Quantum Field Theory Il

Winter Term 2020/21
by M. Zirnbauer

Perturbation Theory

Asymptotic series and Borel resummation
Feynman graphs for phi*4 theory
Legendre transform to vertex functions
QM and QFT on multiply connected spaces
One-loop processes in QED

Symmetry breaking and collective phenomena

Hartree-Fock-Bogoliubov mean-field ground states
BCS theory of superconductors and superfluids
Goldstone theorem

Ginzburg-Landau theory

Anderson-Higgs mechanism

Tutorial: gauge invariance

H-picture of superconductivity

Renormalization

Decimation, Kadanoff block spin transformation
Migdal-Kadanoff approximation

Universality and scaling

Kosterlitz-Thouless phase transition: RG treatment
Vertex fcts & effective actions: 1-loop approximation
LGW mean field theory: Ginzburg criterion
Background field RG of nonlinear sigma models
Functional determinants by heat-kernel method



Old stuff (not taught in WS 2020/21):
Gauge theories of quantum matter

Chains and co-chains

Ising model and Ising gauge theory

Duality transformations (Kramers-Wannier, etc.)
Wegner-Wilson loop

U(1) lattice gauge theory in 3D

Boson-vortex duality

Hamiltonian formulation

Toric code

Nonabelian gauge theory
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Fact. h—?m‘nf ‘func’dous O Suws o{— non- VoCuUum amfks (1w standord Qm&ua&r_:

O-F &mPks ot con{‘a.mm& Vo Cuum subara?ks )
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@ = %3 (D 2g [d%fdy Gx,x) 6,00 %)Glx, ) Gyly,y),
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© = 3¢ [d% [dYy Go(x, %) Gy(x, ) Goly, x).
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Tor a trausfation- iuvariant s7shu at 4s advaufaa_eous to ‘Fowter—hausfom to Hua womentuwm
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Jol“x s (20 O(-Rk —k,+k + h")/

[, —  (mS(k+K)
@ = 144 ¢ G, (0,0) “f': &, Iﬁ Gy(p) € PO
Lot <¢'(X\ 4)fy]> = Q(xy) = J[z—{% G(F) Q ip by ('Hm‘s defines G(xy) and é\(P) ).
Contribution to é(lp] ~From W

_ ~ 2 [ 4 dr
&roupk @ = 144 gzelo(p) I(i X G (R) j( e G(PJ R

~ Ny R ¥
govk © = T { GGy U (an’ &uw). O O
b : b
2 X 4 1 2 = ~
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i"f CO'M.IMZ,C,{'EA Orean!s %Lm.ch‘m (H-Po‘iid" ftis) .

Wam—up with '1‘07 woddl . ?robub&i%; QO SALIR d/.g(x) fmr xeR,

Mowments m = KX" d/a[x} , m o= 1.

n 0

G&Mrﬂhu& f-uu\ch‘on: Z(r) = g th d/um = z M m, .
n=0 ’
L Z(r) = % & ).
n=1 :
Relations: cy=m, C,=m-wm, , C;=wm,-3mm, +2m , .. [ End warm—up:l.

Sotor futd thry s 2[4 = [Rg S IR0

S 2] = (em).

Sé(x\ i
S0 b Z[ﬂi\:u = (bt b9 - (b0 (b6 -
a%x‘\ a%@ 3%) tn Z[é]éiu = (P00 90 pixd + 2 K0 {bt) {bx)

~C b6 6P {bhy) dr)M{ b)Y — D) D)D),
Ln Z[a] = F [31 is caled tha generating unctional -Fm— Ha

Commeuts, Conntcted Greeu's fumctious ( or n- poiut functious) Correspond to n- poit functions
in b sawe way that Cumulaouts Coms":oud to woweuts. While Hu amfkicc\i N?rtstbl{'afl'ou of aw

W~ point fumction does mot contain vacuuw subgrophs | 4t still coutaius grapks aode frow

discounrcted subgraphs . vFor Qxawlnl! : X) O< coutributes to Hu ll-—-Pm'u‘l‘ fotu.

