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Tu the T:)o*l-twl-t'ag :

In He Limit of an {n‘fa'ui":t 4’ma&imr&-+im, intarval ) Hure exiat AT:o.cJaQ
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Euelidean action o( He iunstauton (CW{::O) :

T . % x*= Viw C
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—_—
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and = |t ww (AR
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]
—1(x B —1
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e Sl Dat (A —S2/k
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]I B4 Fluctuation Deterwivaut
Mo-h\ro:hm Detorwinaunts o,F (Ai{hnwﬁa() or,ua{*ors ore ulb%rd—l-au an
C‘Ma.n{—um :FieQd H\wra. Here are two reasouws w&a:
® Am% La%ma»m at Hu :(«mdaw{al Lovel ip %adraﬁc iw Hu {rtnuiw
{/itu,s. 1?9& iwﬂ&mﬁug over He {r(ml'm oue 0btaivs o deterwminant,
@ The 40—caled m—Qo-oP effcch’ve actiou ('l‘o Le autroduced Qahr)
i (e Qo&at-i{-b.w 9% a) detorminant.

SO/ we’ll APuxd Aowe time and Lﬁorf harniug' how o Qow‘auh deterwinouts .
Here we begin with, the sdmple 1D case of e (;w.'a,u_fzucfmﬁw determinant
:for Owr iustoutou Pod—k..

Ba stomdard ization o{/ the tiwme 1uterval [O/T] —> [0/ 1] and ACOLQM%
o{r e oPQra-l*or comt - A — A, Cowaider :[rrow. mow ou Hu atandard o‘oua{'or

A=—£+w<+»

dt*
on the unit interval 4 €0, 1] with Dirick et bouu&a? Cownditioug .

A %u—Oo\ ﬁum&ilw] to cousider 4s Ha 4otio o.f ‘ch‘l'iOan determinauts (see albrove)

DQ“'(A \ a2 "
0 A=—-L4 + W >0 awd A=— 55 4+ t>0.
Dd(A,\ -(or 1 Freding W 0 m Coust >

Tn «Fac{/ HE (AQ are the Q,iauavaluts of Ai , Haen

Det(A) 0; N (A
—_— = m N0 cou < bouwded W) .
Det(A) N_,A],I, Mo (A verg (for bouuded W)

Lemuma. . Lot *Pi be a solution o{»’Hu diﬂ'creufiaﬂ Qtiua‘h'ou A‘-«h = 0 with suitial

, | DeA(A)  #,0)
dota "{’i(O)ZO aud /ﬁ(o):1 (3: 0/1), Than —D(*(Ao\ = 4

/Pnog ( Kirsten % Mckam/ wa’d‘—rl\/ozosow) .
An opurater A with a sqquence of Ggunvalues 0 CA CN < EA < of
Quadra-l—ie &rou'l’k determiunes a K—-‘uuc{'iou KA(S) = Z 7‘;5 ({iot R s 1) .

n=1



Dut 4o Caucellations, Hea differance KA,(S) —KA(S) = Z ('7\“(.6.')_5 — %h(Ao\_s>
° n=-1
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Tla 1Cuuc’rion R — "Pé,h(ﬂ hits  Zero whenever K hits an ciginvalue of Aj

Thus we &1{ tha 'F°“°"""‘j, ih‘l’l&ra.l Mfrutu{'a'h’ou:

KA,(S)_KA,(S) %S . alQ “i, Ir.(” ,For Hu choice oJ% wh&ra‘hou contows ¥ shown

key Yo,k (1
in Heis -Fiq,w{: ®
, 2 (A) X
V § X
¥
K,

Because the iu{-o.&raud has sufficient &any at iu{'.‘ui-}?, He contow of 4’uh%m+iou
cou Mre lt(urm& to y=iR+e (with H negative oritutation ).

; - —2s —4
?uﬂiug R=+0e? (r>0) we &d R e r e “E QQOVLQ thae Pni-h‘vt.
-1s ‘_—).s Q+ is|

‘i,ma&iwar7 Oxis ond ‘1 OQou& o M%&{—\’v& 4’mn&iuar7 0Xis .

'By u,sih& '\‘3 = n{:’ i ond (Q‘Sﬁ— Q—iﬁt)/ﬂ = Si.u (‘ES) Wl Can Cowm biue the Coutributious

] r— [}

\fmw the two ku{-axts. Thus KA,(S) —IA.(S) — Sin:rﬂ X _zsa'e :‘;::((": .
Tiﬁzrcuﬁa{iau °£ His nloation ot s =0 ﬂives ’

Q
/ ! _ e () _ Y,0()  _ i
_ — d (¥ - _ Yo — _ 9
IAﬂ(D) IAO(O) X & ‘{’o (M &n 4,0 m *o(n

0
(57 U(rFoulu‘Ho{‘iu& this slatiow we ormve ot Hae desind sesult .

Remark. Thus the 'Pr'bbluu o{» uﬂcw(aﬁué e (satio o-‘:) -Fuud'iouol deturminauts
has bu reduced 4o Ha problew of Joniué @ ordiuary differutiol ¢quatiou.



APPLica-Hm= Covel AFLHHua {»or Admwd'n'c double wel Twh.uh‘al.

T dr
Recal S = ‘d{'(%§<2+\j(x))/ A1:—MAW_+V(X(H)

t
° Au: —m %_ + V (a)
V"(Xo(ﬂ) Hrivial solution
Xo({')z a
£1=0 £ =T

-1 A (1) "2
From the Lﬁmma (C\'Dov13 we Rnow that Det (A,/Au) = (_) , w’eu,re

M

£ T ) |
w2t Ve ) =0, Yo =0, %0 =1,
1 .

(-& + T viw) 40 =0, Y©) =0, %) =1.

Oue {muuwh'nhly stes that '\[fo(ﬂ '1.7 siuh ((":13 (5 = %1 V"(M .
" — él’hh(ﬁ) A Qr‘

Hl ce "l’o(1‘ r) ’rﬂnr%( 2(5

Cowplicati

W catiom . 'r(E ) —1 H/t| G> (O)/t

From tanh ( ' : ) ~ e e 147_%("\1/%)

< |Q 1H/t| >

oue aujght QxPo,c{’ Det (A, /A ~ T. Houever, detaited coleutatiou
Arow Hoat Dz’c_%(A,/Ao) dves mot give Hu expectd fector of 1.

As mentioned Mom/ He reason !ror te missatch i thot Ay hos o aoft wode
thich turws into a 2ero wode %or 1— 0. Mor on Hhis in the mext Lectwe ...



Loctur 6 .
QQCO.'P . Tnatomtou caleulus {»or Hhe Llevl APUHM% O,F (0} Aamm{w—n’c double well :

<G | Q_1 i |—C\> — Jauh ('f(ErEo)) — ZV\ odd (T(E1—Eo)/?‘t)n/n!
<a | il H/tl a> 24 Z,\ UW(T(EF ED)/?-T»)n/n!
(0)

"n=1" T xiwation -S 1
m ok = L(emg) TR A DN 1

rotio of 1 ua&:'no.ra—ﬂm fm{-&, iwl-t&mls
Let wa mow QxP!Lou'u what tHe pro&-l.o.ma : Oppearance o,f a 2ero wmode {n A,.

oue—4qustouton

Qualitative discussion ef 2ero wode .
We di#[mﬁah tlhy Euhr—La&rMa,t Qt"uwh'ou — 'M)?o(‘{') + V() =0

1
with sespect o ¢ o obtaiu (—Wl %{; + V"(Xo(t))) X, () = 0.
Yor Xo(-(') = coust this & hot iu{’—orw&‘(’ivt/ os )EO(H is thaw Hy
Zew 'Fuud“iou_ Howu..r, 4w the case o]t Hhe dustouton X () We Leacu

that Hu {bvxc'hmh'ou o?o.ra’m— AI anuihilates Hh 'Fuuc{'t‘ou f(o({') + 0.

1:01’ %ﬁuih T His 2ao wode dows mot AoL'HA-Fa Diricltt b‘&wdafa
couditious, 0s X, (£=0) # 0. Yet, X (+=0) — 0 as T—> .

Heuristic e,oic-lur(. The instantoun has "Fn‘m‘h width' as @ -Func-lrion o-F e (heue
ik mawme , which derives {mm.{us‘tau‘(’(aktou‘s)" ). For a -Fiuih Hwe dubervel T
1he action ]ﬂuuc{‘ioud SE [x@®] with bou.uolar7 conditious x(0) = —a ond x(1) = a
has a Unique Minimuw thot's Hae dustauton with ceuter at Hhe M&Foiut
F=T/2. Howuu*l fu Ha Liwit o-F du{za'ui'h. T Ha Ui que uess o{’ Ha winimumw
&L‘l's Llrs{',- Hhe coeuter °F Ho dustoutou can Huw be shifted a:.«o; {’v:—om T/2 without
Clv\amaa'u& Hoo volue of S¢ (uhick ia wko,’c&cm #ise to tha 2er0 woda)

The voriable T)wih'm of Ha atautou 44 caled a "Ao{—{- wmode" (:f«or T QOJ'&{ but -f'iu.iﬂ) .
Tt 4e mot comect to assuwe thot our mo.&{—rwt ‘F(Mc{ua{-im arouud the {wstautou

Aw Boussion G.pp roxiwation {.‘,t the Aoft sode / 2ero amode . Ratur oue muwst give
Apeciol treatmeut to Hu Zero wode dutegrotiug over oll povwble povitious
o‘;’c&.:.wmm — Hmﬁuw aﬁcﬁrf;ajfjc:T. F r

The Gorssiou o.PProx(uod-iau i f\u 1f—m' al w:&.u bub He Zero awodea .

Thus Hhae cure {»or ow Pro(’rleu W to replace Det—%(h/"\o) — Dﬁf_%(&/%) J:d+
where Dot 7(A) i Det H(A,) with te zero wode owited.



1t rewaiws o coleulate Dl't%(f\o) Dtt—%(&). Thia 44 doue Arelow.

Result. Ome- inatantou 0pproximation :

(0) 1
_S t “Vosrw~
%(51'50) = ¢ % Det (&, /A,) id&.
(0)
-8 Ay
Hewe E-E = € %300 o= De"(,/A) .

Communt. To retrieve Hu fuu powy Atriu ol( tonh ((B,-E,)1/24), one ameeda
b Auw over mulhi— qustouton Cw%feura{-iw Wk& Ha olitute {wstouton aM

O.ﬁaroxfma{'\'m (—> Exercise).

Couputating of Det(A)  (folowig Kintuun Mekawe) ,

Recal T,(5) = (2m) |2 dea 0 wbere
(A4 =0 40 =0, 40 =1.

We wish +o w.od,uf& Heis 40 as 1o Owit tHu Zoro weode (1{ me.‘()
Tn the predeuc of 0 Zero wode A (1) vauirtku o Y {-or K — 0.

’ﬂu.rLFore,/ Lot ‘fk &j - 'fk(i)/kl .
An QxFrwu'ou {or ‘Fk i Ferua a{r R uoum truaMHi-iu cau Lt rrodu.uol o4 ]enlours.
Let © +— u @ deuote Hu 2ero wode : Auo: 0/ u (0) = u (1) =0.

1 1
Than flz(uo/ﬂfk> = hz §;dt UO(T)Af«R(r) = §dt uo('r) A*f«k('r)
1

1
_ — d d
= §d‘t (uo(-r)A 4 (0 — Aftk(r)A uo(-r)) = §dt I (— UO(T)AAt 4 (D + Ahl(r)zuo('r)>

T=A1
= (Fuod 4o+ hofuo)| = oo,
Hewnce 4’!& = —Arh(i)/hl =- %/—Aw .

Uy(1)

Cowtider now Ha mﬁ&ml sz &Kh—Zs d tn ((1—&)&) with He gome coubouw x as before.,

The funckiow B — (1—(75{,l Joos Ha Ao Qo.t&z—k Selavier s A (1), Tt ls ta

Acwe Zerow Q4 "hl(1) Lrut for e mw«‘ua 2ero o.iﬁtuvolw. £ =0 oud aun extao Q;vaam b3=1/.
H La{k.r/ Louevzr/ Coutribubs @ residue iudepuadiunt of s. Tl«ucfou/ He «'u’re&ral above

Gives Hae cortect (derivative of Ha) K—{uucﬁm: S;(s) = ?ﬁ j—s &‘l{zsd Qn((1_'£.)%k) .

'Ba Prouw(c’u& in He Acwe Noy a4 Lrefore (olc{lonu Ha coutour, ek) Oue obtnius tu wesutt

_ ~ Uy, )
;;(o) ==l + coust, oud Det(A) = oxp (- S;<°>) N ao(:to '



1.5 Von Veck Formula

Use ﬁqu mau 'P“H" 'iuh.&l-al iu ol Huwe to coustruct sewmiclatsical
2 1

O-PPr-oximnh'ou H ?mpa%ahr/ Sa7 -For H=- LLIM %_ + V(x),

\/am Vb.dz {’otw\uQ&:

—{TH % swal : > 4 I'JT (a,5)/4%
{b] " /ﬁl‘*> = Z \ =% e £

where Hee M €4 ovar Aolutious X e( m X, + Uik = 0
T

¥q(0) = a, Xe (1) = b. N4 (a,b) = S L(x(.(ﬂ/ Xa (D) dt .

o

P\
w&ruiué: m_>15 IMOL" blcom Zaro (N MMUV index ... )

See Hu Exercise *or Hu derivation .

Remark . The Vou Vleck ’1-omu(a Lads 4o Hu Butzwrile How a{rofuw.la.



M. Secoud Quantization

— {»orua(),i/wa {ror Hu 1MaMhuu e chomica OF Wiy Parfc'clu / :{ffddA
!rv-m'aws / o lter V4.

Navt{mc{im are Jtofall% ARew

HERE : UuPl,uuiie the universal a(ﬁc@rrm'c. abructures |

M.1 Harwouic oseillator ert(’rra (review)

Howiltowion H = -E + — wcr ) oscillator fﬂu&H, 0 _J_

=
Tntroduce Q—%(ﬂ-+1 )} a*:%(-}_«;%).

Coumutator: I:Q/ Cl+:| =1, H= 7fL(;.)(Cl'FC).+ %)

The OPU'OJ.'OI' a‘a has Aftc{-rm NU{O}, Reasoun:
[a*a,a*]:+a+, [aa,a | =-a and a =0

s aa (a)"10> = (a")"10y n.

)

Tah—awa& wenogys .

H-iUmMFam = 10>-C & a'l0>C o (a)10>C & ... (@)10>-Co ...

od
=& 7, F=( 'o>-C .

