Quomtum Mechamics amd He 6&&8& PHVLCEPQR
Two 90 min Lectures /era MRZ

DPG Sumwer School Pad Houwef (09/2015)



L.@,C%MQ 1

Sdurédiuatr Wove fwmﬂm are Aectious
Of o (‘,OWPM live bundle

1. Dirac uouo‘oo& Pme,tm 2. Darac 14.La.wh'iafim coudition 3.'150»3 coumechon 4 Ahorounv—Dolw o.ﬂ?qct



Reminder: QM {ror a C&o.uald Fcu—l'(ch (Scl.r%din&u o.c'n)

— 6(10\30. ‘l'ram{»omo.ﬁdws:
A |—>A+d)(/ N — e

12X /%

N
— Ncwe ,eumd’um Al/ mot 8w3¢—wvaricwt.

2
— 'Ho.wi?:bwiw 'H - ﬁ 2 (%Da_xa - QA&) ohipqud/s on choice 0{ %auac.
3

Q: 1 gauge ohPm&wua inevitable ¢

A : No! A aauam-iwariw’r motioun o]i WOve :chﬁw/ Hawih-wiw/

ete. does exiat.

COCwLaa Adwmiﬁg ia o Atructure inw[:trswl {0 trewove mdunndwucg
11-om om inufui wothomatical wmodael Of T)ha/aicaﬂ naﬁfa‘




Dziro.c %me'Poﬂe Prnlrf.ﬂ.u: Ma ﬁf—&voﬁ.ﬁ QxamPﬂg.
Cousider o cho.r&wl Par’cicﬂc wovig fm% in Hu mauﬁc {—tid of a wcmoPo&
Wt mau{-ic CLM'&L nh /o »fol' n=2. ¥for AAmPﬁcj%l ((lbtd without much QU‘M)

restrict Hu wotion to a Ar%-uv./ SZ/ oround Hu muouo-Po&L.

CLAIM. Tu Huis A&va% He wave {«MCHO‘M of H charau{ f)OJ‘HQQQ caun be

visualized s a on & ( = 0{# He ",'Mﬁlld’ bunde TS )

Saui{q chack .

Q: Shouwldu't Hu vaolues &{ a SC&t‘sdfl&ﬂLr WaLy € ;fwuc%-idu be in C 12

A: o) e TS 2R =2C.



Q : é]ou meau al vo_c{-orfiew? (’ro write Jcl«x,ScLJ—adiuﬁw urx.ah’m ,
we aeed wultiplication b% i=/-1.)
A: %M! Muﬂﬁfb'eod-icm ba 4 An owr 1>aic+urt & rototion {’<‘1 /2 ’I;SZ.

Q: What are Hu operaton of s owmdum Qud ey 2

A: Mowentum P = % V (Lw«‘,—Civi{-a covariont derivative V )
Euergy = ‘E Note: [V, V] = —i £ B0,

Q: How to +etrieve Hae fn‘chm, m&fu in cloas?

A: fix a unit-vector .F(o.fld aA O n—Fuu.cn /A{uuo(arol .
Uee T, < CoT, S fo writt v = A (x)
//
X > Y (x) € C 8&uﬂe—&t13qndwt



Q: Mustn't Hae nqumu vector fidcl S(x) hove dowe Zeroes !

A (du/ in {iacf n=2 zeroes. That's a profiew 1’” ta naive al—aProacﬂL.
T Ha Dimc—AHua aPProacL oue asumes s(x) with Aiu&uﬂoﬁﬁ%.
The Qusuing aduguloritis dn Ap(x) are aftributd to ]ﬂic{-i{-itru/s
waamh'c f?tux Ciner eut-uiw&
at Hae Aa'wa,uﬂar Po‘ivd's :

Q: This vec{,-or—{»iqﬁd Pic{-une A %me& !
de ian't it wsed all the Hwa ?

A: Tn Hu ao.uraﬂ A/i’cueuh'du/ ow vector f?icﬁtf./i Lyecome
Aceows UF ¢} chlu‘ob;x UM (IMM&LQ/ Cund wor&iua wiHe HA.MQ

“u nwot a Pitm o{v cake.



Q:  What Cﬂncwﬂ.m %or meo& cfz\arﬁe, nt2 1
A: Wik TXSZ > v=TRu whe ue ’l’o ¢? (”440*& ]00@9-"0)
ound R, diff«rud-iaQ of Re S03): R0 =x.

Now v(x) = R,(x) u(x) = (’R*(x)g(x)) (g(x)_1 u(x))
with u(x) € ’fo Stz 8&udt-ch[3uxd¢wt ;
a(x) e SO = U@ qoruge +raw$]£u,.

