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• What random matrices? Which disordered systems?
• Why supersymmetry? What’s the idea?
• What’s a supersymmetric non-linear sigma model?
• Superbosonization: a new variant of the method for 

systems with local gauge symmetry
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• Heinzner, Huckleberry, MRZ:                                             
Commun. Math. Phys. 257 (2005) 725

• MRZ: Encylopedia of Mathematical Physics, 
vol.5, 151-160 (Elsevier, 2006)

Symmetry Classes of Disordered Fermions



Symmetry classes: setting & motivation
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After transfer, every set of block data specifies 
a classical irreducible symmetric space, 
and every classical irreducible symmetric 
space occurs in this way.                               
(Heinzner, Huckleberry, MRZ; 2005)

Proof of conjecture
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The ten large families of symmetric spaces
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Physical realizations

AI    electrons in a disordered metal with conserved spin and 
with time reversal invariance invariance 

A     same as AI, but with time reversal broken by a magnetic 
field or magnetic impurities

AII   same as AI, but with spin-orbit scatterers
CI    quasi-particle excitations in a disordered spin-singlet         

superconductor in the Meissner phase                                                  
C     same as CI but in the mixed phase with magnetic vortices
DIII  disordered spin-triplet superconductor 
D     spin-triplet superconductor in the vortex phase, or with 

magnetic impurities
AIII  massless Dirac fermions in SU(N) gauge field background (N > 2)
BDI  same as AIII but with gauge group SU(2) or Sp(2N)
CII   same as AIII but with adjoint fermions, or gauge group SO(N)

Altland, Simons & MRZ: Phys. Rep. 359 (2002) 283
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Wegner’s N-orbital model (class A)
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Outline

• Symmetry classes of disordered fermions: 10-fold way

• Riemannian symmetric superspaces

• Superbosonization

• Heuristics from non-linear sigma model

• Connection with free randomness (R-transform)
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Supersymmetry method
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MRZ: J. Math. Phys. 37 (1996) 4986 

Riemannian symmetric superspaces
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Universal construction of symmetric superspaces
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Symmetric supermanifolds: an example
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Example (cont’d)
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The 10-Way Table  (MRZ, 1996)

into a Riemannian symmetric superspace is called a 
supersymmetric nonlinear sigma model (NLsM).
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Correspondence between gauge-invariant (Wegner-type) random 
matrix models and supersymmetric nonlinear sigma models: 

ty.universali dominate maps constant  small For →t
14/26



15/26

• P. Littelmann, H.-J. Sommers, and MRZ:                              
Commun. Math. Phys. (in press)

• J.E. Bunder, K.B. Efetov, V.E. Kravtsov, O.M. Yevtushenko,  
MRZ: J. Stat. Phys. 129 (2007) 809

Superbosonization



Reminder: supersymmetry method

16/26

( )

.)~,;~,()~,;~,(

)(

.~i~i xpe)()~,;~,(

)~,;~,(

.~~:)

,(,)(e)(,

111

, ,,, ,,

~ ~,;~,

,1 ,1 ,,

Tri

−−−

=

==

−

=

∑∑ +Ω=

≡

+=

=Ω

∫∫

∑∑
∫

∗

ggggffgHgH
GHd

wzKf

ffD

K

HdK

bj bjjjbai aiiia

bj
q

j ja
p

i biiaab

HK

ψψϕϕψψϕϕ

μ

ψψϕϕψψϕϕ

ψψϕϕ

ψψϕϕψ

ϕμ

ϕϕ ψψϕϕ

Then  .  nconjugatio
by acting  group someby   invariant  Assume

where

:functionsncorrelatiospectralforfunctionGenerating

variablesinganticommut

commutingwhereondistributidisorder

the offunctionsticcharacteritheistheorytheofobjectCentral

a



Special case: commuting variables only

generalization: see Fyodorov, Nucl. Phys. B 621 (2002) 643
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Kawamoto and Smit, Nucl. Phys. B 192 (1981) 100

Special case: Grassmann variables only
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A statement of result
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A statement of result (continued)
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Application: Wegner’s model (Gaussian, class A)
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Heuristics from NLsM (Gaussian case)
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Expectations for d = 2, small t
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Voiculescu R-transform
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Connection with R-transform
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