'p\aiAiug oTbu-aJrorx a: F'— Fr create oue oscillator ?AAOM'hUM .
Lomn'n& oTaua’rors Q: F'— 3:“_1 owmuihilate oue scillator C}Mami-um.



m.2 S%umd’ric o&&cbra & NQ&Q algebra

Generalization to N-dimewsional harmonic ozcillator
_ _ + —_
[ai/aé] = 0= [a‘:}a‘s] ) [a”aé] - 8{3 .
— 1_ n_
Fo=10>C, F'= apancfailod} | F*= span {alal «af 10>} .
Universal math allows te-interpretation :
ovcillator ?Mami‘a — Po.r-h'cﬂu. (bcsm) .
Nave,{rwu\-e-l'im {for identical bosows ore {'o'l'a(l? Aﬁmwdﬁc uudat Pwh‘cb, Qxc(«.zwﬁt .
Thia wotivote Hu #loﬁu&hFMHm .
Def«(uiﬁm. Let V Lea cmu,obx vtd-ot-APau. The 11 Hae
ossociative Mﬁdn-a &o.u.u-o:hd lra, Vo€ with relotios v/ -vo =0
(:for all xr)tr’eV).
Rewmark 1. "oassociative o&&dn-a %w.u-ochol lra, VoC" meaws that Hu
al&t@rra element are Poc&«maau iu Vectors 11-0«44 V with COM'D(AX cmﬁl-‘cie,nh.

Remark 2. Thae Admw.d'ric ata,dn-a Cowmer with o Z—Q:le'u& S(V) = nézgosn(\/)
!ra,{'kz dlta,ru. of Hu Po%uo—w'a(: S¥(v) = C, Sv=v, &(V)= Vgamv .
The PLaAicol ML dning of Hee do.&ru i Drosou nuwwber,

Troualotion 4o f)lxa/uu wotation. For this V needs o Le a c&m‘:hx Hillert Apace
(Carr&iue, o Heormitiow scaler Produ_c{'). Let {Q1} Le orthonorwal basia o.[> V.

Then nokh P_tvgi
SO(V) =C > 1 > |O>
S(V)=V>se > a;l0>
SH(V) > e;e;=eje; < aiai10> = aja;l0>

Exercise. dim S"(C") = (N+n—1).

n



De{»{ui’a’m. Let V e a QO!MPLQX ved-or/.s'oo,u. The
11 Hue ossociative Mﬂdrra &awu—aﬂd !ra, VoeV*e C with relatiows

ov'-0v =0, ¢'-9%p=0, guv-ve=0gW-
:For all v)tr’eV and q))cp’e\/*).

Outlosh. v eV wil give Hu creation oT:u-o.{-ors
anA (P € V* He awnililation GPLPO.'('Ors .

Ramork.  Hermoun U%Q 7 Anded Wit .

OPUQ{\'M on S(V).

i p: SYVv) — SYI(V)  (veV)
® = 0d=2%v.
. §(@: SMV) — SV (geVv™)

&Q,Fn’m.d lra 8((?)1 = O} 8((?)0 = ¢ e (E)
8(@)- (vv') = (W V' + 9(¥) v X coutinue (r& Leitniz Pmdud’ rule .

Note 8(9)- o" = no"p(v.

PWM notohion .  Orthouormal brasis {e.;} of V, {{1'} of V¥,
Then m(e) =af , 3¢)=0q; and 10> =0, a;ail0> = 10> S

i) i
a,afay 10> = 070> &, + 10> 3, ete.

Foct. The UQ&Q O.QdAQﬂ'a W (VGBV*) 14 n[:rue,wh.d ou Ha Aaw.w»d-n‘c &Qﬁd’—m S(V)
173 Voo — /A(\f) and V*3 9 — 8(q).

'Prmf Lit os o exercise .



E. % Tuterial on Hermition Cﬂju&aﬁm
Cancnical adéa—int.

Lot L 4re o Linear mfomaﬁm fretueen two vector Apoees X aud Y,

L: X — Y. Then L Aas a comenical aoljrn'uf (or WFO'S&)
L‘::\I/*9 X* debiued & (L)f )(ac): (Lae) (or all o e X

fued £y (L)) = g for al piely
Frechet —Rivsz Momor’:&f/.m.

Lot V Le a Hermition Vu‘i’orAPace, , 1L Q comPux Vld'orAPau
Qarraiug o Howitiow Acoelar lorvduc{' < ) >v : VxV— C.
Then one Luamuoworf)hixw. CVZ V — V*/ U — <U'/°>/ .
Note thot ¢ s complex ombiliear: ¢\ = icv where A s He
Cmu'obx coaéu&aﬂ 0{ NeC.
Tn Ph«m‘u CV 1 Called H |U’> — <U'| .
Heormition cm\éugo.{—im.

Let L : X—Y 4¢a Livear mfomwﬁm fretween two Hermition

vector Apaces X aud Y. Then L has a M.y —X

&Q{L{m,d Iby/ U = C;otto CY . In Ha ,from o,f a dia&r—o.u}

X 5 v
Cy b ey
X* ? \r*

Exercise : <La€,%>Y = <a€,l_+%>x (%orallaeex aud 3€Y)'



T.3 Herwitiow Atructure of bowonic Fock Apace
Tavariaut foruulation .
Recoll: Aingle—particle Hillert Apace V A bosouic Fork Apace S(v).
Now +the Herwitiow Acalor r:mgdud’ ou V dnduces a Herwitiow scolosr
product o S(V) = F o4 fokown .
Dewu(aose F = nezo?n’ F'= Sn(V)) b& Ha dh&m (or bosow wumbar),
Take the Herwition Acalor product on T to be diagouol in n, ie atates
with  differeunt bosow suwber ane or’cb.oa,mal to cach otw . For %ixul n,
Lt $,3 € ST) be bo pure elements, e

$ = v 0,0, and §'= v o0l for any U;, 0/ V.
Then define the Hermitiow Acalar Fmduc{- of 35 and %’ a4 0 Auw Over

Pe,mu’m{-iw : / / , /
<§/§ >3_-n - §<°'1 L 10) >V<VZ/ U2 >V <‘Tn; Ut () >V .

TeS,
Thia defrinition ia exctendid +o gunerol elaments 3§ € SV) by couplex
Uatari{& in Hu ﬁ&l«i’ are,uum{' and au{'ib‘mari{—} tn Hu b,f+ Oura/u.mnf
of the Hurmition 4calar product’.
Note the apecial cose : (" o), = nl <\r,u>: :

'PL&M'M nototion . Orthouormal brasis {94} of V.
1=10>, e;=ail0>, ee;=0iallO>, etc.

Let $=afa)--a} 0> and F'= afjajy---afl0> . Then

11 12 L7 B 73
IN — + + + _
<§| é > = <0l ainn'aizaﬁ Qg Qg - Qyy 10> = Zsaiﬂ’n(n aizi'n(z) ain‘v’ﬂ(n) .
TeS,

po S
Exaciee. S'V) == S™(V) , S'(V) = STV) .
Mt =8(cv) S(@t = pu(c')



L.% Second quantization of oue-brody opuraton

Single - particts Hitbert apace V.

How dow an spurator L given ow V (poaition, wowcentum, energy , etc.)
Lecowe on oPua{'or /L\_ acﬁu% ou ta bosounic Foda/sloau F=S()?
Physics uototion. As tumal $ix Acwe orthouormal basia |4>  (Dirac),

Ten 1= > D] amd L= > 1iILIEG]
i 4

and T = 2> aldilllpa; = 2 GILIG ofa .
14 4

Wath picture.,
1, = Z e, @f% (for oy bosis ¢ of V, with 4* th duol bosis of V*).
Chack: 1,0 = 2 e JH0) = > vt =v

i

Now L = Z LQ ®,4r EXPMdAng LQ = z Q L view Heia s o
p olyuowmial z & i 4:} i the Wegl algebra {»or Vo V* and stcond—quantize

by Q—>Iu(e) oud !r—><§ $#). Hoe L—Zlf,v,u(e)d(:[).

Foct. Secoud q/uo.uh'zab'au L— /I: P ruerves Hee Cowmutotor:

(2,87 = [,M] .
Proof. T = 2 p(Le) 8(#), F = > m(Mey) 8(4).
Muttipty & auttroct: [T M] = E,A Let)a(ff ),A( ej)aw)

=3 (M) (4 (Lo 8(F).
Move the high—liglted derivations post Ha /.\a,u(uvl'rlc muw,aucaﬁm operator u
on Hueir +ight. Tha resulting terus comcel by /u.(U')/u.(U") = m(0) pm(v) and
(@) &(¢) = 8(¢)(@). What remaina are Hu Commutator torus
[8(9), m(0)] = > vt Mgy ducto moving 3 past p. Hunce,
[/I:,ﬁ] = %/A(LQ«;) $(Me;) 5(3 - 2 M Me-)ff‘i(l—%)é(f;)-
By wsing that F(Me;) = MY and z,u L%) M, = (LZ%M'LJ) :/*(LMQJ)
[T, 4] = Z# LMe)8(4) - > m(MLe) 8(4)
= z,u([L Mle)d(4) = [L,M].



Lecture 09
T. 4 Canouical Quanbization (bozous)

We have Learued about second uonctization J(or bresomic Tzouhiclu ) where Ha
Aingle—particle Hitbert 44 given Q Fn‘vm' Rra He Fm—{-ich picture. What to do
in Mtuations auch o4 the<e of th'rvwo&u:l—ic waver or vibratiowol excitatiows
of aotids whan particki—libe objects (photous rup. phouous) eumerge due to
uautization but are ot praswt the dnitiod Adh'ua from H classical -H.wr&z

Canonical qMaM(’fZa‘n'm 1 o couatuchive Pmudm lra which 40 haundle Auck situations
o4 follows. The Irosic Aemu& ia that of a clossical Tykuz npace (Armuuo( b-&
Fo-sah'm aud mowenta). For A«‘wPhc,i’ca wt here osmue the Pha,u_ Apace, N/ + Lo
a (real) vector Apoce. ('Ln te wore &tmml Ati-h‘ua of a wauif;eu W we would be
drawn into Ha meolu of geowatric Ciumﬁiaﬁm.) Two abucturs ar mwded ou W

%or cansuical %Mh’ia{-\‘m:

1. SamPuc-h'c Atructure .

This 44 @ Ahew—Aamm'hﬂ'C (and uo‘u—dt&mrah) Lilinear {Loru o: Wxll — 1R,
(0« a waui%ou N, x would be a clozed 2- +orw) °((“)"') == o((u-)u) .

Exmu[;!.e. olimRN =2. Po:sa‘{—icu q: W— R } Local coordinates with

momantuuwd P W— R dif””""ﬁau dc' Qud dP .

X = dP A dc‘ (Hu. exterior product A wil e {/orml!a introduced Later) |

Veetor }(;euu 3,1 aud bi’ defined tva dq(b1) =1 = dP(bl’)/
4q(3) = 0 = dp(dy).
HERE (W=R"): 3 =e , d=¢, (constant).

a(eP,e',) =0 = o&(eq,eq).



2. Cmu?hx Atructure 3

This 40 o Livear +rw{uru¢ah'¢m G'l: W—W (a.'u Ha Ao,ﬂ—fug of a wauifou N’
Ha eowlob.x Atructwe would Le a tuuor {fu'&d JG r(kl/ Euol(’fw))) wth Ha
prpety 4 = -

The COwPhx Atruchue 144 nc'w'rtd to hcewisaﬁ(rh Wt Hu-AawPLo.ch'c Atructure
x(w,w’) = a(Jw, Juw') for all w w' e W.

Note that a Aquetric britivear ,(om g: Wx W—>R 4 defined 0& g(u,w’) = o (w Juw).
Tndsed, g(w w') = o((Jw Jw’ = u(w’/o'lw) 3(Wl,w).

Postulate : g(w,w) 2 0. 4 40, the peitive f«w«cﬁmg ("uu.r&&") defriuss a
Euclidean metric atructure ou Ha Fln.a.ot Apace W.

Exawple. W= AIJM{Q”Q’,} BEPIRE P (o)

de, = + (mw) ey
J ack o g, pe Wty I dq=7"q = - me)p, \izgﬁ)’?
Ip=9"p =+ maq. ‘1
9leg,eq) = mer,  9(ep,0p) = (me) 40 79 = £+ ””—2‘”232.

PtnPtcﬁn/ Outlook (ou comouical 1uwuﬁio:h'm) .
Sdebch’c structur ¥ —> Hu‘au«(mg comw utotion relatiows ![or q,pP
CmuPLex atructure d — Fock vocuum ( srouuot atate) )

x & ¢ —> Huwition afructure of Fock space .



Lag,rcw&im Aub-sfo.m .

A Lineor 'h-aws{oma{-\'m 3: W — W/ 32: -1, must hove Qf&ULVQLUM 1'1',) and
‘Han]ﬂorz coununot Ire dia&ma(liio.d Over 'R. POAA + 'Hu. CO’wPleificaﬁm wc — W ® (]:
Extid & owd § bo W /Zra coumplex !limaritét,

Make Qi&m’aau dtcmmlwsiﬁm: WeC=VeV = E_,;(J)@EH(J) .
EXPl’,ichL@&: V= {w—i}w | weW} ond V= {w+i3w|wew} :

Note the 4'AOworPle (ovr R) W — \7) W W-idw,

\.Jam’ua (Aorfa): ckaua, o.( notation W — V W — W+ iJw .
reCative 4o Hhe recorded video Lecture )

— diwV = dim \7

The co-m'oa{-i(h'w& of 3 with Hua Ahw-/saauwﬂ'c bilinear 1’0““‘ X hos the Coudequence
that %kzmb-slao.c.u V aud V o{'r "JC Ore

Vv}u’e V: «(uv,0/) = 0<(30') Ju’) = ifa(u,v’) = 0 and Ha some /,‘or \x
reatricked B V. Decowse o i Mm-oh&;.urah at {»ouovrs that x: UxV — C

n e ) e iv/%\/*) o — o9, ) uwuowor,:hm.

Moke Hria A'Aouorr,\lum oli e L usgiownless lr& Acaln‘ua with Plawek' 4 cowtaut :

1: \7%\/*} O — —%0((&,-).

Houmition atrwcture,
Tha LO.%PQM&{QM AMbs[;au VcWeC carrius a Herwmitiow acolor Produc’c

h: VxV—C Knd h(o,0) = h(w+igw, w+idw')
et 4

= -z wlw=idu, w+igw').

Tndeed, h(v,d) = +% X (Wt+idw, w=igw')
— % x(W-igw, wrigw) = h(v)v)

and h(v,v) = —%u(w—i(]w, Wridw) = % x(w,dw) = %3(”/”) 20,

Notice ‘RQ%(U',U/) = %g(w/w/) and Imln(o',u'/) = —%O((N/w’).



ExamFLe.
Suﬂ;ru we didu't Rnow how o 744%-&‘21 Q Aiuqil, bosouic d.o.&m. of fmdm

(Aaa) 1D horwsuic oxcilotor). Then we would turm 4o comomical quomhizatiow :
Let W= apan {Q”er} = 1Rz,

a(er’eq) =1=- “(QT,QF), u(er,er) =0 = ‘X(Q‘NQT);
ond Je1 = - e, c]e', = + (ww)_'e(, .