Sach 31117&5 coucel in the m—Po{u‘r ]ﬂuuch‘ous almro.{ul 57 Ln Z[a] ([«aute e noawe 'Couumhd').



Lecture O
Recopitutae s F[j] = LZ[] = | Ag ¢ S+ [iwew
aumrafm% '{—uu,(’,ﬁmaﬁ fol-' Conuected Oreen's fw‘e,{'im (h-Pm’Mi'Fth).

Gt 2/5, 55T 100 OO + ${ & + OOO
w2/ = ¢ OO + §{ - OO0 |-

Note: discowected grophs canul in €n Z2/Zy, (i priuciple) .

Hewristic arguwent : Ln £ o< fraonigy < voluue .

1.5 L@%mdm +'P'GMAFom — vertex fmbo.h‘m

TRecal {—rouu. clossical wechomrcs :

@ LC’-&"'M—&!'M L(v) v cowonicel woweuntuuc ﬁ = Pi -

@ U'(—bP (5( (‘_Ou\N.x) N Howiltouwion aﬂ([a) = P U'(_P) CU‘(P)) .

@ L.Lee.u.d.re—’r. i Anvolutive : :g—;e‘ = wi) L(v) = U"To,-(o) — %(P(\r)) .
® & = RN L T T SN v A .3
—af’t 3?.‘, dui T —BP; dukdud —51:);,313{‘ dukdud

Trﬂmc,ri‘oh'm +o -f—w‘t.Ul 'Hu.ora
@ Put P(x) = %?[a] . Then solve 'FO' 3 as a Func’n‘me o{ ¢.
éx\

@ su T[] = [d ¢00 ji100 - F [4i1].
I_[cf] 4s called Hu &!Mlﬂlhué -Fumc{{omnﬂ o{ Hha

@ 1) {'n#tm% oue ‘Fuad'lﬂvlll! derivative © F it LQ&QIAJR J"raus{-orw, oue &1{1

8 .
S‘f’ r[(f’] = é(x\ This meaus that the assi’gawmt JHCF olue +o cf;(x) = qs(m:':[a]
s dnverted byt assiguiind g ducto oo = sim"[ J-

@ '[57 ‘cahiu& o othar fuac{iouaﬁ devivative owe obtorus

2) . 81 _ S .
(x,y) TS el = preR

'-Fm (x,y) =

2

- &
$ic08ien 80y *lil = 800 -



?)% Counstuchion — e @ — He HSM-M aides are duverse to each otler

(QA @Pm{mr h&m) T"\-MA jd\dg I—{ﬂ(x,é) 1:{2‘1(3“;) - B(X-ﬁ) .

Now &t Qlxy) = ?‘”u,gw‘ = Jﬁi G O
1o m
é=

d, ik (x-
Iﬁ Y e

and VT (xy) = l_m(x,.a]
CF

T4 {olows that T'(k) = G .

for G- G, G,@G, N e,@e,fz\e. .

\Z/
(This d&{l’uts Hae > )
Summation of tha Juometric series gives  G(R) = ( G, (R — (R )-1.
Therefor , V() = G = G =3k .

Note: Hu.arafzk Sum 'Fur > contaius Ont—Po.r-h'cile (1P'\ imeducible ar-afahs ou!l7.

(’fhue a a,ro?ks that do wot becowe discounected when a sduﬂ,h Qive 4s cwl~.)

EXau.«P.le. Contribution to > (k) of ordur 37- in 4; Huon’ : “

oooooooooooo

Rewark. A siwilar olu&o.lnmwt (i LQ&&MA& trau sform frow R=R—h,
F[a] to |_[Cf>] ) can be made 1u tha case nf {-anious aund Leads +o ou 1'ut~ufart+n{*rau

of te offective duteraction as a H——fomf vertex -Funch‘ou. For aﬁaebr-m‘c Cou:i&tuc'?

One +ahes Hu sourte -Fl'tu to be (.LwH—CchmuHu& in that case .



