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Rewonn brotor s Rig = U =205+ L~ G
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with QOVOJ'iM{'%' comsbort curvatwe: VR = 0.
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Fact. M= C'I/K wth K = 'Fixe(e) {—or : G— G (Car-l:oubu\/owﬁm),

Ex. M=U ('b( C,Uw-?o.—ul' Lit&rm.(-,).
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11.2 Em.r%a/(lc{-itm {Lwc{-(maQ. S[‘f] = SX HDCP"2
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Fhau Clgcp =0 ( crueuvation o'F Current ).




11.% Some M@Fuf, fmwuﬂa,s.

A . 'Dzi('{-ere.u’ciaﬂ oF expmwﬁd rwcLP . Lic(@@) — 6.
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= Y- 3IxY] + £[X,[xYI]-...

. Carton do.cumHm of Lie ol gebra .

Cartuu 4nvolukine ©: G — G, 0(g,q,) = 0(g,)00(3,),

induces B, : Lie(@)— Lie (@), 0,([x Y] =[0,(%),6,()].
N Le(@) = E,(6,) @ E_ () =2 kK ® p
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C.wa&r&of G/Kk in (Riemom) worual coordinates .

Let 0 = eK eG/l-c/ omd wote ’I'O(G/K) = p.
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Exercisw

A1 Al’ﬂalu, Hat He round 'l'w'D-APLM “ 0 G’COM&:‘M APM .

AL Argue Hat Gr, (€') = UN)/ UExUN-+).

Ad for 6 = SU(2) with Cartaw imvolutinn O(w) = uo;
COwpate tHu d.lcourni{—im oF Lie SU(2) into - evew/odd ports .

. %or a cowpact Lie growr G of mwatices g with Cortow dwvolution ©
Cownider tha NLOM with target apae M = 6/K amd wergy fumctiondd
S = H;l‘x 3.0 3,0 whue Q09 = g0 6(gw)’
Vesity Ha follouing cain:

mA1 C duded olo_lowh ouly ow 0O = n(g) = g K € G/k.

B fu berwa of g0, S o b xpresim S = - Sd‘x T (g’ ,.3); .

®.% Tl couserved curent 4§ = —2 (g’ 3"3)1) q.

(Cartow decowpaition LieG3 Y = Y, +Y, )



1.2 Quantuwm ]Citﬁol fk&or&
e wants o take Qveragu (with we.i{r&,l' Q,_S/k) over all mopr 2

121 Lotee JeFfMHm/ﬂﬁMQariéaHm :
Diseretized mapa (.[): A — M/

X CF"'
’Ro_crw.re S/\ to I QﬁtaQ/ /\—Adww.l.k'ic/ Q - tuvariont.

This 4kl Leoves a vost mundber O‘F f:)ouaﬁ-h choices ..

({’iuil—e)Q z"l
cubic Lathee A = . .,

- S m[ :I = & z d“{'( X ; ) + ...
IAl = LA/ L— o, N CP ::;g:&/_\:n (F CPE]

Paramﬂ.{-en X = (0(1/ X, , .../O(OQ).
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A =T (Ploucks QOM{TM‘[’/ ot &wpmhn ).

Olrsewa,%éu A/'b : M —> 'R
Co rreotion f—mc’dm : < A(CP,) D(%)>S,\ fﬁ CA/Q, (X, 3,'&) .

/

1.2.2 UWivwaﬁt& '{&a,f:o’cw (rouﬁk atatemedt ).

Tu the conbnuum Limit (0(1 U.r&t) Houe exinh a ?wucﬁm }(00

(calied the correlation L!.M&'HA,) omd ?or ?JL poir A,E; a flwu.hm
L.

XA,E,: R, — R euch Hat CA/r,b (x,g,-tx) — XA,&“"‘&';}(«)Y

(T Huia sunse Hoo mulhibude of Lodice thaorins 44 &ovmwl b% o MKQJ-L
moater Mrﬂ‘_ thae neoulineor Aa&mamow.)