(+-4%),

(3+4k).

Exercise: V = Ca o=

il
5
VEV*:C-QI a = 4

=
Hint : Recal e identificokion T: V —>~v*) 5 s _%o((&’.)}
V— V*) U — —%(x(u’.)}

and show that T(eq) = %P , I(QP) :—%q.



Lecture 10.

Summoua: canocuical quantization for bosous.

A triple (N) o, J) (s dntroduced it previnu Loetur) determines @ "Po—Qari%aJdm"
Wel = E,()e £,y = VoV

6-3 He ciguupaca o,f J- It alio determines o Huwitiou scalor product (Lt o= wHidw,

v'=w'+idw') (2‘,‘ (0) u’>v = % (g(w,u’) — i (w,w)).

The Hilbert space of the Camowicaly quantized thiory is thue Fock Apace S(v).

NEW. B& Ha uo'w.orlahwu Vi~ 1(V)} Uinear @ncﬁm ¢ eW* (Auch aa Posih’ou
q: W—mR o.ndwmmfumP :W— R ) becoue o'oo.ro.{-ors ou S(V) as
W= Ve Vv 21 e Vv*s 10 +¢ — u@ + ().

Exaw.la!.e : 1D harmouic oscillator.
Toke J = P»ka.«,féow ty T/ (Te= F).
Then V¥ > (3+tﬁ2) =cp|—>c§(<P)Eo,
and \/ :I(V) 3 —i%) = 1) — /u(\r) =
Unit vector v :\/ii (Q1+i(]e.') € V} <0) 0>V =1.

= (4
vz \ ¢
Note the arbﬂ-mr& PM'“ convenhion : a e"'e, ot et®  would do Juat 04 welt !

Quution: what <a j 2

—i (T /%) H/ﬁ —tla‘“a —in/%

Anduvrer: j =3 2 - e

Exucise . ja*j—1: -ia’ jagl' —+ia .

)



M.5 Cauonical 1Maufizo:ﬁm of 1D acalar bosuic ,f«fclo(

TRecal Continuum a?ProxiMa{\'ow -Eo lhorwounic charu (Ckoe]ahr i)
~ scalor bosowic {ie(o( iu One divutwsinu/ P : [O/ L] — ‘lP\/.
‘ooulno(om7 Couditious cP(O) = CP(L) = 0.

L
Lagrngan = 1 [ae( i ng).
Canonical mowantum r(x) = /ucf)(x).

L
Hamiltouian 7[umc+ion ¢ = % j‘l" (l;uﬁ + ‘Plbd?.) :

(Qassical -F(olo\s ): P(x) = \/?L Z P, Sin (JTnx/L)/

(%) = ﬁ ZT sin (wnx/L).

CQassical Hamiltonian d€ = % z (7 + X (V\H/U P )

n=1

S&W.Ff&cﬁc {fom: X (BJT/&P\ = io(k dTT(x) &P(X) . Tn tews O«f we-ces
O (Tt , ) = S = — Ky, M) amd  x(m,,w,) = 0 = Xy, Pn).

C&WLPQ&x structwe : Jan - —‘-'Tn//bw“ ; JTJTH =+ @y puy
wu = \/gn_lj N J(CP"-F‘”TH//U&)H) = +{(£P"+“Tn//°wn>°

Quamtum Ccommutator frow. canounical (iMaufi%a-h'ou : [6(9“ , JTH,] = ik gn W

ExT;aMsiou o( modes 1w todms 0{ bocon creation and anuihiloation o"omrcdrors:
A .
Pn = \l (Q +Q ) T, = o\ kpe, 11((1"—&‘;).
Quantum Hawiltonian: = t—lc 21 V\Tr (a Q, Q"QI,)/ C = f%
ZQ\—\)—TJMM{ thr€7: EVac (L) — Re Z V\Tﬁ — D . (S'FHA o€ sound) .



H]—. 6 CO-MMA.IT' Q#QQ‘(’ ’P"DFLI'HQS‘. X(O) — 1/ X/(O) < 0/
Cu'FoFF -Fuu ctiow ! ww{k and C°’WFO~C{'(& AMPpor—l:zd.
: t

(p%uﬁan‘zu\ VE&CUm uw.ra7 E'_Qa(a) — % Z T (-“)

CLAIM. E*& hos a Lavvent @ xpaursion (a—=0).

E}(a)—ZEaa_E o +E+Ea+
i~

with  uwiversal  fiuite Pport E, = -

Hex ]
4L

Reowork . Casimir -Force = Jﬁ;‘f ( ALIQ ) (1D scolar bosouic fetd),

(’)ﬁssou Smummation ]corwuia LH’ f € L'(”@ write :FO\U'EQT Jrrcws-Fom
Foy = [ 100 ™ ax. Theae S Ln) = > F(2ew

= heZ meZ
4# Ha ﬁﬁlut —lhaud &ide ex3ts.

(thath. Ekw.»«?b_ DF s‘l’r()ua QOWPL'IAS — ueak Qoufﬂiu& &ua(i+7 .

VQn‘-F{co:(-ian. z —F(V\) = J\O‘X —F(X) z ¥ (x=n)

neZ heZ

Hy{(x)z S Z wc(erw).

meZ meZ

Ao(a(;-l' Huis 4o 0w situatow: & = wa/L (E—»O+3 Cow»lau"l'e

A

zh?((sn) = S(}HZ ? (4= n){x(s%) = Z SM’QZMM{{X(EH

W= o meZ o

SA+ {X(E,H + Z So\t eos (2rmt) £X (s¢)
— 2 idt tx({,) + % Z olim So\(’ S(M(ZEIM{') X(i(‘)

Y—
Pt X0 . & T
Haonce = Jrwm + Fy— gg dt cos(2rt) X'(£t).
EHZ (a) ke Z MTT( K(M_LI.TQ) = E_la_2+Eo+E a’+ ...

A
£ = &t X%X(H dt (mow-univerat), B, = - frCL zv]«_ - _EH'
0



Lecture 11.
.7 Boaa&‘ub-oo' TM{»OMO:HM (Lesows)
(-for) partictu v
Secoud 1MQMH'ZO:"CO‘\A ~
\> Coumounical ciua.wfizaﬁou v’
(for woved fulda)

Aw auuu-al ”
: /Phd—aa' col" P article # frore" ]oarh‘cle
(obsurvalie) ( LQ&MaiM)
Ree L~
'Bo%a(’.iu!rov -1.

Exow«[:b.: harwewic chain (,afar{' ft‘ou discrete Adh'ua ).

H = zz({% + % (c]n_cluﬂ)z) 2C = mwj
:ngz(% ' M_;‘*);c]i) ) %wjngz L

Tntroduce ozcillator (04 e "brore chh'cc.,s") Q=

" (a+o:‘),

o a*) ENEEY

/

|
— N~

Pr = it
AW, 0
N 'H = ? zn (ofuaﬁ a—“a;) - ’ti) Zn (an+ a'.:t)(o‘nﬂ + O*-'v-t+1 ) .

Note: {r& e presence of OO0, + OOy 4yt i ber o{' oscillator a‘uowvta
(oue® partictus) 4 ot cownrved !

GGCLQ. Cowstruct Uineor cowbinotiows (Bh o{ the O»njaf;\ A8 s to dl’a&molite,

. , _ +
tHe Howiltowion : H = Zh GR F)h['blz + Cowst
= E, = arowo(—/s{—a’cc energy
S-hf; 1. Fouwriur W{}om N weome ntum n[)rum'fod-im:

+T

_ dkR -ikn
TR L
- - ' h'/ R — JT (R—R).
ojn:\{g_ietknbl
-T



nez# -
H = ,h?o _Lg_i ( (1‘19_ k)( +kbk+ b-kg-k)
—1emk (gkb+k+ b_kbk)
ko, I~demk  -femk by
— 5 J (b bk)( —%Q,osk 1-;00'54( )(bth)

_ m,, 1-1 ek ~Lemk bi

- ‘[ (b _b"‘) ( +1z<’«°3k —(1—110034%) (btk) .

Note: white +he Lot wuoli%icaﬁm wobey Hae 2x2 wodrix Wm—-Hu—uiﬁau’
Heir 41 o charactristic aud ac’mal(& cruciaf fmfwe). c{i. IreQou .

—1oxk -1 W, U —1
Mod-r{xdiaawa(u‘zo.{’im: (1 110/0-5 ,_QOSk ) ( ROk )(Ek 0 )(uk 0';) .

+lemk —(1-1cxk) how J\O € )\ g w

(f;h _P—k) - b+k -b )(" “k)’
Ue ) % even omd reod fuwcﬁm e{: h) u:—lsz:1 (![or[ k’;bk] — [Pk’;P;])

£

Uy %)_1(’3&)_ W, —trk) bx Pr
Note ("é U b_ (—Vk Uy (btk) (P k)
Exucm. €p = ii(;)o ,/1—cosk, %’; = 1_60342;1 I-cosk (diACuM Hais {ruuc{’im!) .

T T
— | dk €k (g + _ dR + — | dR €k

H = Jﬂﬁ —ﬁ (PkPhJ’P-kF’—k) - _,LET €k Pefr + Eo; E, = _LH 2

%hrrn-(—o,ﬁn. Py | 84) = 0. The crr)u-o.{'or [;k creates QA{'ochar& excitation (

or ) 0)( mcowmentum Fh aud Lnergy €,

-4 (tH/4 —1 4
o tH/4 [grk Qt‘t / — fg-ke ite,/ .



Uath b&di%rowual .

<+

Recal: a5, 0y (j=12,..,N) generate Hu Nc.atat&o_erra of \/@V*}
V = APQMC{QE} = (I_",N} V= APQM@{Q,J-} = (¢CY)*.

Observatiou : aulbrpace APMud b-& He N(ZN+1) ePo,ra-l-oB
oy, a0y, oo+ 00l (jei, tet)

Closes undur He Commutator. Thus 4 Conebitutus @

Which Lic QQadrra 2

Motrix mprum‘hrh'm. Consider (summation couvention!)
}:A".L(agah a‘o}) +1 tb‘“/a; o —1Catat = X.
Cowsider oo (A &1) = X :f/or COuu.PLnx wotiices A D C with
C-A P=0 and CT=
= an =C.
Cloim . The sdt of waotrices X clgses wunder commutotion (Hhus it cousbitutes
cmotur Lie alﬁdrra) and X —> ’)Z is om i/sowowa/hi/am o.f Lie Ol,a,LQrI*M.
Moin idea of Proof. A‘i / '[béj/
X = z(a} —a‘)(CL‘U _AJ/L) = 7y, X'v
Wae [Xv) 25,44] = 5/‘\1 to hou that [>A<;25,u] - ZSvXV/u + Then
[[X, 9], 5] = [X,09 5 0] =09, 0%, 51] = 5, [x, ¥ 1",
aaco..@i — A —_—
— [[X)Y],ZS/,,] A0 [X;Y] — [X)Y] °
Tdentification of Lie algetra. (We=WeC)
SP(\'%) = {86 End(\/dd:) | 0‘(3“,8"“/) = O((gw’gw’) +orall w,u’e\/\ld:})
Lie SP(\AJ(L) = {Xe End (W¢ ) | o (Xw,w') + ox(w, Xw') = O})

A B
U(QL,QE) = 5; = O((OLE,—OLL) n X = (C _A() as above e

More on Hu Exercise Sheet ...



Locture 12.
M. 8 Formiows: Orossmann o.Q&o.@n—o. & Cl,iffowl allacGro.

Wave fumctions fm idewhical {»Qrw.im are +o+a(l& akew (oF onti-gyrunaetric). Here
Muwe Ha existence e{f a Po.n—h‘dn. P«‘c{—urz wite Adu&h—’bo.rﬁdc Hietert Apace V) dual v*.

Hermition Acalor froduc{’ < = >v ~ Frechet-Riuz wowerphiom 5, NV — V*)
o> (U,

Pkwi,u mototion (Dirac).
Orthowormal basia  [4) — €
duol boss (4| — ;.
Camounical ambicowmutotion reatiows (CAR) :

cief +¢el =0 =¢¢ oo, e =4,

Fermiouic ?OtkAPo.ce F = & " (n:Par(-fc& Mum(m)/

n>0
Fo=10>-C, F'= APawc{CZIO>}/ ., Ft= Apanc{ ciel - c’{lIO>}/
creation 0‘00.1-0.“.'0\'5 CI: }-n% }_n”/
Ounihilotion oFu-a'l-ors Ci : }%% 3:"'—1/ Ci|0> =0.
Secoud quonctizotion e{, owe— Wé operators :
L= 2> IGILIGE —= T = 2 Gl cge; .
44 AL

See Lelow for Hue Hermition acalor ':roducf ow F.



Tnvariaut foruulo.ﬁ'm (— universal aQ&an-o.ic structur ).

th{ui{'\'m. For a C,mu’obx vtc'l-m-A'oo.u V) .
11 He 0ssociative Madbra &o,mrachd !ra, Vo€ with relatios v/ + v =0

(:For all U')U',e\/).

Remark. ovv’' = ovAv/ = —oAv/  (exterior Froduc‘l'))
N vi= vAv = —ovAv = 0 (Pouli FrmciPu),

Fermiowic MAPO.u F =AWN). Tt'a.wscri’:{'im:
NWV)=C31 < |0)¢ ?F°) NWV) =V 3 v=eut <> cllOdvie Tl

Exercise. dim N'(C") = (t{) :

of AV)  dnderited ’{fl’DIM V:
/ / . / / /
<V1 Uz V) G V2 Yy > - Z‘“&"(m vy, VTt(1)> vy, V-rt(z)> RECY Ut (n) >V
AN'(v) weS, / Vv Vv /
<U—1/ U’1>V Tt <U’1/ U.n>v
= Dct . :

<U'n/ v,1>V <‘Tn/°:1>v

What takes tHe sole of He Nt#@, a%drro. (—> Lrosows) 4w Ha f»mud' Case of {-o.rwim 2
Dt{a‘ui{-\'m. Let V e a cmurabx vtc'h)r/a.oa&, The
14 Hae 0ssociative &Qﬂxﬂn-o, &o,mt-o.hd L} VeV*¥e C with relatiows

v+ v =0, 99'+9p=0, gu+ve =91

(:for all U’)U'/GV and Q)@’GV*).
Of:u-o.‘c\'m on A(V).

i W) : AMV) — AYI(V)  (veV),
4 — oA :(—1)”/{«/\0.
i Up): AY(V) — AYI(V)  (geVv™)

defiued l'<'l 1(@-1=0, 1(9) v =9 eC,

1(@) (vv) = (W VY — () v K continue (r&-l'h Leituiz product rule
with aﬁhmaﬁu% sign .



Traseription. €(0) <— ciut  creation op.
(@) <= ¢;C*  amikilation op.
Exercise. E(WEW) + EW) EW) = 0 = U L) + LI UP |
UPEW) + EMIUP = 15, W) .