1.6 QM & QFT on wutﬁpe& conuwected Apo.ces

Quamtum Mechomics . 'ProPaaa.fm- s

K(q,t;9:, t:) = Z R S e
hem(X) [g>qd=4

iS/%

Comments. The outer suw 42 Over howotopy closss h (whick coustitute Hae ao-called
T, (X) &(L Posih‘(m Apace X). The tuwer 130.!*& {uﬁat—aﬂ U over TDG.{-&A in a
given {LOMOL‘DP% closs . The P&.cua {iacfar RMU) i o erttAo.n'Pn.ﬁau R 1 (X) — WM.

EwaPu. Foarticle on a Hug sh.
(s = 2 ) K = Z th'g K Qis/t ) = _%“B (4 Alaronov- Dok awwd—r&)

ne# Windin $=n &
Note. \S‘h-ai&&i' Pu—ha.rem.t‘l'cm t‘h.ora_‘ (in Hee Atnsr of te T:)rmt.ui" ChaPﬁr) hos @ protlew here
a4 4t con occount eu% %m— Hw Ciua_u'ha.m f—Lu.c.{'u.a.h‘m within Q &ivm LOMOE&P& closa.
Contributious 1—1-0“, otur closses hove to Le added "Qra doond ",

(O.u.m{‘um Fl Lu TI‘LLO I'a_

For frtds | 0y @ RU{*@ g K, one hos on auoleg of with O

repreacntotion R 'JTA(X) — U() of the d Lomo’c&P% group of mtnr&zi ApoLe .

EXO_UATJEL. Nen- Aleliow gouge (or %aug-lauh) M'& iu WO.

SYM = E'-, ST" Fas¥ + 40 S’frifw\?)

S TrFAF < # dnstondous , 9 %epo?..&aie.aﬂ o.u.ah (Cawses CP v:‘o(_aﬁau))

N mon— Pu-‘b_rertrh'v& &{’-Fq.d'& ow te &M&— Milsa vacucun
Awcedote . Pal-a,s.m\;‘ Lete. ©9 (1992) 1584 Cﬂnpui:&ol He conductouwee G(L) 0{, Hick
disordered wires o{an& &I«,&Hg L {—or Hee Ni&w-ba.am Aamw:-& closses A) Affj AT .

\Si-rih-iu& reantt dor clows AT : % &l’_wt_m<G L) = Va (Ptrfe_d'?.a_ c,o—udur_-l:in& chanwel 21)

Kaue & Mate (2005) predicted prrfectty conducting © g
Ui.an. mcode ‘{»Ol' Ha clummnu A-Pm Holl dwanlater chouuel (AL)
What wewt wrong 4u PRL (12a2) 1““ J—
Now Liveor A&&aua.wo‘dil [O/L] X ‘F'T- X X
T[‘(XJ = 7 (O.,./ O,_xO,_) = Z . Htcrodc,ofmc CLM.&.%,«A eveals :
R i

# chowunels (Hick wire) Meen AR el A (G = S _L) 2/

N odd AR wowlivial A LG = g,(1) = 1.
30 (L) owd g (L) hove THE SAME (V) Pe.t*t-u.rfrah'm expousion T Ha c-O'LuPb'bL& (or L).

(TMA i Puwﬁ'ﬂa 04 He Pz.l-'ha.rfrﬂ.ﬁm Aeries 44 O.A&mpf:o‘l-ic, {rut'uet'ao‘h'oua%_ G.Aamph-l-\'c )



Lectwe O5

1. b Perturbration ‘{’&&,org for (lem?lo.x {lumcm.«

TRecall ( Wick %Ormu&,&. {’Or eal acalor %ei,d CP ) :

1 —_ .
Z/2, = € 2l Mm Cyog) 3, B o Siue 9]

fr S=SY43,.  sY

=0

1|k o (6 P -
Fact (C&M?b_x :f«.rm.fm *{*) A )

Lot S =S98, 9= (¢ Fo (6y)0 .

(L 2 G ) S [F 4]
Then  Z2/2,, = ef e om0 S8 gy oSl _
: : Gy _1 Y=0=4
Wit Adgn Co-nventiow J e = Det G, .

