pure gauge transformations
which leave a given pseudfermion mean-�eld ansatz unchanged.
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Figure 4.1: Sketch of scale-dependent bare propagators. The regularized bare propagator G0(! ) (blue
line) peaks for frequencies close to the RG scale� and decays algebraically for j! j � � . The bare single-scale
propagator S0(! ) = � d

d� G0(! ) displays even sharper features close toj! j = � and falls o� exponentially for
large j! j=� . Both propagators are antisymmetric with respect to the origin.

by Reuther [22], the p�RG cuto� has commonly been implemented via a Heavyside � -function:
G�

0 (! ) = � (j! j � �) G0(! ). This way, �uctuations with j! j < � are sharply suppressed. Although the
sharp cuto� helps to facilitate analytical calculations [70, 85], � is not a smooth function, which has
prohibited the usage of higher-order numerical integration methods. To circumvent this issue, we
employ a Gaussian regulator

G�
0 (! ) =

�
1 � e� ! 2 =� 2

�
G0(! ) ; (4.9)

as shown in Fig. 4.1. Notably,G�
0 (! ) exhibits an algebraic fall-o� with 1=! for frequenciesj! j � � .

Our parametrization of pseudofermion vertices is largely based on the thorough symmetry analysis
performed in Ref. [117]. The general strategy unfolds in two steps: First, symmetry transformations
are veri�ed on the level of the action and their validity is subsequently imposed on the level of 1PI/2PR
vertices. In a second step, one derives a set of constraints that they ought to obey. Equipped with these
prerequisites, the general expressions for the self-energy loop and channel speci�c bubble functions
from Sec. 2.2 can be drastically simpli�ed.

4.3.1 Local �ow equations

The �rst invariance we concern ourselves with, is the local U(1) gauge redundancy of the pseudofermion
action, i.e. Grassmann �elds are assigned a local phase� j as

 j� ! ei� j  j�

� j� ! e� i� j � j� ; (4.10)

which leaves single spin operatorsS�
j unchanged. Due to the absence of any kinetic term in Eq.(4.7), this

implies conservation of the particle number per site and thus demands (bi-)locality of the propagators
and 1PI vertices [117]. In other words,� (as well asG) is diagonal in site indices

�( x0
1jx1) = � i 1 (~x0

1j~x1) � � i 0
1 i 1 ; (4.11)

whereas� (as well as
 c) is subject to the condition

�( x0
1; x0

2jx1; x2) = � =
i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) � � i 0
1 i 1 � i 0

2 i 2 + � �
i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) � � i 0
1 i 2 � i 0

2 i 1 : (4.12)

On the right-hand side of these equations, dependencies on the lattice sites have been made explicit
such that ~x i solely comprises frequency and spin indices. In p�RG, one usually assumes that all
sites are symmetry equivalents of one another and, consequently, the self-energy and propagators are
spatially uniform � i 1 (~x0

1j~x1) = �( ~x0
1j~x1). For the models considered in this work, this conjecture is

indeed ful�lled. The components � = and � � correspond to the two possibilities of connecting incoming
and outgoing fermions at a generic two-particle vertex: lattice indices are either preserved along two
parallel (= ) or two crossing lines (� ) (see Fig. 4.2). Notably, crossing symmetry implies that

� �
i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) = � � =
i 1 i 2

(~x0
2; ~x0

1j~x1; ~x2) = � � =
i 2 i 1

(~x0
1; ~x0

2j~x2; ~x1) ; (4.13)
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Figure 4.2: Bilocal parametrization of the two-particle vertex. Due to local U( 1) symmetry, �
decomposes into a parallel (� = ) and a crossed component (� � ), corresponding to the two possibilities to
connect in and outgoing legs. Here, lattice indices are preserved along single fermion lines. The two vertices
� = and � � are related to one another by crossing symmetry.

which allows us to formulate the �ow equations entirely in terms of � = or � � 3. Applying this
parametrization to the self-energy loop we �nd

[� � G]� =
X

x 0
2 ;x 2

�
� =

i 1 i 2
(~x0

1; ~x0
2j~x1; ~x2)� i 0

1 i 1 � i 0
2 i 2 � ~� =

i 1 i 2
(~x0

2; ~x0
1j~x1; ~x2)� i 0

1 i 2 � i 0
2 i 1

�
G(~x2j~x0

2)� i 0
2 i 2

=
X

~x 0
2 ; ~x 2

X

i 2

�
� =

i 1 i 2
(~x0

1; ~x0
2j~x1; ~x2)� i 0

1 i 1 � i 2 i 2 � ~� =
i 1 i 2

(~x0
2; ~x0

1j~x1; ~x2)� i 0
1 i 2 � i 2 i 1

�
G(~x2j~x0

2)