C&rol(ar&. The CUH—otd algbra CL(VeV*) ack ou Hu exterior aﬁadn-a AV)
lral VoV* > v+9 > &) +U9) .

Fact. Second CIuwﬁzaHm of ou—bodqq (}Fuaﬁu\) L +— €(LQ1) 1/({1) = /L\.)
prederves cowmutotor : [E) p\] = [L)M] .

Herwitiou Coujugation. (Frechet-Rissz isoworphiow y)

n ﬂ n+1i n 1/(?%) n-1
AV) < A7), AN == A7),
W' = 1430 Ut = e(xp) .

Oudlmk . The 1nvariount {roruuLo:Htm will e imatruwaental <n He quw{ﬂ'a&ﬁm
0{ Hu Diarac frfdd .



Lecture 13
T_V_. Quonmtization o-F o Diree Fald
Tj_. 1 Dirac u,uo.{-\’m (qw‘cfk /wl«wa'“&).
Dirac (1928) cowmbines qumomtum wechauion with AFuu‘aQ nﬁa‘n‘vﬂ-&:

3
m%—j{t = Hy whee H = pwe’+ cgaé (Pd_eAé) + e
ocks ou Afimr{ﬁ\‘d&,s Ne 2(RYe C* Cﬂiﬂ’—ord a(aclrra celatiows :
Stoudard rﬁrrumfah‘m: P = ((1) _01) , &= (2, 0(;3) .
G)cw%o. Fo{-tu{—iou : Ei: -3¢ - A, Bié = BiAé _béAi .

CWh‘uw‘f& Q,?AAO.'HG\/L: %g + dh‘\r_é' = O/ whare
§ = ""T“f’/ 4= CAI’T&“P'
Tntupretotion of § o4 probability dewsity fei
and 4 04 Fmtmcn'w& current veetor fietd 2 NO !

Prolbtens. Stamdard Aecond quontization

H —>§<m|++|m>cncw = H o AWV
with V= LZ(1R3) ® <L‘* Leads o wnplyaical bebavior whew Hhe Dirac field
i coupled to Hu eleckromaguetic fitd. The soures of Hu problew 4o that
Ha (fm) Dirac Homiltoniaw haa Fo:ih‘ve Alucmu« E > + mc® but auo
wegative apectrum B € —we? ond Hou is mot bounded frow below.
(P)ﬁ Cousequente H dou not have a 3)‘0um.ri Atate () aud 1w Ha
mamem&%mm the tiargy stored in Hu Dirac waker woy go to o0
while ta cwrgy of Hu electronaguetic fierd gou to +oo.



Klein Pou-adox (—> exercim). A (),ow-ewa& elechow tucident ow a Fm‘mﬁa& Ahp
3 A4> > 2mcd Acaten ((lcc,ordiug_ to tae Hiwe- owul;udu{— Dirac Q?/u.o:l'im) to
o reflctd and o frowmibed wave | with reflecting probobitity Ir|? > 1.

ptum.rﬁ.. Iu Hu {fina‘. krmuﬁaﬁm G{v Hu Dirac 'Humg' Hu aﬂaou-enf TJFDMAM,
1 resolved l)} n-1'u(:tr1>re+iu3' Ha Couﬁwu.ifapuiuod'im Bl'tg + df\}'_é =0

as Hue Law of (not cowsarvation o,f Pro?ra%—iQi’r&).

In Po.r-l—iculo.r) 8 = ,\PT* (afw‘:u worucal ot—chn’u& with rulatd-t-o the

true voeuuw) moy Lecome wegative .

V.2 Hole c]MaMﬁ'zaﬁm
Recall atondard (Parhcu—’raat) fuuantiza tion :

Voo > e0): AWV — A W) crotion op.

Vs> @ > t(9): NV — ATV awibitation op.
End (V) = Ve V" 5 H = (He;) @4 1> e(He) e 1(§) = Iy

Alterwative ( ) mamtizatiow :
'D\t‘atau Hu Fock Apace AWV) (ra Ha ’Foch/a[oa.u. ANV . Then
Voo > 100): AW — A (V) ouibitation op.
V> 9 > el@: AW — A V9 cration op.
End(V) = Vo V™ 5 H=(He) 04 > t(He)) e e(4) + comt ~
= —e($) e 1(Hey) = &(—H"{‘)@ 1(e;) = H.
Rewark. The two ackemes are ou Hu sau footi "3 frow a prrely oL gebraic
viewpeoint (Loth are Lie afqebra howoworplisma)
Bur +f H>0 tha H HP{/-}\

2\

i tHa "&wd"Adu;wL'Fo wae .
WHILE i{ H<o Hun H — *H



'Ho—/sfa% 1M0M'h zatiou.

Let H, = H($=0, A=0) bettu frea part of the Dirac Howilbouiou.

Moke en‘&uur)au decau‘owi‘dou: V = E>0(Ho) @ E<0(Ho) = V_,_GB V_.

Duilding on Ha Fock Apac AV, 0 VD), adopt Hu bybrid sckuue
V,eV_e VeV > v+ v+ g+q

R > e(u0) + 1(0) + t(g) + €().
T H, 20— H >0 (A{'aeridif(.} N ground Atate exirts).

The c&ar&Q cwju&ahm 'wa/s’cu-&' (a4 o teaser).

fack 1. Tf A ¥ = H(¢,A) 4 Haw
1'&%—11 = H(-¢,-A) "l’c f"" A’f': (o, A Cap.

Rewmark. This is Anown as He 0{ Hee

Dirac ec',uah‘m (c( D . Thaler: The Dirac &1uo,ﬁm} Slon'uau 1992) .

Note that e wappmg A'—' > C/\IJ " C«OIWPLQX antilineor,

Foct 2. Textbooks ow QFT (cf S.Nqiu(’m%: The O.uau{—uuTuo%L of Fietds
vol. 1 C&errid%l Univenif%’PrMA 1995 ) atote that cho.raq couaiu&ah‘m “a

uvu'{'o.rcnt (henen C(rqusz fineea) A%wwe,hg O'F; g, Ciauaw’cuwx thcﬁodamauiu.



Lectwre 1.
Hole CiMaMh'zaﬁau: Dirac 400 Ta«'chue. Recall VoV* > U+ ¢ .

ANV) N EW) + @) < v+Q 1(v) + €(@) n AV)
Poﬁc.—&.

Cartoon. @ Ucw‘:m& A.p. stote O ch& A.p. state

h = 1 2 3 It 5
o o o (O o
Note C;’ c; C; C; 10) <——> Cy | fuw "Dirac aea’
1] = peVv™: C, =) <— £l@=c
Cunnibilotes creates
particte hole
4> = veV: Ci=ev) < 1= Cy
creates Cunibilodes
particte hole

No.rm'ug . Hu Corrul'wu&tw —'f&ieA :(rot' dinV = oo. (NOM‘HN.QMA/
Iole CIMaM{'iza‘cim continus o exiat omd make iwwmediote Atide
whareas tae Dirac 4ea r.n'c{'urt becowes somewhat oF a :Fairé}%au.)

'HO—AJcaM:. CfMaMh'iaﬁm o{’ Ohe— Gvda' o1aev—a+ors .
for V= E,(H) @ E_(H) = Vo \_
and Fock Apace /\(\/_,_EB V* )) recell Hu L&Qn—id Ackawe

V,oV'eV_ oV > v+ +v+¢ > e(0,+¢) + 1t(0+9,) .

Consider some O'w;—frod? oFu-a-l'or OP 0{5 interest (&.3. Cocal Cl)»ar%t d(Mi{’a):

End (V) ++W(\/_,v+)> _ <v+®\/: v+®\/f>

OPGE”““V):<4+M(\/+,\/_) End (\L) VooV \Le\*

nop=(2 D).



MQam’u% Dirac wotatiow
A=(Ae)e i — e(Aer) (1) €C acokering m%o<m|AIn> cte,
B=(Be)of > e(Be)e(fl) | eor parenation | > (miBlnd chef
C=(Ce)elt > «Ce)ulf) |ee paramita > (ICInd 6,
D = (DQ:-v ® ‘ff — :L(DQ; 8({‘:) e'e’ ACO—’rkriu& > (w|Dlnd :C, Cr:
L _ m,n<0 —_—
= 8(—D ‘f’t)‘f/(Q‘i’). :—C:Cm

_I/V. 3 Fud ciumﬁzaﬁau (r& mode O.x‘awitm
Recadl Hhat secound ﬂuwh‘&ahm (of 40y, OM—boda GPu-a'l'ors> Proc,eedA in {’hrOA‘l‘lPA :
Shlo @ : Couvert Ha oru-a{-o\— &t{?iud ou tHu Am&u-Puﬁcu H"UNJ‘{'APOLQ \V
into o elwent of He Clifford afgetra (Ve V).
Shf @: Lt Hee Cliford o,Q{ro.bra (ond howce Hu given oPo.ro:l-or) act o Hu
Fodspas F=AW) or FEAWD, or F=AWe V)
o4 Hu cose My e .
The elements o} Ve V' are called (or fietd oFuoi-ors) . Ouﬂ'u& to
Bd(V) = Ve V* Hu second clum{-\'z-aﬁm OF or:u—a'(:ors A Olncuia, deterniued ba,
tu qumh'ta.ﬁ'm of tu fri&d .
3{119 @) . Denok Hee fed (015 a d.«,o.nagd particle, ond u Hhe Po-s{{—(m reT;ruu't'o:Hm)
4)& XA (x) , X A*(x) .
Qﬁdﬂ—or& o&ﬁ&ro. (or cancuical aunticommutation) srelatiows (CAR) :’ror a
i. Acalar /(o,m.‘m fid: FO)ART(X) + (XN (x) = S(X—x’),
F)ENX) + RN = 0 = L) (x) + A () (x).
H — [dx 2*'0) (HE) () (H o ore—body operotor) .
. Divac Apinor {add A%(x) ;',(X/) + @;,(X’)EQ(X) = 821 CS(X—X’)}
PP + 0N = 0 = FEOIEE (X)) + B0 F(x) .
H — (&% &0 (H,2Y) 0.



Step D.
4. Scolar ]@gmim {AeQd) }—:/\(\/)) ln) OWD o{/\/.
ScheHa) A (x) COWFW&A{O (x| = %{xln)(vﬂ
and F0) do X = > [n)<nlx).
Ho @00 = > a0 € and F)= > 400 €
Ab () = {x|n)
#. Darac Afa'wor f«-‘eQd) ?:/\(Vﬁ V).
A0 = 2> Ul Cp+ > ¢t T =

m>0 n<0
Fmﬁvt-&ura%

eiatuAPJuOr 01(’ H,
Exercice. Write Huia 0ut more cw.c,rd'&a {Zor \V = L:L.(‘Rz’) ® (I:l+.

@: The Dirac eciuah‘m Can m&a be Accond- th’ud o4 @ fuw’om’c ]L.zu Hu,ola 2
A 3%/ but Ha reasoun url;a 4a mot a0 obviows ...
(Cf. H. Naedgen & M. “'imo'wu'aa}- ~ 40 P&Pu—s) 1998 — 2045

Dozona: " Dirac Aeq :for Oovowa" >
SV A u) +8(@) < v+g@ —3(V) + ul@) N S(V7)
Par/c.—&.
H, = Pﬂo\‘v + hﬂo\lv >0 | [a,a*] = [a%-a]

C&owaz Coua'u&a‘riou "waahr&“ resolved .
i First— quautized Huory. A= Cop = Poyap (complex autilinear)
CH($,A)C" = -~ H(-¢,-A).
HO,0) = H,. CH=-HC = CV,=V_ad CV=V,.
Notica h 24 = H(§A) 4 = k= = HE4-A)Y, = Cap.
1. Secoud - quasctized Haory.

/

TR

o~ | > «=— (|

C: ANV,eV) S AWoV) =" AW,0V0)  lineorsap.
ontiliveor ~ omtilineosr

Remark . dlochron (o #ik 4is) <£> Po&i{'rou(m}ﬁk,fas) :



Locture 15.
Tn Ha presence of om Lhcfmwa&ufn"c {uul Hu fre Dirac Hawittowion H, s
auﬂwmhd Xra Hu interaction Hawiblouion (Muiversol)

Hiut - Sd3r (4)9 _25 Atcjt)‘
Cmaﬁnuit.][ et}ua-l'im: 3%29 + di\r? =0 N Q= Sd"’rg = Cowat.
Dirac: 9= eA‘fi\f»} Q= QCA‘J+0(LAP.

Comment / Worni ng. Mu& texta
Chaoaz Couservation /i\ Loeal U(T) 8&ua¢ invariomee .

’mem&(?): woke gauge ﬁw{#omwh‘m A/«—> A/M+ /*‘F in He
action ffl.«wc{:icmaQ S'u,t = Sd"x A/Aa’u Then

Sit —> Si + [ Q«f) 4" = Sia - [ d% fB/AJ/A-
Gauée invarione =2=> 3/*3/*: 0. NO!

Note : gauge hamforua{—im also +rw{rorm Ha wiatter %au, fra»/\fz — Qief/t/\h

and Hu CGWPLL‘{'L action {imcﬁmd 14 8audt—4u.vaﬁ'o.u{' : S —_— S .
The correct Atotewent 44 that d’""‘"ﬁ" cowservotioun fvoﬂom zfrrow. aQoeraQ

n@) Pka/u. fototion tuvarionce (APoufauw-ws(& Uroken in a AMPtmouAud-or),

Mode expausion (achkematic) of ¢.g. charge cleui{'&:
4= UCy+ VCPM} M = :eAV(x)AP(x):

+_ o+ .1 +
A= CpW + CP“U' Cowaish o]f Y ‘rarm o.f terwa (c{ earlier).

Calewlotions 1u Hiia oFu—odror{rom ( den'uau; Tama&a S e > wid 1940'5)
are ccmPﬂicahd ' ’-Fvaumom (Pm‘h {nh&ro&) to Hu secue ...



[ Itamau propagector
For Later refurence Anpply wore detoits on Ho—ei&w,:{uors :

Free Dirac e«iuod—im 0O = (itb{—Ho) A i adlved ba QxPOau.utiaQ ansatz 4""* .
(or %urizr{—r%{»omaﬁm)

A = u (k) ea(k-r-wc)

hove Luargy tigtnvolue AR = + \/(wcl)z + (/ﬁhc)z/ have

width A‘m'uor us(h) e C*

Mo wentuuw ik/ Re (’li@)*/ ond Apin T)roa'uh‘ou s (s = +1/1).

i(Rr+ wt)

A= v (k) e with Apinor U@ € C*

hove tuargy eguvatue — AR = — | (me?)’ + (hike)?
and mowentuw 7&!&/ Apiu ijuhm s .
Orﬂwuom&b’r& (at fixed R):
u (R g (R) = 8., = v oy (k) , u (R vg(R) = 0.
Cowhhum :
2 U (k) ® Ms({z)T = TT,(r) Fm('luh on Fmﬂw—lw&} acctor (ok fixed k),
z v (k) ® U‘S({lf =TTt (k) —'— V\Q%a-h'vc —r—

Covariont {—orw o]f Dirac etiucd't'ou. Start {»mw

4, — a2 A 9

it = wipyr T %"‘4 3% T
Multiply frowm tu Left by p/ific. Tutroduce y°=p aud yi=po.
Wete x°= ct. Thew the Dirac uiuoifm teke ik covariant {}wru:

9 _ wmc _
(W55 - %)t =0 ,

T ) 90 _ i
In tHa preence of an th}mwaﬁvﬂnt flLM) nFLo.u. 5 —> 3 f PR
The gomua WeocHHeen AOL{'I'Afa ?Slu}sv+ BVB'U = -0M (Ml'ukomki wetric tewior with
Ajguatwe (-, + +, +)) ond How ore He grurators of o (Lifford algetra (R* Q).