CHECK. (igns & comstoucts).
Chosse S = F(6"+V,) 4. Then Z = jo:g = Dot (G;'+V,).
OM‘H*-L © tHeer ';LGMGQ (+row. 'fQ-CJt )/

3ad  zvy

= Dot (G7") (1+ TrG\,+...)
t=0=x

= Dt (G;") Dt (146G, ) = Dt (G +V,) -

Tinclude o a0wre ;{&‘e_ﬂ.d E) E (am,{'fco—tumu.h‘u8) {/ol-' aQ&e,G-r—a,:‘c CMI‘A{-&»LQ&_) .

_ S— ) d(T4-4%
Z[E’S:I = JQ E ) A:‘) d (7 =
— Z‘fm@’ﬁeloﬁ e‘SiM_Sd’K(En’,’_ﬂf’E)
NY=0=4




Recol (HL&Q Acolaor {«'LM cp) 5{“ = gd"*x C!)q-(x) ):
— A 1) dlx
204 :Xe S+ {a joob00

eA’L ( Z[g{] / Z‘f;u) p— (douﬂr& LxPM[m n" Cﬁ-u.Pf.fu.& & oud Aowrce 3)

p— DO + ... (Au_m over couwected vOCuwu %WPM)
LT S B I

i & i 3
XXX
T 3

= SoL*x gdg ai(x) Go(x,%) j(éi)/

Qx.
[4%N
|

; ;= ook g D ateatyata 00 6,21 Gyz,2) Gy icy),
ete.

ol ta(Fa_ o
Avotar chack. o333 o7 VH(3¥-F5) |
t=0=¥
5_3_() o foty F, 0 TP + [t T 004700
Yo't

3
- @’Edj\xgdd& W Go(x;&)llb

1+ Id.ixgdd&%aw Gy x9)%, (-3°@) [T pgen + .
=1+ fol“xgd‘*& G, (x4, (-tby) T+ ...= 1 +TG T+ ... $G %
@mf:l»fc,aQ wototiow . T—<—3F =

= 3G, 3 = [d[dy T00G,x9)%, P&
( GO ot A&mm{"l—ic T %LMF&Q )

<

Tuteractiow Coutowt

@\\/@ Yt
Locol two- dea /\

4 4



S@ we meoth Qr&cp:k%rou,nd .

Our Pm&% 0{v tHe Wick {#orw.u(’.a wses two identities.

@ Fowrier n{aruw{-aﬁm o{. tw Diroe d-dictribution :

§(x-x/) = f% ejh()(—xf)-

Tor ﬂw{'ﬂ,micmic Code [ EBSBSE couaider EQ:.S(AP—AP)_.:(AP-AP)S.

Ig/ei(r\l*-ﬂ#)—i@-"?)s

5,5

Neuw = W-¥)F-4")  and

JE-DFE) = LW (Ban) = ToraF = FW). ¢

@ Pourtial {u,h.%t-aﬁm«_: KU.[X) dd—x\r(x) dx = - ‘((%‘u{x)) o(x) dx .
/luvrn.im.% Fo Hw :chio'u.ic cose Wt recall Ha ™Harezin -t‘uh.&t—a.Q
S? = 1(e) 1(e) - 1(e,)tle,) F (‘? Q;} bosia of V = ﬂ:n)-

v

2 _ = _0 — (0
Now 1(e;)"=0 and 1,(@4-)=ﬁé n O _5—15

i
e 0 = [ 32 (FR) = [(2A) R+ (£ 2% v

Tz 1 i 2

Thws both @ aund @ ore Al oveilable oud previous T:roef of
He ek +mmu0.a ao—u {‘Curou&l« with, Aowe wiiwed Oudci_u.esl-w-o.u:[-s.



Lecture O6

1?’ QED ame'hdM Oiveor 4n (X
Lo,%ma,im eg cTuaAd:um. &L&H’Dd&wwfu:
o=~ R B P (1 (- eA) v ue)y,
= i dge,

Note: QLED votuuw (u.w@,ike,) Aoy QCD vacuuw) wet 40 {u%aw.h’u%}.