12.3 Main muﬁ,{:«/ cw&‘ac{um
® Mtrmjn,—wa%w—Cohum Theorew.
Let d= 1,1 aud M cowpact. ‘I,f A: M—>R i
orthogrual o He Coutands ({MAdwg‘:o)/ bhasus
(A A(t{’a)> — 0 {—or IX=4| — oo
o Maus 8,0.13 QGMJQLM
For d = 1/ ) and M (’,ow.fau.dc with Pm{in cwrvature
correl atioua o[uaér th[)cn\wﬁaltar: <A(q>,) A(q)a)> ~ Q_CA|X—&|/7
For all &wPmeum.

® fn d>d Alommw A&mw.t.ha lrrmhiu& oTeun {—or Low {'ewfou-a{mm



1.2.% Portwbative +enormalization group (RG)
— K.G. Wilsan: 3 vector {FIU;A ( Hee "Ietn ‘qu\(‘.{'io‘u“ ) in 1:>a,ram-t{-u

o ht (2 B, Cuples e = 0.
dawmical—/dqal'w Vilwfstﬂ'w‘t. & = [b(u)

— Univmaﬂit& oTows Mmool Zeroe 0{1 (5 (0!‘ Fixwl FO'iVJZ ﬁf
He RG F‘LDN)Z Hu.a-t/ H\L‘F@BN 14 COk{’l‘O-C'h'u% an al diracm
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o Qmiter
=
=0 Our wuatalble



— (b— chl:io'u 0(5 moulineaxr wodels in d=12
(M Riewamniau %\Mif—ol.d with metric 1?%14 ):

d (1 .
ﬁ(T%ﬁ) = Ric, 3__1)‘ iRt R e O(1).

— M Qew.toou.t Aaww-ct'ic Aroa.a (c&,o-o:n %._1 = ‘Ricﬁ):
d (1) _
ir) =1+ 0
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2. Mﬁfww.aauﬁa quombumn Apin Chaiuag
2.1 Moﬁvo,ko'u/b-o.charowﬂl

— Provide a PL«Acaﬂ, txaumple tealizing NLoM .

— I'(L& worola : {'oPorﬁo%icd quamton maker clowification ,
tuteracking topslogicdl tmsutator  AKLT 4pin choin
H ol dane phodt | watrix product atate ...

— ’Pb.wammboa}:
ftrroma.%u-d:ic, Apin chains dave Low- tuergy exeitatine
with d.l;df.)ml'm e(R) ~ R

Amkf#emmauzﬁc Apin chaing (maively ) Aove e(R) ~ |R]
(relativikie d.iAPmim) N NLeM (Haﬁdau).

(eld Aftlack Les Houdes 1988)



2.2 stwfm-gr mo-del

V hi&hut—wu&&i 4'.H-0.P flm- (Qemfoac:t) l_it&rou? G.
. eVeVeVe Ve ... HtLMAPau ofﬂamd».a&.

| X} orthowomal basia of Lie (6).

Car, = > XeXq € U(L®).

H=-> > X e (XY@ + X )

HMU‘DW (9-? ot ]Eo.rrema%m.dnc ciuaM'l'u—m Alwim chain
C Hoiden lnr%" )



2.3 G/K apin-coturent states

0 : G— G Coarton imvelution

Iv,> € fﬂu‘e&mt—m'ﬁ&i vector for G-action.

Let C:lv,) be one-dimewsionat repu for K= Fix_ (0).

[P glv,d} 2 6/k Hu Gorbit of cobemut otutus

9€6
TRuselation OF Hu aid.tu.{'il'é,

for G Qw._Pac:t Hure existh oo G- Aamvariont o&,uat& tla_l( Al

4, = | 4 alve )<Vl g7

G/

PmF 04 O QXerciae .



