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CHAPTER 4 : Frow Porticles +o Fields

’1,.4 Laa,rauaiau Meehauies

Nete. iui’cia.lt{“ the Pmt‘im % oud_ the
Gounwralized P ositious ¢1 = (q., %, - 9¢), velocikius §, = U are indeptudeut Coordinate

{'u.u.c.hm (‘ﬂa..m He dot in q Aare dovs

ot weow He tine derivative .
G aweralized velocities )

= (q1/ qll'"/ ‘i'F )) TO E,ow«r;u’b'- .%9: O_ML 39.1 BSC
L&%r—au\&i&u {»uuC‘Hnu i(q,é,f)- ot 33 ) = 3&‘ ‘

Eﬂua{-{ous oF w otion (Eubr— La‘am‘a_t Qt,u\ :

j«, Hein !.?Mo.ﬁﬂu- it i +O.£4Hﬁ tssunwad tHeat
Arotly, aides are evoluoted Ou o curve t > 5(4‘.)
i thmAPm

= 1 2 . .
' 20 ) gf—%‘f (q—a(-&))Q—d{E(t)) and

22 _ d L (
'Bqt al{’)q

Thase 'Fbllow ‘FI“OW o veriational ePrcucifPh (ummn‘l% Howiltou's
Prn‘u&ie‘:,{a o(z ,QQa,'l“ &.Q‘HQL\B:

0 = § (4t 2£(q, 40 = 4

V]

QL’.-—’A

bt L(q+35%q G+s84, t)

1 S=0

3
e goelt bq (6) (B _ 43 )(m _
8?(0)=O:5<i(1')

7.2 Stoble 0 wilibrium

¢
Cousider @ simple examwple: 2(9,§) = 3 |£i|"— Ulg), 141* = Z{ qt .
Dlpiui+iou. 41(” 1s Ccalled an 1f (J\'(A\mz
(learh.
Te differential dU 45 defined b, (dmﬂm = Ai U(q+sv) .
'F‘I = — (d‘bl\‘1 4s called tHhao {lorc_m an q9 - s=(4‘a o,flpuAPace)

(Force 4s a co-vector, or forw  not o veickr !)

4/—‘1(\;\ = — (du)i(\r) 1s thae (Ml%a.‘n‘u& of ttw) ol_iF{’—u-tuHuQ Q_I‘JL-&_M&Q

QF Hou Pohu’ria‘k Qwarﬂ7 U \tor o trausfation 1w Hua Adirection 0-[’— V.



’Dtpiui‘h‘ou. An Q_c,mQ(br{uuA (1(01 15 colled

sacoud P&r{-ino\ derivatives :

. )zu weﬂ-dbf-'ud
Frese, (W) = 299, W,

(Pusi+£vi+7 up 6 wmatFie metaws Haat all e_i&o__uvubuu ar 1:)0"51‘[‘{\(0,

T.3 Liveorization

Definition. Lot c.](m be a stoble Qc‘miaibriuw Cohgiéul‘&{':’nu 'For £(q,4) =

= ﬁl |¢']|1_u(‘1)- 1_7)74%1 oF L at r:l N‘l mieom  Ha 573{11«

with quadratic Laa_raw&iau 2 (w, i) = —| | -4 Z (H&ss L{\) w, -

:Alaﬂaamuds M= q;- q:"’

Romark, The awu—aﬂ *FOHM u.{f a qumrizcdriou -For a S7sh.uu with twe -

reversal dnvoriowee would be L’ (w,0) = 7 Z (Aaauu — B‘;i vy ui3
‘/J
with " amoss wotriv" AD> O L and B> qtor a stoble &c‘uiﬂibn‘um u=0.

Eﬁua{—iom °WE wotiom ¢ z A‘l Mg = —Z’B{i Mi ({: L.../ﬁ)‘
J J

fl_*)riucifpafl Solutious U, (t) = Q_‘lm‘tui(o\ 0re Called normol wmodes .

]:. b Horwounic Chaiu

i g

Wasses w, dis:,oﬁuuwtuh W, (Fruuu Q1u{€(brfum)

2luw) =5 2 4 — §2 (=), j=1,2,. N

. 4) %
§

—
If
-

-

U= u, (plrioclic bouhdu? (’.oudi'Hou:)

L= QU&&H\ uF chain . Tustead mF index a will use X= LQ/N (O&x 4 L} )

Wove number k= 2E. ¢ (i’= ., NY) s dl.]et'uw\ wodulo uZ/q .

N
Latice coustautr a = L/N.
W

E‘iu&‘l‘mus o{’ motiou : u. = ¢ (u_

3 }_”—Z‘U-}. + M;‘—|) .

4-

1{ HUS"(O](U)> 0
Romeark . The Hessiaun nf» U s (1w Euclidean sP&u) Ho muatric o-F



(haracteristic ~Freciuquc7 scale: Q= \’ C/m .

’—Dism-e-h Laflaciau An, = - 26“,- + 61'4;_,_. + 61-4!_'
0ow., w =S (Auw),.

! 1 &) thx Zmiii/N
Eiatu\!td'ors O‘F A : ‘1’( (X') = @ = @ .

Ei&uwa?.ues . (A‘\'-'(M)(X\ — (_ 2+ Qi"lq + Q—iha) ‘\F&)(’d

==2+2cos(ka) = - 4 siuz(hafl) .
'(hx - t)
e 1

.

Normal wodes : '\l/[” (x,-H =

Vet W, = Q | ZS[n(ho./J.” (disftm'ou laton thlaressfu& e {--uiuv_uc)
s o cuuch‘m o€ the wave uumbu)

L]

Wy
A

—> R
0 +1/a

=~
n

-T/a

ObseNuﬂou. Small {»-—uiutucies (or Swmall Lw_r&iu\ k!r{ Corrf.s»]:oucl +
swall Wtve wuwberr ot Q_&ra( WoLVL Qtu&H\s. Thus 1u Ha R.au—o_ur%.,

R&img oue thrtd's 0 Contimuuum Qﬂ;roxiuuQHOk ‘l‘o bt valid



I, 5 Cowﬁuuum Ofpmximaﬁm -fot- the barwounic clain
Now Mmf!.if—ic.d calewlation 'a—a wa.kiu.a ou &Ppmxiwaﬁm in Ha Lo_an-ma.ﬂim.:

Diserete model.
Pa.r{-icb, oli«slato.umm: Z” xR — ‘R)
(3,t) — w;(4).
(&FP roxiueotiow 4 4 Za
C.qu'iu.uuw. W-OM.

manles scalor ‘{-n..ul S'*xR — R}
(x,t) — w(x,t).

ﬂcPhcemb (x e j-a).
9

Ujpy— Uy —> o.ﬁu(x,t),
1}'& —_— .a {L(X)‘t)
N
1
é§1 — (g)d.x
T N
S=Su= g [t 3 (wif - e (hu-w))
T
— 3 aegan(3 G2 - -ea(§)) = S

Nm'mté Continwum G_PProximo;l'im wot w.c,ou.ds{-wmla valid ,
Here valid .for Ha ducrir:{-iau. o{, e Q,ou—tura& Phuomu.ol.oaa

lre.ca.wu Aol ¢y «<—> sl k|,




ECIMQ.{'EOu, O,f wmwotion (-trovu Howiltou's variatiocol Pn’,u,c,.;PLo,) .

EoMn 0= 3S., =8 [adax & (u 2, ) -
0

; ﬁ) a_x eoe
-Frst variation w(x,t) — wu(x,t) + s- Bu,(x,t)
T L
_ d Ju 9 ou L)
- = T §dt§)dx &“d(u+s-5u,ﬁ+sa—t6u)3—x+sﬁ6a)
$=0
hae T L
— 32 3* —
= §dt§)dx Bu(x,t) (—%"a—tzu+co. a—xzu) = (0 =

2 2
Uo.u-o..o,cru.a.ﬁm: (t;_;:_tz_:_x") w(x,t) =O) U, = Q c/m = al).

i (Rx—
(Nomoi-moob. or mocb-ou»oﬁc) aolutious u(x,t) = € (R O)Et);

o, = o,k = Qlkla.

COuaPu.riom.
discrete | continwous
We
W ‘Q|2Mu.(ha./z)| | Qlkla A
dliscrete
OA{TSWQ-'HO"\&: Continunwmw G..I’)PI'DAI'.M&'['I'.O'LL o
Ok {-or Awcoll wave wuwlber (Ikla « 1) \
or Lorge wave leugth w~ |R|™! : = —> R
g A &l —7/a k=0 +1/a

Summou-a: I we have an twatomer where Hu %o“om’u& dia&n—cuu
ia "comncutative ,for Hae Fl-a,qiu at Qoma uawhvﬁﬂu :

L&ﬂmu&i&u 57s{1m Continuu un _ Loﬁmuﬂiau S7shu4

discrete CPproxin n_'Hol:

cCoutinuvous

voriatiowal Pr{ucff.b, voriotiowal Pn‘uu'f,u,

v \ 4

Q1MOLH0K$ UF ‘\MO{‘\'DV\ COUI.{'I'KV\MMA - Q1MQ,+(0I&S op WO{‘(DH

L solutious owroxiw o.Ho:\ L solutious




:[. G Lt&tudr{ —Trau rForqu:l’itu

COu.s{dLI’ 0 -f'iuo‘ C,oufr.’&ura-{-fou of- ol Parh'eﬂt 1305[+l'ous.
V-t'tuj Ha Lﬂ&l"&h&,t&h i = i|1 as o 'Fuucl—l'ou oF ta veloeities vzq

('\c‘or Ha Fiveu QOkpi&ura:HOM of ePusih‘om a,) .
Thus &£ : V—->R whine V = veckor space of vloaties at q.

Assaw?‘l’iou: L s couvex  4.e. H!ss‘r(.‘o >0 -For al ve V. .

The dusl vector Space \V* cousists o{ ol :q
Liwear 'Fuuc'l’l'ou! 13: V— MR . 0§ }P

Vo p) = Zﬁ\l'. p(v) = 2.5
Dedivition . '57 Hu (at q)

o-F 'H...l LQ&HMA&ENA 373‘\1»1 with Ln&métm Sf_.: V—r—ﬁ

Wt mean +Hae biitd-{vl. map T vV — V¥
v — P = (dx..)o,-

1& eompoulu‘h I T[%('U") = %(o-) .
Tuvene Wmop : ot = ()" (p) .
The R VR is defiud by

R(p) = 2 p, () (p) — RA(w)ip) .

/Pl"bol;n‘l'its.
@ For He iwvere T o.f T: U — (d_&'ﬁ'..)lJr
owe has the -foruw.f.a. ' p— (d.aE)P .

@ {—l'mo,(&) ond stP(ae) Ore inverse 10 Oue O_u.o{:ﬁ.u-)

) ond Fstp 7
i v BBy @)y i e

(&em that p= (dl), )



(RLMG-FI'{A. H“SU( D = Q: VxV — M (C,Uk&df’ﬂ'l‘t\t -Forw\

Lol

ald-?,rm.'ues a Ql‘uur W&FPiua_ Q: \/—)V* b? E)V:z Q(V/').

'Prt)f:o.rl'% @ :Follows {'mm @ !ua &iﬁu—o.vd:iaﬁug

TE_10T[ = ad u..&iu.a Hee cdiaiw rule .

S wmar (dR), = P
g velocities < = Wwowenta
v v = (d3) % 2 T
P ‘ 
/U 0  Jp
‘x: VTJ—&‘P d‘e = ‘FV— oL

R R
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CHA?@ 1’L : :I:Q&u, nao /POL‘HfL iuﬁa I“&Q

(Scene at Caltech where Professor Muray Gel-Haua s about to feach Q1)

Clase: Ula uot uae ﬁ#uuwuh Lecture motes 2

Qdl-Maww: Decause :Feﬂ'”‘m wy a diffcmf wethod thaw we do.

Class: What i I&&uuau.% metliod

Gell— Mowy : You write down Ha problenc Then gou Look at it oud gou Hhiuk.
Then you wnite down Ha solution .

(from the Harvard QFT Lectuwre sotes of Siduey Colemen ar¥av: ti0.5012)

QM
op wrator / \ ol inte g raf
,f/omanu P rwalism

Q ED
(Qate 1940s)

Tntegral., fanction b
¢ { x> oo} +— a{dx 169 € R

measure Gu Too-iu,{'s

Patl %““Chmﬂ 1S[§l/4 g 2 1S[§l/4
integral. (3 4—=x@) — € > ] e
Pa’c&. WMLQALIE OW ]DO;['&A
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1.2 Formulotion

Quentuw mechaunical Hilbert spoct U- Heawmiltowian H ({'lwl wdt?tudau‘l*) :
’ﬂm evolution 4: @ Out—T)mamu’rzr 3”“‘? %'—3' Q_d:H/t = L{t n{z
uuii-ar; o?ar-a‘l‘on ow () Cowpo's{"l'ion low - Utﬁtl = Utlut

10I” sm?bu{7 Qousmllr 'H\.L SCLrbdlu&[I“ Ht‘:)r{su‘l‘&'hnn ‘Fol " Por'hcﬂo_ Ay 1 dlwlumuu:
U= E(®). Lt R> x — MK € € dewote Hu wave Puuchou Time evolution

Heeu bets as Gn {uh&raq o-'olrﬁt'l'ol“/

(U0 = [ bt dy = [ (%) pp 44y
™

™ . .
“"Dirac notation (su%&ts-l-iv0= (Q_itwt)(xzﬂ = <>‘ |€_H:H/11 | 7> -
Comf‘;osi{'iak Qow :

<XZ|@—«L({1+’(1)H/’& |><1_> _ j‘iy <XZ‘Q—HT;H/11|),> <7|e—it,H/1:|x1>_
R

r57 il’(ra{'iué Hee Cotwpusi-Hou Loy amu; Huwes , oue ceu mduce He caleulotion of

/

Ut(x,y) to the coleulation OF Hu short - tiwe Pruol:&%&'('or u_& (X,y) (b’( = i —>0)

Let how H= + Vx) =T+V. Wit He L&F €H\.[(B&'LQI’ Cawlglodl Hﬂusdar# {:ormuﬁn

A B LIA®] + .. A b Y %
" ¢ = QA+B+Z[A’ P et @AY O I iR eb
and honce —;:AtH/tme} _ @—mtvm Q—ta’f‘f/t @-iA’fV/L{_
—atH/& —Lat Vo) + V() )/ 2% —at1/4
o (x]e ALY = ST R

(with correctiow +erms Heat becowe m&&d.bla in Hhe Livit A —0).

Now Hu fu‘l'L&r'&Q Reruel -{»or Hu Huwe evolutiow o]E a me porticle
is Ruowu O_xac+€7;
< —iak F}/L“{ _ _{ dk R (x=y) —i ot ki /2
X ‘ Q ‘7> - pre Q ¢ { . 7
n - ( M )/1 tm (x-y) / 2% at
It at '
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Tw Heia Wiy, OmL arrives at the result

—i N/2
<x | (‘t{' t. )H/*\- | > — &M (Zn::tbt) ng1 Sg'xz ."ng““'
Xy =X, Xo =X 2
)‘ffr-"’a, .} x tAt 2 ( ( 4+1—x4) - % (V(x344) +V(><4‘))) :
N

At =

x1 xz +00 X“_,

> t

‘t‘- 'b{,
Tu He suictassvical Liwit (H — 0) owa expLeh the meain Coutributinn £o
tor seulbiple dntegral o cows frow Yoot coufiguratins {X,X, e, Xy},

I-[- 40 the {—ouwri.u'g approxiwcatious sbowtd be walid ¢

Y
at z ( 3+1— ) _ Sd_.b ).((-t)z}
£
At N—1 v 't{'
2 (V(X5+1)+V(Xg)) —_— Sd-t V(x®)) .
3=0 t;
iz Leods to
X(‘t{-)=x ;S‘tf
—i t. = | L(xw, x®) dt
<X | (‘t{' )'H/*\- S&\[x({)] Q,*' t ) X )
X(t;) = x L(x,%x) = l%‘i*—\/(x)

{-m- tHa im.hda-oi Rerwel o{-ﬂu. +iwe — evolution olbu-a_:l'oi- o4 O
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Raoworks.

o ,/Lw amr-a.@.) (o8 Qo.,l-at Act 0{# I)o.{'b.« w.ad meofe Aﬁlﬁ-lfw%ﬂ.‘t coutnbutions
to He Po:l:k {od:taraﬁ :

He Fa.-l-b..— *i.u,{-eal-a!. ma.mfﬂ{'&'lww 0,(' C}ma.ui:uu -iwl:t.rfq.mu. .

0 Tn Hw scwiclossical Limit (1{, — 0)} Hw :Fv.&u.u&u- f)o,tf.. {M:I:L&r-a.ﬂ con
be eow?m& bﬂ e meetliod o{
The meoin cowhmbution Hhen Comes from PG.H.A t+— 5 () that
e extrema of He a.c:h‘m) i.e. saolutiows of 0SS =0 or

roniy, 0= (- 48

X() = § @)
X(4) = f,(w)

° ﬁduuau'/.\ Pa.’ck— {wtzar-o& foruu_uﬂ,a. for He iud:&al—ol Renul of te
Hiwe—evoludiow eptro.:.‘:or Jiver @ Po_rstﬁw. ow Hauwiltou'ls Fﬁ“‘uf""
9{- Qe ast Octiou (\Jii.‘lb-e. boMa.ua coudition 6)((4:*) =0= (SX({%) ).
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T 3 LlVlL Sfl.llh'ué 7 QMK{'IMM Tuuutlu‘ué_

N __ & &
Cousider Ha Hawdltouwiaw H = T + V(x

0(3 A S-’wmd?fc. d\bulokg well TDb'l‘Q_MHQ.Q:

| ———— > X
-a a

The wovye Fuu&’n‘ou 0‘[’ Huﬁru uud state (Qur(w Eo) is sy wouce teie
"f{,(x) = “h(—x),‘ n{z Ho ]cm-l- exCited state (&ur{,.? E,) it 4s Sheu:
F,00 = — (=%
Qoal. Cowache_ e Loved s«PﬂH{m E E iu Ha Sewiclassical
4
Livt ('k swall) ,
Trich: Cousicler -For Qm-&q {ma&:uuh?-{-imq_ Par—wv_-l—w T) -

7

—1 H/% —TE,/t —T& /&
<><|Q ’3> = "Fo(x) e o/ t.(y) + Ah(x) e i/ 1) + -

a4 -a) 1(EE)
- g [ TP a>_ta“"”(%)+""
MetHeod. . COHLI:)!UL'L’L'R\A LHS {fn-om H«L'Fo’dm t'bdzﬂat—al. %{[ {MPLGHM
O.f Hee re;wﬁ:t) extract the Zeved 4P?,i+l-£u.3 E1 - EO .
x(1) = 3’

Decal <% | e —{TH/% | 3> — S Alxw] exp (%SL&).

x(0) = 4
Make anaﬂaﬁn‘c continuodion %rnw\ ol twe T>0 +to
Jmou&{uaua time —4T.

o —idt | L(x50 — Llx, 450 = = 25— v = — #
x(M) =y’

<'€’r | e_’rH/ﬁ ‘ %> = S A[X(H] X (—% [x])
xo :3

where SE: SHdA’ = Sd‘[’( X + V(x))
0
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Nouw FM{' 5'/: Qa OJLC{ & p— F Q %or Nuwmerator (A.!D.O,QJ’O\;Q,)_

denominator

For amal & Hue dowinowt contributiows to the Pa{h integral come
{/rouu, Wi 013 SE , hene ,f'rouu Aolutions o{ Hhu egqua %

0 = 58‘5 — —m x () + V’(x&)) = O/
Aaﬁs{éaema, Ha Gmwdmﬂ&emdi{-im x(0) = Fa ad x(1T) = a.

fruﬂtfrl{'o:l-iw. This is Neowtou's U,ucd—iou uF motion “Tu the

rPo{-LwHal 1 4 a > x

Tn Hae Limit O{r an »t'u_f}.'mi{t 4'mcx&1'n,w-<-‘}-+imo, 'iwl'o.t'vac} thare exiot
ATDQCJQQ. Aolutions auch thot X (4 — T ») = F a, tstuich

are called

Notice the couservation Caw (-For Solutious o]ﬂ mx = +V/(0):
L = % 5(({’)1— V(X(%)) = cowst (iudt»]:(m! ent OF ‘ch).

Euclidean action og Ha iustauton (comet =0) :
+00

Sg) = gd{’ (% X+ V(x))

® ®

%).tl= V(x) : .
— [m x (1) x(+) At
_v-..__,

= 0‘)(

+Q

a
= m S X (keo) dx = g ImVx) dx since X(t) = \/2 V(xw)/m .