N Poss ’.1rr0u4, Euwclideaw to [orentsiou ApoLe— Tiwe Aia,k.a,{‘u.f?_. (—) + o+, )
1

ﬁf R " to C,&miou.ﬁ, reol — tiwe Ol%ua.w.fu. (Aw“-[tﬁlu& Procmu) .

[‘FM?MC!*K] = (%)z = —3&;‘; ;o deo= Lxoedr

2

[€o _ '_‘%E _ Cuwrrent e 1
. _ Q’- ~ 1
%tu Ahucture Comstaut « = treatie 1—3? .

DueQeP Po.n—hu—@-a:hm oot mm& Heo Wick ,flomn&o..

SQED = Spacw S_Dam + Sip

18y,

o F " Dirc = exp Jdue 40y, D= 5’“3 + iwme/k.
g, Mk o

¢ A exp [d(dy “(J(D Vo) 5“1' o ()

Wi, -T—a.%u,mu Frofa.ﬂo,for

(])_1)1(5(,3) = <\ra_c| T('fa(x);f’b(g]) |v-a_c> :



Lg .
Q’Ff Maxuwell — Q’xP _éa\/a_ujdq ( :F}w )}
= oxp e+ [ [dw A, OA

2
with  wave (ord’Athﬂu—t) o-Tau—o_{-ar ] = B/‘B}& = - % 3%‘1-}- /\ .

Wack - 3 -1 3
Aexp % [& fd*xﬂd“*é WJ(D )(x,) T

where (El—1>(x K) = tiwe—ordered Adugle—photon Green's {?w«ch'm
R (x-x') L CHOE—ED
W

gd‘*h o’ ij(f: *f)g
2re pYct—|k|?

(2ot -Rr* R ‘( (2r)3

—|&|c
* % > o
+1&]c

Tnelude souwrce {Qaﬂ&a .

Z[355] = |e
—1 e K(PA+TA{’ 4‘|’ b)

p— ex 5 3= ) &plz au t t+§d : * b
Z}u P( ) 13( 3A, JA) .

e, JEe

L Sgep + [d% (:i"A,w TA - F,5°)

R@,M&Iﬁ\. \SO wHe {ﬁt@.&/& (Qﬂ—cmﬁx&d Lot 1w AP&&—%{M& f)-ui' {u O..Ml'%a_—w&uu.ui'bwt
r&Pw) con bt wsed 4o T)ro:ju,{' ou wokix lewents befreen {u.aouul'u%_ and
Su{'%o-u‘u.g Aca H—tﬁ'u& Atetes .



Exo.m[aﬁu @F Low-ordet &m_fa&.é :

,_iA ‘gn\f;_.-.

@ C&MP{‘Ou Ac,o_ﬂ-eriu%

13 \5 > LKILHW
- JA AT
Baut beuf 6"‘" beut
@ Pair annibilation _/Jrrﬁ
_|_
e et % Lo

Newark. The Auterwediote %%uwm f;ro[ao.&a{ov bos Dot elechow aud f)osi'f-rou, posts.

@ Eﬂ.@dﬂﬂow—PaH—mw /éaa&th‘u&

out ot

Y
N

@ Electron— electron /é.caﬂth'u.a_ (owited ) .



Lechure 0F

T QED grophu M- comidered in Lectur 06 are 40—caled
(deveid. of Loopa forusd by interual Linss ), ibare too groph—iutencel tuergy—
mwowtntun vorables are deterwined b% waa—mmumu Corwsrvation at the

Tnterection vertices . Siwwe Hure are we {iru, Mta,iu/mo-m»d‘& + 4'u.t&&ﬂ":\°. over,
tree 31—&131.‘» do aet hswse aua_ Wwv- diut,r&u.e.e'u. That C,Ltu.&u upou '[‘u_rm‘u_é to
@m—Qa—oF 8;—0.1;!%:

— W{'uu Correction
to He bore vertex

(3)
I

2 F

'3(3) ko APMJ{H'C tina or-dq,n'u.& intended

p-p bare (wsta AC,O.JHHM.& O.u»pf-ff‘w&b)

() — — —
Rewcork . [;3 = S{"’{, = - Q,jdqx ,u A‘/b}*m‘z .
The {uf&&raﬂ over Ha QWP U — s uentun 9 14 UV—dEVLl—&Luf /\

the 33— vertex ;{fu,u.(‘,‘h'cm F“): [;(3)+ [_1(3)+ QxPo,n‘w.m dvﬁ-"&l’. renorwalizatiow .