2.4 Frow AF»{n chain b NLoM
Uae Ha WW-%M-S@&; mitled to convert He
1. : _ —PH _ -&H)L
qum{'ww Foar-h{—zm Fmehm Z2="Tr @ = T¢ (Q L
(ewd correlation f—dn) into wh&ml over Wty Copise of G/K.

wmag. —l > —o
H:ﬁ T I G- imvarionce v
——o—¢—9¢ Q,Ocaﬂi{—& _
—9o—0—9¢—o
— o — ¢ 9 —>
/61‘30&?-

C-OM'HVLMM Linmit = NLerM 1

Coutiol aclkicvabte eu% in a Auiclosical Gingt -

A Acale e highedt weight (Iv,,) 5 INV.Y ) aund comnider N o
bosed on - ® |Mx/o>v ® l_w°>v~ ® |NV0>V ® l_w°>v~ Q -



oo APW° :[:t g = — 'L— Z XgV)XgV*)

for N QaraQ/ %meWah G/ x G/K i T(6/k) = G %P,
1.0 Fwd—rize coherent atates as

qe” INV,) ® ge T I-NV), = 1g,Y) = Igh, K'YR).

Matrix eLemewt - (3@2/1Y|QLH’| ey

— QXP(Q.L r(Y +Y )+4Nw(ZY+Y’)+...),

2, okler foru
'[/mte&ra%w over Y, Y' qwes e fb NARZ + - 'Enrr% cf:vam

Holdawe comjecture (N even).



3. SMPU'&PM, clain
5.1 Exkerier aﬁ&aﬂn—a.

V = CM cowplex vector 4pace V* dual Apace .
T = (l-&—cb‘ua.rffhouV)

N
Def: Tl AW = © AV ia b
044 otiative aQa.er &wn-o.{:col 17} C = /\O(V*) omd V¥ = /\1(V*)
with reloting P +px = 0 {,oa— Quy &, (> € V¥

Note: @wt=0 For W e/\m(V*).

The dwnur Proolu,c,{: oF vV é V with e V' extends b an
odd dervatine <) : AV — AV
4(v) (tx(%)) = (4.(\!)0()(5 + (-0 (1(\1)(5), x € N(v*).



Note: 1(V)1(V) +1(WV)1(v) = 0 and 1(V)2 = 0.

“nu a QiuuU* WO'PPW& 0 /\(V*) — ([
with "Hrewulotind Amvroriomnca _D_[‘t(v)/?] —

N D_[’hv_:l = 1(21)...1(%)’? f?oer'vut brosia Q , -, @ &F V.

Rumark. ) € /\N (V)

112

Choucge thoe wotetion. 3, ¥ dual busia of V¥,

1(¢y) = omd DWJ_BS i“ V= S@_

RN
334 BS .



PF&{F% '-FBI' A : \/x\/—> ¢ Arew
Lt JAT = T*A(e, o) € AV

PE(A) = [ oA

1
{ 0 N odd
= 2—N,1
(Nf2)! 2 Z M&n(r) Ale w0/ Snin- 1)) - A(Qn(z)/ Qrc(ﬂ) N even

Deternuimant aa Gowustom Whﬁmﬂ,

for B: V—V lmar Lt 307 = 3045 (5 =¢,).
Tiw Dut® = ﬁ L
T i=1 9% 2%,



5.2 Dwowizatin foruuta (0d).

Let V= How (€% €) = €¥0 (€Y, V= How (€ €").
Wrike (3% 3°) =4 (5,35) for e AlV@V).

Thwe, Adsrmme WN) = tmvarioee : A{/(‘;/g) = '\,/(gu-i/ ug) Then
) FF: Bd(@) 5 Cab H(E,3) = F(E3), omd
(i) Cn/ue C : f—or Oy auchk A owe dros

S;’J = Cn,ug P () Dot " () duc.