-Q —a
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EX»FOMM'O% Of tHae Eucdidvow action Fuudiouaﬁ around 0 critical T)oiu\’(

b %), ie $S.| =

%o 1 a 2
8S
- 1 ! E /
SE[Xo(U +Ox@W] = SE[xo(t)] +0+ ZSdJr OdJr 3x () SRS WY + ...
'l:l—»xo(t)

= C [xo(t)]+—(3x AEX) oo whee A _—MP+ V' (x,@)
and (3x, A ¥x) = Sd{' W@ (AS)@) . Note $x(0) = Sx() = 0

Recall the Baussion ‘iﬂ%ﬂ&t—aa ; SQ_TIX dx = 1/ an deveref diwewaions :
R

_ B _
S ) T, X)o{"x = Dat 1/1(13) (\ﬂor ReD > O).

TRH

Path inﬂce,&raﬂ (aka. ;{«unch‘m@ 1’n{-e3l—aQ ) in Bamssian approximodiow :

| Alew] o SOl g Sl mh[sxm] ot (% AB) /4

’“ (0)/}&
= Q E DQ{ (A/l‘rﬁ) (Mutls +o be ﬁ(l‘F-uul)

We cauw be cavalir about this as we waut a satio of determivant ) |

’,[b\ ‘HAL Case OF (CL| 'Hﬁ‘|a> Hu dowinaut Coutributiou Cowmes ]Cmm
Hue HFriviel solntion X(#) = 6 = cowt.

L('l’ Ao = — M F‘ + V (a A1 = — M %_ + V“ (Ko({')) (iusﬁu{‘ou) .

~TH
e ST Dt (A ~S2/k
(o] ey Det(A) |

Na_miua: Hare is Pm“—twm ﬂ/urkikg, L—U’(/ as A1 d.tvdur‘oa 0 2ero mode 4u Ha
Liwcit o{r f,curﬂs, 1.
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lnA{‘QM{'U'u Ca((‘.u.(ud +Dt- ‘Hu, lw& A1')U\‘Hu& O,F (41 Aamu.wh—fc dOufrb. wc_ll:
<ﬂ | Q_T_H/H‘ﬁ) — fouh ('r(E.—Ea) _ >, odd (T(e-g/24)" /!
(ale TV 4) A > wAE-E 20" !

oue—qustouton

'n=1" -1 app roxiwation —S(m/t -1t
N o = 2z (E-E) = e T Dt (A/A,) 2

+rotio of iuaﬂma.ra—ﬂm Pnﬂu ‘iu{tarnﬂ-s
Let ws mow O.KPQm'u whot Hee Pnﬁiuu " : &Flatal-&nu o,f a Zero mode 1n A1 .

Quolitative discussion sf 2erv wode .
We difforentiate the Euhr—Ln&rM&t Qquation — w X, (4) + V' (x®) =0

1
With ~speet fo t +o obtaiu (—Wl % + V" (x,w)) %@ = 0.
For Xo(-ﬂ = coust this &s wot ‘iu-F'arm&{‘ivt, Qs }Eo(ﬂ is bt Ho
Zen Fuuc{-iou, Howun_r, iw the case of Hoe dustauton X (4) wWe Leacu

thaot the ‘twcimh,,.. ofu-a{-nl- A1 anuihilates Hhe fuuch‘ou )’(D(H + 0.

For f—iuitc T thir 2u0 wode does not Aouh‘»sfa Dirichtet {rtruuolua
C«O—kdi{‘im’ (17 ko(‘t‘:O) z 0. %E}t’, ).(0(‘[‘:0) — 0 o4 T— 1.

He uristic eru'c'fur!. Tha iunstantoun has "-Fiuih width' as a -Func.{-iou a-F Hue (k.uut
1t mame , ishich derives -F;—ou'{ustauf(auuu.s)" ). For a -Fiui{-t Hwe dutervel T
1ha action #uuc{’iou\nl SE [K(‘t)] with bouuolar7 conditious x(0) = —a and x(T) = a
has a unique Minimuw o thot's the dustauton with couter at 4he "I-M,;A(l:o{ht
t=T/2. HDNLVU‘, {u tHa Liwit uf 4’u{’—4‘uih T +Ha uu.i?utu.us o.r Ha Wwiniwmum
&ds Lrst ; tha ceuter oF Hu dustouton caw Huw be shifted am7 ‘Fn"“ T/2 without

d"““ﬁ""‘& Hoo volue of So (ushich i w&at&fm rise to bhe 2er0 moda) .

The voriable ‘r)wih’m of Hu wutomtou 1 caled a “Aofl- wmode ({for T ﬂmat but fn’uiﬂ) .
Tt 4 uot comect to essmwe thot our ma.ad-ru\l' f—b.nc{-uo_{-im arouud te {wstauntou
Aw Bavasion 6pp roxiwation l(m tha Aoft anode / 2er0 amode . Rotur owe must give
Al'.:e,cioQ treatweut o Hae Zero wode La diutegrotiug over ol merb. coua
: P
of He iunmtoutoun — HM’A&MW a f&d‘or of Sd‘t’ =1.
)
The Gowssion QPProxiuaiw'au ia flu. ‘{-or ol woder Lub He Zero amodes.
1 Aoy T
Thus Hw cure {»m- ow fm&hu u to ulalace DQ’CV(A,/AU) — DttV(A,/AU) jd—l'
0

whare Dd:_%(x,) A Drt_%(AJ with ta zero wode owifked.
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T.4% Huctwation Determivaut
Wobivation . Determinauts af (di#mwﬁal) chuafors are u?ﬁTui%aws 1
%Qn{’um :fﬁ'tﬂd era. Here are fwo reasows ‘*’1‘2]’
@ A(ua Lagra,w&«m at H Wama’cal Level s %adr&ﬁc Aw Ha #ftmiw
%.'au,a . 153_ *iw{-t&m{-iug over Hae {flml'm ouwe obtaivs a deterwinant,
@ The 40—caled one—Loop effective actiow (4o be utroduced Loter)
i (Ha 103”{{-&% of a) determinaout
30/ el /_\Pn.nd Aowe time and tﬁon‘ ﬂxamiug_ how to Compute
determinonts . Here we begin with the piwple 1D cose of Hh
Gwm'au—fﬁuc{‘ua{-\'w determinant {»or' Owr iwetoutou P&’rk. s

Ba stomdatd izg tion o{z the tiwe duterval [0, 7] — [0, 1] and Ataﬂin%
o{r e qur—a-[—or coM{-A —> A) Cousdider :fvl‘mu mow ou Hu

Atandard o-]oo.ra{’ol’ A= — ;—; + WM

on the unit inteval 4 € [0/ 1] with Diric it 'oouuoluz Conditivus .

A &u—ﬂo\ ﬂuo.wl'i{'? o ousider 15 Ha ot o{ chﬁeuaﬁ d o terwi wauds

(see abore) Det(A,) Lor A1= 3 :T: L Wi > 0
D(’l’(A‘!\ ahA AD: —_ :T’;' + (‘_ousf > 0 .
T quc,’c/ i A (AQ are the Q,i{_}mvalus o(' Ai , Haen
Det (A Qi 1T Pn(AY
- e wm LATAL couveirges or bouudd W ).
DA (A) N—ml_:rl (A T ({r punie )

Lomma.. Lot *Pi be o solution of He differentiol Qc'uoch’ou Ai+i = 0 with
iwitial dota '{’i(o) =0 aud »{r;(o) =1 (3: 0, 1. Then

Det (A (1)

Det(A) 4
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,Pr'bo-F (Kirs-hn & Mcl(au/ wm’rk—rk/0305010) )

An Optr&'l-or A with a Stqueuce o{‘ Qi&w\mlues 0¢ NN Can ENK -¢
quadra'he &t‘uu‘H\ determiunes 0 I ‘cuud‘wu IA s) = z 7\ {for Re(s) > 1/1

Dut 4o Coucellatious, Im S)_TAo s) = 2(7\ (A,\ 7 (AO) ) exists -For

Re(s) > - t, ond oue lhas L:‘(O) —IAO(U): —z (Qr\’)\h(A,\ — Qlﬂ’%h(‘%))‘
h=1

ooy T () _ Det(A)
Htuclx Op (TN(O)_IA-(O) B D (A)

Now write the differance of T— functiows as o contour integrol. Tor this,
defue 4,0 (forj=0,0 by (A=K (=0, 4,0 =0,
+é:h(o) =1. Tlu -Fuut‘l‘ion R — A‘]f,k(ﬂ hite Zero whenever R hits ou
Qi&tuvaluq u{ Aj Thus we &d‘ thae #ollﬂuiué_ -ihfo.&_rol Mfrtstu:l'ah‘ou:

TA (s)— IA(S) = S h alQ *, k(l —For Hha choice o{/ MAJN&I‘Q‘{'{OM

ke €y Yok
) V2 (A) X
contow 6 skowu tn ‘Ha.i“s -Fiq/w{: Yy X

-
—

YY g
Because the iu{-e_ﬂro.ua\ has sufficient 9\1%7 at waiuif?, e cowtow o]t

4'u’l‘t&l"ﬂ+l'0u Coum Are Je\corwt& {o {=iR+e (with 4l h&da{-ivt ofitutation).

—?_s — ST

Puﬂing R =« Qicp (t‘ > 0) we &L‘k h_ls

Q-QOV\ tha T)rsH'{vL
—2s +1,s1r
olo

—-1s
‘i,ma&iv\ar oxis ond R = we the e a{—we one .
7 1St —isSTW & &
1297 lAvSl'h& "‘3 P '\'3 ir &hd (Q — @ )/?—1 = SI.H ('TI'S) wWe Can Cowm biue the
! r=4

ccm‘i?ibu{ious me the two hotf-axes. Thus IA,(S) _IA.(S) =
_ Sin(ws) S e Sdo, A, (0

Differentiation ot s =0 ﬂWES

n 0 o *0 |.l'(n
/ ! _ Y e (D Y0 _ A (1)
_ — d BLAVTL S AL Lo = _ ¢y A
IAq(U) KA,(O) ,S} & Yo, 10 (1) ~ +o,0 (1 " +, (1)

1}7 lxe‘pouluﬁu{-iué 'HAES Hla{‘iou we ernve ot Ha Oluiuui ssult 8
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Remark . Thus the ’Pr'bblcm o{ c.o&cuﬂa'l-iua{-h ratio of deturwinauts has
beew reduced 4o Hla (Pl'b'oall.lu o]t soQ\liu& Qu or*diuar7 olaFqu\JmE Qc,u.acﬁou.

APPL:'cah’m: Qovel AFLiHua {—or Admw.t'f-ric double vsel T)oh.ud-cal.

T 1
Recal SE = ‘d{' (% %2 + V(x)), A= —m :_{l + V”(xo(t))/
° Abz—mdi;+\/"(a).
A V"(Xo('f)) trivial solution
xo(t): a
t|=0 t=|T

-1 ' V(1) '
Frow the Lomma (above) we know that Det (A1/AU) = ( ""’(1)) /

2 1 .
e (-0 Tvi@) 0 =0, Yo =0, %) =1,

(— g \/"(x‘,(m)) Y, (x) =0, ") =0, Y.(0) = 1.

dT2 "M

Oue twwedintdd, swes that *[’O(T) = [’3—1 sinh ((‘JT)/ P’ = E V"(ﬂ) .

7
Frevee 4,01 P A larg 2p

Cwﬂicaﬁm for Ar: Zero /a0l mrode (o eartiv aud olso Lelow) .
<O..| e—T‘H/ﬁ |+O.>

xns o XM= o
S A [X('t')] e_SE[X(‘t)] /&/ S‘ A [X(‘l')] Q—SE[X&)] /&,

x(0)=-oa x(0) = +0.

_1-3. 4+ 3-9. 4+ 5-9. 4 e
T 0-S 4 1% HS ke o

o) _ 0) # _ -
qzoe (lq+1)SE/ Dut Vz(AZqH)Tqu/u‘I”)!

&Mumara . taubh (%’ (E4—Ep)

[ 1 1] m _ (o)t ~
qgoe 295¢7 Du‘VZ(Azq)TZ‘V(zq)!

©) 0)
= taunh (e_SE /t‘w‘r) = E4—Ep = 24w o Se/*

Uses Sdﬁ dt, e dt, = T"/n! e
0<t,<t,<oee<t,<T and Dut™*(A,)/Dut™(A,) = @
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CO‘la.lou{”OLHm of —Dt{‘(;q) (f-OUDuﬁua Kinteu & hckau) .
TRecol EA(S) = (2.11’1,-)15 g_lsdﬁ.u'\[’k(i) where
(A-B)4® =0, 40 & 40 =1.

We with to weodify Heir g0 s to owit tu zeode (if preseat).

In th presenc of o zew wode 4, (1) vauirka es £ fork 0.
Tarefore, Lt 4 F (/K.

An expression for f i berus of kuown quambities Cou ke produced o4 fokows.
Let © = u @) dewote e zero mwods :  Au = 0, 4,(0) =% (1) =0.

Then bf(uo/*k)

1 1
® Sdt u, (0 4, () Sd't U, () A 4 (0
o o

oC—

1
— — d d
= §dt (UD(T)A A () — A[ak(t)A uo(-r)) = )d= T (— UO(T)&L-‘r A (D + A[-;,,‘('r)guo('r))

_ d T=A _ )
= (— uO(T)g[L-lr A (D) + AFR(T)EUO(T)) o = RO UO.
_ 1 _ Uy, Y
Hewa 4 = - 40/K = M
Cousider now Ha dudt&ml # Exh_zs d Qn((1 _pf),]',h) with He dcunr contowr ) s f:-c.Forf..

The fumction b= (1=, hos Ha sowe Lorge—b Lehavior as A (1). Tt hoos the aome
Zeou s AL () but for e wuirsig 2ero Ligtuvolue K=0 ond oan exta eiguvatue K =1,

Hu Latker, dowever, coutribubu a residue dudepeudant of 5. Tharefor, Hu <utegral above
Jives Hhe correct (derivative of the) T-fuuckion: Sg(s) = Zﬁ f—s gx;,;zs dtn ((1-0)4).

'E:a Prot’.gtdt'u& in He Acwe Woy a4 Lrefore (cltf-nnu Ha coutour, efe) Owr obtaius the wresuld

_ ~y _ Uy, Yo )
(0=t o, ek D = op ) =, = -
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‘IIL_ Second Quandization
- .forluaﬁ,l‘m {mr Hu quuasctun sechomics uf wanmy particls / {«'uou
:flrw‘aw\ / o fer va.
Naut{mcﬁm are ‘fofuﬂ%/shm

HERE : lmPLaAia He universal &f.d,l.a'ﬁll'c abruetures |

.1 Harwouic oscillator aﬂacﬂrra (rwuu)

2
Hoawiltowiow H = -Eu + % COZCTZJ oscillator Qﬂn&i—k { = \/% .

e = 33 8), o= (1 8)

Coumutator: [(1) Q,+] =1, H = tw(a‘”a+%).
The qu,:—a{-or a'a hos Aftcl-rm NU{O} . Reasown:
[a'a,a"] =+a", [da,a]=-a and alO>=0

s0 aa (@)'10> = (@)"10> n.

)

’ralu—awaa wasoge .
H—iUnnL/sfmcz = 0>C & a'lO>-C o (a")lIO)—tL', @ .. ® (Of)ulO)'C ® ...

o n h "
& 7, F=(aVIo>C.

'P\aumg o“oat—abn Qs F'—> F"' create oue oscillator uantuw ,
Lom,n‘ug OFuaJrors a: F'— Fr-r Owmuihilate oue oscillator ?Mam'l'um .
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m.2 S&uu"ﬁc al&drra & “!.6('. athﬂrra
Generalizatiow to N-diwewsional harwonic crcillator :
—n — +7 —
[a;,0;]=0 = [a{,a’g]j [ai}aé] =&, .
_ 1_ + n_
FO=10>-C, F'= apanc{alliod} . F'= apan falal - af 10>},
Univermal moth allows n—{nhr‘:m,{'a.ﬁm:
oscaullator cium.jn — Po.rh‘cba (b-o-sm) .
Wave {'wwc-l—im {for identical bosows ore ‘hrto.lh3 Aﬁmm‘lﬁc wudat Fou-{-icﬁo, excmén. .
Thia wotivates Hu f‘oloﬁua__h{n'ni{-in .
Def{aiﬁm. Let V Lea cowtrabx V!,C.'['M'APG.G., The 14 Ha
0ssociative algebra &o.mahd Lra, Vo€ with relatiows v/ -ve =0

(:far al w)w’eV).

Rewmark 1. "ossociative algedra &o.um—&hd l.ra, Ve C" wmean that Hu
al&tﬁ—ra clewmenh are Po(.&mwwiah i Vecton :from V with CQMFLLK Co'tﬁlici&wh.

Remork 2. The sgmuwatric olgebra Comen with o l—a_mdiu& S(v) = éos”(v)
tra,{-l«.e, do.a,m of Hu Pozﬁum'&(: S(v) = C, S'V)=v, S(v)= v%v .
The Pha.aical ma,m'ug_ o{r Hu dt&ru in Lresow nuwber,

Trawslation 4o Plaafu wotation. For 'HN'A) V neds tode a co-m‘ab.x Hillert Apace
(Carrajua, a Houwitiow scalor ]:.r-adu.c{-), Let {Q‘} Lre an orthonorwmal rasi of V.

h
Thew ot phya
PWV)=C > 1 <~ 10>
S'(v)=V > e; -—> a;l0>
SH(V) > e;e;=eje; < a;a;10> = ajal0>

Exercise. dim S™(C") = (N+n—1)-

n
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DQ{»{ni{'\‘m. Let V Lea (‘J:mPle ve.d-m-,olaau. Tha

11 the associative aladn-o, &o.mro:hd b—a, VeV*¥e C with relatiows

, 99’ -9'9=0, gu-ve =g ,
for all u)u’eV and cp)qv’eV ).

v’ - =0

Outlook. U € V wiill &wo, Hu creotion alsuo.{-on
ond (0 € V* He owwikilation crlau-a{-on .

Ramork. Hermoun Ua.dl 7 Anded Wuit .

OPua‘dm on S(V).

i p@: SYv) — SMI(V)  (veV)
3 > 0F=%o.
i 8(: S"(V) —= S"'(v)  (peV™)

defined by 3()-1=0, 8(9) v =9 eC,
5((]?) (0'03) = (P(U') oo+ CP(U!) U & coutinue Qra, Leibwiz ?mduc{' sule .
Note 8(@)- 0" =no" o).
'Plvam'u notahiow . Orthouorwmal lrasis {Q{; of V} H"} of V¥,
Then pmley) = 0[-:} 5({1‘) =q, and a/|0) = 0, O.iQ;-r|O> = 10> 3.

la ]
0,af oy 10> = ;10> &, + 10> 3, ete.

Fock. The UQ&Q an&?rl'a W(Vev*) i are[:rue,wl'ui on H;Aamﬁﬁc C\ﬂﬁt@rm S(V)
E"& VSUI—)-/U.(U') and v*aqal—> 3(q) .

T)ro-of Qn{a‘ 0A Om exerciae .



M.3 Tutorial on Hermition Coujugation

Canonical ad éo-iut )

Let L 4re a Linear mfomaﬁm Lretween two yector Apo.ces X aud Y}
L: X —= VY. Then L hos a comenical &aljm'uf (or "'ramPo'sL)
B: Y = X* defied by (Lo)G) = ¢ (Lot) (for all s X

aud @ eY").
Freckit -Rissz iroworphisu .

Let V Le a Hurmitioun w.cforAPau»,} 1.0 Q coqu vtc.l-orAPau
Qarrafu& a Horwition Acaler Prod,u,c.{' < ) >v : VxV— C.
TMou&aAamaoworth Cv: V—> V*} 0'I—><U'}'>I.
Note thot ¢ ia complex autitiear: ¢ A = A c, Whare N s Hhe
Ccrwf)hx cou&'u&od,—t o{ NeC.
In phyaics ¢ 1 called Hhe lo) = vl .
Hormition canéuao.{-im.

Let L: X— Y 4e a Livear frw:fomai'o‘m Lretween two Hormition

vector apaces X aud Y. Then L has a F:Yy —X
defined by = colloc, . Tn Ha foru of o diogrow,
X 5 v
Cx b ey
X* <L7 A

Exercise : <La£;%>Y:<a€;E%>x (%m—allacex aud 36\’)-

-25-
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I.4% Hewition shucture of bovomic :FochAPm

Tavariout fomuto.ﬁm.
Recall: single—porticte Hillert Apace V A bosouic Fork apace S(V).
Now +the Herwitiouw Acalor Pmduc{’ ou V induces a Herwitiou acolor
Frodud’ ow S(V) = F os ffoﬁw‘s .
Decowprse F = nezoﬂ F'= S“(v)) b& Ho dt&m (or boson wuwbar),
Toke the Herwition Acalor Pmduc’c on T to be djaq.mol in n, i atates
witl different bosow wuwber are orthogoual to cack ottw. For fixed n
Let §,¢ € SV) be o puse eloments, e

$= v 00 and §'=vo-u {gr any U, 07 € V.
Tiaen define Ha Herwitiou scatar product of $ and §' a4 o suw over

P&ruu‘(“a{-fm : ’ ’ , ,
<§;§ > n— 2@3 ) V(1) >V<Uz; Ut (2) >V <°ru Ut (n) >V .