’frwfomaﬁm Row forAfiuors. Cowsider the Loreutz %rouu(: So( 3).
Under o Lorentz trausforuation g€ S0(1,2)
— a Acalar f«'dwl ¢ : Rt — hamfmum 04 (g.cp)(u) = ?(3_10),.
— a vechor fietd A: R¥—> R trowaforus 04 (g-A)(0) = g Alg"0),
— o spivor field A RY—> € frawaforua s (g-4)(0) = S(g (g,
He e g Sy ua Toroa'u:’r\'va repreaentation calied te
of SOU,3). Tt s defined os follows.

1. Waite 9= X (Moh Heat X 4s ot qu,uﬂﬁ &tftwui
04 Hu QxPouwhaQ Mm'o hos o mou-trivial Rerwed on Lw oW 3))

2. Couvert the Lineor houm{—oruahou X: Rtf— R" iuto o skew- Aawwd’nc
Lriiveor forw\ X R« Rt — R Qr% W0 o{ Hae Mivkowshi metic Q:

~

(u/v) = Q(Xu/o> . Tn Qow‘:-omm‘s: X/W: @#,\xx‘,
|~

2. Given o choice o{ gamwo watrices IDULf S = P (_ B X,w [6,: ljv]) .

Tac’c. ﬂ a Afiwor f.uol U — A'»(u) Aa'l'iz:fivs the Dirac Q«'Mmﬁm ,
Huu 40 does the Lonutz—{-rwfomw( Apinor fl.w\ U— 5(3)*(3_1 V).

Ruunark . This comes about because under Loreutz h—amf—omah'om g€ S0(4,2)

oue hoa 3%‘ |_>3x 3 o ano ¥ 5(8)5/"3(8)-1 = (3'1)'“V~6V Ao Hat
» 9
37‘ W anvaramt .

,/IM{»O Tha Atu'uor n(aruwh'm 3 |—>S(3) i T;roé'o,ch'vc due +o a N’au ambﬂau‘t%) :
5(81)5(32) —_ S(g %) - Tt litt to a frue rtf)ruw’coi-\m o{ SF4M(1 3)
a 2:1 cover of So(4 3). EP - ¥y

Preudo-wtarity. S(p'= exp(- 1%, [ ') = ep( 1%, [ 5]y¢) = S@7



COWH'GMHG normalized 'Ho- Qiatmtu'nors l:? = (- co/c)_t;:)
Traort Hae P!Louu—wave awatz A — Hhr—at) us(h) = Q.b7,x us(h) into He covoriont
foru 01‘ Hu Dirac equation . Thew (}S'uk,,l + %) U(r) = 0. To aolve Heix equation
oue atarts frow the rest frame whare wonentuw AR=0 aud Lutrgy Aw = mcd

/
@ ={o), WO =1o], HO={1], YO =]
0 0 1

Tt is imwsdiotely cloar Hhat Hhue are solution for &, = h(“‘*) (-we/k,0) (U) ,
p. R, = hf:"‘) = (+wme/k,0) (\T) To obtain Aolutiows for Ok Ry, O oppliv
o Lorenta boost g troufaruing K7 iudo the actual &, . By fhe costruction of
the Apiuor repruuctation ou kas  S(3®) g+ KV S(g0) " = gk, . Hence
Ugr) = S(3() U0) and V(k) = S(g®) U(0) are solutiow .

Remark. Ome can arvange for Uew) o« ug(k) and V(k) e ve(k) Dut Hee
wormolization diffcrmt'
U(P\)‘é Uy = Wo) 3(3)5 usf(«) U (o) ¥ S(9) Uy = U (°)1s Uy =3,
Siwitarty , \i(«)ﬁ Vy®) = V(W Vo = -3,

u ufﬁo (M{'MQOWPLQX Co'Ma'uao.i'!,) \J'el—%/JorTa.')
COmP(’.e{ewu: 2 (us(«) U®) —\];(R)VS(R)) = 1

Exercise. Ut Ug k) = 8, "‘“‘féj‘) Vew Vo (k)

o

Medae QX'POMAtOM revisitd . k,’x’“ = k-r—u(h)’r) Wk >0

4(x) = ]‘”‘ T > (U0 ¢, @ + ¢V o ).

Commnt. VZ5 <Rl > g(<kl) = C*-p).



LQC{'u.rt 46.
Tn Hu Pufurﬂrwh’m expausiou (interaction ‘{94'6‘[1”!) {»o:- Ha Aca\‘&n‘ué wot-ix

e wil encounter
" — _ +*(9(x)AT/b(a) b x®>y°,
T(ﬂ’(")"l’b(a)) o — A (y) a {' ) %o
AT AR SRR

Tiwme—ordered (or cawsal ) One—Par{—icb. Green's {wwh’m ( ):
6",y = {vae| T(4fe ) [vacy .

Recall Hu wode U posdion
100 = [ 88 | pe Z( UM ¢, 0 + EHNL W)

(@) Vhomw
A — [ Mc} ot = iR _
o'y = j (& Vhow z ( ,s("‘) U@y + o™ SR \f.s(—k)b).
A’ mcz iR, (xM-y*) a —
— Gy y) = ' ] o fow © O > U™ Uy,
S PR mcz ik (x'“ ) a—
X @ how & g Z (VA CLVRRV R CT AT

EXQI‘CME. Z U5(k)a as(k)b = (1 B ﬁzt) b
S W i, = - (1),

Om H wotion e{ Pro]aa&wl-or (/ru. Sekrodmﬁ'.r Taa:'[‘ld’.e (now-relohivighe ) .
t>0,

H vwh%a»dﬂm (v =
G(rt. r/)—(IQ‘“L‘/tI}Q(/’/UL ( { t< 0.

7 ¢ 7

e PR L) & o iR(rt) —i 3K ¢
p— Py (1} T2tk 9(‘5) @ )3 e('t')
da 0" 10t
Z —
Now e = 2w 9(*) j 2n Q+ie— HR/2m -

R

[ drRda etRU)-iw{-1)
%
Heweo G("/f,. t~/{'> =t S‘R‘* (2m)* Q+ it — WRY2m




Goal: Show that the Hime—ordured one=particte Greens functine G (x, y), whick
ia o object defined 4n Hhe Accoud- quantized Huory | Cou b cowputd frow Hu dota
of e first—quautizd Heaory.

Let D = F+imc/A (where J = 5/* ) be Ha free Dirac optrator.

Since Hao differentiol operator D hos o karmel (given by Ha sobution apace of ta
free Diroe equation) ik duvene or Gres funchine T'= G s defined ouly

Mp to Hu addition o{ teruu 1w Hhat VLra borwed. We are a,ﬂ’\ua_ to dewowatrote
Hoat with Ha ﬁ¢l~’c choice o{l (ro-undar(.] Coundition ("Qau/sal«'f%") bwe hos G=G.

D= (3-27" = (- 2+ 2 (3 + 20) = (P (memr’) (F+20)

it (x- )/‘ K - me/h o
A0 () ) b(xa) = t&(z_)‘* Q" (—,{(Z+(mc/i’x)") b *

Now K*= hprhy’ = § kb, (g +y*y#) = £ -R.  Hewce

Qa Qa
(D ) b(xy) = g?—'; m/,,(x 3) k{z{:E?f'xg . N = me/h

Choice of iuft.gt-o.ﬁou cowtow ,‘ror ky (dnwer mh&mhm variable ) -

—\R+R2 { C)

/|

>f{o

€

dh mcr ik (- R\ . i
‘@"M(ﬁ)q s 12(1'6"75) b 4{><°>3 ,

Then
(D_1)ab(x,g) =

Acwe with B = -0k)/c — R = +w(R)/c af x°< a°.

ConcQusion : (D_1)ab(x,3) = Gab(x/&) = <VQc|T(*|9(x)AT/b(a)) |Vac>
:{'or the choice € o( u\.u-&% /iuﬁ%ra{'fm coutour .

S%&duUnré (1‘] ) : iuhrPrdcod—im o{ 'aosi’rrcm QA Mt&o:l-\'vz—o,mra} electron
h-anin% Frackward 1w Hwe. T’%Juuan (174'?) .



L@,C{'wr& '1}.

_l—;\7. 5 Quartuu Anocuralies

Q: What 14 maeaunt Qra R “QMW\OQa. 2

A: a Aﬁwu/wd’l‘& BF Hu closaqcol Hmwr% wiich -f«a(fA bo Qowr& over to Ha
7MGM{'\A\M Hwov—&.

Tint studicd 1u Ha 4‘1}0—80',4) omswmalies dove cowne bo P{aa a ""*0“3.0" in tu

CcmePomr% Fb.{]mu o\C {-n?obraicc& Cf,uowfum uaker asa tool to c(’.w&f&l
Q..g.) 'l'oFot&ﬂa‘col insulators Oumd Hai- exohlc Amrlﬁowe. otates .

Chiral ammaﬁa (D = 3+1).
Ado‘a‘(’ Hu Nca (— reioruo-wl’a{im {'or Ha qowma motrices |

_ (01 ¢t (O %)
?50_<10>) b _<—°’¢O'
Tn te Liwit Of i ouss Lugs Po-r(—ic@u Ha Darac Qqua{—(ou %or N = (Ah')

o
APU{& into two Q?Ma{—(m: (Bo—io.Ao/’a)/\l/R + 2 %(BL_‘N'AL /ﬁ)"’l/k =0,
Couciswe notation. (a°_iQA°/f‘)ArL - ; %(BL_“’A% /"‘)"{’L =0.

.- +1 0

Tutoduwe Y = 1 150515153 = (0 _1>

M= 12(1"'55)“'/ =teT, T T 12(1_55)'* =~ ¥s"r -
Note ¥.¥ + ¥y = 0.
Recall 3}‘9/* =0 %of 3/“ = epytap
Dosed ou Hu Aawmﬁa (0{» Ha classrcal '{»\'dd %Mr&)

K/‘(Bl‘—ieA),/L) =D = 1.‘WS'D Q{GKS (x = Cowust)
ouwe alro Qx]oo.d's 3};3}; =0 {'or J’; = e/\_l/bfsxi‘/\r

H'owwu} Hu comect recnlt (f—or Ha quantuw -Hu.or&) A ; .
A
Qe = cowtlry € FLH g %
=< EB

Adﬂus Tbell)aackiw (196% QED): axiel anoana 14004&
Pu%urbah‘m 'Huora (’rn—c‘ow.%b diogromas). Exaw.rlle: P«imobca&



Clarel auonaty (D=1+1). y = (7 ), 3 =(5 o)
To be cousidered : Dot (y# (3,- ie AL /1) .

Meotivation / Preparation.
Tor /{-\f = % €. 17 (C:Ch— CkCI) Cousider Hu gv—o.nd Comonical Fo_r{-\'ﬁm fumch’cm
fr e PH = T (eP%/2 4+ e P%/2) = dot (2cmb(ptr2)),

k

Claim. Tr e‘pﬂ = cowt Det (a%+ H) where b_?k ack on O.ufi—fm’adic
bunckiows £: [0 p] — € () =-$0).

Vo;n'f\'co.{—u‘m ;fror H=h (Q M:*e’”) . he 2
8% hos Qiam{ﬁuncﬁm Q-W)n

Sta Dot (g +h) = 86 T (miw,rh) = > Sh

he 2 —iWuth -
1S A b S e PRI = § (2 enk(phr2)
he 2 &)n+h Zuel .
Poisarn stummation :fomuh

with @, = %(m%)

Now Lt 9, = %(3,—463)/ 0z = l,_(BXHBa) (4’m&4‘mra tiwe 4 = 13) and

conamder Hae Dirac opua{-or D= ( % — aZ-'_a) where 4 = - ;_‘:(A*_{Aa) .
-d; +Q 0

Find o C(}wl:ux— valued {««d’im 8 Aach that Q@ = 8_1328 . Then
_yt

_(g 0)(0 52)(% 0) I ;
D= ( 0 8+ _az 0 0 3 where 8*_8 1 {'hfrum’r (Abeliow) cose.
Tn view of Hu M&utﬁlab'ca-l-\‘\rifa, of te detruwinant <n {r\'m‘h oll'mws(m’ omeL 'w,u'&lad' wouw
r 0 9
u‘uc{' thot Dt D = :Dd'(_a_ OZ) . However, Heia ia FALSE (unless g wu‘{-ar}).
z
The reason 4 tHhat the determinout meeds to Lt ﬂ_a,ulo.rfud ) oud afl—u ﬂaulari&aﬁ‘au
tha Puh;d'n'vc Mau(h’loli co.h‘ﬁf'& :frou'u to dotd .



Let 3: X+ with teal—valued x, f> - Than

D= o %P 0 0 az)(e—unp O)
- 0 ¥ —iP _5_ 0 0 X+ .

o: parameterof a "veetor" aaw L'Framformahm wlich 4 unitar
P f % 4 — Irence wot auw;u@ou.da'

oK Param’ar 9{ on "oxial" %au{r W-Fomaﬁm.

b o 5 (0 B et
= e D e =Do= 13, o cluro Aamm‘r%)

puf Dt (D) = —%jdzr 320( 520(

Sketch e{ free{/. et D, = Q_SNMDO Q‘5°‘2$5} selo1].
Det (Ds) = \/DQ{' (D;)/ D’- — <_As 0] >}

S

1SM - A
Ay = e%3, e 773, ¢°%, A

£ /ob * T cowst
Xﬁ = —Qn(sh)+6{ Oce) .
g t E—) +
a4 _ _d _ 4 [dt LAY
P Dt (-A¢) = ds’rrﬂn( )e—ro.% . K . Tre
— [dt 1e etf A,
€
Now ﬁAs = —otAs-Dgx + %), 20 stubz Q_Su/ A0
o -
% Det(-4s) = 2£ou: Tr o (Q{ASAS—Q{ASAS)
o ~ ~
ZKolt—/rr o< MS —et) = ) Tr s (ews— eeAs) :
3 oAsume 0bsence o,f 2ero wmodes
Exercise . Tr (eeAs_ QSAS) = Z—Tfjdzr 3;0( 520( .

