BCGS Fntensive Wk — "Da7 4: Morse Tkﬂ.ory & Do Peﬁodidt? (M Zirnbaur)

PART 0: Some explanation of the words iu the titte . Mohivation. Pockgroud .

(4) Morse Theory (dweﬁo‘:td iw 1930 — 1965, Morst, Dok, Swate, Miluor .. )

Oue outcomt of MOmTkaory ar the Morse dnequalities -

for a compact manifotd M with Mone function , the number my(f) of eritical poiuts of f
with <ndex g 1s wo Qess thaw +the Bt number b.|(l~|).
o Fruitful new «Prrra-[ 57 E. Wiken (1982) in 'Su?;rs-,mmqfv and HontThory".

Witew's TOEA:  de Rhow Comfﬂnx QM = supersywwetric quantum wechauics

& ﬂlt]cormo&ion o a horwmouic— o3cillator prohhw, .

See, ey, laHpJ/NUu- -Ht-‘:. uni-Roeln.de /2irn /b"rOPoQoa7 ~Fur 'Plnrsicisfsn (1’1’ $6— %) .

(ii) Dot Peri odici‘l'7 Theortm

'"Modarn rPraoFs ovailabLe (t#."Dm,S)/. Bot's oﬁ&maQ aﬂ,roadm (1958) wsts Morse Hu.or7.

COI:.E{QXCCLSL
Z = 7, (U) = TH(W/Uxl,) = T5(U) = T (Wn/Upnxly,) =

0 = T{l(uz,,/uﬂ“u,) = T[I(uZn) = ﬁ3(u4n/u2nxuln) = .n-q.(uq.n) =

Teal cast,
Z = 7,(0/0x0) = T,(UW0) = T,(sp/u) = T,(S)
= T, (Sp/5prsp) = T (WSp) = T,(0/u) = T, (0) = T (0/0x0)

Z = 1,(Wo0) = T(Sp/W) = T,(S) = T (Sp/SpxSp) =
= T (Wsp) = T,(0/u) = T,(0) = T,(0/0x0) = Ty(U/0)

and 0 aom such chacus of identities (3—%011 T:Qﬁodiciiﬁy )

> 2008 : euter the «Pk?sics of {vfgﬁtaicﬁﬁ Awsulotors awnd SUT:arcondud'nrs

(CQussi-Ficab‘oa o.F aeﬁ:d )cru—‘Fﬂnuiou &mum’. states with Symmth‘ies )



Periodic Table of topological insulators/superconductors

from Hasan & Kane, Rev. Mod. Phys. (2011):

Symmetry d
AZ © = I1 1 2 3 4 5 6 7 8
A 0 0 0 0O |\Z| 0 Z 0 Z 0
AllIf o 0 1|12Z 0 Z 0 Z 0 Z 0 Quantum Hall Effect
Al 1 0 0 0O 0 0 Z 0 Zo Zo Z
BDI| 1 1 1| Z 0 0 0 Z 0 Zo Zo He-3 (B phase)
D 0 1 0 Zol 7Z 0 0 0 Z 0 Zo
DII| —1 1 1 | Z: Zo |Z) O 0 0 Z 0O QSHI: HgTe
AIT| -1 a| 7 ;
AH I 0 0 0 |Z2| Zo Z 0 0 0 Z Majorana
ClI| -1 -1 1|1 Z 0 Zo Zo Z 0 0 O
C 0o -1 0 0 Z 0 Zo Zo Z 0 O Bi, Se;
ClI 1 —1 1 0 0 Z 0 Zo Zo 7Z O
TABLE 1 Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997)
_Diod,om& wop :
1d 24 3d

Mﬂéomaa chain — T inet spindess SAaFueou.r!ud-ol" — A {—olao(odiqmﬂ insulator

Kitaev chain R P+iP wPltrcondurior —_— 3‘”& 'E’—lest

“TODAY ( hAoclesfaoal) . amain ideas behind C,oupiu Dot Ptﬁodicii'? .
CoP {Oﬂous ‘FFNM. +he combiuation o.F two  sub-sresults :
1 (wW= 7, (UW/uxw),

2. Ttdﬂ(u/u*u‘ = T[=l+1(u) .

Both con be derived b7 ust‘u& More Huory/ -Foﬂouina Dok (1155)- ’R‘?“ﬁmy 51?“»“4'“ ,

- kOIMDt'D':y f:{Pl)
out shows that tha Uaifar7 group -Fu.ruisku a ao-ocl awmxiua{-iou to tae Qo—np spac

o{ o Grassauaunion : _Q(Wu:u) = U/ oud view versa .