Tes,
This definition 44 extended o 3mu-aﬁ WLewments é@’ e S'(V) {:a cmuPbx
Unm,ri’ca' in Ha n‘&&i’ araumm{' and an{-ifb‘m.arih}, tn Hu b,{-Jc Ora,umni'
of the Herwitiauw Acalor product
Note the apecial cose : (o o) = ! (U,ny):.

phdm'u notation . Orthouormal Lrasis {e{] of V.
1=10>, e;=0ai10>, eje;=aiallO>, etc.

[et é: af o O.Th|0> ond %I: aﬁa’.';.--af;l|0> . Then

1 12 u u

! _ + _
<§| é > - <O| ain.“ aiz Q‘iq Q’T{ Q’té e Q:::JO) - Esaii i.{r[(‘) aiz ifu(z) Tt 8‘.'ni"fl'[(l'l) '
Jte n

@ 6] 1
Exarcie. S'(V) = S7'W) , S'V) =SV .
Myt =3 (cv) St = pu(c'p)
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1.5 Secoud ﬂuwu-l-\‘eaﬁcu of out—frml& optrators

Single - particte Hitbert apace V.

How dou an eperator L given en V (Pmih‘m) womtntum, entrgy etc.)
Lecowe an oloua{-or t thﬁu% oun Hua boiounic FotkAPau F=SW)?
Physics wototion. As mmal) fix sowe orthouormal basia [ (Dirac).

T 1= > 1l and L= 2> [OGILIDG

|

and T = 2> aldilllppa; = > GILID afa .
14 14

Wath picture.
1, = 2 e @ft (for any bosis @ of V, with 4° th duol basis of \*).
Chack: 1, o_ze 140) = > vieg=v v/

i

Now L = z LQ @17 ExPamdLng LQ = z Q L View thisa a4 o
P°Q{1"M°l Z (.f e, fr in tu wtﬁl algebro {or Ve V' and At.cmwl—quow{-:ze

by ¢ —> p(e) aud fi—> 8(f). Huna L=2 U pe)8(49.

Foct. Secoud qmuh‘mﬁm L— t pruuves Hee Cowwutotor:
~ A —_—
[L,M] =[L,m].

Proof. T =2 m(led (), B =2 p(Me) 8(4).
Muttipty & subivact: [L,M] = 2> Le,) 6(1)ﬁ(Meé)é(44)
-z/uMe)é ) m(Leg) 8(44).

Move Ha lu'ﬂh—liﬂtd—ad derivatiows FOA‘[’ the A&um’rr:c mulhf.lucaﬁm oPo_m'l-ors M
on Heeir +ight. The resulting terus cancel lra /J.(LJ’)/A.(U!) = /;.(0') m(v) omd
B(CP) é(CP!) = é(CP’)é(CP) What remaina are Hu Commutator torws
[(S(CP);/‘-(U’)] = 2‘:?‘;0"' - 15(\,) due to w0 ving J post pu. Hence,
[T H] = 2 plled f(Me) 8(4) = > p(Me) F(Les) 3(4).
E)a u.&iu&'l'ha:t' f’(MQé) = Mi'é O.wol 2/&“_91) M""é :#(LEQ,&M%) :f‘*(LMQj)
[T,H] =3 wlMe)8(f) -S> u(MLe) 8(F)
=S u([LMIe) 84 = [L,M).
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TW.0 Conowical Quantization (bosous)

We have Learned about Accond %cw-h‘za{-im 1«:!’ brosoumic MA} where Ha
Aingle—particle Hitbert 44 givew o prion Era Hee Fur{-iclc picture. What to do
in Aituations ouch os thote of ehc,h-owa&u-l—ic waves or vibratiowal excitohiows
oF Aolids phar P&r{—ic&- ik objech (Tb&o{'ou rap. PLoum) &mr&t duwe to
quostization but are wot preseut du bhe dnitiol Athting from Hu classical +Lm&%

Comonical quontization 4a o couatructive T:roculm lra which 40 haudle Auck
Adtuations . T8 Losic Acking ia that of a clossical phost space (spound by
pevitions ound wmowenta). For admplicity wt here Qssuue the phose space, W, 4o Le
a (real) vector Apoce. (‘Ln tHe wore &tumﬁ Ad’h’u& o{i a mo.ui{;etcl W we would be
droww into Hu sealu of geowairic quantization.) Two obucturs or wewded ow W

*or canouical clMuMh'iach:

{. SUmPhc-h'c Atructure .

This 4 o Ahm—Aauch (amd uﬂ-dt&mmﬁ) Lrilinear .Fom o: Wxld — R)
(O o maui:fvou W, x would be a cloved 2- Jom) a(u,v) = - ax(v,u),

Exaulah. diwe W =12. Po'si‘dcm q: W—R Local coordinates with
" differentions dq aud d
momantuud P W— R 1 P-
Hew o = dpndg (the exterior product A wil e forually introduced Later),
Vector fietds 3y cud 3, defouad by dq(d) = 1 = dp(3y)
dq(3,) = 0 = dp(3,).
- nt). — —
HERE (W=T): %=, e, (comtant).

Thew (e, 00) = 1 = —&(eq,¢p) ,
a(ep}e‘,) =0 = on(e”e.l).
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2. Courﬂax Atructure a

This 46 o Linear +rw{omah'm ('Jl: W— W (iu Ha ,oa.’rh'ua o{' a mauifold NJ
Ha G.awlob.x Atructwre would be a tuwor -Fl'old JG r(kl/ Euol('rw))) with Ha

]:vrof.u,r{'a, &2 =-=1.

The cow'aux Atruchue 44 ncru.ir&d to be cowpatitle with HwAawa.c,HcAfmc‘mrc:
a(w,w’) = a(dw, Ju) forall ww eW.

Note that a Aamm’!‘r'ic britinear {om g: Wx W— R 4 dl.ft'uu:l b& g(u}w') ' (u}Ju’) .
Tndsed, g(w,w’) = «(Jw, sz;) = o(w, Jw) = g(w'}w).

Postulate: g(ww) 2 0. Tfao the positive functing g (emrgy’) dofiuas a
Euclidean wetric atructure ow Ha Fl«.a.dt Apace W,

Exo.uqu.o.. W= A]Jau{e,“qr} = RZ

Defire f Iy Jeg=-moe, e, =+ (m,m)_1e1 _ () p

J ock 0w g pe Wby 7t Jq=7"q = - (M’)_TP, |\_J:Z$a_hnr/hz
Jp=7"p =+ moq. i

9leq,e9) = mer, glep,ep) = (me), 40 39 = £+ "‘T“’qu.

Reuwcork . W i-' W

Rewark. W a__; W

'Po.rslndiu/ Outtook (ow comounical %wuﬁm{-im).
defhch‘c atructun & —> Htiambeua comw utation relations for q9,P;
Couplex structure § —>  Fock vocuum ( grousd atate);

x %X § —> Huwition atructure of Fock Apoce .
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A linear mu{omaﬁn a: W— W, 32:_1 P must hove eu‘amvoim 1 and
ﬂurt{"ore cowunot bre dia&mﬁiid over R. Poss +v Ha cmlohx{f(caﬁm WC = W »C.
Extend «x oud J to WG: fra couPsz ﬁiuo.o.rit&.

Make Qi&'-MPO.Ul dtc:mu];u'siﬁm: We C = Ve V = E_{(J’)GBEH(J) .

Ebe‘cif%: V={w+igwlweW} and V= {w-ijwlwew}.

Note tie MOmorIaLMmA W—V, wi> W+ idw
(over R)

W—V, wis W—igw

} = dqu = d,lmv

The Qm[ba'ﬁﬁ-i&'i} Bf a with Ha Ahm-Aa‘Mn'c Filinear ;[ronu * hos the
Coudequence thot ’cszub-sPam V oud V owﬂ \/J or
VtrueV «(0,0") = «(o, Jv’) = fa(v;0’) = 0 aud%&xxm/{oruL,

Now He Mu—dﬁbkv-oi:f- bitivear %oruu « deterwives o cawsaical inomorplitw
NC—J' WE L%l Wi &(W, ). We con mcake this inomorpluiome dinewsiowless
ba Awﬂ.iua, with Plonck!s cowstaut:s T: \IJC_J‘ We , Wi %o&(w,-),

By the Lagrowgiou Frnpn_rl-a o{. the aubspaces Ve We awd Ve We, we have
He restrictions T(V) = V* and T(V) = V™. [E?Jiu-a(’zuﬂ&} we A0y Heat
there U a V®0—>C, ‘I:.Q..VG»L(,\Q are_d.u.o.!_-boo,acko{:ku.]

Huwmition atructure,

Tha La&fﬂ»&u‘m Awb's[m.u VcWeC corrius a Hermitiow acolor Froduc,’c
h: VxV —C b—a (o, o) = h(w+idw, wigw')
det ( ’)
——ID( W-— ;Jw,wﬂc'}w .
Tndleed, h(o, o) = +%‘ o (Wtidw, w=igw')
= __;, x (W=igw', w+igw) = h(v)v)

and h(v,0) = —Z‘i’ X(W-igw, Ww+idw) = % x(w,dw) = %g(w,w) 20

Notice Re h(v, o) = %8(”2”’) ond Tw h(o, o) = —%u(w}w’).
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ExamPh/Exu—c:ne..
SMFPBt we dida't Rnow how to TMa.wl-u'zz a Aiud,u bosouic d.z&m ef frudm

(Aa&} 1D horwsnic a-scilc&or). Then we could turm to comemical qumh’i&h‘m:

Let W = apan {e‘,,er} = ),
u(er!eq) =1=- 0‘(%,"-?), O‘(Qr,%) =0 = D((O,.“Q‘I))

and (]e.,! = - wwe, (]e', = + (“‘“)—10'1 )

. Verify Heat V= E_(3) = C v* for
¢

vt= = (Qq—i. mwep), ¢ = u‘f_w

2. Ad.ofrh'u.% +ha 4}-\04*1-0']0&'54“ 1: Nc_’ We ,

W — %o&(w,-),

Aow that I(Q,ﬂ:—%P and i(QP)= %q.

[Equivatewtty ou kas T(p) = Eeq and 17'(q) = ikiey . ]

At 1 (1 il
3. Duuw Hoat T(V') =o' = J_i(?q—ip)
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Rework, | V V — End S(V) V=S'(v) ¢ S(v)
ot e, e, — /L(Q-a,) e, = /L(Q-i,) -1
Phye e, e, — a} e, = a;|0)

G — >
wot be c,owf«ue.& !

Sumum-a: canouical quantization for bosows .

A ‘h'l'PLe, (W, %, 3) (s dutroducd in the previous {Uii‘wt) determines

a 'pofarization’ We =E_;(J) @ E,;(3) = VoV (r& e

u‘&mPam o.f & It also determines o Humitiow Acalor product

(Let o= wrigu, v'=w+idw) by Co, 0/} = £ (g(w,w) =i (w,w)).

The Hilbert apau a1C Ha cwuica.!& c'mﬁitd JcL-_o.-a( @ the Fock apace S(V).

NEW. 12)3 Hu iAmarPl«.um V= T—(V)} Unear +uucﬁm ¢ eW" (auwch aa
Pasi{-\'m q: W—"™R o.nolmmfm?: W — R) Lecowe &Ptm{-ors o
S(Vv) as NE = VeV "z V*a1(V) > P+I —> 6((?)+/u(0') .

Exauf)!.o.: 1D harmouic oscillator.

Toke J = phos ftou by T /4 (To.= T ). Then

V= E_(J) = C-(eg+igey) = C-(eq-immep) = C-(eq-iZep)
and V* >3 (q+€P)Eq)I—)8(CP)— . S4mﬁa.r%}

u.mt Cco-vector

=1 L(T-ied)= 19— pe =

p i) =
1

56, P=J_i«i% (@-0a") = p.+ Py € V*e 1(V) .

[Note the arb-d-rma phose comvention: @ e_"’e} a e®® would do Juat as well 1]

Quustion: what s 5\[ 2

Ansvrer: é‘l _ e-t(T /%) H/ﬁ —i,%a"’a._ e.{,n/;,_ .

Exercise . ja‘”;l_' = -ia‘”} ga2_1 = +iQ .
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m.7 Conowical ?Mo.uﬁzo.{-im a.f acolar -fir.ﬁ,ol
Recoll the Coutivuuwn aPProximod:im to tre oruconic chain (OA.OPHJ' 1) .
A measlsss acalar Doseaic !rwbd (2 d.ulaﬂ.mmut 1[1!1-(1) wm
(1+1) APC'LC.Q—“‘CM divewsions w3 [O} L]x R — R,

(x,t) — w(x,t).
AdoP{' lrowu.d.a% couditiows : w(0,t) = 0 = w(L,t).

Recoll the La&muﬁeau d.zu.afd fuw&ﬁﬂu L = (31:)1_ 5 (gt) .

Thae cLossical Q.?,u.o.{-um o{. weotiow (N Euﬂu—La.&muao.) 11 e
2 2
W eve Qqua,{-;m (%2%2—3—1 )Uu(x,-!:)- O) C—\/IR./M.

We now Prouzui to APULE{—H e -l-rilabl (N) X, a )

1. The classical Pm-. Apoe boe 14 Hw vector Apose W o.[; oo0lutious
of the closical uiu.o.ﬁm o{' MmOt . (No{;q_, dive W = oo,) Tat
Apoce W o-f aolutiows

o0
w(x,t) = > sin(k,x) (Q,.,coz(w,‘,t)+Rm(w.‘,t))
“=1 Wae k,=nn/L ond ©, =nme/L,

1A me.d—riu& b{] Pe..:n o{ ol nuwlbers {QM‘P.‘, }o:=1 .
2. The A{'wP&d:f.c_ atructuwe X: Wx W — R LQQJWu {'—é
X (uw,v) = m de \r(x,’c) u(x,t) w(x,t) %\J’(x,t)) :

Note Heat O((u)\r) s "I‘l.wl—1wd-ﬂ1:>!.ud-(’,W't (and hewee o well— defived

L
%0‘(% )= m g:dx (\,a S = anv) = metfax o i - uZv)
=L
de_( ‘33“ “39\T) &(vaa_xu “aax")l,lo = 0.
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T QXPLECJ{: O.xf)rmétm :{-or X in terws o{r the Q,chf—ici%u‘l‘s Qn,Pn "
o0

X (u,w) = [mx > am %(P.,,Q'n— Q.F; ).
n=1
3. Thw cowplax Atrwctue a: W — W 4 tHe clossical PLOAL
:FLow b{] oue c'u.a.r{:u' Puw-& 'r,\,/ll- = '."‘C/l(u)rl {—or eock norwal wode.
W co(B+1/2) = —4ind , Ain(0+1/2) =cn® +o fn‘uol

o0

(duw)(x,t) = > sinlkpex) (P cox(w,t) - Qn sin(®,4)) .

n=1

TAuwa a‘(Qn)Pn) =(Pn)—Qn). CQ-Q«QJ'(%} 312-1.
O LGAiQﬁ sws Hoot  x(u,v) = m(au) a:);)) and. the cssocioted
quadratic forw g(u) = &(w,Ju) = mx > BT (Q+RY)
n Pos-i.-l:we.. v
4. We Coustruct tha potarizotin We=E_.(9) @ E,.(7).
4 (Qn) Pn,) = a‘(Qn) ‘Pn,) = (Pn,; _Qn,) == Pn= i‘fan, .
Heweo a solutinn U' e E‘ﬁ(a) =V i of- e f'om

w(x,t) = i Cp 2in (R, %) e'i‘w“t

n=1

wiite fvr u e E_H’(a) =V =2V wthave

o0 .
@ix,t) = > D sinlkyx) € *On?
n=1

o0 . —_ .
Gewerol case: w(x,t) = Efm(hnx) (Ane-tw“'t+ Aneﬂw"'t)

— uf'(x,t) + 10 (x,t), An= %(Qu+{.‘Pn)) Kn,= %(Qn—ipn).

We ore wow in a Fo—.«'ﬁm to 4sut up the Foch— Hilbert Apace and
quantize t {—io.ﬂ.ol [— waxt Lecture |
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Tutorial, Ju a vechor space V with bosis {e.}, veetors veV
ore O.xf:rmuﬂ 0A Aws Z e, U'{' it Wﬂ-iuawﬁ ', The Catter

Ore Pmmoh_d 10 Livear g.ooa—diu.o:h {uuc‘.—im x' ou V ba Ao..lh'u,&
X;'(U') = U"-'. IV'- the souma bro{,]) ’fmo.\l'iua {—ixtia brauis —{‘Dr W b‘a

{A‘;fu(h“‘x) C.O'S((.Om'b)) M(hnX) Mn((.l),"‘t) }:.o=1 /

C&fo—itiwt\ Q,, P to liveor fuuc:f:im Q.,P.: W—TR
(N‘l:How.Oui' G-ua dn.a,uﬂe, o{r uotoi-im). Viewed o fm«_u(‘,{:ﬁm ow the
cLossical P»(mo.u Ap oL W, e Q,,F. € W ore akiv to Pm«lﬁm

ond momentao .

we meo‘l:t He

5. Feld %auﬁezaﬁm .
An mmﬂ.) tHee Hilbert Apoce ir Hee bosowic Fock AP e Sw).

@ The coefficients An=1(Qu+iR) € V* (04 Livear functions V- C)
quautize 04 Ounililotion opurators, An > 3(Aw).

@ The (’IOWPLQX C«Ouau&a:h«oi C,O-t{{-iciw:h K.L: %(Qn—épn) € V* qurantize
o Creatiow opm’cors) A |—>)u(i"(3m)), bhare Ha tuverse o.f

the isomeorpliicsn 1:V-> V*} U — %0((\5 .) comes duto Fmﬂ'

0. Commutation reQotinu.

The annibuilotion opuators 3(An) cowmute Quwcougst thewsdues
and. 40 do Hee creatinw op Lrotor }A(I'1(K.‘,)). To deterwive the
uwmma commutetor o{ B(Au) with p(1_1(3\u))) we meed to
work out Hw duverse iwage 1—1(1&‘) -f'vr 1.

’Ro_uclpmud the Awpu&ec, Atrwchge X iw terwa 9{ the A..,) R.‘, wﬂ.{'\'n&
m —
x = T > AT (AuKa- RLAL).
n=1



-36-
L@JZ Ene V) Ené V Lo the bosis vectos duol to An,) K.,, (4]4.
Pa.r{:ic,uﬂ,or) An(E,) = 1). Thew

L(En) = % «(En, +) = [z 25 A, aud

1
-7 _ il.En
j (Au) = VLTEM . H'?.u.u.)
% An(En)

[3(A0), w37 RN)] = A((5T(RI) 1 = =21 = 2

? Calitrotion & modse LXP Ousion o{ fruul

Lot u,(x) = J_Am,(k X) , Ao that de ul(x) = 1. Define
calilrated ucode o':u-afmrs Q,, ba

B(A) = || 2 o W(57(R) = = o

Thawn we have Hae folloaﬁ.u.a o da exPausine for tHee crmo.ut-iéed fwef.d ws

~ o0 t» _ ““b . “:&
u,(x)-l;) =u§=1u"_(x) \’ Ty, (O,.,,e 1 + O,:'QMO) ))
[O’n!) a"l;\.] = an!u, ) [Q’n.’) Q’n] =0-= [0':!) 0’1] .

2) Qu&n‘t‘uu Hami?.i:w_im & Zero— Pm:[: Waa_

33+ A0t = z u.,,_(x) fii::n, 1 (o,n_e""w"'t— a’;'eﬁ,w..,f))
—u.(x,t) i 2'C,CJ's(h X) Ry, \’ (0, ¢Vt + 05 e o +')
n=1
L
'c)u
EE Qx) )

a, -4,(1)'!: 10_’+ 'MCO'&) (Q, -0 'k+0,+ -MCO'E))
2

—

I
I MB
I MB —F

1
4

a0t +ata, ) = E’t»wn,(o,"o, + 7).