E— 0+



Locture 18.

'E . Fermiounic Patle Tmﬂ&me

V.1 Buezin {u‘ct&rae

@ Noive fm‘c{—m (one ch&ru Of freedow) .

=C3 (ermmmna(’ru"g 3= O)-

M'atr-f.mc-l-tou fr $o + ‘Jﬁ; e A(VY).
J;(_*,/ [43-1=0 aud [d3-3 =1.
Nof,, d3 = 3} (Lod motation dy).

@ %{orm.d 1>4c'l'uro.. d/dy
din . sl k — R-1
Ovdi o.ta tu‘l‘t&m'hM. X K R x ,

(v
More 3tura,ﬂ<..’ SR(v* ) —(>) SR V*)  (veV).
Note [(S(\f)f 0 (11"' Hw%hm—awmwauh&mhmMMm).

closed

Fermiouic 1u+L&rahm(Bm£m) is a Linear !rwchou[ : A(V¥) — C.
Recal coutracton /\"(v*) @ ARTY(v¥) (veV),

Demand It(\r)/\r =0 (z\ " Hrawslotion 4‘uvah'au¢1").

Solutiou: if dimV=n, pick Qe AP (V) , say

Q=cegney anene, foraoue basis {e;f of V.

Tian define [;,» =

Stoudard wotation. Bosia {e,] of V, duol basia {§#] of V*.
e¢) = }'“ (8¢umfou of /\(V*)), 1(e.) = %ﬂ :

CAR : = &,

d 9 d 9
33/‘4-;/‘; - _)}vb}# 3}’“3}"

)}v 3/‘ 3# b}v




:[f dim V = N, +u awud Lewent o(’ A(V*) is a e’aof.ruawie( o( order N :
=103 47 DI PRSP IS AT ML LS

v
N

L . . Ny
_Dl-Flm{‘lNﬂ (Gmssmauu m’rt&'"aﬂ. Sf = {'n N T Ay {' .
Runark. Grasswmauu wharwhou as Moﬂuua but differeutiotion !

V.2 Determinaut oud Pfofficn 04 Beurezin integrats

Exau.’m ( Gauss duhara() W=Ve Vv diuV=N, AlWw)= AWHRAWN.
M 2
]

\S K aluro{’on o{ A(\I) K‘ S\ &mmrod'or; of A(V). }ld‘tqri{'\w #om /‘_' 3V,
E)lf:»rus Civear o?tra'br Ae Bud(v) = VoVv* as A= Z Av
v

CLAIM. *S Qx]a( ; A 3. 3") = Du(A).

P SexP(ZA’:f,,x") - L (e

LICIESERS () R (U uy ()
S Z A'n'(n "u(nt A'n’(u) "u(u)x

N4 T, W'eS,

= — Z sgn (m) gn () A""‘ ’,‘J;}, Zs%n(n) AT A"‘"’ = Dt (A)

N! (1)
T, r’es ( .eS

"(RQQI Go«usmau @Lr-ezl'u 1‘wl—¢aroﬂ — P—Fo#fau .

Let A: WewWw—> C be o Sh-tw—s-,uuwo.fn'c biliwear {orm; dive W = N .
Em':rus A iu a basis {Qﬂl o{' W (with dual basis ‘{Q'U}) ‘37
A = z A/-»v e’ hen A/w = A(Q/“'Qv) = — Av/u :

M
Choost the Dertzin 1'uhara+iou -Forw given 57 the ordered basis y,.., e,

(#=3"y:

fe AN(wH - ?” P= ula\i‘ i
Definition ( Plaffian). ’P{’(A) ==§ exp (% ;Af*v §F§V)~

Exawples. N odd A Pf(A)= 0. N=2:P{(AY=A,, .
N= L PHA) = A\LAM - Al'b Azu-+ AW An, -



Y .3 Devivation o{' Pa-H.. 'iwh.&ral

Motivation. E)@Pms e e Levout O'Da'td's o{ G e e statistical Ptﬁsics

o{' 1’u‘cero.cﬁn# -ftrwdous (&rowwl Cauouical Taou—fi{—.'om ]Cuuc{—\'on, ete) as

({:wc{'iouaﬁ\ *l'u’(t&rab.

let V=C" aud W=VeoV*.

ai“ord a[&dwa (<} (\A‘) with &tmra‘l‘on CE/Q ,

Qrossmouu ulﬁdr—n /\(N\ with &Lutl‘o.i'or; 'S;,"Si.

Cousider Hu o‘uro.for /r«, = QxP (% C; i—ziiici) .

Cm«vw{-icu: CQif-Ford and Grassmauu 6lw.ra’rors auticowmwute with each oH.u*,
1'.!./ C:wg‘ = — ~(,1C‘+ ete.

Ffact. ’BY us{ua i an.zbraic relatious -For tae CQIFFOrJ and Gragwmauu 3(utra+ors/
one deduces Hu w\qufUcaHou Low 12(_ ) =
Ty Ty = Typ @ 75 5%+ %)
Roewark . To prove Heis nﬁod-io'u/ owt wus tHu BCH Auiu
Ao = oATD+I[AB]+ .
In Hu mei amtomce the Acrie terwinates ot Ha 44’\'5{» communtator fenu .

To compute Hu Commutator our obsurves Hiat ow Couvention (A above)
turws it iub He outicowwutor :Fm— He Fock otzuo:brs. For Lxcuul)b_:

[; G, 2 i,-C,-] = %(CII.-_EC‘- - ijc‘.cf_zi)

= % L(C?Cs + CJC: )§3 = Z 33
Let T0y = [03<0| denste Hu prjechr on Hu Foeck vacuuu .

Lowwa. T = fetay {0, 1"

Proof for N=1 (by diredt caleulotion ):

fatay M, "= [diag (1+ 3 -4Tect) Jodcol (1+Tc- T ecy)
= % % (—{ixcc"|0><0| - I3y lovcolee + §1 ¢fovcolc
= od<o| + 13| = 14,



Lectuse 19.

Couceptuat proof .

To prove Hu Lewwa for bighar volues of N we wse Hu follom‘u& fowmamu fack.
1. T Clifford olgebra (Ve V¥) ack ou the Fock space AW).

[%: “Irreo(uci(’ﬂe" meaus Hoot Hure exish 1o Aulnpo.cﬁ Uc /\(V) whrich
A AnvoHaut (Cﬂ(\/ea V9 U CU) and proper (U 40 and U# /\(V))]

2. Let o group Q oct irreducifly ou a f’l'uiﬂ-o{(wmdmaf l‘tefbrumw(’ed'\'m
A,)m O . Thuu 4'{ o Qudawoqahum Xe EKA?U) Comwutes with Huw ochion of alt
%\‘OW“J teweut %G G 6w U/ Heot Uuiowor"bb.isw mwst e o scolar ']MlLQHPLL of

Hu 'idlu{'ﬁd: X = me-io{v . [Narm‘n&: Schur's Lowma dhotds over Ha
O.Qﬁo.(ml,-caﬂa cowuh {'\'QU C. (5t w&d f—ai@ OV!PP.)]

D Tu vitw of H above, we Comsider Hhe Commundator of X = | T A7 T T,
with Quy OPQ.rodml' ’E/ and abow that it vouishes:
ToX = [Ty AT = et ey G L o0
o35 = = (5,34 057,) = - a(,%) i shas .
12>a th variable oubshitution 5 — S-Y one gt
X = et ey AL o0,
Now /|3—_1;/ — (/|_§//|; Q%w(_y/”)-1 - /|‘S-1 /|__§1/ Q%(»(S’,‘S) .
Honce /ly X = gol“f d”‘g {ST[O/|§_1/|__;/ Q%w(’sjt)g—%w(‘s’ﬁ) — XTS/ .
I By the Livaor fudepuudence of Hu Grossuoun vorioble Ty and 35 it folows thot
X Commutes with Qvtr% CQif{'ord &Lmrod'vr c; aud ¢;. A ada‘o{:oHcim of

Sehwrls Lewwa o Ha fmn.wt’/u{h'm& e (‘,wawu Ha me of X ﬁ/\(V)'

The cowstaumt o{ Pro]:or’rima‘lif& ¥ determined um% b(‘} (‘,wau‘(’l'u& <\rac| X| \rac> =1.



Two Formulos: 4. Ci /I'I T, = YQ T‘. , ,
-1 + -1 =
-1 -1 -1
’PWO-F of Hu Secoud ‘f’OflMuLQa . wﬂh -ITI) ’r‘ C:- == -ITI) (TI Cj /|T>’r‘ .

’r_'C-{’r‘_— _[ZCI‘ ;I ]C —C [ZCK ZEC‘/ 1':I +0
=C+Z[11/ 1'»:| =Ci+2.§@(ci +C1C1) C+ii/
t
5o ‘r’r c = To(cz'+fi)1;“ = T,TL'S,

Derivation of fuuc‘n'ouo@ 4’u‘r¢€raﬂ.

Tr o M = ’fr(lol Qz[’) Td,, e “ibH )
= [ [y T (M PR L i),

Warmu\&
Tr (’f’R) = Tr (‘RI ) does not hotd hee ! The correct iduwbity is

Tr (GR) £ Tr (RT,). This seen as follows.
’DLCOM«P(TS!. T.(z (T)w + (T)OM R = Ryen+ Roud (m{»h HsPtt’r to f&rmnom

uuwber r‘>an'+7> and notice Heat both (,r“()mi& Oud (Qm o 0dd 1w Hu Uuwber

o£ CLiHord %Luu‘d—on as well o iuw Ha nuwber of Grassawann varabLes. Now

/(I' (/(‘-(R\ — /lt (( ‘g\tvm utu) + /rl’ ((T})ob\(p\ﬂ&)

- /'t ((Rum( 'S\ tvm) - ,rl' ((D\rld T )o—li)
/lf( u!u( 'S\ lvtu) + ’rl’ ((D\rM 3)*“) - /rl’ (rR /‘_‘(\ .
Tha Siga ch(Tz du Ha secoud u]ualhl\, 1s Coused b.’ tHa +rw13|rsil-£ou o{'—

Grassmaunu variebLes, ('hr Ha Coifford &uu,ra‘l’ors oue has ~Latious
guch s Tr (cc) = v (cc). )



Continue Hu derivation of o fuuckionol dutegral:

o = Jaesan [evey T (m CPR R )

The essential building block s T o P H 1T,

For a Qar&q nuwber M of 1wu&4uar7 e discntization steps we hove
T, T e “f”H T, =71 (1- ;pHJr...) T,

Now wea ﬂ (4’. e. Creation op eroators o moved o Ha (cﬂ-,
Ouuihilation 01>n.r&’ron o Ha ﬂ'#kt) aund use tlu {»orwuf.as 1%2 above,
ie. we substitute (=7 aud c =T . Thea

_latd i
T[OTI_I ¢ MFHTX'“O = ]‘[01;1 (] __IBX(C c) -}2}2 11

_ _ x,Y)
= A" (1- 15[5‘%("") +.) T, ~

Now we eaiwuﬂn’f T T, = A T = T, Ty T, @F
e (UG NG e I S e R A

’f" T,
LSE+XY)

Thus ouwr butﬂilu& block becowres (1u o Liwit 0(» Q&l‘ét M)
-”- T MP’H’['T[ T[o o “—%i —% ﬁX(T,K)_

/ro.lama iuto accouut Hu Sidu (’.km&g iw Hu Qast {»&d‘or/ wt Couclude Heat
o P ot jd“i avy, o [ a0, av,

M—> 00

QXP Z ( | Tlu 7 Kh _%
o (3,10 - 55,
ASSuwiua Ha comtinuuw Liwit (iusﬁfﬂ'ca’cmu 1) owd chaw tug nototiou

x—>'\’/ oue writes Hu wsulh 1n th {*orm 4)[5 (_ ) _ )
_oh — @ dT (4o + (YY)

Tr @ PR _ JA[A(’(T\] Q o

with bowudar7 counditious "{'(‘5) = —~(0), "T(l‘a) =—4(0.

B Toam £ 50))
Y, —%f T, - 90, 3,)



Locture 20.

'Recaf: f«uuimu’c ]oaH» f(uﬁ&ral {or Fa.rﬁi—iou {mwch‘ou (1'u0&iwav& Hiwse '5) :

T . - B
1o PT = Joﬁo&{» Qx]) _id{ («r Ay + ae(%*))
mfm.‘hl& mau& derivotives (/‘a weed o u-&a@&m&/\caw?u{'aﬁmﬂ rules).
ae(«F +) {fr&m norwal-ordered Hawiltowiow H = 3€(c ¢) (7— He
Mmbstitution ¢ — '\P) ¢t — I\f) An‘h,otn&&tc bﬂ’ukdar& Co—udrhm

VP == $0), ) =-F(0
Remark : UMCEmp0sdLs bottn fru :Fo.mio*ws aud {ntumc{—-‘u& Ad/dum .
TEST. V=C, H = hee (AWL&Q, wede, h>0),
Tr € PH = 1+gP*
Po integral = JMM e_ggod‘* Berhlt = Det(3+4)
meedA rtaa(o.n&a.hm (r&'Hu,Pru:m d.a.fmhou 0 J,};«P A«,}
Dt (3 +h) = 3 Trtw(3,+h) = Tr (3 +h) Yoh = ...

Antiperisdic b.c. A Q/1wmf| =1 = ® :Z—FWL m € Z+1
P T=p b z
cor = Oh Z i, th) " DIVERGENT Sum (r Hiwe-continuum limit; meeda Cu{'oﬁ).
me2+— :
-~ fm‘ S e tPer = b Z(—1)njdw e P
4,60 +4\4 ﬂ,ez nez R -1 +'&b

= Pk Z(—o o P = py = f; =3 (1+eP) v/

n1 1+e



Romark on an’cifu-iadic fmmolar& conditious .
Koszul sigu +ule (7= -3¢t efe.) fits perfectly with Ha
S’fr/\(v) =+ T"/\avu(v) - Tf/\odl(v) .
V=C: Tr(cct) =1="1r (c*c)
bt STr(cet) =1 = = STr(cte).
Hence STr Q'PH = AGuu Fai'hiuh&ml with Pu-iod;ic (youudwa,cwouﬁm .

Real—time path integral:
i paih ity )
o= [aFay op —u (Fay - 127 )
° and autiftrioolic «?) «') .

AMO‘H\-LI' rework . The ]D&{'e\,— fuh&roﬁ meethod O.Pr]:f,iu 1w Parﬁcu?.o.r o Hua
Accond— c'wmﬁa& Dirac Jdu.o-a (iu foct thot's where it celebrated it .f[rsi‘
waa'or AMC ey (2] Hu Pimun'ua work oJ{ '-Fo.&uuau).