COMHA!_ut The -F‘irsf idtu‘l‘ﬁ'?, Say in th -Fonu o{ -rtd(un) = ’JTM(UN/UN_“x uh) ,
can o0lso be obtained from th Qou& exact komotuP7 Sequance of a fiver bundh/
ul‘\ = uN/ uN—nx. - u"/ uN—nxu“ ’

whose total space (Stiefel mauifotd) is wmhﬂ7 contractible .



HERE: "+4o0ls (m {—ocus on asPU'.f‘s that an comPu{-ah‘omll), Fomrful\

PARG 1. A basic tale of Cu Complexes

Call d&cow‘:.u-si%iou .

(cbesed ) D= {xe®| ct), ID"=S"" (nt)-aplace.
An @ a space Lmu&uwﬁdc bo imt (DY) (01:“ n-disk ),
—Dqﬁui{im. A

of a topological Apac X ia o collechon {Q“}uei

of s ¢ue X auck Hat X = U e, (dijrut umind). The of Hu
xXe

el decowprition X":= L] e,
din(e,) <n

ExamPlu .

1

- O
-

o

l

A&u“allu/ltlun"rl\ln
RP? = S/2 = quud,

itiom. A Howdor X Wi Ld o X= U ) led
Definiti aﬂfAPu.u ml-kufl it coll duenupasitio “i ia coled a

if for ok n-cel o Hure wivh a wop @, D' — X Auwde that
1. The sesbiction @y : wmt(D") = ¢ s a howeoworphiow ;
2. The dwage of ¢p: ID" —> X i coutoiued e X",
T Hare ore dufinitely many s, oue priu Hu additional requiresents of

{'nr ock cell @ Hue ddrure € nbenweh mla Fuih{a mauﬁﬂ{u cells .

;o subet ASX O lnd iff AnT ia cloed furua.raull Q.

Ruworks, ¢ = (Fe (o") ('(u.rl. Ha deorﬁ rroPlﬂa s weeded ).

X" (n= 0,1,2,.. ) ia aﬂwaa.s cloved (4w {ad, X" 44 0 CW comPhx).

Exercise : fiud a (W complex {vor Si T"/ ‘R’P", kfoiu Lokte,



PART 1 (cotinued ).

DQF TonﬂoaicnﬂAF&u X/ At Y. Amgtc{—iu weap  p: X =Y induwms
ow Y : CCYon = P"(C)CXon.

Exauupla: Fh‘»\u‘lbal Aundte P X— X/6 (ak.a. {'olao{oaa)
e.g., X=R\{0}, 6=2300), X/6 =R,. X
Note: idewtificahion amap F:X—>Y Qmowch o Hu Acuue o4 p
M&r«i\mﬂuu rlotion Xq o~ X, & P(x,) ~ P(Xi)'
We wow hightight tuo opurabinu that il ke of ause beow. X/~w _ Y

1. Collafma o subnpace .

Ln} AC x Lre QAML‘;FM 0{ Hu fvruﬂoaccaﬂ APO.M. X . Than oue dt#m
X/A = X/~ where Ha e_c'u,imhm closses are A aud {x} fqt— all Pa-t'u.{'s x € X\A.

Exawple: Swspucsion SM. Lat X = M=[01] aud define the equivalens reation ~ ow X
{'olmn{-or 1h Wv&hmcﬂwu Mmhpaw Ao= M*‘{O}, A1= Mx{1} aud {x} f—or
ol privts xe X oubide of AUA;. Than SM:= X/w. Tua ratur aloppy wototion

Hoir <a Aowetiman wribw a4 SM := Mx[0,1] / (M={o})u(M={1}).

A= M-{1}
‘ M![oﬂ N @
A,= M-{o}

2. Ataching ot apacs o ouobar by a wop.  For two topological apacse X, Y
wud o dod anpaa A Y bt Hare dea mop f: A — X,
Counider b disjeint amion X UY aud defive X LY == (XI-IY)/N where He
equivalance closu e {3} ]‘or 4eT\A, {x} {-or x e X\ {(A), {a,f(&)} for ﬁ'GA'

Exompte : o.ﬂo.r.huaal—czll Y=D" A= =s\
XuY

Amﬂﬁ

Note. For o CW Couupalax X with n-sheletouw X" (n=10,1,2,...) o Apoce X" is obtaimed from
Hu. Prt.uplmadiam Rla &Mwa al He n-cels.