G)rbwud./&'l:&h C!,,b|0> = 0. Z&ro—Po-iu.t eu.u-ga = Zi’ﬁ.wn/l =o0 22
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]]18 Casimir Q-F#Q.C{' 'P'_OFU-HP"“ X(0) =1, 7<(0) <0,

| X Auooth and ¢ ed.
Cu-FuFF *r—uud‘iou\: N ocoth a CO'MJLFG.CC&AMPPO

>t

o

(R'Lﬁuhtrizu\ VECU m Uxu-a..} E"Qﬁ(a) = Ta z MTW K(%Q)
cu+oﬁfeu a (a—0).
CLAIM. E,{% hos & Lavnt expausion &H\
Ez(a)—zEaza—Ea+E+Ea+

1%-| with l.LIA.Lqusa_Q «F-\ul{-( 1’)&& EU — Rer

L
Rework . Casimir -F'm—u; = t;f( dLI;) (1D scolor bosouic {{eld),

>+

n=1

Prrissou Suumation ]Corwu&a Ld’f LI(TR) with Fourier +rMs-Fam

{(h) S L0 ® dx. Thow EFCM = > {(zwm Al Ha

heZ meZ %Li —haud &ide esxits.
Rewark . Exa.,w?{n_ o]f .S+r0ua towpl(ué — ueak Couv’)ﬂlué d wo it 7 .

Verifieation. > §(n) = Jalx P > Y(x-n)

heZ heZ

gdy{(x) z e % '?(erw).

Ado‘:'l' Heis to 0w situatiow : £ = TFO-/L (E-’O+) C_ow:]ou{-e

ilﬂ (sn) = OH z A(A-n) £ X (&) = z dt Q JCX(E‘H
2" X X

meZ o

T@l‘l' tX(zH + 2 z Td’( s (2rwmt) X (g¢)
0 o

= ¢? Sjﬁlf ‘t')(({-) + % 21 dim Solf Sin (2rmt) X (g¢)

\-_o_._.—._._.__f

1. ) <
Honee, "= ;TE?M * 9_:,,.4 Edt cos(2rint) X'(et).

o

EMa(a) = 1% Z M—: K(%Q) = E_a?+E+Ea*+..

N A
kel - =_ X i = — hex
E, = 9__::—5 EX () dt (ow-smversat), B, = — = > o5 = _ﬁf :
0
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Im.9q Boaa&'ub-ow 'rrmuf—onuofh'm (Losows)
(-for) Farﬂd.u v
Secoud cium{-i%a{-t‘au /
\> coumonical tinm&i zotiow v~
(for woves | f-uld.«)

AR atuml
! 'Phtroi col" Par{n‘ch # "Lrore" Parh'ch
(observalban) ( Lagraugiou)
v
Bﬂaﬁiu!rov - '[

Exo-u«f)fz.: horwowic chain (atart f"‘uu dl'Acrd'b/"-ﬂ'flﬂ-a).
2
H = zz(% + 22_ (qn—qnﬂ)z) 2C = mcoj
ne )
- z (i%"'“_;qui) - “‘{wiz c’|m0||vt+1 .
nez neZ#

Tutroduce oxcillators (0o Ha "brore Pcu-h‘d»s") P Q= J%(an*‘ o ), \/I
_ & . (= e, *
Pn = jig (%m0,

AW, o
4 H - ;‘) zﬂ(a’+nau+ana;) - tTw Zn(a‘n"" O.;)(G.“+1+a;+1) *

Note: b& te presence of O Oy + Oy e wuwber o{' oscillator uanto
("Arore Po.rhcﬂu) is mot cowaerved !

Geal . Cowtruct Livear cowbinatiows [bh o{ the OL,UO.’;l A% 08 to dl‘a&mo.ﬂ.ii-e
the Howiltowion: H = > €, P, + coudt
R = E, = aroumd—/sfaf:t energy
S'H.Io 1. Fowriu ‘[”rw{»om N weomue ntum n[)mgu'l-o:[-im:

+ T
_ dR -iRkn
Qy = jZnQ bk + _ )
L [by,bi | = 2x8(kR-KR).
— LR
@—Iﬁg O
-7
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z Q"kn = 2x 5(#1)} R e [-n} n] . Thew
nez .

oo B [de (g 1, k)(bb+bh k)
—EQDSk( ))

T
1-1cosk -z ook b
eefa ot g

—zesk  |-jeosk btk

T
4w, ( dk 1+ 1-3cosk —zeosk | [ by
- 2 _LE (b, 'b—a)( 1 1 )( )

+IQO'5"{ —(1——(1,0'5&)

Note: white Hu Zoat maolif—icaﬁm wmobou Hae 2x 2 watrix Mdk--Htruiﬁ'au’
Huir is o characteristic aud ac’mall& crucial fm{-wej cf. breQou .

s oy I-3eosk  —jeosk | _ (% "E) € 0\ % %\
Matrix diagouolization : (+l,_eosk ~-(1-%eosk) ) - ("& U ‘ek)("& “k) '

(B -p) = (B -b, (ur w,
U, 0 even ound real func-ﬁm of R, up— v =1 (for [bk;} k] = [Pk:}lb;]).

o (a8 = (57300 < ()

R

L

] —cosk—2V1-
Exucise. ¢, = 4w, J1-eosk —k = loemk—2/)-eak (dmcxm %quuch‘m.’).

cosk
H = j 3— % (PkPk+ F’—hF’— ) = j o Sk Pth E, :_Lg_:h{ e_; -

%hr]awl-o.h‘m. Pk 84) = 0. The o-lm.ro.’(br Pk creotes CLA".’CL'HMM} excitation
( or ) of wowwmtum hR oud Lnergy €,
-1tH/4 + rtH/’h + —H:tht

¢ Pe® = P
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Mot L&Ch&romol .

Recal: O.; , O (7=1,2,..,N) generate Hu kle.a?.&f.&drro of Vﬂav*j
~ * ~ *
V:APQMC{Q_;}zq:N) V—APGMC{Qj}z(q:N).

Observation : the Aubipace Apawed b& te N(ZN+1) opurators
iy, o0y, oo+ 00 (jei, tet)

Closes wndar He Comwmutator. Thus 44 Comsbitutu a

Which Lie Q'Ladrra 2

Motrix anm{'a{-{m. Consider (Aummwﬁm couvention !)

~~

1 Ad [+l AL+ 1 pdd + + 1 LU
EAL(%Q*Q%)*IB aéaa-;—ECwaa = X.

Cowmsider ofao (A Ei) = X :ffor Cowmplex motrics A D C with
B=D and C =C.
Cloim . The st o-f wotrices X clgses wunder commutotion (Hhus it coustitutes
oumotur Lie o.'i&&ro.) ond X ——> /)Z is om uomm':hmm of Lie af.ﬂLerM.
Main idau of P"'W»F . Aa. , Bjé,
X = 3 (a} —a‘)(cjf _Aa';) = 7y, X'v
Uae [gv;ﬁ/&] — 5; 40 Ahow that [2}6#] :?va\’/u. Then

[[X,¥], 5,“]8 :&%_[32,[?, sl =LY [ 5 d] = 5, [x, ¥,

= [[X,‘l’],zj#] s [X, 7] =1[XY] .
Tdentitication o,f Liaap.deﬂrm. (_\ch: We (]:)
SP(N(L) = {86 End(w¢) | m(gwlgu’) = ox(w,w) +oraﬂu,u’ew¢})
Lie SP(N‘E) = {Xe End (W) | o ( Xw,w') + ox(w, Xw) = 0},

A B
0{(0,'”}0.;) = 5;' = &(QL—OJ") N X = (C -A‘f) ar above e

More on Hu Exercise Sheet ...
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]110. Coluarent —atate f)o.{'k {M‘I:E&Q—O.Q {—or bosoua

Recall C&alahr 1. :rtauw.au Pod:h integral 1»0!- Adingle— Pu—hcﬁ:. quantuu wachouics ,
@oal : t‘hwﬂnl.) Hu.Pa:l:fa iu{t&ra!_ 101- Ha waua—f)a,r'ﬁch ?umwtum weeclancics o* bosoua ,

[ For rigorous mathmatios ) At ’I'.Ezala(’r::u) Ftdwan
H. kuorrer | E. Trubrowitz ]

.10, 0. Colwrewt atates

To duseribe Hhe meain 1'.&9.0.} turn O.ao.iu. to He 1D harwmewic o:.oillo.{-or)
_1(9 .4 _1(9 _ 4 _ +1 _

O*_\/_i(?"'ieP); w“ﬁ(?-iep)) e_\/u%u [a,a] =1,

ahd.fuamuu&/sl:o:be |O>Aa.ﬁsfie4 a|0> =0 and <0|aF = 0.

O.rP_,IDa.ro.mi-rii-‘u‘ b-ao. c,ouu'alnx nuwber 2
o0 o0
zah )" _Xizp no_1zp
=2 B0y ¢ 2= 5 iy 2T

n!
(Of')n n=0
where |VL> = ﬁ|0>} (*mln) = 51«.!1.‘
Colle ctiow o{l {—OMulM related to colereut atates :

+ izt = +_
PY |z>='l'z|0>} T, = o2 o~ 712l - Fa _ o2 zo,)

Tz'r= T—z - Tz-1) i.o..Tz i o uuif&% OPa.l-a.t‘or.

_Lizfe 32 L1z
o <z|2’>=<O|T:Tz,IO)=e, 712+ 22 1|z|.

® oT,|0) =T,[0)-z, <O|T; 'at = 2-<0| T,

frow Te 0T = a-[zat-%a,a] = a+z, ete,
Nowencleture. Tl H'tf/.u.ubtra Lie ofﬁt,bra, Cate CaesC
exponentiotes to the with, fbuuf.ﬁ‘al,ico.ﬁm Low
TuTv = Tusy Q'%(ua_a\’) = Tusv Q}I.W(uv)-
That Cowr foliows frow the Boker—Cowpbel—Hausdorff acries,

1
Q,A Q.B = Q.A+B+3[A)B]+ .") which terucivates dere .

Tufo. T Heiseuberg group achs imeducibly ou the Fock apace S(Ca).
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T.10.4 Resoluction of uui'l:& Ira colerent states

Recal ({.m Chapter ) the resotution of the eutity by 1= gax x> <] .
Here we slall me.t on o.do.lo'ta,{-im {Luwf to ouws Dosowic cace :

SC$ TE|O><OIT-;1 = 1[,!,3_- ) ?: S(Q:O.f).

Momo.ﬂ,iao.{-imdw.ch:S¢$(O|TE|O><O|TE-1|O>=Scd e

%
Proof ("Low teck!). d'z = dRe(2) dTu(2)
1 - 2 —_lz* m SN
| 2 I T 100l Ty = | &2 o0 2 2
diz [21™ — =] " /
= S Sa:Tz W= S id" e = 8,5 (u| Hgln).
PM ("&dakﬂc{q.") .

Tw SG_‘,% T3|0><O|T;' = Sq:dz T +z|0> Q% — W2 )<0|'r_1
_ [ 22 7 oy odE-8R o) 7t = | L2 1 j0y¢0| T T, .

Now ¢ c’
’ %Vw T, OP = OP W } Schu,m 0
Heiseuberg g row P = Cowst x LA,
3«3&&&&% on F Le_wma

and *row. te norwoalizotion Check oo huow thot cowst = ™
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II. 10.c Derivation o% Ha Pal-h. -ia.l-r.ar-o.ﬂ

Ccrua.du Q. 3 , Hee tiwe— evolution +ra.u.) 'ri'
T

u
Fret step Tre ‘TH/£= Qine ’l'r(e, “‘RH) . Now wse recolution o{- Ha
N—> o0
ideutity (N tiwas) and Tr (]0X<O] Op) = <0| 0p|0) +o exprss Ha
tlwe— evolutiow Hoce s
—iTH/%
Tre TH/ = lim Sd_z,mgdzu]‘[<0|/r’r “’RHT |0>
N—o “C C
Assuwe the Howiltouion to Le
H = ﬁ(o.j o) = cowt + 0'0 + @*0’a0 (Achw-a.’cic') ond wse He
wlations 0T, [0) =T, [0>-2,, <OIT | o =%, <0|T;
1 r_ 1 T, =
<orr |7, lop =gl s g
<o|,r‘r - -H(a a)T |0> _ H(imu z,) + O((1/Nn)2)
z,m 1|1M,|1 e t+ 3 1 Z,
ond xe % z ~

—iTH/% 2 Yz, - 1|z "+ %,,,2, H(l n.)
Tre = Qi ]—[ S " " o

N—wn n=1 q: A{;—i
N

Coutinuunw o.PProxiuo.ﬁou. 2, — Q(t), Zpyy—> Q(t+A%), Z,— w),

el + Ll2al - 5,02, — TIQ@+ANF+ ZIQ@ [ - @lt+a?) @)

—1TH/’R.

N4t = 2

= Tot+at) (pU+at) - o) - 1 (G+at) - 9®) @)

= 11M Q(+) a%rp(t) - 11At cp(lc) 9 cp(t) + 0((at)?).
. cp(’c) Q(4+T)

Hewce z (1|a,m|1 t 2l - g ,,) — Sd-l: () aJCcp(lc)

1
&Imiﬁarﬂq) N z 'H(E“'H)ln) —> Sod‘li 'H‘((PT),CP(’C)) .

n=1{

Alo, et ]H[ S d'z, — Adz.

n=1 (]:n
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Final Expression (ceubmuw_ approxiwotion to Iaa.tu m{-aﬂrai ‘f"’"

. ~iTh/%_ S"h S/
S = <§>u (i 30 2 o) — H(F@, 91)).

TRelation to :Ftauua.a. PO“H" w.‘cp,at-o.ﬁ.
Cmdu} Ouce Ogain, He ome—dimewsional tarwowic ozcillator,

Frow Q.=Jl_(i+i€§) Oj-=\/li(i—i§) we infer that
o) = = (Taw+iepw), @ = £ (Tqw-fepw).

Thue H(o®),00) = ho |ow|* = ﬁ +Iw‘q(t)‘ and

tiwe—evolution +race )

it 4)&4: q)(t) a)ccp(’c) = qt)d-l: P(t) q(t) Scr,

_ *)* 2 L

e

Rewark . The colereut— cotate Pa.fh {wh,an-o.ﬂ “n 4o.e.re,+% a.
Redwction +o :Ftﬁuua.u P1:

o TR S‘A eﬁ@)d-l: ,_q(%)‘——coq(’c))
1 E’A . 1&)&% o) — mg)".

To.kiua He iu.{-r.%i-o,ﬂ, over Pa.{;ws {t P(t) in wontntuw Apace to be t
Aniar ‘(h"‘tﬂ"ﬁg Wwe Couw A{M'-F’c varedles P(-l:) — P(J:) — M(i(-l:) and Haw
f)t,r{-om Hee wowentum —Apa Paih ‘uml-zﬂl-o,ﬂ wihiclk v ©aowssion and
ives Adw o cowstont (indepundent of Hu pritinn path £ — q)) .
N P P f the poitioe p 9
Thus we ore Ledt wnte mman'as positiou—Apace pate {ntegrol ;
T’ pee P g

o TR hq Q,k(f)d'l: B Gwt— Twtqw?) .

Rewark . Tlis reduction goes {:Lrouak o4 Q.,Ouﬁ os the d.ePLudLm oj( Hee
Howiltonianw ou Hu meo wentuwe c,Mo.&ra.hc
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__ﬁ__l_ .11 Secound QMo.wl:iia.ﬁm o{ -l'wo—bnd& oPu-a‘con .

Recall that a muz.—b-od%1 operator L=1" i ch{—uw;d a(ra L:U—-U
(muﬂfa—Pcwhdo. Hilbert APOLL U).

Nom) o L = [_(1) 14 (iz%m.ul lra how 2 acts ou
fwb-Pa,r-{-CdeA{'&i:M) L:UVeU — UsU.

For Ao lrw i o{f U' Lot q) (x) e He C,orrquoLma Wwo.ve Mc{—m
an the demdmau repreaentation Thau the
o* L are colewlated an

GiglLlke) = Sd"‘x Sd%«' Q,(x) @(x!) (l_(qah@cp,,)) (x, /).
ExamPLo. (Cowlowlr -interaction).
(Uelgoq0) (00 = oo B0

'+Tl.'Eo |x—xf|

Q. () Q;(x") @y (x) @y (x')
M (ag Ul kU = '+1te S Sda ¢ ‘Th T

|x—x/| " .

Wete Le End (Ve V) = (U U)e (U U in bosa—independent
forw. L—IE(@.QQ,)<¢3|L|'¥1L>(+ ;[,)

‘b&hl

Romark . The ‘f-o.ci-or % i to aveid dowlr&,—c,ow.h'ua a[— pair interactious .

Second quoutizatine wow works as Lefore

We éw{-e,rFrul' L asa Fotaumu.ia?. Wenaut in He No.qﬂ,a%tﬁrra
W (Ue U'*)) oud tHen pass to He representation of W (Ve U™)
ow S(U) by ey pie)=0f and 4% 3(4") = ak. Thue

L L= 3D otk izl Ll &t) okat
%éhl
= % > o} o, ((-a,é| Ll &e)+ il L th)) akat.
i;éhl



WA2 Quantization of Hu Electromaguetic Fietd .

Comwmon aPProack: elect+c 4calar Po{-tuh‘al <P = 0. Then Ej = - A?} Ny teat
the maguetic vechr potential A a4 generalized positious aud the dlackric fitd
E o &mmh‘ezd meoweute . Cloose Aoue gougt (e. g Cowlowtr or "rodiatiow"
gouge, div A = 0) to eliminate the unphyoical degreas of freedow i A
Note: Coulowdr gouge Greaks aelotivishic Covariouce. Ottar gouges (e.g. Lorews
gouge) Lod to issues with Yatates of wegative woru',

Here we co.rra out Hwe Cowounical quawtization o{- He E.M. fuﬂ_d An Votuww ,

1. Phese Apoce W (Linear) = Apace OF solutions of vacuum Maxwel qu atiow :

E:—‘I'D{'EZ—N{'D/EQJ 2 o< d
D=+ rotH = +rot By, VD= 0=dwb.

2. S&mP&ch'c Atructure /.fronu x
x(DB; D) = [ (Tt "B - Do ot ') wobase
ot B = A i Qny vector Po-l:twh'a.( such that 70t A =1,

o well dd-f?l’u.td (4w Pa.r{-n'CuLo.r y &au&m—imn‘auf) 2 gul Let 50t A = st A= B,

Then [ D-(A-A) = [#x D-grad f = - [dx fdwD = 0.
D ossnwed to vawish on tro-m&ar& of dewain
Tujo. 15& Muaing the Qtuuau.a.&t of differentiol forus  owe cou writt i a way where
reotivieHe Covorionte 44 mauifust .
Rewark. Tn Coulowt> Jouge (divA=10) oue bas

fiex Dot = [y Bt
For apecial w{-‘qmﬁm where D owd B are ceuf"mul to He Auterior of marrow
tuba ' and  , His becowns (@ Doaot™'B = by Gy, y) where
d)b; bp ie Ha Froduu‘.l: 0* Wectric and mo;&mh‘c .F(Mm i
(carried by Hu worrou tubu) omd G(y,y’) 4 te
of the Curves ¥ awd U’.

Exucise. Combined withe Hoo Haowiltowiauw {«u.uc{-iau

H= Sd"x (%Z+ %Z)) thu Agwplectic fom X Gives

tHa Proper equotions o{l motion (Maxwel 4n vatuum )., G(y,¥) = +1

14

-46-
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3. ComP&Mmdm ¢

As tfore Heia uait e phost Jou by a quorkr period Tor good motlowatical
coutrol, work on 0 bounded dowain ("cav:’la,") U with Dirclbt boundory

counditious '{-cr Hu‘f«d’.l c,ow‘:euui's wormal to Hu AM-I'F&Q-Q M. For %uwn‘c U,
'HA-(.AFO.C{Tu.u.( of -\ will be discrete oud without %Lutﬁ[;(’,ic,i{a_.

Given 0 solution D* of Ha Heluboltz equating (ﬂwa) D=0 with
— 0 ‘I:) ‘t B‘A ‘HH'D?‘.

Wy &

characteriatic ‘{rmquauc& A) div D = 0 )

o

A

Than D’\: mi} O.ud
7\

M (D)‘c,o-s(wat)} B ain(wyt) )

is 0 Aolutine of Maxwel's equations, omd 40 in

D= (- me(w,&) Burs(w,gc))

Tha d)g:) and 4)7(\1) Apasu te two - diwe wsional Apo.ce Nv,\.
The complex structure § testrichd to Wy 4 iven b&
J 4)(1) = D eos (w Zt+7/2), ™ ain (o t+n/2))
= (- DMu(w{),+B Qm(w‘t) and qu(") SJ.
Afio&tfw—) W = ®, W, ond J: GB%J ||AJ
Exucise. @ o i '[Tiww_,—‘in&e.?&w&o_mf.
@ (—]‘ T:ruu-uu () S

Choeck . (} in Couguuction Loith determives a Euclideau Atructure Oun
eacl o{ Ha morwmol—wode Apates l,\))\ .

o(B9),B1) =« (), B ) = FHE®) > 0. v
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b, Polarizatiou.
Dl(’.ow-PGSO. N;\ ® C = V,\@ V bﬁ Ho etaw]oa.uu o{; g

V= B = € (¢03¢0) = € (¢74:9),
¢(1)+¢¢(1) (Dk(cos(w,\t)—t,w(w,\{))
BA(MM(G)A{?) '|“LQO'S(0)A":))) -tht (DA 1,B )

U = E,.(p) = C-(¢M-ig®) = €& (D} -it).