~ P1. ,
H = o(c c{ i #(3°.3)
Diroc 7 ) )
Creates € ¢ onuibiCates
Mauif).u&att Hu PO'Si‘I’T‘OM, (¢") Aector (Acum.a{'ic): 'S; 'SQ,, = ""g"f’; = - '\,a:+'\,ae+ .
N Real-Hwe Fa{'k {uﬁamQ ochiow = S&t Sdsr ('\Fbtn{a + %«Q—}*)
- . — + st amtized Di Haowittowion
$d*x '\P(BFB/&'”%C)"P M'\{J:'\{Jbo. firt quanized Divac ”

Miwiwal Q&ulobug 3/,‘ — b,u— 4 % A,u'



More on thu F&i‘k 1@41&:-&( :t»or the Dirac 'H-Lor&

Recall Hae Hwe-ordecd owe- Par{wc@t Gruu'A 'fund-um

<V°~°|T(’{ (")’h(a)) |VQ°> =@ b("/&) () ) b (%9, D= 5"3,; imc/A .
Ttauma,u Pro]:a&od-or D' _- “%;H’“z\ /L C>

¢

>k°

So fou- (1 Jut am observation. Accidewt 2 No! Follows dire.cﬂa {Lro-u‘
{'U’luimic fJa’ceu {u{t&i—aﬂ:

T & HV2 (P ) ¢ HT2
G (x,&) = lim Gim =
£—>0+ T—>o-@ i€ 1T Q—iHT/t

Sinee T oecuns in He combination I?+T/ Ha J(acfor e 4 iu T com be trawfered to ﬂ)
ﬂm% woviua Ha Qi&wva@wd o.F ﬂ (w&,id/\ are all Fm'ﬁvc, but {?or Ha %romd—/.\{‘o.k
uur%a,) into Hu Lower &aﬁf ef Hae Cmulalax Chergy ?Qm.
(1V1 {omulu 1.omd 2. ({"'Ow lecture 19) +o couvert Hu o-Pu-o:har T(’)T,’a(x)@b(a))
ta Pr‘ndud’ ""a(")"T’b(a) e{i Grossmonn variables . Thau

a _ 9. 1 — S/, - _ e
Gyl g = 1'()1":00 ZJ”M”?’“P T Ay, S= qu" “P(IS”/*”T)“P-
[5% Ca.rr&{u% out the Ganwsion Grosamann 'iuh%t-aQ ) Oue obtoiuns

Gab(x,%) :/ (D_1)ab(x/a), with the ri&hk—hw side (&A e Fowrier 4'1.«{1&'-0.()

N | N
re re

e | X E=;—i’»ck°.

Jive G&’cu Lnergy Autegration Coutows
Note that by retfurming frow Ha Atcoud-quantized

Howittouiow €0 to Hhe comsprudiug fint-quantized Hamithonian | Hu
pritron apeetrum gous to Hu wegotive- tirgy axia and futo He tpour bt
of Hee m,,ux_em&& P(wz (/}. S{'&chtmr&: a Fo-sih-ou. 4 Q megodive—

CLhargy electron ﬁawﬂiu% Gockwards fu tiwe ) .
Note: thae f)od—k {wﬁ&r—aﬁ QQWOCF (Lawlf)wcu Green' {mwc{—u'm Heot are time— ordered .




LQCfu.re 21

YLI' Wick'a Theorew (COrreLaHm f«mc’rim eF o {ﬁru {'l«.wr&).

o ‘Far ow Cousideratious have brew bosed ou “Tr Q_MH_/“") or v

Io,u:f' o-(J N 1'w(1r¢s{ aw , sa7, ‘Hu.ruuaf QxPQ,c{‘OJl’(ou VdQuu ; ‘For Qxam?lq
<roaQ do.usi{—7> = l;_L_ Tr (oo cto Q_HH_/M))/

or d7 namicaol correlation fuuc-h’ous.

Tn ;Paparahoh o.f the Tatr‘l‘urbu{‘ion Hoor, treatwent oF {whrac{—iu& sysfews

we here comsider ‘Fru Parh'chs/ which ave deseribed by a Gauwssian -Fuuc'h‘oqu

»{u{‘!&mQ with aiwl-o.&mui Q_S[A'l"”], We iutroduce He +levaut tool

(—) Wick's Theorew ) 4n the discrete SQ#iua_ o( S = Z i A,-j Ii .

Yl

—«TH/K
e

’

Def (for DetA #0): <1(‘ ) daf T d 1(59) e—-z.-,iLA.-,-Is
’ SdNE de e_z;’j I; A'J Ij
. - _— 3 < d . —
S«am Convention: Sd}d} () Jal = );“ (1— QKT) = a % I Iy = a.

A Gunrolization S(dfﬁ)" e_zi,.i T Aty = Det(A).

Fact (Wick's Thaorew {or Cowplex -Fe Fwious ) :
“a' 5, Kaja,"‘ Kaja) = 2 sg(m “a.im) “ajm) <Tajam..>>-

weS,

Sketch o{f«’:rooﬁ. Cousider Hhe &QNPQHM& ‘FMMQHOKQQ (with Grassmauu variables
y, 7 as "sources’ ) 2 [%7] = (54 o i LAY+ T 29T
= Jaran @ Zul(T- A A (=AY, o 20 7 Ay
Now wse +he substitution rule (Berezin) with §'=7% —A:"’ , T =% - 5.&1
N _, N . [ _] ]_ > 9 Ny
and  J(4749)" = [(aT4y) 4o obtain Z[v, 7]/ Zlo, 0] = e 2% Ay,
The desired sesult then folows Ly {’thu& multiple derivatives with respect
+ 7,5 at Zero:

(7,5 = 2| 2lal o @ 1 3Ry
P N W% | 2 [o0] Wy ¥
9=5=0 9=5=0
T T\ * LY IS -1 -1 -1
<K51 KH K&zriz> o \7-“‘373-1 1-7@%-2 e =A by iz‘z_A iﬁzA b/ ete.




EXQrCise. @7 usimaL Wick's Theorew 4u Hha ‘Kuv\ch‘oud mfa&ra( sd'h'ué/ derive 0 sawiler
atsult 4n Ha otao.rafor SO.:H-iua/ -For <X>0 &:4 Z“’fr X Q_F(H‘/“h.) Tn Parﬁcuﬂnr/
show +hat (cjcJ cted, = (cf%>o<clg}) + Lefed (c‘,.cp0 :
Aﬂ;ﬁco&ion, Dausi+7—dtusi+7 correlatious 4u o ﬁru Ferwi &as:
Cowpp),,, = Cpwpid, = (ped, (pipd,

= e clpyey), - (c*(xw(xbo (cpeg, = el ey, eoo i)

d d 1k (x—y)
t _ [ A ik(ep _ (e 7T
<C (X) C(\/)>0 - g (?:r (157 Q <C Ch >0 N K (7.1()" QP(ER_/“)_'_ 1 /

d, _ik(x—y) 1 k (x=y)
i ~ J_h y 1 _ IR ¢ /
<C(x) C (7»0 = K (Y e <Chch>o B x g {CS

kf
ik (x- in (kg (x-
d=1 aud poa (150): oy cg), = f"'—"e (x=y) _ sin(ky(x)

k?lf‘ T (x-y) ’
— ) . _
Cemdyy, = [ 0N 5 - snlbien
kI &
HﬂLwcL t
R in (Re(xp) \*
(P91, = 30ey) 5 — (M) (for d=t ok v

AFFULCUX. How to0 rtwewber <K1?3> — A—1i4°

Tr (3T 8A = (- SAT) = Dot '(A) gge—?At
= Dot '(A) S Det(A) = Tr AT SA .



V.5, AFFUcaﬁauz AQ&L_&W&& electron gas

Howiltoniow: H-uN = j&”’r L) (_ ﬁA _/u) G

+1 [der [& B e 8, =30 e.

Partition {fmc{'\'cu: Z="1r Q_r’( “#N) = jo&?&* Q_S,

P 2
= g for o (3 Fack) o
i 1
E‘(dg'r‘(dlg’r [J0A) '-Hreo g( —r)}
Adsns box Q=1[0L] witte periodic mmm&mamm
To toke a&m{—a8¢ a{ h—amﬂou‘um invoriomee  wae Fourier -I—rams.fom
c&d jd3 ~lhr- /\f/(r-r) ke 2%.23, we%‘(ZH/z),

_ ‘ﬁl \7
Then S = TP Z {Ahw( ‘W + = —/u) Yoot 7 EWVG&) g_k_w}
where O(k) = Fourier '|’rwfom ef Coulowd 'oo{-ud'iaQ.

QZ
&R
Note: Couleut potentiol ¢ L(®) n pingularity ot k=0 bt
R=0 1 droPPw( ow PLGAA'CQQ 8WW&A (O\IUOJL ckarau. Mtwh—a&'{?]t).



Lecture 22.

t&f};—deunf 0lectron 804 ouxili ftdol +reatwent
a ( Huﬁd—&ﬁhnow& -(—r&wx:forwo.ﬁd'u

> gkwg(h)g_k_w

e zEfs ko
= (2 o L,lP > (&: b, VR by +ied,, Q_k_a)
whare &y = ¢ (by choice) crud
Cro = olrjd?’r o ket )«F(rr)«(/(rr)
B BPMZ k ,A,_wz_w Yhzwz/\hz,w,'

Extended action J(wcﬁmoa.
[A(/,ﬂ/, ] = u? 2 |¢kw| V(™

* —MZ Frol (50 58 1) 3+ 1€, gy ) i

Tuverse Fowier trowaforue in ¢ = cg?df j&sr 0 —i(kr- ‘”)q) (1) .

Q

Action u FQQQAFCLCQ & 1M0L%4mra/ Hlue :
S 4 6] C&"‘TJ‘PY{E" (V) +*(§T-%A-ﬂ”e¢)*}'

Remork. It oue writs —V = E, then & & (V)= acual=h
toku He {/om oF e Lnergy Atored 4n o ¢uc+m_{au c&u]ﬂ{a,umﬁm
(/‘a {nhrlord’cd'im o{ cl; oA Q ({n‘ch'ﬁm) electic Acalar Fo&u‘cial).



In’cba,rodt sut Huw elochon {—.’da{ :

_ s[«m] _S[F A
= | A JMM o $dr [&r (& (Vo) w(aT B0 -pried)d)
_ M} Q—7c§dfjdsr (V¢)* Dot (2-EA-pusied) = f’z@ Q_SDFF[CI)]

0T 1m

84;[4’] — % c&drjd% (Vd))z—’rr (:T I‘MA /u+1€¢)
,/Lupec{'im shows Heat Hein ef{v.ch'vt action fhos no extuma au.raa from 4): 0.

To expasd Sy arownd $=0 ) sae the identity (if IA'®]<1)

el (A-B) = —Tr b (A(1-A"B)) = —Tr teA = Tr ta(1-A"D)
= — o DetA + 2 Le(A'®)"

{»o r A= a_r'z_u w= G and B =-ied. 3

Than — 1t (g-%a _pried) = la Det G, +n§_1(%°>"1r(eo¢)“.

TL\.L {'U\M inw,r n 4) Vo ‘()'(CO.(A.AC Go 14 Cowstout on Hae c(l'aao‘u,a( and
f#rd o< §, (=0 Ly overal charge weutrabity. Tl quadratic terue:

( oq) God)) ( F’)

h% G,k ) %m o GolE0) B
E]’(n w) Cbmd)_ )

_ 1
/\H’oad'&umluan S ﬂ hz (Eo |h| —e T[(ll w)) |¢|w

where Tl(q,0) = F’Z G,(Re)G L(R+q E+0) 44 the

Th aFPmro.uu At resies {’{MQ{'\LCL{'\M of tu elockic Acalar Pemme Cl),w
at Q,o—u% WL f,uxaflu (or Amoll wowvt wwmber k) omd Awal frui'umeiu 0.
This 48 acaun an {fouo w3,



/lo &r& a closed QxTASsiou ‘['m‘ T(c‘,m\/

T = 2 Cisrap oo —pY',

use i ideabihes a'b! =(b-a)_l(of'— b') and

, ) —_
s>ty = c{)“:;ff - Thew

- Sc%(l-{)

o - | dz | 1 1
Tlqu)= & 2 z-.rig (—z_+ B p —Z—iw+£k,,1—/.‘)

E’ b Q?2+1 Eh+1_i(~‘—tk

1 Z hf(ﬁaﬂ"iu\—hf(ig)
e

where he(e) = ( Qr’(s_")_k I >-I is Hu Foerwi-Dirac dxtributioun ‘Fuuch’ou,

)

“Dis cussitn °¢ Hy skabe Liwd (w->0) aud L’ua wavt L“"q'“" (l‘ﬂ bmalt) ;
_ | < M((Zu.., )— ] (ﬂh\ =0 | !

Efechkve dutara chou (Qol-?r 4'Mﬁr.\=u§¢l as - prut verkoe wah‘u}

\/.#(q,w\ = V() . gTiHc Uvait
[ = Veq\ T (q,w)
|
Velpor= —— _ L1
t g,

B 42

\'(‘\\.‘_—"‘('h"\ (Ql 1 -‘-!— v. g+ v ’
¥
/'x: gcr‘.lhl.hé 'ellA&{"\



Lecture 23.
71 . Quantization of Hu Ehdrowaau.dic Fud
Cowwmwon aPProack: eloctric 4calat Pohuh‘al 4): 0. Then Ej = - Aé /sy threat
Ha ma%uh‘c, veetor T:ol-um'h‘a( K o atMiniul th‘m oud the ectric fittd
E gewerolized mowseutor . Cloove Aoue gougt (Q.a. Coulowtr ov "rodiatiow"
§ouge, div A = 0) to eliminate Hu uu‘ykam'uﬂ cﬂ.earcu o]f {«md@w A .
Note: Coulowdr aauau. Greaks relotiviatic Covariaumes. OHer %MG,M (o.. 3 Lorews
&Mﬂt) Leod to isemes with "states of M%&h’v&uom“.
VL.1 Caucuical qumﬁmﬁcm (of the E.M. $ild in vacuuw)
1. Phose Apoce W (Lineor): Apace o{: solutiows o‘c vocuum Maxwel QC'MG.HM :
B=-rtE =-rtD/e,, LD = o = d
D =+ rotH =+ ot B/, , vD=0= dirb.
2. Symplectic atructure / %onu, o
«(D,B,;TB) = (& (T-rot7'B - Do yot ') vibare
ot D = A i Quy vector Poﬁwh’a( such that 704 A =1,
x  well &t{huul (w Far{—ncu&at— &au&t—fnmnw.d-) 2 %MI Let 40t A = 40t A = ».
Then [a3r D-(A-A) = (a5 D-grad f = - @ fdrD = 0.
D assumed o vauish on ero—um&ar& e‘l dewain
iufo 'Ba, MAd'wa Hu (o,nau.aaz o{ difftl‘tu.h'al form) oue Comu whntt X 1 a way whare
relotiviatic Covoriouce 44 wow.ifmt’
Ruwark . Tn Coulowt §ouge (dnrA =0) owe has
(@ D-pot™'n = (dr(a D‘L[) 4ot BW)
T r—+|
For Apecial C&u{kﬁum{—xm whare D awd B are c,eu{ln‘wul to He Auturior o{ MOrTow
tuba K,a“d ¥ Hein Lrecoues g&% Dyot™'B = c|>b,c|>6 G(K)K,) whare
Py Py is Ha product of ctric awnd moﬁm{—ic flacxes B
(corrid by Ha morrou tube) ond G(y,y') i tu
ef He Curves ¥ awd 5’.