=
X

~x 0
2 ; ~x 2

2

4
X

j

� =
i 1 j (~x0

1; ~x0
2j~x1; ~x2) � ~� =

i 1 i 1
(~x0

2; ~x0
1j~x1; ~x2)

3

5 G(~x2j~x0
2) � � i 0

1 i 1 : (4.14)

Note that we have highlighted vertex components� = which have been obtained through Eq.(4.13)
as ~� = . This level of book keeping becomes essential for the formulation of the multiloop p�RG �ow,
where � is occasionally substituted with 2PR contributions 
 c. To compute the mfRG �ow for the
self-energy, for example,t-irreducible vertex contributions need to be inserted into the self-energy loop
in order to compute _� 1. This is important insofar that 
 t and 
 u are exchanged by crossing symmetry,
giving rise to the identities


 �
t;i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) = � 
 =
u;i 1 i 2

(~x0
2; ~x0

1j~x1; ~x2) = � 
 =
u;i 2 i 1

(~x0
1; ~x0

2j~x2; ~x1)


 �
u;i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) = � 
 =
t;i 1 i 2

(~x0
2; ~x0

1j~x1; ~x2) = � 
 =
t;i 2 i 1

(~x0
1; ~x0

2j~x2; ~x1) : (4.15)

In similar fashion, one can bring the general bubble functionsBc into their bilocal form, which likewise
decomposes into a parallel and a crossed component. Here, we present results for the former and
dispense with presenting the explicit calculation. Thes bubble only operates on crossing symmetric
objects like � , 
 s or 
 �s and projections between the parallel and crossed components thus do not need
to be especially accounted for, resulting in the compact expression

B =
s;i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) = �
X

~x 0
3 ; ~x 0

4 ; ~x 3 ; ~x 4

� =
i 1 i 2

(~x0
3; ~x0

4j~x1; ~x2)G(~x3j~x0
3)G(~x4j~x0

4)� =
i 1 i 2

(~x0
1; ~x0

2j~x3; ~x4) : (4.16)

The bubble function for the direct particle-hole channel, in contrast, contains contributions a�ected by
[Eqs. (4.15)], such that further book keeping is required. Using the~� = notation introduced for the
self-energy loop,B =

t;i 1 i 2
computes to

B =
t;i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) = +
X

~x 0
3 ; ~x 0

4 ; ~x 3 ; ~x 4

X

j

� =
i 1 j (~x0

1; ~x0
4j~x1; ~x3)G(~x3j~x0

3)G(~x4j~x0
4)� =

ji 2
(~x0

3; ~x0
2j~x4; ~x2)

�
X

~x 0
3 ; ~x 0

4 ; ~x 3 ; ~x 4

� =
i 1 i 2

(~x0
1; ~x0

4j~x1; ~x3)G(~x3j~x0
3)G(~x4j~x0

4)~� =
i 2 i 2

(~x0
3; ~x0

2j~x2; ~x4)

�
X

~x 0
3 ; ~x 0

4 ; ~x 3 ; ~x 4

~� =
i 1 i 1

(~x0
1; ~x0

4j~x3; ~x1)G(~x3j~x0
3)G(~x4j~x0

4)� =
i 1 i 2

(~x0
3; ~x0

2j~x4; ~x2) : (4.17)

For the calculation of the u bubble, only parallel components need to be invoked and we can straight-
forwardly calculate B =

u;i 1 i 2
, which yields

B =
u;i 1 i 2

(~x0
1; ~x0

2j~x1; ~x2) = �
X

~x 0
3 ; ~x 0

4 ; ~x 3 ; ~x 4

� =
i 1 i 2

(~x0
3; ~x0

2j~x1; ~x4)G(~x3j~x0
3)G(~x4j~x0

4)� =
i 1 i 2

(~x0
1; ~x0

4j~x3; ~x2) : (4.18)

3 We choose � = .
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Figure 4.3: (Bi-)local p�RG �ow equations in 1` truncation. (a) The self-energy �ow decomposes
into a non-local Fock and a local Hartree term (the �rst and second diagram, respectively). Slashed lines
denote single-scale propagators.(b) The �ow of the two-particle vertex can be entirely expressed in terms of
its parallel component. Notably, t-reducible contributions to � (magenta box) fall apart into three terms, the
�rst of which is the RPA diagram, responsible for the proliferation of magnetic correlations over the lattice.
Here, a pair of slashed fermion lines corresponds to d

d� (G � G).