Exercians. 1. (") =0 (tmu,&m,,) fm 1¢d¢n.  Hiat: S.":{P}u* D" itk {()D“):P.
2. m(X) = Tr.l(XIJ*Du) ({:B'Dn —)X) f—ord<h—1.



PART 2. Morse 'Tklor& - fwudmw{-l.l Hheoreny

Maniftd M, fuschion f: M — R, M*:= {xeM|feo<al.
Amauf Awmooth aud proper.

Thw 1. 1{ { hos wo critical voluu in Ha imberval [a, b] Hau
is houeotpy equivalint o M® (infact, a deforuatin sekact of M),
Thw 2. Let xe M Le a mon-dageuerate  eritical print of f of imdex n.
U xods ba M& eritical print i {" [{(x)-s, {(x)a,g] , Huu
MF s dowotopy equivataat to MFO™ witk au n-cel abacked.

The Proof wiu Hue Mone lemwa 1 im Acwe uuﬁhhrﬁnol n 011 a m—dt&mmtt
caitical Pﬂuf’ X with imdax pn Hare wish a chast {x',...,x.} aunch Hat

{:{(x)—x: = Kp o Xag e+ Xy otds on UL

Foct. For Ouy wm.d.Fr&l Mf Hure exist fmchm (s0-calted ) with

wo itﬁmrai:!. eritical Fmiah aud with mo two criical valuu Hu Acwe .

Co'rollar&. Evua mmfotd iaa QW Crmlahx wie owe n-cell f"'“ each criticod Pu'imt

(Ofa Mone fmd-\m) of audex n .
Exwp'.z: L-torua,

f = height fwwh'cu

Critical porints
with critical valuu ¢ = {'(xl)

C1>¢{>¢>¢

a<0 <A<y G <a<ef c<a<e, G,<a
[+ §
M @ f 3 w @ [4ee alrove]
disk inder Quus - hl Au. e 2-torua
u‘f,lg %b &m{L hmdag

iu.mwl-ofa

uimmﬂud to: (akack 0-cal) (akach 1-cel) (akach 1-cal) @ (akach 2-cel) @
H.OH\JL% O Q

Exgrcbsu, 1. Cowsbuct a CW Qowfhx ]tur o Ricmow A«rfa.u o{ amud 2.
2. Cowshruct a CW cau';hx fur SM (aww Hiat QF M).




PARTS. Dot 'Pariodiu't7 Thaorem (shetch of cowmplox Case).

(s0id o be owe of +Hat wost SuTl‘isiu& theorems 4n 1’0{:»010&7)

o

Slﬂ’in . Riewmanuian MA.QI'LiFDo.Cl X (COMPCLC{'/ QOHMQC{QJ«)4

X
V= (p, 9, k‘ l«ouo{'ory Qass h OF curves 4u X a‘zn‘u.iua .P to t’
Xv = Spaw uf minimol &wd&sic& I
o
Thin (Do), T Xis a Svmud‘ric spact then so 4s X'. X
Rewmark. The most {uhruh‘né situation occurs when q 4s He au'h‘pol!t 0( P
EX&M[:{! 1. X=¢ , v= (P/_Pf' 9 x"= S"
EXCLMPEL 2,
Lot G = {3 e BA(e)| 3'=-3, F=-3 1.
Subspace X = { 3eCW | dw E,(P=n| = 6 (") = U, /Uru, .
Lot v = (31/—3.“ ) with say, = ime ), . 3:(%({05@1“)&1

CLaim: X" = U,. Proof of U, X"

Lt Q) = {JeCm| gg+dd=01.

For 36 C1(n) Consider ]5(” = Q(Tt{’/z)a‘a a Q'(ﬁt”—)&a

Tt dd p

, - e -
Froperties of y: (0 y(0=3 and y(D=-3 | from (3=~
@ Y =3 ‘ from Q(tmad - 33
(@) 4s minimol goodesie in X.
J € G is a pair of Linear trawsformations  E_(J) $ E.Q)-
F=-1nr v=—u', F=-3F aru'=u.

Hemee C,(n) = U, (as sets) .