"FOF n 75 2 :[?om aauaq Qﬂuivowcﬂ. cl assed :

Al_(n)(x) _ I:R*(x) ) u(X):I = [’R*(X) %("); g(x)- n/2 u(x):l
chauao. Hu char%m oF umw’mﬁé‘u

L(lhauaa,c,/ Nototiow. S* = S0(3)/S0(2).

Asociated veckr bundle E® = S0(3) x, R, ,



Dziro.c %axvd'iﬂt':im coudition .

electric CMPao. x Maaamh'c, chalaz / W € QJTZ,

— (froweveral) Acction 4has 0w/ 2erves.
—  Gaun-Pouwat -Cleer: ‘iuh&mﬁ& curvature %SSB = 2nc,
C&‘Alm ‘M.(LH.LQFU'

Generalizatiown.

'PriuciPaQ Arund e Ataudoud f—ifnr
Associated vechr bundle E=Px Vv — ©P/G

Lrocae Apace

Our cose: P = S0() (Qd'ut.xll , Slm'u('}))
6 = S0 (actualy, Spin®)

P/G = SZ/. V=~C (C&t—n‘m G—rchwi'cd-idu)



Cownection (A Covariont derivative V).

Let s Le a section of the vector buudle E, i swekE,.

A priori, tare ismo meamingful woy to take derivativu of s |

(Sudaed, for x#y  makes w0 suuse to mubtroct s < E, frow s(p < E, )

G.lVQ_VL (6 3 'lA.O'l'l(ﬂA Of TZS(‘t) Exé EE({) X = 6(0)

o defies (9 ) = b (T

e s(¥w) — S(x))

u = y(0)

Curvature:  V, V, =V, V, = Vp, o7 = (w0
%wﬂcl A{—rma{:u" "Famda&

Owr o.meu (D/irac monopole n = 2) . iFV= %B =R Riewmomuion crrvature of 154

Exercise. Cm«lwh Hie Cun—i,choffJ, Adwl)-ot of Hhe counection —f—or n=1.



qura Counectiou .

Qiven o rivial veckor buwdte MxV — M with frivial counection V =d
aud  Heruition atructur <+ >V ,
Oy anbyeckr buudle MxV > E — M dwderits o counection Vo= d i
(restriction aud iju{w’w)
APPlucaﬁm: CiMaM'luw dam.&mi(‘)l in Ha adiobatic Limit.
M= Apace e{ aoliaﬂmﬁcalla varging Fo.n-o.m’cus/. V = Hillbert Apace;

E— M Llive bundle oF (/ma) &rowud Atotes .

ExameA (Beﬁ-&/ 1‘]85): AF»iu S=1/2 4n wa&ui—ic fidld B with variable axis .

9 A P
M:SZB%/ V:(]:Z/ Hoc(cm. Aiud ¢ )/

mud 0:{4) —cnn®

B cos (9/2) .
EB 4>_ C- (/M’u(ﬁ/Z) 0?14)) n VYE=1? (Exu—ci/u)

/



Adraronor — Polu E.Gﬂm’c.
De—f.: a counechion V witlh 2erdo curvature ia colled

Rewark . ’rlz\ue exiat J(Qo& counections which are nou-trviol

(i.e. with ).
Exo.mlob. for M = EZ\{OE (quc{und Euclidean ]Dla/we,)
cousider to taugud bundle TM  with connection V datermined frow

‘Pa.l‘a[(eﬁ ‘I’FGAMFOF'? Txl"é : 'er — ’rgM d
dare Ty, ia SO@-rotatine by ougle 0| s e
X

((and Huu dePo.ud.as crm,l\<1r on Hu homofol:a class e.f the Fo&h 5).
Execise. — This connection V s ;Fﬁa_’( :
— V i Hivial (Mcm—h-i\riaQ) ]‘or re# (r¢£).

— (1M, V) cau surve as o wodel for Ha Ahoronor-Boku effect wite
woauﬁc :f(wx /e fhmuﬁh o.



Losson Loarmed.
Sclu—c'ioliu&u' Wave ]ﬁc{u e Aectous o{ a cml:!zx line bundle :

— Lomﬁitaz Qvera APo.ce Fo-in!( x cower with ib own live Ex 2 C.

— Sectiows s are differentioted Uding o counection V (/\ momentum = ﬁ V )

i
— Curvoture of H Cowmction: V&= 7' (‘“"F = fox waawhc]ﬁ(ux
22 or Btna FLLOAL)
Note: s,V are waMifch’laL 804).80.-{/(&\!.&“'%1'.
CDau&o, dePw&em G]C 4, -H/ ofc. enters -H».rouafm A(x) € C
s(x) = /\I/(X) so(x) N Vs = S (0(—1,%/\)/\]/

me{'rm« AD %ct: Hiere 4 more %ayﬂz-iumria,wt Fl‘aaiu in A thau
juat its curt B=dA (indued: V Jeat dmplies A clied
but V Hriviad Mequires A &xacf).