5. Futd quauﬁzaﬁm b_ﬂ wode o.xPa.mcru.
Dawuf:oso. Ha ao.woi Aolution QA
D(x,t) = > Dlx) (c" gLt E,kef'w"t))
A

—_ +‘LCI)A‘I:

B(x,t) = > Bx) (ic" g tert_ iCy e ),
with Complex cjn{-[#cc.cmh C* awnd Huir couplex Coujugates Cy -
Sql:,\ﬁb.—?lvo-l:ou Htbert apoce V= ?V;\-
'P\o,iutul:ra’c Hee C,oe-ﬂlicieu.h or Livear {uwd:im
Pt Vo C, T Vo C (e CreV*, Te V'=1V)),
[ Reocal tie woworplivw T3 V —> V*, U X« (v, )]

LLuQJ:L—lome.ou Hilbert Apace (a.k.a. Fock /.SPG.C»Q) S(v) .

Quoutizs by A — {8(c*): S"(V) — SV
Phot—cm. operator,

S — {p(F7@): SV — ST
P!A,o{—o»g opu-otor .
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5, Exercice . "Calibrate Hhe Fock operators!

(CA E;\ - Ek Cm))

Dol |I3>’“(><)|2)

2¢g, Zp.o
o} = H(D)BY B(CA)
'tih)a/l N
== Lf _ H(D' ) ) Heew [O'A} 0".'\-7] = 6\)'

o, = R, /2 P(1_1(€V))
b. Q.uo.uﬁ&!,d. {{LQ,@LQ.

= A hwa/2 —1Wyt 1Wi 4
D(x,t) = Ex D%(x) HD_:,B") (0."9, Moo e ))

-~ ﬁ _‘w .
Bixt) = 2 B(x) H(g:g") (i0re " iy ).
A 7

Qontune Howiltowiow ¢

0 4 4 ’h
H = Sdax ('D}(_xe,oﬂ N |B§;io)| ) — 2 1(07« (O_+,\O.A+0-A0-K)
W

(mo.d/s morwal orciui,v-.%)
Cosimir o..ﬂod:) ...) B



uw.P{m- I\_{,— : Terwioua

N.1 Grossmamn algebra & Clifpord algebra

Wove functions for idantical ferwiows are totaly shew (or awti-gymutric). Here
Qrmme Ha existence o{f a particle picture with Adnﬂll—‘,:ar'h'c& Hitbert apace V,
dual V¥ Hermition acalor ?wduc{* <°) . >V .

Frechet-Riwsz umerphiau Bv: NV — V") U — <U') . >v .

‘Pka‘om mototion (Dirac).
Orthonormal basia |4) —> Cf)
duel bosin (4| — cC*.
Camounical ambicommutotion reQotows
et +cfer = 0 = cicd+céici ‘el + cfei = &%
cief +cjcf = 0= ctedraict cic+cfet= 8.

Ferumiouic MAPM: F=0 7" (nzparﬁcﬂzuuuh)}

n>0

’=10>C, F'= APauc{C:IO)}) ., F= APauc{ CJ;CL'" CL|0>})

creation &Pu-a-l-ors C"-:: Fr—> }n+1)

Qunibilation oPo.ro.‘l-ors ct: }-n_> 3'.“_1) C£|0) =0.
Secoud quonctizotion e{ Owe— Qmid operators
L= > 1adGEILIpGl — T = > GlLlgy cfei.
1§ ij

See Lelow .fgr He Hermition acalor ':rod.uc‘l' ow F.

-50-
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Tnvariout {oruulo.{-t'm (— universal o.(’.a,dno_ic structure ).

Dt{-{uih‘n- For a comr.;bx vtc-l-nr/a[aacn. V} Ha

14 the ausociative &%dn—a &o.wu*ochcl l.ra, Vel with relotions v/ + 00 =0
(Jfor all u-)tr’eV).

Pewmosk.. ovuv'= vAv/ = —oAv’  (exterior Produ.cf))
N vi= vAr = —0vAr = 0 (Pauli PrmciPh,).

Fermdiowic MAPW F =AWV). Tramcﬁ,;-l-iw:
NWV)=Cs1 < 10> e }'0) N(NV)=V >3 v=eu <> cilO> vt e F
Exercise. dim A'(C") = (':)
of AV)  dinkaerited ‘{—rnm V:
/) / _ z . ! / ’/
<“1 Uz U, Uy Uz Uy > = Adgn(m) v, tr1t(1)> vy, L"‘rr(r’-)> RS Ut (n) >V
AN'(v) TeS, ’ V vV ’
<‘T1;‘71>V <U“U">V
= Det : .. :
<Uh) L"’!1>V o <U",UU';[>V
Trowmeriptiow o phyoics wotation . Orthouorwal Lrosia {e;} of V.
1=10>, e; =cilO>, e;e;= CJ{CI|O>, etc.
Let & =cjc; - C 10> and ' =cjcy---cl0>.

11 12 11 "1z

Then <Z|F > = Ol ™. cichr clycly - ¢ 10>

1

_ ) i i, in
N Z ’“8“(“) 3 e S e 0 inmw * W

weS,

Questiow : What toka He role o-F He Nt&ﬂ, aﬂddn—o. (— bosows) 4u Hu Fmtnf
Cse 0{— f-q_mim ?

'DLFuiHm. Let V Le a ccmrabx vechr Apoe. The
11 He asdociative &Qﬁdn-a &o_mrachd b—a, VeV*¥e C with relatiows

;) 9+ 99 =0, qu+uve=0gW-i
(for alt v, e V and g,¢" € V™).

v+ e =0
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OPl.ra'Hm on A(V).

i e : AY(V) — AYI(v)  (veV),
A oad =(-1)"TAv.
éi. Up): A'(V) — AVI(V)  (geV™)

defined by 1(@-1=0, g v =90 eC,

1(@)- (vv') = (V) ¥ — @(v) U * continue b&ﬂz Leitwiz product rule
with a%maﬁu& A&&r\. .

Tromucription. €(v) <— Ci vt  creotion op.
1(9) <= ¢ ¢*  omuibilation op.
Exercise. EWEW) + EW)EW) = 0 = UP 1) + LP)UP) |
UPEW) + EMUP = 1,y PO .

Comlar&. The Cﬁi&ord alﬂ&@n—a CL(VeV*) ach ou Hu exterior aQaeb-ra AV)
lral VoV* 3 vig > &) +Uo) .

TFoct. Secoud ﬂlua.u'l-iita{-{m of ou-frovl& &Pu&{-on)
L elle)dd) = T,
preserves Cowmmutator : [t, p\:l = [L)M:I .

Herwitioun Coujugotion. (Frechet Rinz isoworphiow y)

n ﬂ n+1 n 1/(?%) n-1
W' = Uy Up' = e(xe) .

Owtlmk . The tnvariomt %oruuto:h'cm will Lo smabruwental in Ha
quuuh'&a{-fm 0{— Hu Dirac fn'dd .
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N.2 Dirac equackind (quick Awuwar&).

Diroc (1928) cowmbrines C]Mﬂruhuu wechouion with A]:a.u‘u(’. rdaf\'vﬂ—&:

)
A2 = Hy whee H = pucts Cgmé(Pé—eAé) + e
ochs ou Apinorfietds 4 € L(R*) @ c* Clifford algebra celatiou :
p2:1} Pog+ P =0, &0+ xx = 28% (413:1,1,2,).
. (1 0 _ (0 o
Stowdard refammfahm: p= (0 _1) , %= (0’ 03) :

GQJA%L Po{tu‘a‘au : E,', = -%¢ _BtAi; Bié - B"-Aé _béA‘; )

o _ 9 -
Cﬂhhuw{'& &14/«.&'['\0‘14: B—‘tg+&l\r3 :O) wiere
g :"l“f"l‘) 4= C"I’T&’“I"
Tuturpretation of ¢ o4 probabsitity denaity feb
and :;[ 0A Fro(rnﬁrilifa current vector .r;.‘g_u 2 NO!

Probtens. Stamdard Aecoud cimam-l-\'&aﬁma
H—=> nHIn)cicy = H ow AV)

!
n,n

with V= 2(R) @ €' Lads to wuphysical bebavior whan +he Divac field
ia coupled to Ha elackromaguetic {uu. The Aoure e{ the Frowu w that
Ha ({»m) Dirae Howiltoniaw hos Pa:ih‘ve AP'.C«HILIM E > + mc? but auo
negative Apeetrum E € —wme? and thw i wet bounded frow below.
Dy cousequence, H dou wot dave @ ground atate (1) aud 1u Hu
{uhrac’n‘u&_ Ad,ahm the e.m-(gf&/s{-onol in Hu Darac modker woy Go B —o
ohile tha eurgy of Hau electromaguetic field gouto +on.
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Klein Po.raolox (—:- exercice). A ﬂ,ow-uua& elechouw tucident ow o Pohni—iaﬂ m‘oP
e N:l) > 2mct Acabken (&t(‘.ot—t!t'u.a_ to the tiwa- ﬁn,d.clol.ud.l.u,‘l' Dirac Q?An.o.{-im) to
a nftnchd omd o Prowiwiled wave , with reflection Pro(mﬁn‘&%& > > 1.

Rework. Tn Hu fwﬁnal +omu1a{-im o{- Hu Dirac 'Humg_ Hu a’;[;artnf ‘orufrhm,
. . . - SRR =

1 reaolved b} re-mhrfrehu& He CWth$Q?A.&ﬁm 3_1,’8 + Ch\ra =0

s He Law o{l (not cowsarvation e,f Prnﬂm?:—ili%).

Tn Fo.r'l-icuﬂ.o.r) = "I‘T"l’ (afﬁr nornal o-—&m‘u& with rMIatdf“hJ tu

true vaeuuw) moy lecowe wegative .

V.3 Hote quastization
Recallt Atowdard (Par'l'icﬂl.—‘fa?c) Ymambiza tiow :

Vs o > e): AWV — A" (V) cration *p.

V5 ¢ > 1@ : AW — AT (V) owikilation op
End(V) = Vo V* 5 H = (He,) @%" > e(He) o 1,(%"') — 4/-|\

Alterwative ( ) quamtizatiow :
Reploce Hu Fock Apoce A(V) by tr Fock space ANVF) . Than
Voo > 10): AWH— AV amibilation op
V*s P = £(@): AW — AV crotion *p.
End(V) = Ve V™ > H=(He) o > t(He) o e(4) + cowst ~
= — e(4) @ t(He;) = 8(—#"{")@ 1(e;) = H.
Remark . The two Achewes ore ow Hu saue {onh'ug_ frow a prrely algebraic
Viewpoint (Lrote ave Lie algebra kmowaq:hi.am),
Bur f H>0 Hun H — Ph

-~

s Ha "&a-od",acktuh we .
WHILE if H<O Hun H > *H
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CO'MPMO‘UL with Dirac 4ea Iaicﬂm.. Recall VoV*3 v +0o.

ANV) N EWV)+ @) < v+ 1(v) + (@) n A(V)
Pm-t.—@..
Cortoon . o t’)cw'a{ecl AP stote O Q"“‘l’+a A.P.A{:od.-z
hn = 1 2 3 '+ 5
°® o o (O o
Note: c/cycict 10> <« Cy | 4uuy "Dirac 4ea
<1|ECP€V*: C1E‘L(CP) —> £(CP)EC1
Cuuibitotes particte creates fole
YD = veV: C:_E g(v) <—> 1(v) = C:_
creqtes Par-l*icﬂe. cunibilotes ole

No.ming: Ha Cﬂrrbsl'aw&tw Arecoumes Fro!ruuo.f.:c i[—ot' diwV = 0. Yet,
Inoly qua,u’ciza{-im coutinuas o exiat omd make iwwediate Aue
whereas Ha Dirac sea {:M'c{'ur! lrecowes somewhat o]ﬂ a {lair&-{'au.

[ Fired Dirac st withe iufiucite Charge & tuargy ? Cosimir effect 1]

'Ho—xrfa?.rb tiumﬁmﬁau.
Let H = H($p=0,A=0) Letn free part of tha Dirac Homiliouiaw.
Make ei&tulao.u claccrulaniﬁw: V = E>0(H°) @ E<0(Ha) = V_,_@ V_.
Buiuu'u%m He Fock Apoce /\(V+@ V:)) adoF{'-l'hL&t’n—id Ackawe
V,eV_e VeV 5 U+ U+ @+ ¢
> e(0) + 1(0) + t(e,) + €().

Then H, 2 0 — ﬁo >0 (A{D@n'eif& N arouud stote exats ).



The CLa.r&o. c(néu&a{-im 'waa‘cu&' (a4 o teaser).

fact1. T4 m%—*f:H(cb,Kw Hoon

c

L S = H(-4,-A) 4 for o = pogp = CH.
Rewmark. This is Anown os He 0{ te

Dirac ec]Mad:l‘m (cf. ® . Thaller: The Dirac u,ucd't‘m} SPn'u&u- 1992) .
Note that +ie wappmé A,J — CA'J “ C—OIMPLD_X antilineor,

Fact2. Toxtbooks ow QFT (¢f. S.Weiberg: The Quantuis Theory of Fietds,
vol. 1 CtlsuQm‘d%t Univ&ni{'&_’Pm 1995 ) stote that c.hm—&a coujugation 4

uni{'ara (heunen CrrmeLx Qineewr ) A&mmd'r& of ¢.g., quamtum Lﬁtch-odauawju.

CO mwent : CPT—T{ALO fw .

E H Cononical ciuo.w!:iao:l:im o{- tHa Dirac {'L’LM,
[COO b—&dmol the Dirac ata P&c’cm ]

(D) Tuxkbook Hreatuwst,

To cowstrwet Hew ,ﬂzut—ol Aolution 0{- the Dirac Q.cimo.ﬁm)
‘{ﬂlrsl' PM/.; to Hw relativiehe ("C,O\ra.ﬁw-l'") {forqu.o.{-im.

¢ Jxcd

Tutroduce 5° = P) 65}:(50(&- (3=1,2,3), x’=ct. Muui[:ﬁa,{:h,

o 2, hes D
TRecal -L’h.a—t'\[z = ([bmc+TéZ1(x- )»\P

Diroc Q,Cfu.cd:im b-& -t(?_c v Than D*\[»' =0, D= —iﬁraixf”-l- m—; .

WLC/’h 1w colled Hea o{— the Ditac Po.r-{—ccﬂ.e with

ML0A48 WA,

-56-
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@ PLowe— wove Queats -for He Aolution «P :
b = u(k) Q':h'x, uk) € C*, hx = ko XF, ko= -—w/c.
Ten D«P =0 = (?SH{I*"' “‘—;) wk) =0 N secular o.cfuaﬁm:

. T 2k
O=Dd(BFhP_+TC) =DQJt (_Zhjo-j E...% ).

L3
A B

¢ D) = Dut(A) Dt (D-CA'R)

= Dt (A-BT'C) Det (D)
od (éfiﬁa)z: %hahe H(G0 +9,9;) = 1:-?5; = |k|*1
to !J'riu.a the Acculor equatine iuto the forw
0 = (-(2)"+ (%) + 1),
The positive— hrequency sobukine 0(®) = +c\[(4)"+ kI duas
muu:aphu’ca 1 (- Apiw d.t&;wa.ca) :
(5o ik ) ww =0, s=:

Now wmse Det (

1
1 L]

Positive— f‘mquw.ca Apiwors i Hee rest ft‘a_m (0{ te Dirac P&H—ic%))

1 0
i.e. :[*ou- lk|*=0 , or i = wme? : “ 4 (0) = (%)) U._%(O) = (%)

1 0 0
Aum.% {»ro»u the rest fra,w.e, Apiwors are wotwealized b-d te coudition
us(h)*ﬁous,(h) = ass' y U.An.uﬂ the d.a.%ﬂu- o~lm.f-ai'l.du. (]:q' (Cq')

[Mokiu-a.{:i.ou: Huis worwalization condition it Loreutz - invariaut; dee Q,a.l-er.]

() IM. order to obtain o &owLPf.d:e Aﬂ,-e{'!.w. 0{' Qiu&.o.rea iu.leu.d.Lu.f Aolutious
(wohite Lmﬁu& ow (k) >0 ) we wake o second T:ﬂ,a.u—m ousatz g
4 = Uk) @,_{h'x, o) e CF, —k,c=w>0,

Than DY =0 = (‘ZS”{#"'MTC) ok) =0.
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SEL wite (k) = c\/("”Tc)l+ 1&I* > 0, we Haw have M&&ﬁvt— Luergy

Apiwors Ug(R) ) which Aatisfy (E" w—g‘—) + 55 R+ “"TC) v, (k)=0, s= ¢ ;_
0 0
Tu the reat {—r-am 'H,q# are Qx‘;rv.wui as U'_'_%(O) = (%)) 0'__12:(0) = (%).
. . 1 0
Notice = %_ PRIy R oud SPoi) = - his ).

The Loreutz—iwvariaut worwolizotinw Couditiow 4 O‘s(h)TZSO Uy (k) = — 855,

Exercice., 1. zus(h) u.s(h)f z U (R) og(h) 50 =1 - ( CONPhtem )

1. us(k)fus;(h) = 655; moc_&) = \J's(h)f Uy (k) (OH:(A.O&GT-LG.QL".‘ ).

1

o [56 Aup Lrp rsition of Hw positive— owd Mﬂ.&hvt— euergy aolutions, we
o.xPo.uuol tHee &Lu&.l-a!- AoLutiow :\{;(x) «';(x,-l:) o

Lt ewrux cm{{—»ae.wl-s Ci(k) and C(R).

Rewark, Tiwe tm.h,&t'oi'um wiosure o dR tw%h) caun be weotivated ’b—a

Lorewtz iuvariown oud /or !:r& Exercise 2. (above) 4u Comtunction uith
f«omuﬁm thot will oppear below, ( Mo e Coud'm.d?llu-e%) at o.m.tau {;rom
tHee .ffu-w.imf.c N ersiow o* cawomical %auﬁzaﬁm )

(] SEP_ to count: For %&xe_& fl} He QxPrwv.'m .for He aolutiow A hans
' dndependent &lﬂ.l‘w of freedow over € (MMG,a , Cs(R) and C(R)).
Ou P“q““‘-‘& aroumd»s) we expect ) (‘,Ouwl)bax MOM due to

2 (e7/e") x 2 (apin) x 2 (creske/omuibitote). Tu order 4o
Produ.u. He Y w.wuuﬁ fm&Ow«:} owr takes Hu Herwdtiow Coujugate :
0 o= | Lo [HES (5@ e+ G 0" oum)
aund Loter views C*'(h) and. Cs(k) (iu. the Sowe e,f cow?bx Ioo?_o.ﬁza.ﬁm)
oA dw&z?o_ud&u:l: ofr Ci(k) reap. C (k).
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['R!»mrﬁ. lko«’rfamaﬁeaﬂé APMk::&J the operating Ap = AP i well—defined
Ou% 1{. tHe Apiuor buwdle. S = M (= Ath_)) 71:'1(x) = (EL*} Cormes O
Heorwitian atrwcture. Tt is wot clear o prieri Low the Tahaam of the Dirac
uiMa.{:im (OA o clasdsscal wove u‘uo.{:cm) Provi&u. amch o /o{-w.eture,.]

® Tiud Quoutizotion,

Let V+(_)= Apawg 9‘(’ -I;L.g,t:o"si-l.—iue. (m%a,{-we.) Cuergy solutionn . Lot

Fock space = /\(V, @) . Reinburpret the codfficients C5(k) 0s

Liwear fumetions , CY(R) € Vi and C(k) € V. Then

~ 3 2 LR — 4R -

P = S (‘i 133,{ e, Z (gt & F* 4 (chm) + vy ¥ e (i)
'L(C';('h.)) annililates on echron with womentuw Hk and APin s y
€(C5(R) creats o positron with womentuw KR aud apin %s .