Exercise. For X =CH oand v= (az,«_az; m\?) with, say, J, =106} find X"
Hint. Extend thw coustruction of before .



(sketch cout'd )

QX := space of all (Pieuwisz differentioble ) curves I
Take the Lougth fetu €0) as @ Mome fuuction (acfuo.ﬁ?’ Morce— Dot function) for Q X.
157 &mﬁra[iziué te procedure for cousi'rucl'iuéﬁ a CW complex -Fﬂw a More fuuction
Bo#t shows that X' 4s a '&nd‘ &meimah‘au to QX :
as too dudex-0 critical monifold of Q; the space &l oF winimol dnmltsics ta,Pfu.rcs tha
l\ouu.o-l:nPy ‘('71“ o} .QVX “p to corectious (t\.lu'ck take Huw -_Ferm oF celis afoched to XY )
due o Prsi'h‘ve— ind ex critical waui-Folds (cOusth'tl |n’ mou- minimol ﬂloduics) ;
QX = xX'uduy.
where  dim ¢ > v] i = smoallest now-zero 4ndex of aﬁ:.ousic’. the dudex of 0 &udmc

turus out to be the (T’"’P"% couuted) number of P- c.ouéu&a& poiuts Aw its duterior.

Exawple. X =8 v=(p,-p), X'=¢&

Thm (1/@?0\{1): TQ(X")= T_ld(QvX) -For O0<Cd ¢ v|—1 .

Rewark. T (QX) = Ti,, (X).

APPE:‘m{ion (coudtused modter Pk7sfcs).

Pecal: topological insulator in Symuatry class A ( U sywwetry A charge s comservad ) 4s

woduled b7 a rank—-n Cow?hx vector (sub)buudle V Py M , P_l(k)E Ulz space o( valenat states
~ ot momentuw

a cﬂassifyiu\a wep M— G!r“(‘tu), R\,

Ta 4 dimensious and -For M= SJ/ such objects ot eﬁ&s;i]cu‘u\ lo? 77, (61, (eY)) .

Putineut consequences o{ Polt's resulls.

1T (u) = 7, (U/ux)  for d< [inst]
Z ﬂd(ulu /.un“ un) d+l (u ) {—Or d < Zn+l /
MO aj.uo_'ro_ll7 , T, (L{N/Uhx UN_ d+| (L( ) {-or [{mu’(]

3. Periodicity Theorew : TG, (U/WeU) = To,, (W) ,  also TG (U) = T, (U) -

T, (Wwu) = Z (QHE)
-rl'gu(u/w‘u) =0 (u.o QHE) -]_La“(U) =2 Su— Schrieffer - H-u&n_r wodtﬂ\

(u) =0 (Symwt‘l'ry class ALT_l_ :

l\‘ en



AP—E ndix
Lil—& roture .

R.Dokt | The stable komo{'o?7 of the classical Jroups , Aun. Mati. Fo (1959) 13 -33% .
d. Mituor,  Morme H\.Lor7 ('Priucz{‘mt Uuiuuxif, Tress | l‘lb'ﬁ\) .
TN Dott, The Pa.n‘odfc,if7 Huoruwm -For the cQassical groups aud sowe opplicatious

Adv. Math 4 (13F0) 353-ui .

S\,muubic sle. Dh a (Ri!uao_um‘ou maui-FeQd M ow has For' Qvo_ry 1::0[0:[‘ PEM

aw operation @ of Qiodtsu'c inversion (Hu Ritwauuion amlo&_ of +u Euchdlm—&wue‘i‘r}
OFU'r.L‘Hon o{f ﬂFQu{-iou at a Pm‘wt) iu Sowe u&;‘d.kl:orknnl u{f P- M 4s called a

ro&uy SyWW.L‘H‘fC sPau i]t -Foro.[l P e m&P U‘P i3 Qn {somd-n, (m«. its sloau.o,iu oF dqemi{-fou\_
M is called o alubtﬂl? Ssywmumetrie space if H Q.omﬂﬂy defived isomttry 7 extends 'Far- alt p
to aw lsowd-r7 o}_‘: M— M.

Tha Dok 'Pmriad.‘qify Theorew. mobis 0 stotewent about the kow.ol-o‘:.’ Jroups oF

%Qobn.ll7 s7mmdﬁc spaces aF."eﬂL&ssimQ +7P'“n — thase are the spaces mantiowed {u

PART O.
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