@ Electron aelfmass (or aclf energy). AP [—1(2,9.)
Bose vurte [49) = [d% D
= jd*x v (Bﬁb’a+ ine/%)ap A
Tha 'I:UL"IL&I-D,Q over He QeroP — wcowautuw g
ia agoin UV—oliuu—am{' M Akt 2-vertex function (i
r(ze) — f_o(zz"-) + [-1(%'&] + ... Experituess wos renorwolization

Note : Hhe {'Lnu.fm 2— vertex {r\mch'ou Anwd Ha Daam AL !rer the {lu-mim Taroloo&a{-or_



@ \Veccuww ?e?.arim-hm

) . |'1(2,‘5]
= quwmfum Correchion to tae
inverse T:L,e’am Prz)f:a&o:bor’
P*q 1
Dare vertex:
_ 1 |6 v
) = = A (8 gp)
rey) = [y + [y + . P

TL\,Q, wv- dhfvu-&u;.‘{' corectiown r1(zf75) renoruwalizes Ho dielecthric cowstout O,{L Ho VaCuuwme .

Q}'

/ N —
n view o{f X = redc

theis cou be rﬂ,‘ofu‘['tl’[at-e,{'l,cl 04 c,t..a,n—ae_ reworwcolization .

Note: He qmlww comected F!.usi:om. FmPa&o.{mr (e tnverse o]ﬂ He 2-vertex +<;£-u)
i wade fruu.g 0L ALres ('de:m> 0% &H‘)-P!N& s hart mu.(’.HPLo. VO LU uL foﬂ&r’iz-a:{:im

Twsutious Ot 1w Atquence

A
Computation of M4, = ey =
A
bop g, Y S L o gt 8 SRR
Id. xxdx S (D ) b(x’x)&—;{b(x) Id-xgdx . (D ) g (x, %) Sg o)

& [d% Fy00 (3)° 4% AL [ ) ()" o 4% Ayt
:/ o? Id,‘*xgd‘*xr A#(X) (6#)'0 o.(]51)ab’ (%, x") (Eﬁf)b'a' (]51)0.; (x, x) A/&f ()
i agreeent with (—1) for Loch ferwion Loop
= - f&”x[d*x’ Aﬂ(x) Tr (5"]51&; x) ¥ ])_1(x’,><)) A/*' (') .

Now D = Ef‘aﬁ+imc/i :F—{:v {.('fi+?\)} = Eﬂkﬁj

A= mc/ﬂ, (l-&du.u_& C&MF{'W. wove uu.w,aﬂ_r).

:D_f(k) = s ;_{.‘a (F"awmw TDruPaaai:on- iu Fourler r&me'['a:him)

. %) (M = _ 2 [ LR s T —
N Vetex fetn r1 V(R = = I(er)* Tr (6 B+ A—ic U/‘ 'ﬁ“ﬁ"”‘_‘;a)'

) C‘F. E)C&I‘CMM .



C&,G.P{-Qr J IS Sﬂ_;mw,ﬁ-& Br&aﬂzf% & Collective Phenowena
T.1 Meon- fq‘d’.& %rﬁ-md states ({iv.rmm)
@ ‘H'O,r{m—%‘ch (M,u.uuﬂﬂ,r cmu—w‘ug) 8,!“0‘%,(1 ato tes

tbl'&%luuﬁ'a ‘Wt&k—*Fi!LJ (nu—l':u!’] HawiQ‘Huiau b 'F"u{ .s;‘uq[lq—_qbarh‘ch Quera_{es El( 22/‘”
i’u Ha n LOw‘LSJ('-[hU‘J? S.p. sl o -Faruu Ha H—?ur{—{(h s ﬁm“hd shate :