Rewark . {
An

-~ 3 2 —4 R —_— (k.
A (x) = S &Sa ‘ ft‘:";‘(‘h) Z (e(Gm) ¢ X + 1 () o R us(h)*) :

Here the coefficents cE(R) are re—interpreted 04 Wewants Cilk) €V, ond
?@.) € V_, Druk 4t 4a 'Qd-f'l' opLn Qxa.('.{-('a how Heot ahould be dowe . Au%w-a )

€(CHR)) creates ou dectron with momentuw ik aud opin ks,
t(c;(k)) ounibilotes o Pmi-rom with womentuw %k OMdA)fn'n S,

The (Mwu—a..m&-w.g_) cauwonicol ouwhcowwmutation +elatious are

1(ct®) e(cH®)) + £(ch)) 1(ctw) = (2n)*8 (A-¥) 8,
1(CsR) €(co®)) + €(cy®)) 1(cz(R) = (2m)®S (k&) 8 .
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E xetrcises.

— Etiu.ao,—fcm anhcomumw utation relotiows s
PR 1) AR ) + P, 4) PR 4) = 8% 3(3-%).
— Total c&maa: @. =0 S > ""F:(; t) '\’FO’(?;’C)'
= S o E(E(c‘“(h)) 1(csw) - g(cw) m(cs(h)))

)
t---------:

— Total euergy : H -ZF;(SZ t) % ‘(l:a(-*;“'

2 o) (£ (CW) 1(ctw) + £(csw) 1EH)).

X (%, t) 3— P, 1)

(2m)
— Total momentume 3 ﬁé = — S
‘3”3 > ok (£(CER) 1(chw) + £(csh) 1(GW))).

- |

@ Be.aowi toxtbook ...
— View the Diroc urtmi-im as o lassical (sove— type equation .
— Quowtize Hae Dirac {—»UL:{ b% a Proud_w-e o{i caunowical qumﬁzatﬂm .
T ‘inawl' dato. l'urm'e& -f'or ftrmim ar
1. A (C,Ow?hx) Pha.«. Apace We with real structure Wep < NC}
2. A Aaww-dﬁo COwPux {J'if,l'u.u).r -fom B H NC® NC —> (]:}
3. A wm‘ob.x Atructure 3 e Bd(Wg) cowpatible with 1B,
See Of,l‘|—|_@,cfm€,_50 f*Or o {u{&)maﬁm.
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W S Burezin iuﬁara@
@ Ua.wo, PC‘[’M (oune tlt&m ofv freedow) .
= €3 (Grawmaw variabte 3| 3= 0).
Mlotr How ‘J[ fr ‘ln-f- € /\(V*)
“ =4, e [d3-1=0 oud [d3-3=1.
Nofr. [d} = )} (Lrod motation d3).

@ 1n_{'orw4.d -P-tc'l'ura. d/dx
Or-dmo_rgj tn’l‘t&l’ﬂ.‘hd\ﬂ- )<‘l E’ k xk- '}

d(w)
Mo atmra.ﬂa sk (v¥) g sR1(v*) (veV).

Note I 5(\!’){ =0 (fot- trovaelo tou— invaricnt iu‘l’t&l’ﬂ-‘[‘im weasure),
clrued
(®arezin) s a Linear :{m.c:l-wu [ A(V¥) — C.

YD ARIWE) (vev).

Recal coutraction /\h(\l*)
Demand It(v)ﬂ/ =0 (n trawddation suvarioucs”),
Solutiou: if dimV=n, pick e AP (v), Aay

N =ceyne,  a=ne,ae, foraome basis {e.} of V.
Than define =
e [y
Staudard uotation. Basia { } 0_[ V, duat Oraia {{f} o-|: vV~
e =3 (8¢ura‘{'on of /\(v*)) t(e,) = ay
d v _ 9 d .3
CAR : 33"3“3")_3" =&, P+ =0= 393 TV
f dim V = N +he amud lewent of AV*) is o Tol-’«oum( f order N :

{ {(ol z{(n.ip Z{(n gﬂ;v Z {(n -gﬂ,; -P. '(.(:‘u‘)" 1”.

p= po

(
Dﬂ-Fm.th (Gmssuauu 1“*‘&"‘1[). l { 3= F‘l:‘u = NTR w,“. " .
Rewark. Grasswmauu 1'uhdr~d-.‘.u ds «oﬂxma but dvﬂo.rtuhe'hou
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N.0 Deterwinaut oud 'Pfaff-‘a.u. ar Buezin ‘I'Id:[&l-aﬂ.g

EXCLWJPQL (Gauae at'n{:ear-a.t) .
W=VeV diuV=N AW)=AN)e AWN).
‘) )“ a'-'*"‘“h“ 0{ /\(V) K‘, e ) iu &lmr&‘hn of A(V).

3
p=1 oM 3\‘

}khthw forw: T
Ekr.n-u( Livear operator B € Bud(V) = Vo V" os B => %, e.®e¥.
MV

CLAIM. SQQK‘P ( > ¥, 7.3 ) = Du®).

Pood. Jop (2805,57) = g ] (S 1)

1

_ 1 S‘ T < o ;Y 3 ')
=N Z B 0 ‘(rr(ﬂr ) () KH{N).;
1 ‘IT,TE € Su

W )
i “l g‘t 2 g () sgr(m) B (1) B :r’(u) Zssa" @B ...
T
m,T GSN eS, _ ‘Dt{’ (B) .

P%&{Fia,u. -frow. GMM Purezin {ui-v.ﬂ.raﬂ — “reol’ versiow .
LLJf Al w oW — C ‘9( 0 slzm—s-’wmlh-ic L«'lfuwr ‘Form; dine W = N .
Ex?ms A in a bagis {Qﬂ} o.c W (with dued basis {Q"}) 57

A= A, e whee A= Alg,e)=-
MV

MV V/u-

CIMJ'US! the %Q&Ziu -iu{i&l-n'h'ou 'Forw &iq[u b; tHhe ordered loa.ns Q{/,_,’ QN

(" =3"): \ . W
1£ e A(W) +— 1\” = i IR 'F .

Defiiion (Plaffian). PR = [ oxp (£ A, 75).

Exowplas. N odd n PRA) =0, N=2:P{A) =A,,,
N=~U4. ’P'F(A) = A11A3l|-_ A13A2.l|- + A1'rA13'

,/L_M}E. T deterwinout 0{4 o A&lw—Admwd-ric motrix has on O.uo.ﬁafh'c
Aquor root, 'u.a.w.o.ﬁg te Ploffioun: PE(A) = £ (Det(A).



TN.7 Derivation o{' path -Luh&rai

Motivation. Ex.‘:ms H e Levout o'oa'u:{-s o.c G Oae breian statistical P"“;Sits
Og 1'u‘['!rat‘h°ué_ {lrmioui (&TMA Cauomical Fa_r{-if'fnn 'FMKC{'{OI»\’ Q'l-t_) Qs
(functionat) iutegrals.

Let V=C" aud W=VaoV".

Clifford al&tkra A(W)  with &1mra'h:rs C'z,(.‘.i .
Qrossmouu alda_bm AW)  witu &Lutl‘n:h;rs i;,S;-

Cousider Huw operator T, := ex Zcf‘;.—z__c. .
i 5 P( g 1-31 1)

CWv%ﬁo‘u : C’Lif-Ford and Grassmauu élmrai‘nn auticomw ute
with cach otur, de, (:‘;'Si = - ;ic;' ehe.
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fact. B'f us{ua Hu &Qd.zbraic relotious -For e CQifforo\ and Gragwauu alutrcd‘ors,

one deduces Hu muQF?LicaHou Low
-3 (3,3 +3.%)
TST;;:T;+;rQZ; 1 123/ .
Rewark . To prove Hois nﬁo.-l-io'u/ owe wis tu DBCH Awries
oA o® = AHOHI[AD]+ .

In Hu me:t automce the Aeriu terwinates ot Ha +irs{~ communtator fenu .
To compute Ha Comwmutator our obsuves that ow Louvention (A2 0bove)
turws it dube He audicowwutor for He Fock of:uod-ors. For anm')&:

[% 3, g TSJC;] = %(ngiizci - 366 %)
=S (G )y = S,
i§ i

Lot T[o = |O)(0| denote Hau ?njtchr on Hu Foek vatuuuw .

- -1
Lo T = o505 175
’Pru{ {:or N=1 (’07 direct Cuflcuﬁuﬁou):

s T, T, 75" = (4845 (1+¢5-43ec’s) Jo0y¢o] (1+3c-13ceets)
= 2 2 (C453cctlorcol — 153/0x<o]ec + 3T cfo)¢olc)

= |oy<o| + |[1y¢1]| = IJ/\WI'/



Ccucefhal Fwof .

1o prove He lLewwma {or &iai,u.r voluu o{r N we e Hu {»oﬁom‘u& fowduﬁmd ]Lads.

1. The Clifford aﬂqt@m Q(Ve V") ack on the T'ochAPaa AWV).

[%: "Irreoluciﬁ'&" meows thot Hure exish 1o A.ubeacn Uc /\(V) whrich

A Voot (Cﬂ(\/e v u CU) and proper (U #0 ond U # /\(V))]

Let o grovp G act arreducift

ou a ft‘uih-dmwimuf &frum{'o-ﬁm
Apoce U. Than 4’{3 o O,ndomar‘:hm Xe EM[?U) Commutes with Hu action o{ alt

§oup eweunk e G ow U/ Heat udomonphim muwst ke o Acolar "‘“‘"QHF!‘L of

Hu idluﬁ{a: X = anwl’-io\U~ . [Nam‘n&: Schur's Lomma hotds over Hha

“Qﬂ‘ﬁfm"‘"(j QOMFLLH {—ld_d C. (./l'{'w&ﬁ f—o.iﬂ ovar’R.)iI

2.

3. Tu view o’t ‘R\LQEWVL, Wwe Cowsider Hu Commutotor e{f X = Sc{“f d”‘( 1; T[D ’]’.3_1
with Qua o?uafol' ’l}« ond Ahow Hhat it vouiches :

fo — Sduf d“t T"{ST[OTS_1 — gd”f Glut /r’+‘; T[n{sﬂ Q—%w(‘ii‘i) wheere
a3 = 3 (3,3,+053,) = - 0(,%) is shaw .
Bﬂ the variable subskitution S — S-Y oue h

X[ T

New T,y = (’r_g/u oz®(S ) = 1" T 0153

Hua Ty X = [T 03 LT 02900920009 = X1y,
b, By the Livaar dudepudence of He Grassuau voriobly Ty and 3; it folows thot

X Commues it avery Uiftord gurator ¢ aud ¢;. Au odaptotion of

Schwr's Lewwa o Ha fmud’/uﬂma thaw (‘,waaf,du Ha Fnrof o,f X ﬁ/\(v).

The cowstount 0{ IDI'DFOI‘HM&Q“} i deterwmived O_Mi(& ‘fré Qﬁwfu{’iu& <mc| )(l mc> = 1.



Two Formulos: 1. Ci T; T, = 'SiT;-lTo)
L Mg = TS, .
Proof of Hu secoud forwmuta. Write TT T; ¢ = T, (T; C:T;)'r;,

T; +T; _ o [%C 5 231 i/ ] ¢t — [Z c?;.-Zfici) c?‘] +0
S @S [ea] = deTh(adide) £ es
P ¢
s0 'ITOT;_1C: = T, (C?"'ii) T;1 = -ITT;_LS-; .
Derivotiow of th {—u-mchme-(’- integrol.
—1 f
Tre P = Tr (1"'/\{\0 P 1‘il\(m ¢ P )

' -1 = ﬁ -
= §asans fsay T (T e P T TLTS
\;Jtlrniué:

TV(T;'P\) z Tr ('RT;) does not hotd here ! The correct iduatity is
’I’r(’l';’ll) < Ty ("RT_;). This seen as -Follows .

DtQOWfBQ ’[{: (T;)um+ (TS)GM/ R = ‘Ru!.n"'ﬂmial (Hil'k ﬂspltf to Ftrum'ou
uuwber ?&n'{'y) and notice Haat both (T;)a“ oud (RM& o 0dd 1w Hu vuwber

=
Ml

Pﬁ)_

of Cifford guuerators @s el as iu Hu wuwber of Grasmaun voriables. Now
Te(GR) = Tr (e Rewn) + T ((T5), 0 Roa)

= T (Riu (e ) — Te (Ros (),

= Tr ((D\m.. (T-S)wm) + Tr ((D\m (T-;).,u) =Tr ('RT—;)-

Tha Sigu c.Lméz uw tht secoud 0_1ua.(i\l7 1s Coused 57 Ha +ro.u,s13nil-|:ou n{-
Grassmaunu variebles, (fhr e COifford &gmmhn oue has refations &uch

as Tr (ce) = Tr (cC). )

Contimue Hu daerivation e{l Ho r-uuchouo& 1w‘l‘l&raﬁ
Too PR § pgans (asavy 1o (75" 0 HPR T 6
The essentiol building block s T,Ty" e Phr,

Pl

PﬁT_;m).



For a QN"&Q nuwber M 0( 1'ma<3a'uar7—ﬁmt discretization sl‘ups we hoave
-1 -1 ﬁ -1 10
M ARG, = T (1o gpf ) T

-

Now we H (+.¢. creation oFu-o,{'on e weoved o Ha !;._.H’
Ouuililetiow optrm{‘ors to Hu -riﬂ.h,‘t: H = ﬁ(C:C)) aund use tlu {;Orwulas

122 above, 4.0. we substitute C.+—r'§ ad ¢ =T, Theu
10 — ~
T e PN, = I (1-4p A « - )T,
= TroTS_1 (1_1“PH(§I‘S’) *oee )T'S'T[o ~ e_%PH(SI‘S’) FOT'S-1T§']T0
Now we caleulate T,Tg TgT, = M T TuT, = T, T Ty T, e (35+3%)
=T, e -1 (3-3)(3- -3) o 1(33-3'%) =T 033-133-13%,
Thus owr buiﬁiiu& block becowmes (1'k e Lowit of, g_al“él, M)
_1a% e e Asim -
1 "PHT;JTO = T, &3Y-335-1TY - pHED,
aking 1uto accouut Sigmn Chowge Tu st tactor we couclude Huat
Taking dut Hua sigm chomge u the La ,
Tro PRl Sd"i s, o | a3, 4,
Q"PZ (.Sk;b.— % 363 7 She1Shet - EH(;h;;h—ﬂ)
exp (3,30 - 13,3, - 1S5 - R HG,, -3))
ASSuwiucg He coutinuum Lot (ius%i#{ca{‘io:a ll) cud chma{ua uotaten
T—ap, i—:a-«_lal oue writes Hu result 1n Ha {“orm
F’
Tre pH S.h[«[»(-c)] e ~§ &0 (554 +HE4)
with bowudar7 couditious Ap(p) = —4p(0), 4_|z(‘2>)=—4_{a(o),

’rrmoﬁ?ﬁm Tine evolutiow trace :

TR S-A[*P(t)] . tcS; dt (i % 4 — H(F, +))
Exucise. Givew He {vu. Diroc Howiltowian H Alow Heat tHer
tiwe evolution +race <o Tre —"’-tHo/ﬁ SM’ Qisbm with

S Dirae = Sd"’x & (‘”‘6"37» — me)ap,




aux.rac, C(Jua'u&am 'uaAhra_' resolved .
. ﬁﬁ‘l’— ‘-',M%'hﬂd ﬂn.wl‘a '\}’ — C/\,/ = [50(2/\_|/ (CO"MP'(QX &u'['iQt'mr)}

CH(4, A C" = —H(E4,-A).
Let H(0,0) = H, .

CH,= -HC = CV,=V_oud CV=V,.
Notice ih =4 = H(§, Ay = thof = HE-A)Y,
t =Gy

-lEl w2 smc2 El

11. Sacaud—cluwh‘ud fL.tora . ra

6: /\(V.,.@Vf) L" /\(V_®V+*) |>:<|A(V+®Vf) Qiuarmo.]‘p.

ombiliveos omtilinenr

a

Remark . eﬂw{mw(m}th!ﬂs) <£> Pozil'rou(ﬁm}ih’ts).

&umm&q (r_u o dmﬂm) .

C=C,.
— \
4’; = Pmﬁve.—mu-aa Ar&uor -+ w&a.ﬁ.ve— o.uu-&a, Alm'u.ol'
To le
aunuilulates Lectron Creates Fosi{'rw.
R R
creates dectron auuibiilates positrow
~ Le I

«[a = Ptrsi.-bwe.—wt,raa c,o-Af»iu.or + m&o.b:vz—eurga, CO—Apinor

T\/
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I\Z& Sfiv\,or re.t:mo.vcl‘o:l:im o{v te Loreants a,mu.P
Under a Lorutz -I'rwfomod—im 36 SO(1,3) (= Loreutz %rouf)
— a Acalar f«.ﬂ.ﬂl ¢ : Rt — C Hmmform 0A (3@)(0) = q’(g_10),.

— a vector f'it.ﬂ_d A: RY—RY Htwaforuws oA (aA)(u) = 3 A(3_1U)/.

- a /bla»!'uor ]Lttﬂ.d "i’t .le-_,._ G:q- ""WFOTM oA (8'\")(0) - S(a) *”(3_1")-

Here g+ S(gp #a Taroa'mch've represcntation calied the
of S0U,2). Tt is da]ﬂiud o {ouom.

1. Write 9= % (mote Heat X £ mot uuu1m1<..| &e{lwutd/
a4 Hu expoueutiol mop hos o mon—trivial Revwel on Lie SOU1,3)).

2. Couvert the Lineor h‘QuA{‘DI'u.LQ{'u'In. X: R'— RY dubo o sRew-Aguuetric
Lriive or ]EOrw. X Rt Rt — R 2’21 W Lous o{ Hae Mivkowshi metic Q:
X(u v) = Q(Xu 0) Tn QowPOMu’rs X/” @ X

Y. Oiven o choice o{ aamm watricen |:>UL{' S@*) = qu (— §X/w [6}; Bv])

?O.C{ . i{ Qa A‘qu'wor {'fe_ﬂo‘ U — AI«(U) A&HAva.\ t Dirac Uruod-l'm ,
Huu 40 does the Lorewtz- {'rwforuw{ A‘aiuor -f—mﬂd U+— 5(8) *(3_1 v).

Reumark . This Q.orwws about because under Loreuts h—a.wsfomahou 4€30(4,2)
oue hos L >

ox* Ex”% M ond E}”_) 5(3) BPS(S) — (3 )PVB

A0 Huat Bﬁ%‘ A anvanant.
X

Tnfo. T ApAuor “F”’““'H"“ 3 HS(&) 14 Pméwﬁ“ due 4o a Aiau ambw'au'{-a :
S(g05(g) = £5(g,8) - T lifh to a trwe refruutfouhm o{ 5])4u(1 3),
a 2:1 cover o{ So(1,3).

—B.\Qudﬁ—um'{'o.ﬁ{a- S(a) — e_?Npc[ /hf'+] ¥ =:E % Q’?if"’f[}s’;hv]‘éo — Bos(a)-1‘60,

Note. ﬂ:-‘-ollow's tHhat "‘T""l” = 4|,' 5 +I-G.M{vrw4 as a Lorentz acolar,

[The Cﬁ\.a.tat. &um’r!:d f-uu.c,farw Q= aa._l; 5y = e.v\Pa{a frwform o4 the

‘tim—wu‘?ouw{‘ 0-{- Hee ducu-ao.— cuwrrent [Loreutz vector 3/": e,«T;E/"«I, ]
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- &p (_lth/uv 5;}6‘})'
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APPQLCO.{:LM: CovmfazuHa mormalized Hn' eiau/sfamors .
h}, = (—CO/CJE)
Tnsert Hhe ploxe-wove owiate 4 = @' *7 7 u ) = U () iuto Ha covoriant

fom O{v Hue Dirac &Ciuai'iuu . Thew (B“‘p"’ %) u(k) =0. To solve i Qquation

oue atark 1—rum the rest {»ra.m whare wouwentuw AR = 0 aud Qur&a Aw = mc"/

0 0
and oue At (0 = ( ), u(0) = (})), v, (0) :( ), Vi(0) = (3) .
0 1
)

Tt ia iumdiahl& clear that thae are Aolution {or R, = h)(ume = (—IMC/t,B) w
) = (+ mc/t)a) (\T) . ’ro obtain Aolutiows for Qka b7‘) One Oﬂul,iu

O O =
O =00

reap. k= A
o Lorentz boost e(k) 'h*ou—hfomiu.& hf:‘d) into the octual hp . B(L] the cowstruction of
b apinor reprotation ow kas S(g0) gAY () = ik, . Hence
uk) = S(g(®) u(0) and v k) = S(§k) u(0) are solutiow .

Note . 15% Hee PALu.&o- unitority relotion -’-or S(g) owe has

we(R) g0 g (R) = wOF S(g)' 5 S(gw) U@ = u O w0 = 3,
and Ui(R)T 0 U (R) = 0O S(gw)tye S(gw) UL (0 = GO VL0 = - sy
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Rewark (—) APJ(.MI- rermfai'em 9{ the sotation %rOu_P SO(3)) .
@ oil-ital aw&u mowanbum L ID‘AA]M. AFo.u. — Lie SO0(3)
(math : ),
L = (x*p, — p*x,) sz'@{'c = x*p, (Qh‘ﬁ{’ = Qe@{'h)'
vt

o APa'h, o.m&uﬁm- momentum S Apinor Apace vi—) Lie SO(3).