Having parametrized the bubble functions, one can formulate the p�RG �ow equations in terms
of bilocal vertices, as diagrammatically shown in Fig. 4.3 for` = 1 . Remarkably, only the �rst
term in the t bubble, the RPA diagram, contains a lattice summation and is therefore responsible
for the proliferation of (magnetic) correlations. This argument is further supported by the large-S
generalization of p�RG, wherein the RPA loop receives an additional sum over fermion �avors [85]
and thus a prefactor proportional to S. Other contributions to the �ow are on the order of unity,
instead. Instabilities in the t channel are therefore prominently associated with long-range magnetic
order.

4.3.2 E�cient evaluation of spin sums

We now turn to the simpli�cation of the spin dependence of the vertices. To keep the notation
concise, we refrain from writing out superscripts for the parallel vertex component and, instead, assume
� i 1 i 2 = � =

i 1 i 2
from now on. In agreement with Ref. [117], we expand the vertices in terms of the basis

elements of thesu(2) spin-1=2 representation, i.e. in Pauli matrices, and add2 � 2 unities, which cover
density �uctuations. The self-energy (and propagators) then assume the general form

�(~x0
1j~x1) =

X

�

� � (! 0
1j! 1)� �

� 0
1 � 1

; (4.19)

with � 2 f d; x; y; zg, whereas bilocal two-particle vertices decompose into

� i 1 i 2 (~x0
1; ~x0

2j~x1; ~x2) =
X

�;�

� ��
i 1 i 2

(! 0
1; ! 0

2j! 1; ! 2)� �
� 0

1 � 1
� �

� 0
2 � 2

: (4.20)

Here, � d = 1. For highly symmetric spin models, such as spin-rotation invariant Heisenberg Hamilto-
nians, some functions� ��

i 1 i 2
remain identical to zero and can thus be neglected. Here, however, we keep

them for the sake of generality. At this point, we can make use of the hermiticity and time-reversal
symmetry of the general spin Hamiltonian in Eq. (4.1), which impose that single-particle objects are
diagonal in spin space [117]. In the expansion of the self-energy, we therefore only need to consider
density contributions.

Plugging the spin parametrization into the local self-energy loop Eq. (4.11) therefore yields

[� � G]� =
1

� 2

X

! 0
2 ;! 2

2

42
X

j

� dd
i 1 j (! 0

1; ! 0
2j! 1; ! 2) �

X

�

~� ��
i 1 i 1

(! 0
2; ! 0

1j! 1; ! 2)

3

5 G(! 2j! 0
2) � � i 0

1 i 1 � � 0
1 � 1 ;

(4.21)
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that is, only vertex functions with equal spin directions � = � contribute. Note that we have dropped
the d superscript over the propagatorG for brevity. To compress the respective algebraic expression
for the 2PR bubbles, we introduce the rank-4 doublet and rank-5 triplet tensors, denoted by� 2 and
� 3 respectively, and de�ned as

� ��
2;� 0

1 � 1
�

X

� 2

� �
� 0

1 � 2
� �

� 2 � 1

� ���
3;� 0

1 � 1
�

X

� 0
2 ;� 2

� �
� 0

1 � 0
2
� �

� 0
2 � 2

� �
� 2 � 1

: (4.22)

The spin-parametrized bubble functions then read

Bs;i 1 i 2 (~x0
1; ~x0

2j~x1; ~x2) = �
1

� 4

X
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3 ;! 0

4 ;! 3 ;! 4

X

�;�;�;�
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2;� 0

1 � 1
� ��

2;� 0
2 � 2
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i 1 i 2

(! 0
3; ! 0

4j! 1; ! 2)G(! 3j! 0
3)G(! 4j! 0

4)� � �
i 1 i 2

(! 0
1; ! 0

2j! 3; ! 4)

B t;i 1 i 2 (~x0
1; ~x0

2j~x1; ~x2) = +
2

� 4

X

! 0
3 ;! 0

4 ;! 3 ;! 4

X

�;�;�

X

j

� �
� 0

1 � 1
� �

� 0
2 � 2
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i 1 j (! 0

1; ! 0
4j! 1; ! 3)G(! 3j! 0

3)G(! 4j! 0
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ji 2
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2j! 4; ! 2)
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� 4
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! 0
3 ;! 0

4 ;! 3 ;! 4
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3;� 0
2 � 2
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i 1 i 2

(! 0
1; ! 0

4j! 1; ! 3)G(! 3j! 0
3)G(! 4j! 0
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i 2 i 2