[#e) = o & o |wed

Nototiow: Vh = Vvector &Pa(t SFa.uula\ b? -Fil.hd 5"“31!—?&”:1'0& states (d.:‘w. Vﬁ,: h.)/
\q, = Vector spact srauuul by Uapty .= states,

thvp =V (Hitbot spact ‘Ler o .siuah 13nr-|—ic£-)-

Rewark.. |‘H‘AI';> 1s &qu,le_-F[{? dotFerwmoined ‘07 Sflalc_ﬂfvlfl‘l.q Vh < V,
LLo.{-uuo:ch.la, APLO.*ULL&} He Aot Gf oll Hartree — Fock S atotes {4 a

(6 rassam aun mo.m'{*’?.d Grh(v) = U(V)/ U(V:)xu(v;) )
Tf diwV = N<ot tHuen o{t‘u&_Grh(V) = n(N-n).

Thoulus Theorewe. Fix sowr sferuce stake |HF>D (heuce a referenc
olf,c,mpm‘a'm V = VEGV;) with n Pa.r{'chu. Al n-four-l-\'cb_
Hartree— Foch stodes |HF> wot Dr-llw&waﬂ + |HF>D cou be Qx.-‘arcsseo! as

Hed = N7 ( Z c'c) " ( Qized Coherent atate
| 5 0)(‘:) % ph Cp C | >0 %a.u:lg’& A)a.

wnH cow?hr Nuwmber Z’Pk
Tdea ef Proof«. u(V) och Hauiﬁue,ﬁé on Grn(\.().

Tufo. Amotler perspective (cf. QFT=1) on Hortreo—Fock ground atutes i1 teak
o decouposition \V = VaQVp uni:im%_ daterwives o CAR- Pmu-\n‘ua Cowep Lox
structure 3 of Wy (He subipace of Mojorana- real etements s W =V @ V)
Loy E+1‘,(3):Vh@vp* and  E_;(3) = Vo@ V'



LO.C:‘.’u,rL 0&.
@ Ho.r'l-u—%ch—%oao&uﬁ-ou- (uu.w.b-u' hen— C‘,O-Mu-\n‘u.%) al"ou.u.ti Atoted

'Prtrao.ra;[-im : re,-fiormu.(’,ah Heutree — Fock atates aﬂdewcau% .

— t
V = APM{[‘,f ¢, , C; , e, C: , e } tm+i°u 013&!‘&'{‘0!'5 ,
\/¥= Apong {c1 , G, ., 0, } anuikilotion operators |

Lt W=VeV (‘H«ﬂ. Apace of fock oPe.ra.{-on or o—Pu-crl—ors) .

The canouicol owhi—cowwmwntation Hﬂa&-\'ous)
t t t t
C. C. .= = . C. . C. C. . C. =
LGt = 0= oo, o+ = b

determiue @ uou—nltélutm‘h_ spww etric biliwar -For-m Q oun W.

ig /

Recal (frow QFT-1): the Ceifford olgebra (W,Q) is e associative aggebra of
Pot-luamieﬂs i W with selotions o “’j + "’j Y = Q(«P;AF ) A (-For al 4 4V € N)

Now recall Hhat vy Hortre-Fock ground stote caw At viewed as o dtcamioa-sihm

V=V,0V. Grespoudingty Lt V'= Vi@V We assemble ta subspoaces duko

parb ot okt (W) sosp. aunihitate (W) excitations of Hu HF growud state:
W=Ve V= (Vﬂ\/ﬁ)@ (V,eVy) = Wew.

Note: 4 [HED =0 for A eW™ and 4 [#ED 20 for 4 e W'
Ave, QW W) =0, Q(W,W)=0, QW,W)=#o0.
A One mo7 iiLwHﬁ O =W~ with e duwel veddor spoce u]f o =W

'Do.%iwi{-l'm: o 3 Atote ( ovr Ciu.&m‘-—Pa.rh‘c@z Vo.c,u.uuu)
1 o choice e{ Wi mal -Su.]aSTaa.t.( W W such Hiat Q("I’;"F) =0 +or' al 4,4 € W,
(Maximal weaus Huat W =V has maximdd fi\'mlu&ioh,)

Remarka. W™ is calted i spate of cwnikilotion oprrotors .