Uo.miug — diuow%!. e{ nototiown : g€ Su(z)} R e SO().

h
S 4> Tyl lot o ][4) eof, ec

S e.cra.&\ro.rio.n:t weauws that SO(3) aek ow He dowain ond tee
mae, o{ S ond the Lﬂ'—td: o{- tHae ackow ia the Ao we

(gt|[o% o gD epeft = (y| [o% 0, ]|4) Repe forT,
Now Re, =y R and [4R'= (R, Y,
ku) e equivariane of S imepLina Hoat 3*0"8 = ’Rkk: ok aund

81- Uz 3 = UC' (R“')C'z 01‘) ‘l;u. {"MO.Q. ‘PDM) 8 o,t g-1 — U'U 'R"’e

Thic cou be sead in two uro.a‘a. @ Oiven g€ Su@@), owe f—'w»dA

R e SO?) {»ww. e relotion it box. ‘r&,i/aaduu 0. Wappiug
Su@ s g —> Reg) € SO(3). Note that R(g) = Ri-g)- Thus the
maPP-iug_ n 2:1, 0a om.a"-l:nhiva a Acru.o.r&". @ Comre,m% &Lvm
R e SO(3) owme oy waut to "toke Hu Aquare oot" =19 <« R.
That'a e

Nots, (D SU@) = Spin(3) (accidental iomorphuion).

@ su@) sg9—R(g e S0(3) generalizas o SP-;w(d) 39— R(g) € SOW).
3 1, (S0Q) = 2, and Sf)in.(?)) i the universal CO\rLHu% group o4 SO(3).
© Tl relation iu the box gueraliz 4o S(R) g, SR = 5y RY .
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Added explomation -{1;:!' 3.

® luodel %or SO0@3): a Ll o{- radius T,
share PO‘iu"‘s oun the /.\ur{—m O]L He Lol ose
{&Lwﬁ{—iuﬂ waHe thir Po‘i.vd‘s.

Tu Huia model Qu eweunt R eSO(3) 4a
apecified by its rotation axis (N atroight Line frow T4 to R) awd o

positive rotation ougle (\ dictauce between Td ond R) & righi-houd rule,
o MOM %oa— SP.{V\.(3) (‘Jg a,u.amxwfa.{'i.m 0{' the
wodel for SO(3)) :

An lewewt 86 SPAWG) w on et ReSO3)
in c,ou&'mcﬁm with o wa.o‘bp& closs o{ Fa.{-(m

(coui'iuu.ow% &.of—omo.?rh 'L@-{ﬁu&") &0‘!&% frnm 14 +to R. |

()

[J—wd-mdu&u the Jrun and. orauge Pa.{m are wou — Couwhractitle sn SO(3) (H“ﬂ

wl:.mmt Hu. moutrivial elewent 1u the fa.uda.mwl:a.(’_&ro 7, (S03) = ,_))
but Heir giwultoneous presomce molres foa- o couhractibie Pa.{-&, (04 Ahowu).




V.9 th«ma.w ]:rolpaﬂo:l:or.

T Hu Pcrfur&ah’m ex > ausion (interactiod TM‘C‘I'w!) {—or Ha Acaﬂtriué wmat-ix

we will eucoumter a
a =)= JTYOREY x>y
LA CEEAT) e S P
e b xay®
Time—ordered (or cawsal ) 0m—Par{n‘c& Green's {-mﬁm ( ):

Gab(x’ &) = <ch:| T("(&(x) "?b(a)) |VQC> .

Recall Hu wode ] (Warnivg: ainplifind mototin. $=+p)

3 1 a +iR — ik
Yo = S (i 4;3 \}mh) z( uh)™e A (chw) + o)t e (c s(”‘))) )
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—4RX — +1RX —
Ap, (X) = S (‘i 4’;3 ‘,m(h) z (s(c’;(h)) g kX T, + 1(CSm) 7 T ), )

P mer ik, OM-yH) a_ | o
> Gab()( a) = ' [ (ZIP ’h@({") ¢ N Z Us(R) us(k)b 1{7 xo > a /
/ .
dr mcz iR (xM-y®) o | 0
g (2x) Ao® . 2 Vs Vs,  af x°< y°.

_ a
Exercise . 2 Us®* Us®)y, = 12(1_5}‘%6&) b

> Wt R, = - L(1eprERe)®,

s

[Ba.ck&rouwci.
Om the wotion e{ propagator: ffruSthf‘lgdfuﬂu Fuﬁc& (now-relokivietic ).

J P | (1 t>0,
G( {, f', 0) = <r| Q, 4'['Ho/t |‘r.r> 8’(‘&) H‘M\{VS*'&L d-um 8(‘!’)—{

7 0 t<0.
. (r—-‘!)z _ a/ ‘ﬁh
_ w2 tim 2L _S“ R4 —i T2

-1t
B = 4 S do _e

2n W+ie— Wk 2m -

£k da ch(f-f’) 1w(t-1) ]
! ¥/
Hewen G(t"c v t) S (n)* w+ie—HhRY/2m

Now @ ‘2w

'R"'
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Goal: Show that the tiwe-ordued one-particte Greens fuuchion Gy (x, ), which
ia au object defined in Ha Avcoud- quantized Huory | cau bt Couputed frow Hu dota
of tu firt—quastizd Haor&.

Let D = Frime/h (where ¥ = gsh) be Ha fra Dirac oprator.

Since Ho differentiol operator D hos o karnel (givew by Ha solutinu space of ta
free Dirac equation) ik duvense or Greews functinn T = = G s defined ouly

“p to Hu odditiow of teruu iu Heat very korwd. We are §oing to dewouwstrote
Haat it te gt Choice of boundary Coudition (‘cansality') o hos G=G.

D= (3250 = (-8 (e ) (30 5) = (o) (3450

d'h iR, (el (K = me/k
Ad () ) b(xa) S(—w Q' (K1+(ﬂc/ﬁ)l) b *

Now K*= huyPhy’ = § kb (g +y y) = £ -R'.  Hewe

-1\ _ | d% (_)f‘ K -N 8%
(D ) b(xy = tg(sz 0" )u" sl N = me/A

CL.oq‘a of m{‘!.&l-ﬁ'['\du cowtow +0|- 4"0 (Anuer du‘l‘t&mh’m vorialle ) :

_‘{')\l*'fll L C}

I S &,
e
Then
d’R  mcr ik (x ) Ru\a o
J(z: how & (1 b"_&t) b Af x>y,

(D7), (x,y) =

— Adwe with B = —0®/c — Ry= +o®)/c f X< y°.

Conclusion : (D_1)ab(x,a) é Gab(x, a) = <V&!:| T("i}(x) A?b(a)) |VQ£>>
+or the choice © OAF O.In.u'a,% «{uﬁ%r&{'fm coutour .

S%&chtllrua (19%4) : {u{:trf)rdra-l-im o{: Fusi‘rr&u aA Mt&o&iu—mra% electron
h—avtb’% bockward 1w Huwe. ‘Fta,u.ua.u (1943).
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More ow PQ'HL 1’u+L&ra€ for- HHa Dirac ‘Hu-or-&

Recall Ha Hiwe-ordecd m-Par{-anr. G)ruu ' »fuuchm
<V°~’°|T('§ (*)'fb(a))|v‘m> =G (xfa) = ()_1) b9, D= }5"‘3,‘+ A MmC/ A .

Tt.aumau Pmlaa&a{-nr D _- \(%Z;h‘z} i} <,

c
So \ch— Huin (1) ia Jut au observation. Accident? No! The relation {rou::uu d;mcﬂa
{—rOwu. Hee f'v.rluwwc FGWL 41.1&6"0!
—iRT/2% Z .\ iR
)= b b 1O T(FoTy) ¢ 1=
b /& E—0+ ‘r—boo»a-ia »rr. Q/—QHT/.{

> R,

Sinee T oceun iu Hae combination ﬁT, Ha ‘{‘ouc,{-or e 4 su T Com Qx-l—rawsf-l.mol to ﬁ)
-Hu.reﬂrd waoviug Hu ei&wva&m o.[l R (whick are alt th‘u Lrut {—or e &,F'OWA(!—A{‘&"'(
UMl'a,a,) iuto tHu Lower MQF 0{1 Hae Qﬁulalax lur&a Pﬁm,

Wae {omubu 1 and 1. ({row Lecture 22) 4o couvert Ha o1au-a.‘['or T(’?a(x)éb(a))
ta Pmduc{‘ A[fa(g)«sz(a) o{l Grossmonn variables . Thew

a , 1 — S/ . - . - e
G b(*fa) = Tej:m z[&‘f’h* C O Ay, S= de *P(b”p“’?)?.
B% C.arra,{u% out Hu GDMMAM G)rﬂuw.o.uu ‘iu{-c.a,raQJ oue obtouns
Gab(x,a) :/ (D_1)ab(x,a)} with tHe H&L.i:-l«aud amde (as o Fowriar 4uh%ml)

| c
— —
7 | Cd

Jivw 6& Hee Cuergy ‘iwi't&mﬁm coutous

x E= :ﬁcko .
Note that b& rd‘uhu‘ua_ ;frrom Her Amud—?uwh‘ad

Howmittouiaw e EH 4o the comupouding fint-quantized Hawiltouion  the
pritrown apectruw gou to Hu wegative- Currgy axia and futo Hat upper hatf

of th e,omFuk_m.-&& T:v(aut (A Sf&ch&bua: a fpmh-ouu Q. magotive—
tuargy tlactron fraveling backwards i e ) .

Note: the Paﬂm 1'w{1&:-0.0. ahmq-; Compates Green's functious that are time—ordered .

['Rmaﬂl. A 'l:o‘:m, O{L xH:u.d% i cwrreut Pb.u«u:us are
out— of — time—order correlating (O‘TOC).]
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™.10 Wick's Theorew (correlation fuuctions of o fran thaory).

- " —«TH/K
So {:nr ow Cousideratious kave brew bosed ou Tr O,HH ) or Tr 0 ,
bat of Mo iuterest aw , .say Hearmal @xfao,c{-&hou values -For exauple
<roaQ do_us;{~7> r Tr e @ ~P(Hpun )

or d7 uamcaQ correlation ]Cuu\c-hous.

1h P&Parujciou o.r the Pmrhrbqhou Hoory, treatwent F {u_{'uac-l-iu& srshws
we herw consider -Fru Parhcﬂu which arve deseribed b7 a Gawssian -Fuuc‘houaq
414{1&!‘119 With ud‘o_%rﬁuo\ e sl+¥, A”] We dutroduce Hu ~LQevant +ool

(—) Wack's Tlu_ortw) in the discrete Stﬁiua_ o{ S= 'S‘;A‘j-sé =JATS.

= —?AS N 2
Def (‘For"thA =|=0)= <:F(3;§)> d_—lf I:F(;’:i;A"S , E:.ZE 3?333" '

Siau convention (N=1): Sg—as-s = a;ﬂT (1-a33) =a _3 I3=a.

A Qaneralization : S e_-SA-S = Det(A).

Fact (Wich's Thoorem -For QOw?lu -FQ Fwious ) :

(393,583, T3, ) = Ema-»(n) (393, Y (343, ) = (3%.,,) -

Shetch o{?fprooﬁ. Cousider he &er‘u{—lu& 'Fy\uc,’h'okaq (with Grassmauu voriables
v, as "sources' ) 2[7 1_?] — Se—fA'S + f,;‘ly"" +1_y.;3$
J
_ ge—(i—aﬁ’)A(s—A"q) + qAy
Now wse +he substitution +ule (Berezin) with 'S-A_117 =3, §—1'7A'1= 3.
* [N _ - —1 4+ A
and S 7:[33 35 T[?)S'BS" to obtain Z[‘?,“)]/Z[0,0] =e 171,
The desired sesullt +hen -Folous on %&hiu& Muo.ﬁlah durivatives with RsPtt‘i

to 17,17 at Zero:

it - 0? Z[‘}ﬂ?] _ _9o 47A1? K
<S 34. 3174317& 2[0}6]7 ‘? 6 31’43174 1? . il
= = —7:
1 2 B‘ -A-1 A1 d -1 4 -1 34 -1 42
(393,33, ) = a,,,.,a%a%a%fv T o= A KR KR KN et
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Exercise. 157 usiu& Wick's Theorew 4u tha {uuch‘oud in'l*t&ro.l seftiug |, dirive 0 sawilar
scsult in Ha o':tm{“or seting |, -For <>(>0 4:4 271 X Q_P(H—/m? Tn Parﬁcuﬁar,
show that  {cfcicye®y, = {cjed) (et + i), (e, .
Av':fﬂico.ﬁou. Dlusib—dmsiﬁ corrtfotious iu o -Fru Ferwi &as:
(o), = Cpoape), = (o), (oY,

= {cmem cpreg, — {cmew), {cpemd, = ' cpd, (e ) .

d ik (x=y) d ik (x—y)
+ _ [ 4x P deter) = g o e "7
<C ()!) C()'»o - (11{)‘ Q <Chc >0 - U.T[)J ) P(Eh_f‘)+ 1 /

N L Yo oty
<CM C(Tb" B g(hr)“ ¢ (C Ch)‘) - g(lﬁ)d o PEap) i

R
+ f iR (x—y) San (Re(x-
d=1 ok pora (120): (prep), = | 48 o072 Smiplon),

.

+ de —iR(x=y Sin (R¢(x-y)

{een ')y = | 2R e = 3 (x-y) = 2D
7o |h|§hfu VT Twley

H‘O.nct

gy, = 30y 4 = (2ULAV (fraey aud pa)

T (x-y)

Alo]po.udix. How to0 ttwewber <'S* i) = A’ 5“; .

Tr(IT) 8A = (=T SA-T) = Dat '(A) 5§e—fA‘§
= Dot”'(A) S Dat(A) = T A" SA.
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E.—H AFPf,ica'Ho'u: h&h—dtui’l’a electron 804.

Hawiltoniou: H_/AN = ICPV ’%1-(?) ( A /u) ’%("’)
IdE’rJdSY (16 H—‘rrezolr-r’l 9( M, 0= SACLICE
. " 7z _ g —PH-aN) _ _g
Orond caneowicel partition {rmch:m. Z="Tre = f&*&* e

)
< = %Pdr { jd3r «fx(rr)(aar ;_h—;A —/u) A (r,1)

j&r]d?'r (105 H;h_ =7 o -r)}.
Asse box Q=[0 L] with periodie bowndary conditions .
To toke aim{'m&e e\[ trawlation fnvariouse s Fourier tromforun:
cgni Icpr e_t(hr M)'{/(r; 7, Re %-23, We F(ZH/Z),-
Iwem Fouris frawfor s A (

1 i(kr’—m-r)
" = Ch 5 ¢ fo

- i(kr—wr) —
A&o]o‘t Ha convention ~|/( T) = BP - e o

_ — Wk ~
Then S R {'ﬁw( w+—— )Ahw ngwV(k)f—"—D}

= eole;z Fourier +l"QAM{’OI'm e‘t Coulowd Ibo{ud'iae.

%&: Coulswb Fohwh’o( ¢ E(TP\3) N Aiu&uﬁari% ot R=0. H—om\;u.J
R=0 # oll'oﬂgo_d ow Ptﬁmcoﬂ &rmwch (overal C.fu)l.la.( md—mﬂ&&).

NLX'{‘. LJI‘OI.'!.U.!L G.ux&u.a.ra, {nt&l (i) Jd’ﬂ &mrab.aa:hm Of He 44.!44;&{&
+ 4 X
3 SJ_ Q 20. 'c"
R

Auxi Qim&—{'idd freatwent (Hubbard—Shatonovich -l—mu{—oma’c\‘m) :
o 755 2 Qo VR P

N ote k:’:O and. .?00:':0 (<« ovural cfw_lat.md*r-aﬁiia)
i

2 ~ 1
- [Ap o7 Ep uz (% b VT b w0 By 0o
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where ¢_,_, = _km (dwe 4o QS(l’,T) real; s belou)

Oro = ol-rjdla i (kr-on) 2 "f/(r“r) A (r )

= Z Z Af/hzwz*h,m, )

GP Ry- R,=R  O-0,=0

Extended action {'UAAC,{—I'OT'LO.Q:
— 2 ~ _
S w,m] = LS gt e

Z Af/hw(( W+ 2 "ﬁi /u_) 8“_{ Sw, + {QQ)h_h . w,) Ahub’ .

hh’

R
'J:KW.IS!. Fo urier ﬁMfom P Cb (g)d‘f’(dsr 0 11( r— wT)q) r;'r) .
Q@
A(‘.{'lcm n I“Q.QQAF&CQ 8\ 1M&&4M}Ia, ‘hm

Swcl ¥yt 9] = @0” J‘f {5 00)'+ F(2-Ka-priet)t].

Remark. If oue wits —V = E, then & [d% (V6)'= & [or |EI
toku He {ronu o{— H tnergy Atored An an electhric— ¢Ul c&uf«a,umhm
(/‘a {uﬁr'arrl—a:l-im o{— qj oA a ({«ich’ﬁm) electric AcaQ.ar T;o’étui:iaﬂ).

1u{e&mﬁ out Hae elocton ]L.-Lu .
2 _ fMM@ S [#,4] fa“ My J% o~ SIH4 4]
= )sq; f,)wg,* 0~ G [ (& (V) ++(;—ma-ﬂ+fe¢)*)

= r\“‘MP e 7 o [ 4 (V) Det (2-% '/‘”"'q’) =f"b¢ & Sal?!

with
Syld] = & o (o (V4)'- rn (2-EA-pricd).
quzc{—im-. shows Heat Heis effu:hve, action fos no extuma awty ]lrom ct): 0.

To a)(faowal Scﬁ around ¢ =0, we Hu 4’&4.»-.{:{{;]' (4,{ IA'®]<1)
—TI'QW(A_B) = —-1Tr Qn(A(l—A_IB ) = —TrlnA - TI‘ Qn(l A B)
= — 0 DetA + 2 T (A'®)",



_79-
Auxiﬂimﬁ—fu&d_ +eatweut cout’'d,

T He Pre.ouiiua ‘forw..uﬁ,o.) act A = %-%A -p = Gb_1 and B = -ied.

Taen — Trtn (2-EA-pried) = taDet G, + > 581+ (G,)"
n=1

h=1: the teow livear 1 ¢ vomisler Lecauae Ga is Cowstaut on Ha dc’aamf
and Sd%— P o< q)h:O 45 a.bseunt («— overall cfuu-at Mu{-raﬂt-a). A ealier).

n=2: Tr (Gqu GoP) = (L31[’: 2 2 Gy (b, 1) ¢)|11—*’~z,@1-@z

R4k
= 1> 1,0 ¢ q; Gl B o
= 5- A
Ep qw i qe T-q -0’ "~ Note w=wz—w1e%'z
Tl(g,0) = E’L[b % Gy(br, 1) Gy (Revq , d1+@) s +he
1009

Terminolegy . Trumcation of the Aurw of quadrotic order (h=12) i huown
as He "Roudow Pluose Aﬂoroxiw.a:h:m' (7.- \rﬂ-ﬂid.i-l-a P A Q,o.hr) .

Altogettar (in RPA) we have
Sq'; = Zl.iz‘p z (eolqlz—ez]_[(q;w)) |¢qm|z+

RW
Te appearouce o{ TTl(q,w) Awpp reddes {’Q&Qm&ﬁm olﬂ tHuw eloctic Acalar

Pe&uh‘&ﬂ CIqu at E.o-u.% WL M&-HM (or Amall wove vector c') and Amall
*m&iumdu (M‘Euaﬂ&) erﬂyim) 0. This £ 4w an {—ouo w3,
We weed 4o C'..Ow-\ou'bb Hee expressiow

[Mo& Gy(Ry,0q) = (—iny+ th‘/“*)_1]
]—[(CI)(,\)):L 2 1 1 8h= ﬁl. Ay

Er_,' = —iQ+Ep —p --:.(m1+oa)+eh'+q-p. 4 1m

104
TLL/.W..W- over Q,w.rai.w AY) (or {frttiue,u.c.ie/s £01/?‘v'u) ia caled a
"Motudrora Auw" (OF aww over Mabuwbara 1—re.c]~.¢ux.m) To Fu{-omﬂ..oi:

Anmwodiow, we use the -for-tuu?..o. %) ‘f(;ldf = E’F; 2 ‘f(i.(xh)
e+

5 W€ J%"(Z +1/1) 5Y
for f(z) Aoloworplic in o tubrulor ueiglborhood A
o{- the {uo.ﬁdu.a.ra z—axia omd with Aufficient d.:.co.a ot {wf'iu-ifa, . /
[Note ePP+1=0 < zelip“'(z“/z) . | d%(eF"1'+1)| = -p.]