Ramark . CDQUaO. %{lww’l’r " ia 'M){' o Aﬁwm%!

—  Associated vector bundle jE P x V
Aamwul'mxs act feure

— (Uui{:&r&) Aamuwl-riu Leod to cowservotion Locun (NOQHA-U'),
Hut %GM@L "Aauxuh'iu" Lead +o 'uoHaina 0{ the aovt.

— Sauw.rl-riu comn be broken (APtm{:mea or O.xPhc,i,{‘% )/
Lut %(maq, "A«amm-l—riu" Comunot ever e Oroken.

Siuple uolegy : vechr space \/ with busis {e, .

—  Active -I-raws{komaﬁm (A Phd»aical motion ) :
U gy = g(eav"‘) =(ge,) v® = ¢4 g% 0"

—  Passive -I—rwfomaﬁm (A 8M8L+rw{—omaﬁau):
U= et = e, (§78)%, 0" = &gt u®, E=e(g),
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— 1. E&uc&i P Giﬁho.a & A.;}. Hmw/ "GOravitatiow , Coauﬂq,’l’ leories
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— . '(CLO/ "What 4 a 8‘“&”“
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/



LQchreL

N ow-relotivictic condemsed motter hos
u(i)mx Su(z)APi“ Locod aauaa AMVOLHOMCR

1. Pauli equation cowpleted 2. Diroc equation 3. Spin group & Spin atructure . Akaronov—Coskar effect



Pouli Q.fiMQ.‘!'iGM (Cmfuh,d) {—or He electon .

1993 -)

3
e Dy = 32 > DAY | (Frohtich ot ot
R=1
Dﬁ Bi,ﬁ X, + [5/‘ , cx (x) € ueu(n fbﬁ(x) e Lie SU(2).

= ’E—t§/ mh:_%Ah (k= 1/2/3)‘

fbo:‘ﬁﬁ’hg[“hf“‘], P, = - MC [o*"Ecr]

Tuvarionce uwwder Local gauge waomo,ﬁm.

1,((1)m: N Q“‘x\l,/ ox/‘|—> ox#—ibﬂx.

SU(?.;F“: N 9, [bﬁl—:— 3[5/‘3 +g

8 /

g € Su(2).



Heuwriatic. The Dirac QCIMD.HW hos SUL(Z)AF“ qamge imvarionce .
Tluu.ﬁore/ ,i{, mowrelativistic seducton ia Pu{lomw\ QW{-LM-%/ Hone

SbL(Z)A[m qauge invariomc meust Le Pwed ou to the Pauli ¢queation.

Dirac o.ciuwl-im (0w Minkouwski APQ_&-HM MR ).

%wawh (?5/‘)"‘5 &“«yb + i”‘—tf,\lﬂ =0
(a=1,..,4).

Tha gowma motrices Aatia h {Mdbﬂiuiua relatious c}f Qa
Cliftord alyebra CL, . (R): o N a
ol algebre Ao e () e+ ()R () = 297 82,

:1, 7“:7”':'733:—1

,700
Stomdosd choice : UO: ((1) _i) y Uk:(_gk 6;) (R=1,2,3).



Tuvariont {—omuQaﬁw.
— D/iro,c{—ioio(iAAe_c{-im o% : e r(M,S).

Al/(x) = ea(x)z\lz"‘(x) e S, (APiuor Apace ot world 1:c-iu{' x e M )

— U(X): ’l’fM —> Ehd(sx) i Qx‘a%id QraL
%0 (5)"s €00 (3,)¢ = 50 ¢ T,M @ Bd(S,).

_ VP: T(M,S) — (M, T*"MeS) givew by
Ve, = dx*e 0, (15,)" s A Vo(0an?) = dxro e, (8552 + (P ) 4.

Note : VS becowen moutrivial im 8|~o.u'i{’o.ﬁmol ﬂracﬁ&romd/: .

J— DA = bovs = b(dx}‘) v;ﬂ .



S[w:u gamge imvariomce A\ A|//VS ’Lmrcuiam’cfa oh]limol :

() = AN = B (x) AP

whare 800 = 00 900, , PO = 900, A0
b

and Eac _ 8abfbbg(8-1)b": + gab (8-1) ..
Enter the electromaguetic fio.lo! .
Take Hu fusor Pmduc’( Ex®¢ S, =S, .