Exercite. Combined withe Ha Hawiltouiouw ‘fwcﬁm

2
H = X(plr (IDl IZ?*L ) ) tHu Aaw'ouch'c fom & &(vu
tH Proper equatiows o{‘/ motion (Maxwel 4u vacuuw ),

¥

G(y,y) = +1



3. COMFQX atructure &
Aas ln{lom (LO9: harmouic excillotor) Huin il e PLM( {/Lou % a ciuow-(-u- Fm«rd
For good wotlowmotical coutrol, ok on o bounded dowoin ("cav«'{%“) U with

Dinchlt (row«dora, coudiHous J(vr Hu,fm,U compoweuty wormal to Hu Mrfau Y
For geweric U, the apectruw of — A\ will Le diserete oud without multiplicity .

2
Given 0 Aolutiow D of Hu Hlwholtz o,ti/uah‘m (%’+ A) D= 0 with characteristic
'f(requeuc& N div D = 0}
N
D= 1ot D
Wy Mo )
o{/ Mo well' 4 urumi'im/ ond Lo s (-D,(} Bt) = (_-D)‘MW(O)%{C) ) B}M(w,\t)) .

n
-0 " A_ 1t D .
” ) 13 t B o€, Than

and (D{} Bt) = (D} c,o-s(w%t)}l}}/uw(w}t)) i o Aolutiow

Tha (D} O) and (O B}) Apos the two - dime wsional Apace W, .
The Co-lut;;b,x Atructure 01 restrickd to U,\ 14 84\nu b}
J(®0)=(0,2) =0 -%)

and  J(0,8) = (-B,0) = (2 0 ).

AU’O&LHm-/ W=eW, and J = EB%(‘”N

Exucise. ('}lz: -1, Ouwlc] pruvva o .

Cheeck . J in Louguuction with ¢ deterwmines a Euclideau Atruckure 0un aach o{
Hu moruol—wode Apaces Wy :

o(3),39) =« (B8), JBB) = ZHBD) 0. v
. Polarize: W,o € = V., EBV b& tHee e,iaw[ao.w o{i C;L
S u” :Jl__((ba 0) +13(t},0)) = L(v},:p}),
5y, G ((®),0)-13(th,0) = L(v},-in).
norwmalizotion H(Dﬁ,o) = %tw,\.
?Lo{-ow creation oru—a-fors a;:/u. (Q,‘)) owmui hilation oPA 07‘: 8(6,‘) .
T'OckAPom S(v) ) V = G}%\/)‘ . Herwitiow scalor Frodud’/\ (a‘;)*: a, .



Mo de expansion . ﬁ(r) = 1— z DX(n (a-;+0,\)
A
B = ‘/—tz B%( n (ah-a,) = E"”’:ﬁ’:r} (a5 -0,).

Twsurt inb Hu QX P redadon {ror Hu Howiltowian 7 H = % z)‘ txw,‘ (O-; Q, + Q;a-;).

For wore o!-tfo.u'&) Aw wa Lectures on Advauced Quantuw Meckaunies .

A Auwmara_/ CO-\MP&"'MOM 0{, Camo-\,u'ul ciMaMh?aHm &.(1 b‘ﬂoM vs. %;rwu'd\m a4
&anu(b.d at Hu end s{ L23,

V/T. 2 Colerent—ntote T;aﬂt {u&&me {—or bos
For rigorous mathematics ) At 1. Batabauw J.humm, H. kugmr} E. Trubowitz

Mesolution of Mui\L&: 15(v) = J T, |vae Y vace | ’r: .

zZA —2Q
Z: QXPE( + .—E- a. = e uuii’ara oParo&or.
T T, _T,w O ) = v —uT e4iR.
7o 00 =t (075 when
horwal—ordered _ M 1 1<
S = z(i (W) 2(n) +3z2(m+1) 2(n+1)

2(
n=1 _
— 2

Continuum Liwit: z2(h) — q)(t) , (n+1)z(n) + '&ae(z(””)/ (")))

zZ(n) — (1) .
Peredic Loundary conditions Q0 = @(T+p), P(T) = Plr+p) .

P
= Eﬁod‘c (C—PBA‘CCP + 3€(<_P) cp)) (1'ma84'uara Huwe) .
Real tiwe: S = Sg:d’t ( b_tCP + —%(CP)Q)>



Roview of Field Quambizabion
A fietd dere is @ woppivg { : Apawx e —> target apae
(6 — {0
Exum?tu: Dirac {mu (A?a'uor)
thchmaamﬁc gougt fitd (vector)
Hwaaa fid (acatar) , cloice of vacuuw

Quuamtization (-f-‘xo.d Hwe 4) f = f"' J—:- f_
Creates raﬂ«{b: hﬂ:h&.« fo.rh'cﬂu

1&vaH¢w\f {»otmu(wh’m .
0. Siuﬁh— Parh‘c& Hilbert apace V
dual Hitbert Apace V¥
Herwitian acalar Pmdud' <°/ . >V

1. szau of fl.‘o,UA W=VeV* 9.1uiﬂ;ul with Ccauouical biliwear fon«
(o) z(") i oA

B. W®N—>£/ 6(07'+(P1/\TI+QL): {‘Pi +q ! {1
AW - 66 b

2. Fock o%c@n—a (o?ua{-ors,. Atil abikact) =

O0ssociati Q! ted N () C wit eunnt
ociative lqdlrra guure b& o m f el
Aub}u‘,{’ to tu relotion ww'+ e w'w = BWw)e)

CAR,  Clifford atgebra CL(W, ®)
CCR,  Weyt otgebra W(W, )

{umim : e =+1

bosowa: € =-1

/

/

3. Real Atruckwre, W D wﬁ = &ro.fk ef Frecdhut—Riuz Mmonrkun V—>V*/ ie.
We = {\r+ (u,o)v I oeV}

Raumark : CQ(H%/ ) teal Qﬁﬁ&m of ho.a'omuu opurators
W(h‘w_/%) real Pe%wuiou iu Pm‘i—in & wowantuin

L Chome o coupler ahuchuee J€ End(W)) | =14,
whick prucvu o camonical Lilinear {oru: 'lb(gu,(}u’)z 'lb(u,u’).

Pawart: o choiee of cowplex Atructure determive o choice o{ vacuum (ace Deow).



5. J— eiﬁw'aacu: EH (a) = 1~ A auuikilation crfcro:l-on : {- jvac> = 0
E_;(J) = 1t A creation operatons : rlv:u.) #0
Note: 15(7_/1-) =0= 15(1+/f+): ¥ '{Aofrofic" or 'Laﬁmﬂm‘"

/\(1+) f—trm‘m
S(EY)  booum
with Herwitiow scalor Prodwd' dnduced frow\ (./.>v .

Tock — Hilket Apace =

La.ua.uoac ANFY) < CI(W/ B)  @xterior OQQLGI‘Q
S(EY) c WW,®)  Aguwwstric algebra
'Rt‘amw:l'aﬁm o{r Fork O.Qadrra U %ckAPa.a. —> Later.

EXOJMPL!. M"d& Larwouic oxcillator wode

0. V=Ca*=C, data*d=1.

V= C-a dC/- 0 1 basis vector duol to o.+; ie. a(a®) = 1.

1. N=A|aanc<{0/a+§ ~ .

+ + —
Do o +u 0, g ot +w,a) = w0, - oy, .

/

2. k)e,Ul aQqn.@n—q ’V(W,fb) = Qan.bra of Pcldmomw n o a*

with relotiow aot-ata = 1.

3. Id&uﬁfa as= <0+/'>v- pomition ¥ mowentum
a+a"® a-of

HR: AP“%% iz /7 zi } = APN‘“L{C"/PR .

4. Stoudard me‘:b.x Atructure J :

. ote
Ja:"l = qu_l‘) }%—22—}/
Jo.*:—«;o.* JP: +9 &Pmuvub v

?&«in Mom% a = Fluuc fﬂow 4?,: —

5. :FodzAPaa = S(#Y = S(v)

with <(a+)“/ (a*)" >$(v): §,. nl



Lecture 2.
Colerent—ntote T:aHA 4'««{1&:—0.( J(or bosows (cont'd).

Recoll T e—«;'fﬁ/’h: Job@ Do 9:5
s=dat (32¢+:HG,0)
CPMCP * ?,%/).
'P&a,ae—/sr:o.u Fod-&» {wﬁ&mQ:
_ ” _
Put q=2(¢+5) and p=725(e-3).
-0 _ 4 0
Then Sgol’c cpgtcp =-% 33&%13&3
ond  Tr e VTR - Jobq 0613 QiSS(P
Poiwcard— Cartou (CM)

Generalizatiow exiat ‘l’o) e.g., Afa»in/la/shm, vshere
P&o.u Apoce 4 & AawPUC‘HC wowi{—ou (with Kohler atructure).

dg-Hdt)

Reduction 4o +e ]ocm‘{—im—/st:au foa{'k iud-t&raﬁ

“u Iama’frb. !ror HewwiUowians of Hua fom H = z‘:—; + V(q) .

Tdud, [2p piS(pi- ) | rifaeri’
T W [ o 2Pt (347 -V) - [ o HLA

Turn to Hu QQedrowaau{-ic af«-‘eu.
T . _ (s, (DI, IBI°
Houwittouian ffmc;hm H = jd‘r 2, + ™
e

L&%maiau ffmc{'im L = &&3" ( %Z_ T,:) )

[ae = -4 [ (g 3, 22

Quantum 'LQ‘C*"'Odamaui .
L P
Saep = S&x Y (U’A (?B_xl‘_ e, ) + mc)*" o \/% qux P 2

T =

| Sy A _c g gM_sE B
B fild atrength Ty = JA,-3A, . Now —£\[27, 3= e B
2
[ %0] = %ﬁf = \Q’:a;t = couductauce. L“%”‘“&‘ Aensity
-1 2
Fine shucture Conmstout & = % & /%; = H-ngo:hc ~ 4T1-7¢ y

: d v —
Exucise. O = 5_AVSQED =SS \/%8/01/‘ = JV: um",«(,.
iufaowo&wwu Moo well UTM)



Scole Hu gouge feld: 0, = & (%})V*Aﬂ . Lt £, = d0,- 30,

. MV A R
’ﬂ/uu ?’P'L = EOAQ 1] '-Fqu’x ’F/“V‘f . XOA"T’OBA[/ QSd XA{/(U B,,."‘ ‘WlC/ﬁ)"(’
g o By < dnbractin
/\dvau{:aﬁaz wLotiviatic covariamee & cowputotional Adwplicity

’ffmt]cidd.d: fwo—faa-iuf J[w/\c{'\'m. (Goussion iuha,mQ over 2ol variobles :
1 . -
Un [d% oz RhBurin) b = 4 D ((B45)/0m) = b Z(3) .

AOquL'

> gl lame 4D _ _
S| B 20 | (-144) g2t P —%B—émiofru(n%u) = 38w
=0 _ T B
Hewce Z(O)1JAN¢ ¢, P, QZCPEJCP E <C,>l4>b\> = 75-1u<.
Plheotou fm‘ao.da{-or (f\'rs‘t OJ(-v.w.Pf).

. e )
op (£9) = op (- g (& 4% 5. 7)
Sdlrx o = jdlkx (BFAV_BVA/,)@/*AV —'AM)

=2 | dk (QA) ' = =2 [d% A, (8 0-23,) A,

Problew! e operator A — (&0 -3, A hos o mon—trivial Rerel .
Tadeed for Ao = &* '™ (where Rox = v %Y = ket —t ) Owe obtaiuns
(8:0-33) A = - (8 k- kR )R Q= — (Rk-RR)R € = 0.

Ba Cousequence the Anverse of A — (5/‘1 O —3"3/“) A" does mot exirt.
Reason : ’-Flw invoromt wmder Jougr {—rwfomo.{-im A/u —> A/L + B/u{ .

G&uﬂt %\'xiua/avo,r'a&iug. — Recall Coulowl gauge div A = 0, $=0.
— The Loreuz 80Lu&o; B}LA": 0 s — nvoriout .

Ludvi% Lomaz/ 1867

(Dam‘/dn)

’h&uuo.m—-t'l-}cro]ﬁf gougys : add — 21—‘5 \/% Sd‘*x (B#A’“)z to action {rumd-imal .
’-F‘Lﬁuww»u 3qu&ll (‘5 = 1): SE.M.: - 1;\/% Sd‘*x (Tr/uv :F/N+ /A (B/‘Aﬁ)z)
| =15 [dw A, O
%{-o Tuwuef gouge {cxiu&u . 7\ M

o(:w Fm%m (<— Gribov awbiﬂmﬁu) in mon— Abelion Juge Haories .



Ploton fm‘)oﬂa{-or in Landan aaw.ac.

Recall QXTJ(%S ) = QXP( \/75&* 'w) and
T (e 7, ?FV:—EjdxAV(G;D—BVﬂ)A”.

T'o wrier {-rawsfom +o O.w.r&&— mao-weentum APaco. :

Y
de SRS j((%?)‘* AL (9797 - 4#9) Ay (-9) .

Lorenz Jaugt couditiou : q’k A/u(a') = 0. In tu /,w.fn?o.ce
Aiwﬁ,&d out Qrﬂ this cowrhraint too won-invertible ci,uo.dm’cic {rorm
MY v
JU7(q) = 1792 -9
has au Auvere (Co.(lul ta Pl«uofou Pmpa&&‘wr in Laudau MQ)

T[ (a|) = #f (7’“" q* - q#q‘)) . vaunithe ou tu aolution Ap ot
of tiw Loreuz Jorge coudition .

CHECK : T[’w(c]) T, () = ¥ - g %/‘1 %

Plootou PmPaﬁabor au real APw—{'u'we:
_ (d* 1 iq-(x—u)
<A/u(x) Av(g)> S (24-1_;)4 3% (7,44\1(1 qpqv) TV TY

OUTLOOK : QFT-2 (WS 20/21)

° Fu’mr@raﬁm« 'Huol%: :Fo_&uwm %FQ‘J‘«A (—> QED)
° APW{'&MO—M Aammfra' Zn-w.hm%: Gow{'om wmodes

Ande rson— Hiﬂ’ﬂ" e tehomian ; Huo;a, °f m'—um&uwchv-fta,

du,ali{'& 'I'M‘Formaﬁm (Ah—&ugrc&ufali g < weak Q&uPLi ug)

e rewormalization group ideas and Prac‘a’u
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