O.h.azl_j‘o



36, ith $(ie,) = Gylky,w1) Gylkirq, wrtw) we write
1 - 1
T(.,(q,&)) = '—3—[5 z o d 1

y Ims 3 Py —Z+€p —M ‘Z“"w"‘shﬂq—/“ )

M
T the next A+v1-a +i0o +i00
we dbforw. the Coutows ¥
to the coutow x’. 15 ]

/

The &&FDFW-L& coutow ¥ ¥/ § ¥
circulates clockuriae Oumd, Ep,—
welses Ha Pob.d ot
Z2= e‘k'l_l’l' O.hd. 5Y ¥
2=10+ shﬁ‘k_ﬂ' . mieo -100

(Y

Weako we o' = (b-a)" (- 5") with a = —z+gp-n
and b= -z-iw+ th-n-q -M Thew we obtoin (w'l'iﬁug R Eh)

-1 1
T[(q;ﬁ)) ) Z €peq—ild — Eg

et dz ( 1 1 )
Lmi X/ ePriq \ -2+ Ep—pr —Z-i&)+8h+q—p
1 % (Eiuq) - he(€y)
= — |,.r',\.e,rg, ne(E) =
i He Feruuw — Datoe dlistr rutiow 1-1M4.C'hm . Note “'T'(Eluq -iw) = “'F(Eluq)

Static ACrequvL(ci Q.u«.&fk Ne wow ot @ =0 (— static Liwit) oud
+toke C] +o b-!./ﬁfw.a.u. (—r Linit OfQ'Oha mvthu&{:h). Then

Moo = 3 3 Ml 122 45 0,

E R s‘k'l-q - Eh ,_3 R

Low
= S\)(g)de n,’f(g) o;T—\)(s,:) with V(g,) the Lowal d:.w*:a
of atotes (LDOS) at the Forwi Luergy .

Nofb. iu. the L«’Qk— &zm{a Cinit ) tHe LDOS i Qﬂ.rde ) Hﬂ-tre% Ju-a{'l-fzma
He RPA tuncatiow,
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E-fftci-&ve snteraction.

N -
V@ = V@ - TUQq,0 2 2 iql+v,) = 2

= = (1q1*+ )
1q(r=1') ~
N N (k1) = S 3:)3 S r)\/qf(q)

S £ o (4—4') 01 Q,-lr—r*'l/k
r)® 1q1*+ X*  Ume, |4—4|

Thus the Cowlowdr inturackion s gcreened b{] He !N'{f"“-d”““fa Lectron
Joe over o Qu&fk A ﬁt\nu. ﬂ:a n %z V(E,) »

Plamma. .fvf,tiubu.('a .
Cousider Hee ﬂ,ou—{-e,ufaua.ﬁue Linut (P — oo),

€ e — 3
heqmi0 — 8 B\ jeql<tr fal<hs

b 3, (e i)

Ep—Ep-q—1 €peq—Ep—i0 |/
lef<ty 1 "9

ound APo.ccab‘&e, to He Lu.‘ak— {»m?u.wca regiwe (wote v, =%) y
Velql €« 0/4
Il(q,e) =

H(q,wJ=%§ We(Erg) ~F(Er) p—e l( z _ ) i
R

8h+q— Ep—1®

ool > (2en - €nq- €asq)
[&|<ks

£ QL Y _ _# ok
=R Fh 2 =R
|| <ks

st R Hor porticls dewsity Ro = 45

Thews C/:f:(q) IqI - Il(q,0) = IqI* ( + ¥ no)'

N PLM Mue,uc,a Wp = \‘ ¢ no .

QZ wl .

vol = a|<ks
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.12 Quomtuwn Anouwolies >

Q: What 14 meaut f)‘a au "ammaﬂa"?

A: O.,Aamw-f‘r& o[l Ha 0losaq col {-la.wr& whick -fat'lé b Carry Over t Ha
cruow{-uw H«ur&.

Fint atudied 1w te 19%0-§0% , amowaliss have coure to pLoy & weagor in the

Couhm‘)amra Iyﬁwd‘% 0{ hfoto-aicaﬂ Ciuowfum waher, oaa tool to cﬂa,u‘if&)

e.g, hFota‘.’."coi insmlaton oud Hair exohc surfoce atates.

Cluiral Au.m% (D=3+1).
Ado‘:‘f Hu NtﬂQ— tefrwm{'o.h'm ,{,0.- He qowma motriced |
O f 0 o
°=(1 0)) Bt:(—%ot)-
,/Lu}rvduu":fa.e, =i_10113= *ho
55 }S K E B 0 -1 ’
Note b’s?sf‘+ 25}‘55 =0.

Tecal ( %I'OMA- 4dmm+riu M Cowsuvatiow (’.a.un):

S = [d% §(5* (Bo—eAw) +mec)y

invoriant wnder ap(x) > €04, Fx) > $x) €0,

I 9.dr =0 dor JH=e gty

Noa 3167 [ 3 (5# (52,—eA)

invoriowt wuder ap(x) > e85 (x), Ap(x) > 4p(x) %
L a0 for gt eyt

No! The correct selation (in Ha quawtum -Hura_) L% H% ?3
%l = wutwy N LT,
vds Wl Erauple: /
< EB

Adler, Bell, Jackiw (1964, QED): oxiol o homaly
140uu Po.rlurbah‘au 'Hu.ora (h—fcw&b dim&rw)_ ::.,
-'Fu('ri.'ho.w"a- (ﬁ?’q) : He Po,{rh.—{hbaral weodure 14 ot dnvariaut pron coy

under axial -l—ramfomaﬁm .



-83-
0 1 _ (0 1
Cheiral awmﬂa (D:1+1). 50:(1 0); ¥’ —(_1 0)-
To be cousidered: Det (E)‘ (3}‘— {eA},/t)) .
[ Motivatiow / Prtpamh‘tm: Nb«d cownsider the deterwivaut
for H f 2 €, % (C:Ch— CkC:) Cowsider Hu at—o.ud canonical Fmﬁﬁm:{—mcﬁdh
1T e—F’H = -];( (epek”' + Q—P€R;’Z) = Det (2 CO’S!&(P"H’/z)).
Claim. Tr e_[m = cowt- Det (£+H) where a% ack on au{'i—Fu-t'crdic
buckiows £:[0,p] — €, ()= - $0).
Vwﬁm{-.m .{or H=4h (Q number) . ne Z

ﬁhw@@@maimJthz%mﬁ)
J . o
BhDQ{(B_-I:-'-h) = Bﬂnﬂz(—1&)n+h) = gz o h

SR . 1 2> (0" PN =l (2emh(phra) v ]

7. 12
hez wn +4 he 2
Poissrn smmmation {ormuf.q

Now Let bz = l?_(bx—{aa)} az = %(Bﬁ{%) (.{uo,&a‘mxra tiwe 4 = 13) ool

Cousder the Dirac chu-od-or D= ( % _ 33"'0') where Q =—2—£(Ax—iAa)-
-0; +Q 0

Find o me':hx— valued +w«d'im 8 Aunch that Q4 = 8-1338 . Then
(g 00 3\g" o o |
D—(go ST)(_BZ 0 )(0 8) where 8*58 m{-hfnumf (Abeliow) cose.
in view ef Hu Muu-il:h'cn-h'\rﬁ'a_ 0{- the dettruinaut in ‘Fl'lul'h- dl'mmim, OmL mi&kf wWow
: 0 9
expect that Det D = D&(_a_ 0"). However, Huia ia FALSE (undess g ia wnitary).
z
The rensou 11 that Hae determinout meeds +o Lo n_%uturfhd , owd after ﬂ&ularimﬁm

Hha Puhr['fvt Mnul'h'[:li (‘_ah‘ﬂ'fa, {»cu'b! to Lotd .



Lot 9= " P it real—volued o, o - Then

D— Q—u—-ip 0 0 az)(e—a+ip 0 )
N ( 0 0¥~ iP _a_ 0 0 o¥Hip) .

f>: porameter o‘t a 'veetor' gaugt ','TQMA-['OFIAA&{'IW; which 1 Mm{-ara'
— hence wot anowmolowas

oK: Param’ar 9{ o "axial" gauge {—t—aw,Fomah'm.

D= g% ‘°‘Z§sm C%Ah:t 0 3 Liral
= e DOQ = b, = _ai 0 Cluro Aammﬁ%_)

Ut LaDet(D) = - 2 [d ;00 35

Shketch o{ Pmof let D= ¢*%86D ¢ Su55} selo1].

Det (D) = (Dot (D), D;:(O 2

Bs = z )
o /Cmut
K% - th — Qu(sh) + g+ 0.
£
LoDt (8¢) = ATt (-85) = —if‘“f etfs
d £— u% d.s

3
25 -
A A= — ol Dot + ¢ 5%, 20 @ ;€% A0

ob
f b Dt (A ) = ZEoU: Tr (Q{ASAS—Q{ASAS)
3 ~
0.8 08 gy (et
osstme 0bsence 0{ 2ero mecdeg
ebs) = Ejolzr 020 50 .

od ~
=2 [dt 2 Tr o (e et0s) .
3

Exercise . Tr o (QF'A"’—Q 0, T
E— 0+

od
= — [dt Te et Aas.

-84-



-85-
E.13 Summa.na° :FL&& Q.uau‘cimﬁm {—or 6‘030114 V3. -f-trm.iaw;

A -F\ULO{ here 5 a waFPi“& { : APouﬂ_ x tiue —> far&dr AP,
(ht) = f(r0).
EmeLu: Dirac {%‘alol (AFA‘ULDI‘)) Qﬂechﬁwa&M{--‘c sfi.'-ﬂ_cl (-[:O,u.aor))
Haﬁa; -Fu‘lld (Aca(’_ar)}
Quamtizatioun ( ' a.-l:i.m) : = T+ b
{"‘K f { ]C \ auwibylotes

creates o
Taar-Hch clioice o]f F(L hictes

VaCUuuug

Tuvariant {—ormuhﬁm .

0. Siuah—loar{-u‘c& HhlGert 4130_01 \/) dwal Hi%(rl-APoLu; \/*)

Hemih‘au Acalat Fmduc’c < / .>V '

1. Space oF fields W =Ve \/* 2quipped Wikl Canouical Ui Liwear {Lom}

. s + . CP (0},) + qu(v) ULt 0w

2. Fock 0%1@.—0. (i,mjda,ll% a@n’f\?QC'P) =
ausociative &Qﬁﬂ.ﬁ'ﬁl awmhd b} We C Aufré‘rn_cjc to the relatiows
ww'+ e ww = B(ww) ]« muit Lewsut (coutral)
{Lo_ru&im : , CA(P\/ Qﬂt#nro\ O%l@rq CQ(N/ 'EJ)}
bosrus CC‘P\/ No.qi aﬁduﬁm W(N/ ™).

/

3. Real Atructure. W > wﬁm = T‘Q.T)L\ of Freclut—Riuz umorrlat.aau V—>Vt
ie. N‘IF: { O+ (t.;)v | U e V}.

Raomork : CQ((\)R/TE)) teal QQ&LQ)‘I‘Q of Lto.a'orauq orPtrﬂ‘['on)
W(Nm/%) real Pe%wuioh " Fuyiﬁlm & wouentuud .
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L|‘. Cﬁ»me o} Q&w?hx Atructuce 36 End (Nm)/ (}2: — 1“‘11& y wliicle
Pru@_rvu Ho coamonical Anilinear %oru: ™ (Ju/&w) =T (w, w’) .
Rowark: o chetee L‘IF QemPf.ex structure deterwine o cloice OF

voacuuwm ond. VicR yersa.

5_ J—Qi@wz,[aaw:
EH(J) = 1T~ A auwhilotion @Para{-ors: {_|VQL> =0,
E () = 17 A ceodion 013ara'[-ors: f+|\/a.c,> + 0.

Note : 15(1_,1_) =0 =D(F"17%): "Fi( 'uotzfm“ )
/\(q:-'-) ‘f'&l‘mim) > %m&4m .
S bosowa,

ikl Herwitiow Acalor ‘l)f“odbu.i' tnducd 1F|—9|M (-, .>V .

To_,r—miwo(’.ﬁﬁ&: AT) < Q(W,®) exterior 0lgebra,
S(F%) < W(N)P) ) Adzwmd-ric &Qﬁt@'l‘a .

0. Canonical representatiow 0{ Tock a%dm—a ouw Foek Apate

]to,rw.f.m: UeF — (), 9e¥F — 1(9),
bosowa: Ue Frs w(v), oecF — 3(a).
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Exawple (“regod totbook!) ;
co.wwc.af. quantizotion of ter f-u D«ro.c,fletd

1. C@ulobx Pmb Apace We 2 1 A4, «'F} wieure Apinor AP(x) = | Aoluves
the {ree Dirac equation Dap = 0, D=5/“3}u+ imc/k. |
2 Eciuoj:m o{- wotiow -["Ol- c,o—A]m'u.or :[:v(x) =T T1T]°? (—"A"'- ﬂntou).

To.ut'oﬂ«&ﬂicaﬂ, Pm‘r—iug < ) .>S : CO-spinors ® /.\P{wors —> -f—u.ucﬁm.
L. Symwetric bitinear {Forwn B: WeelWeg — C.
B(A{,(1)$ ,;‘l;m) 4{,(1)$ ,;‘l;(z)) = 15(:{;(1)) ,\Pm) + B(:{;(u ,\Pu))
B(«'F, «Iﬂ’) = SZ«F, BP'«{/>S 1(0,) d.l’x where d'x = Apace— Fine
3
voluwe d.sza ond 2, Qua (|) APG.G.—QL&L 3)—,04;:{—032..

NL&. Im. order .‘—or B to be {W&L‘Dtn&ud: o{: Hee (O.rQJ-ih'u.la) choice
o{v 35, we weed ta ivd:zal-a.v.cl to be ch-s!_ol} ie.

d (§, gt ) v d' =
Tiein rv.c[mr-e..w!.u.t will Give ua the Uruo.hm o{ weotiow {-oi- QO-Af)‘l:bLOrS
(i{ we don't buwouw 4t O.Q.t'eo.dé .f—rom anotier ar%uw.wd'). Uorkiu% iw Q

Carbesion {rasia o{ Minkouwsks Afao.u-’ccm we bave d 1(0,.) d'x =0,
hee 0= g CFo 54 ) @) d'% = d (R, gy ) A 1(B) d
= ((*T'; 50y’ s + K0, ZS"‘{”>3) (dxv) 1(9,) d'
= (<‘C|:/ 5 0 D + (0, ZSP“I”>3) d% = 0
Do =0

— D*:{; =0, D'=- (5/*)'})# +imc/4,
(6/“)*"4; = oq; oBF (Puub'&GkJ canouical O.d.('}ﬁu.t).
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3. Real structwe We o Wg 5 {”‘l’) ZIJ} wihare “_l’ =4'|'T60'
Recal thot Hhe spicor represeutation g i S(&) " P«sw&o—wtu.%:
S(g)‘r = 60 S(g)-16°. Tt fo(&ows that He real atucture Wmop Ap > «Ta
in Lorentz — equivariont : 3(3)«{, = 4|,’f s(&)fao = “I’TZS" 3(3)-‘
= «—Ia S(g_)_‘| = S(%)_”'\TJ.
MOre,O\mr) Hee teal structure 0 Cowsintut wnth Heo quﬁm e{, motiown
D=0 = 0=Dy =-i%7 + pron
== (- )y + 2 %) =-D'%.
T ~y—
= /*4{1 6/*

&o) Fn{:uﬂ.o.{-itg the 2ol structure A 4.—'; {»or Hee Apace o{f Aolutiows 14
an oUernative poth to ﬂzﬂ-iua dootd o{ Hee e;cruod-im of meotine {—or CO-Apiuors,

)
weoda expausion, comlobvc Liveor c,&.arat Q.Ouaiuao.ﬂm) C’P’I’—{-Laomu)

Luk itla the

We could now reviat Cow,PLex atructure (3 € EV‘-A(UR), a}= —1)

END o} TERM

OUTLOOK : Q¥T-2 (SS 2024)
o Fmr’curera{'ilm Huo:gr: Iﬂ#um %ro]o‘m (— QED)
o APm{'&Mo-ws Admmi*r&_ ?Jnahiug : Goldatome uweodes

o Anderson— Hiafl“ A Lehoiam ‘Hvuo%, of Auplmud«uch‘v-fta/

o renormalization group : ideas and Prac,{-icn,



	ToC-QFT1_WS23-24
	QFT1-Lecture_01
	QFT1-Lecture_01-A
	QFT1-Lecture_01-B
	QFT1-Lecture_01-C

	QFT1-Lecture_02
	QFT1-Lecture_02-A
	QFT1-Lecture_02-B
	QFT1-Lecture_02-C
	QFT1-Lecture_02-D

	QFT1-Lecture_03
	QFT1-Lecture_03-A
	QFT1-Lecture_03-B
	QFT1-Lecture_03-C

	QFT1-Lecture_04
	QFT1-Lecture_04-A
	QFT1-Lecture_04-B
	QFT1-Lecture_04-C

	QFT1-Lecture_05
	QFT1-Lecture_05-A
	QFT1-Lecture_05-B
	QFT1-Lecture_05-C

	QFT1-Lecture_06
	QFT1-Lecture_06-A
	QFT1-Lecture_06-B
	QFT1-Lecture_06-C

	QFT1-Lecture_07
	QFT1-Lecture_07-A
	QFT1-Lecture_07-B
	QFT1-Lecture_07-C

	QFT1-Lecture_08
	QFT1-Lecture_08-A
	QFT1-Lecture_08-B
	QFT1-Lecture_08-C

	QFT1-Lecture_09
	QFT1-Lecture_09-A
	QFT1-Lecture_09-B
	QFT1-Lecture_09-C
	QFT1-Lecture_09-D

	QFT1-Lecture_10
	QFT1-Lecture_10-A
	QFT1-Lecture_10-B
	QFT1-Lecture_10-C

	QFT1-Lecture_11
	QFT1-Lecture_11-A
	QFT1-Lecture_11-B

	QFT1-Lecture_12
	QFT1-Lecture_12-A
	QFT1-Lecture_12-B

	QFT1-Lecture_13
	QFT1-Lecture_13-A
	QFT1-Lecture_13-B

	QFT1-Lecture_14
	QFT1-Lecture_14-A
	QFT1-Lecture_14-B

	QFT1-Lecture_15
	QFT1-Lecture_15-A
	QFT1-Lecture_15-B
	QFT1-Lecture_15-C

	QFT1-Lecture_16
	QFT1-Lecture_16-A
	QFT1-Lecture_16-B
	QFT1-Lecture_16-C
	QFT1-Lecture_16-D

	QFT1-Lecture_17
	QFT1-Lecture_17-A
	QFT1-Lecture_17-B
	QFT1-Lecture_17-C

	QFT1-Lecture_18
	QFT1-Lecture_18-A
	QFT1-Lecture_18-B
	QFT1-Lecture_18-C

	QFT1-Lecture_19
	QFT1-Lecture_19-A
	QFT1-Lecture_19-B
	QFT1-Lecture_19-C
	QFT1-Lecture_19-D

	QFT1-Lecture_20
	QFT1-Lecture_20-A
	QFT1-Lecture_20-B

	QFT1-Lecture_21
	QFT1-Lecture_21-A
	QFT1-Lecture_21-B

	QFT1-Lecture_22
	QFT1-Lecture_22-A
	QFT1-Lecture_22-B
	QFT1-Lecture_22-C

	QFT1-Lecture_23
	QFT1-Lecture_23-A
	QFT1-Lecture_23-B
	QFT1-Lecture_23-C

	QFT1-Lecture_24
	QFT1-Lecture_24-A
	QFT1-Lecture_24-B
	QFT1-Lecture_24-C

	QFT1-Lecture_25
	QFT1-Lecture_25-A
	QFT1-Lecture_25-B

	QFT1-Lecture_26
	QFT1-Lecture_26-A
	QFT1-Lecture_26-B

	QFT1-Lecture_27
	QFT1-Lecture_27-A
	QFT1-Lecture_27-B

	QFT1-Lecture_28
	QFT1-Lecture_28-A
	QFT1-Lecture_28-B
	QFT1-Lecture_28-C

	QFT1-Lecture_29
	QFT1-Lecture_29-A
	QFT1-Lecture_29-B
	QFT1-Lecture_29-C

	QFT1-Lecture_30
	QFT1-Lecture_30-A
	QFT1-Lecture_30-B
	QFT1-Lecture_30-C
	QFT1-Lecture_30-D