The Dirac foidld {—or th‘rﬁcaﬂa cLar&uﬂ Parﬁc@u Jrecomen
o Aection A e F(M/E®S).

V**: T(M,EeS) — (M, T*MeEsS)
vE@SAl/ — VEQS((S()@QQ)AI/Q) — (SO®Qb)((Sba(0[+0l)+[5ba)Al/a-



P group

Q: Cou we allow Ct_Ma_cL_aMﬂt o{ frame R () ApA(x) = 3,,(%)/:[:"&) !

A: Tn Tari,nc,i,,au. ot However, n order to presurve tHa a,o.ow-d'ric,
Atructure oF Ha tHheor , our woamds to restrict t Wf—omai'um

1"'OIAA,'HA-L . oo doulle Cover ofH\LLorw{'z&rouP:
by = Y 5 SIO/inU 3) i S0(1,3)
J = oxp (g @ [y 1) — exp (0, e,00") = Rg).

2:1

Sxtwu[oh Qxauulou S[:Mn(?_ — S0(2)
( o, a]) —> xp (e(o.x@oﬁ eaee"))

Q: Who ordered the doulble Cover?
A: Tl«LCﬂ,iH—or& wap Y ™ — Bd(S) muwat bt

3 Kv%-1 = Y Q(g)#v :



&P/in Atructwe .
Q: T4 Ha Apimor Luwdle §S— M am assotioted vector Hwndle !

A: %us. S = SPiu(M) XSP"'“U/S) ct — M.

The principal buwudle  Spiu(M) — M = Spiu(M)/ Spin (1,3)

ia called o
Exarcise.  $% has a Apin Atrwcture (we waed it eorlier, /.\Lc,re.ﬂa ).

Q: What 4 Hae associatd vector bumdle %o-ool {»or?

A T4 WQ.PA ma vumdentoud how to ad—ivoia Lortn{‘z—-l—rwf—om
Dirac Apiuor f—ieQdA (»iu {ra,cf/ SPiu(M) Corries O b,{—f actou
/(fa Hu Lorentz %mup).



Now-+elativistic reduction
1A O"PPUCO'W whee mct 48 Hu La,rquf Q/MP&& Acale.
Do Po,l'{'urfraﬁw 'Hfu,m% ow the Ditac uiua,ﬁm in Houwiltomion +om :

o) 2
17&3—{— g—l—/l{// H = hohzzl Eh(%%@_e’ﬂ‘h) +Q§ + Kowcz.

Foldy - Nw{whuﬂaw -['t—wformﬁm : YW= —W 0
Vv Uy H— URHU', U= exp (iW)
and Pmémﬁ‘“‘ to te electron Aector gives He Pouli QCTMOJHW
(PLM covrectiow ).
SP/iM, rotation arou?
Spin(3) = { g e SP’EM(4,3)‘ ¥g =+ 350} = SW(2) gewerated !nd

_ _([e®ret] o
[Eh/}sl] — ( 0 [U“,o“‘]) 'h-aw&f«tn to Hu %crut—hdahw-hc Limit aa
Lt{*l‘ actiou (K\ PLGMCQQ /lamw.d-ra)
oud right actiow (i qougt traws fonations ).



Ahrorsuss - Carler &ﬁec’(.
Place (‘Jw.rae,d wire (¢ o,/ﬂ.u\,a{-h: Q) 6w Hu z2-0axis .
M\ Blackic ftd shength E= 7595 1= feag

N eutral Fou-{-tc(’.e ( 8 ) with AFM-woLam:Hc mowment /u:

Nestrict Hu wotiow +o Acwme Pﬁouu. 2z = Couat .

Curvature of Ha :
aEx 0 .
[Dx/Dg:I = Y’%[Uw 3] ( a?) —1G 8(",3) q—_le% :
The counection i {{at but mow—trivial |

Alcaronovr & Cosleer (1‘12 '+) Frcdic!( wowve Lu{-u‘ﬁtnu& o.]e{zcc’c.

Exercise. [ook up tha QxPe_riww.{'aQ Aituation with fa AC Qﬁccc{'.
T4 Hu c.Larae,d—wire experiuent fuui(rb. with newtrowa?



— - Froklich , UM Studer & E Thirau, ' Quontun Theory of
Leu-a,e S«Ahm ef Nou-selativiatic Mahr"/
Les Houchea uctm/ arXiv: coud—mat/4508062

— N-'E)O.I'Qim/ E. Gueler & M.Vuawz/ "Heat Kerwes and
Dirac O-PO.I"OL{'OR" (SPr—iu&lr VLM&/ ZO'OLI-)
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