Ww Hoor ameosun



Tdea of proof for (). Lot (“«p)(;/‘) = a3, 561).

h _ h, — Dtk )

h _ . _ Duh)
-D-z[ ’\P] = cn,uug(u)’j?(‘m“‘m ) Dot (“) du = —Da’c“(hﬂ) D?_["-,/] .
Exercise

C 1 Cluck that Tr (3_1‘9\3);5 ae ﬂau{l defivesr 0 G- imvariant wekic tewsor ou G/K.
C?. for G Qomf.o.c:t ound V ireducible Huw exinh o G-dmveriont d.(‘.udil'} Aa_n Al

AL
b= dd gl
N odd

0
C> PHA) = { s

(N,)_)l Z A‘I&ﬂ,(r) A(e“(")/ '.I'l'(l\! 1)) " A(eﬂ(l)/ Q':l't(ﬂ) N evuw

C.4 Prove the bosouization 1du.h{-& oud deterwine cn,“ f,,, n=1:

S’“P = C,,“K AP(u) wNdu
t un



33 A &»QiMPAL of AALPU'
Sapw’ﬁrm. V=V, & \, Zz—amdw( vector 4pace
r: Bd(V) — €, Xi— T X=1Tr X .

SM"JLT‘dA{:QMWt
A D A D have matrix eutries { /\QV”‘
puprratne (c D>; / ve et e R
»,C Fm'“ Aodd
L} D s dwverkible
S’DL{'(A Q’) _ Det(A-BDC) _ Det(A) |
C Dut (D) Det (D-CA'B)

Dorezim wﬁamﬂ = TFerui buhaml {-ol(om.ol f:% MW& whﬁra,m

Exaw.{au: S f = ded&%av f(x,a; },‘7)
212 R

Mo'sf {'Q.ﬂ.{'uru of oroliua.ra QMaquu ccm% ovu (Wdﬂ{"* WM)
to Mpumlqm/ 2.g. Hu subibitubion rule ({—or wwpa.c.fmﬂ:orﬁ).



Exwle. S%u@mouizaﬁm ai.clnr,m{-‘i‘céIL (ng=n,=1 ; 0d)
Ct‘)wf) Lex varia b-les tp""/ Q; aud w@mmﬁm& voriables A":A_h

) P i=1 ...
p=de, 3204, =T, g, o)
f (‘73 3‘1) = (fo+36+ 7%+ 376) ()

N P _ N N =1
SDut (7 %) - %_ 37%

N N2 ~ _
T1 d¢#do > (20 e
a:SN SIS El lARa? ?("M’ "T”‘F)
_ )
S Y i (BN?(p,q) PB "s%ﬂ)\ Pwdl’

‘] 0
= \ oM SDUNMYF M) 4 DM = (2m)! ¥
1P~+§U(I) 9 M= (2 Aqu % )7 '



A 4 Roudsue bomd meatrices awd NLsM

Tor a CiMaAi—1D tamd o ur watrix mcedal ofl QUL&H& L
oud bomd widilh W bkLaPPFOxiWLaﬁm »‘ra a NLoM

L
~ exp (— 5 jdx $ir a0 'BXQ-')

'or-uicc,{—a (4) }: cowt - l:Jl/
(4i) Croddover ’Frm e mr—DdAm Atatutic ffor L/s £ 1
to Priun atotiskiu for L/3> 1.

C'f;\allw&t: s toblik Huix nﬁormﬁa|



3.5 Su&&ulﬁm
Cowsider o ClM.GM'le Hol &Lar

A v
(‘cliral'edgu) with a v

mﬂ . frack AA ------ |
Aectuwc.. of cw‘fuc{wm: ACD.“!HM%
Uodel (:3 discrete—time evolubion o?uadmu U=
Hewrivbicaly (af Leoat) His trocdates inbo ou e
Hauhflmma&w{rk' l‘:m—AMPu;luha 13:"0“:1« oun V (%) V*. .
NLgM Fre.dich Localiza tiou hu&{:h 3 ~ N aud
Crosover debween Hiauu--'baam omd Pousnn H.dimc.
. N(’,La,uu&fd

A bra ¢ Five fuxl.-uru: (1) Laﬁ'ora.t-or& tealization exuh,
(4) No "wnodsive" mcodes (NLeM aFFroxl‘uahdh exact ). "
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