(! 0
3; ! 0

2j! 2; ! 4)
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� 4

X

! 0
3 ;! 0

4 ;! 3 ;! 4

X

�;�;�;�
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3;� 0

1 � 1
� �

� 0
2 � 2

� ~� ��
i 1 i 1

(! 0
1; ! 0

4j! 3; ! 1)G(! 3j! 0
3)G(! 4j! 0

4)� � �
i 1 i 2

(! 0
3; ! 0

2j! 4; ! 2)

Bu;i 1 i 2 (~x0
1; ~x0

2j~x1; ~x2) = �
1

� 4

X

! 0
3 ;! 0

4 ;! 3 ;! 4

X

�;�;�;�
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2;� 0

1 � 1
� ��

2;� 0
2 � 2
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i 1 i 2

(! 0
3; ! 0

2j! 1; ! 4)G(! 3j! 0
3)G(! 4j! 0

4)~� � �
i 1 i 2

(! 0
1; ! 0

4j! 3; ! 2) : (4.23)

To obtain a speci�c B ��
c;i 1 i 2

, one can yet again expand the doublet and triplet tensors in� � and
exploit that the Pauli matrices, in contrast to the Kronecker delta, are traceless, i.e.Tr (� � ) = 0 for
� 6= d. Without loss of generality (for � 3 one proceeds analogously), consider� ��

2 =
P

� a� � � , which
implies

ad =
1
2

Tr(� ��
2 ) : (4.24)

Moreover, we have the identity � � � � = � �� 1 + i� ��� � � , where � is the Levi-Civita symbol. From this
equation, we are able to obtain the coe�cient a� (with � 6= d) as simple as

a� =
1
2

Tr [(� ��
2 � ad1)� � ] ; (4.25)

such that the right-hand side of each bubble function can ultimately be decomposed into contributions to
speci�c componentsB ��

c;i 1 i 2
. Using a computer algebra program to perform these algebraic manipulations

for a given model, one can straightforwardly derive e�cient, spin-parametrized p�RG �ow equations
for the general Hamiltonian in Eq. (4.1).

4.3.3 Asymptotic frequency parametrization

The last step in reducing the complexity of the �ow equations amounts to exploiting frequency (energy)
conservation by virtue of time translation invariance [117], that is, we impose

�( ! 0
1j! 1) = �( ! 1) � �� ! 0

1 ;! 1 (4.26)

on the self-energy and propagators and

� ��
i 1 i 2

(! 0
1; ! 0

2j! 1; ! 2) = � ��
i 1 i 2

(! s; ! t ; ! u ) � �� ! 0
1 + ! 0

2 ;! 1 + ! 2 (4.27)
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Figure 4.4: Natural frequency parametrization of 2PR vertices. Each channel 
 c is associated with
one bosonic transfer frequency! c and two fermionic frequencies � c and � 0

c . Our convention is chosen such that
� c (� 0

c) exclusively appears as an argument of the left (right) vertex object in the respective bubble function
B c . Moreover, the general vertex symmetries Eq. (4.36) assume a particularly convenient form when projected
into 
 c .

on two-particle vertices, where we introduced thetransfer frequencies

! s = ! 0
1 + ! 0

2

! t = ! 0
1 � ! 1

! u = ! 0
1 � ! 2 : (4.28)

This way, only one instead of two frequency arguments for one-particle objects and three instead of four
frequencies for two-particle objects need to be accounted for. So far, we kept our derivations applicable
also to �nite temperatures for the sake of generality. When approachingT = 0 , however, the spectrum
of Matsubara frequencies becomes continuous and, consequently, Matsubara sums are promoted to
integrals over the imaginary axis. Since zero temperature is the preferred regime of operation for p�RG
because thermal �uctuations which could boost the occupation of unphysical states are frozen out, we
switch to the integral notation from now on. The self-energy loop thus simpli�es to

[� � G]� =
Z

dv

2

42
X

j

� dd
i 1 j (! 1 + v; 0; ! 1 � v) �
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i 1 i 1
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3

5 G(v)� i 0
1 i 1 � � 0

1 � 1 � ! 0
1 ;! 1 :

(4.29)

Note that using the simpli�ed self-energy loop (or 2PR bubbles) to derive �ow equations for 1PI
vertices requires to parametrize the respective left-hand side of the equation in similar terms. This
procedure cancels not only the leftover Kronecker deltas or Pauli matrices, but also produces a prefactor
2� , which needs to be included in an explicit implementation. Using energy conservation, the spin
parametrized bubbles Eq. (4.23) evaluate to
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(4.30)

Remarkably, every transfer frequency! c is intimately tied to one of the 2PR bubbles and describes
the energy transmitted through the internal loop. The frequency ! s, for example, only appears in the
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