Tkl Cordsfok‘ifu‘q '-"M&ﬁi—TmrHc& VOCLU w (Dr Hfe S‘H&-ﬂ is Uvu‘:iu(ﬂ), determined

b7 Ha aunikilotion Couditon “{’ |H‘T’B> =0 i{'or' al 4’/ E\AJ .

Thae d.i{-('-uw,u w.rt He Horbreo—Fock cose s that W™ weed ot oa.tc.mpou as O
direct sum \/h@ V: (or uiu.waﬁe.uﬂg) |HFB> weed weot e ou ﬁ,{ﬂamﬁ{.—a b{? Hae
particde umber omeor), Ma.’cum’cfcaﬂ& Aptab:iué} o CAQ-Pruo_rm‘u.a CowpLex
Ahucture 3. with Ciguuapace E—im(a) = W* need wot commute with porticle no .



EX&MP@M.
®N=1. Vv=¢c V=cec.
W= Cy, Ansatz: § = l><c+[chr (N,PC C).

0=Fa® =¥ = (xe+pec) = wp(cchecle) = wp = 0.
Thus Hare exist but 2 possibilites (r:: 0 oFf x=0 ):

W = Cc & k2> =]05 R W= Cc e [4B>=]15.
(!Ullu -"Ql'wu'ou T)an'{'-’\ ( odd '!’Qr"“‘.“‘ 'P"’l"‘p

@ N=2. [L\ji{l\ou’( WDF! Qot mae state Hu #ac’c Hoat +Hao spac e of :ru&:i-r_mrhcﬂt Vo ua
43 Au biJLQ:HOM writh O(?-N)/u('\l). Tu Ha Pmm‘t cast we lhavye O([{-)/U(l)
=Sy g (uufou). These 2 hra—zT:L.u-cs wlll mow be wrken down Qx,Fltcﬂ-%,]

Lot V= spang{ ey, qf V= spane{ € el
and W= spancd gy 1} W= spancd gl g} (ust wotakion).
Even ‘FU‘M(O« ,Pou-i’r7

By = Cp coslo) 0¥ o sin(o 0 4
| Lo |kemd = s - exp (Q‘ tan(2) cf el ) [vac
5, = ¢ sl eyl sin(om 0"

whare 0¢84T aud 04 ¢ In T)(Lﬂllud-?'t'io_ 0 ‘h,.ro—g(:LuL
Ddd ‘FU‘miOh /Pou-i{? :
By = Cp coslo) 0¥ ¢ sin(o) 0

_ —ipe, o g ip/2
Y, = ¢ cos(b/2) @ + Cy Sin(B/2) 0

\‘l:lusz art actualy number uaswiu& (#F)

o |l = cos(o) - exp (Q”’Jcan(am cle,) cf vacs
where 0¢O¢T aud 044,4?4 skl Tm_rnud?.'za 0 'l'uro-qakm.

Il‘l-%t) . ACthu% H atoted +au:,{' Hoat @/4) ore Ath‘cai Tastcu- coortinates {»m— 52) &uwo%( wondaer
obout He Qppeartuc @[« H dowble—valued {ru.u.ah'm Q’t¢¢/2) CES(B/Z)) i (9/2) . f‘f'ow-c.ve.r-) Heot' 4
Ok : the double-valueduess +eflecks Hee ’{*DJJ‘ Huat ¥t ¥ Ot Local avctious e{r 0. wou—trvial

vector buudle — that buwdle i1 the toutological bundte whicl oasigus bo b Tpoudt" W7ok

O(2)/u(w) (Vl‘auriu.% W™ ar a O&mPhx Aﬁu,a{-v.re.a o{l l’Jn) the vector Apote W™

Goweralization 0{: Thouless’ Thaorew .
’Lf (V&C| W ) # 0 then ther exist C.olufﬁo.x Quﬂ"-n'c.huﬁ Z;‘- = — Z.

"1
Avch ot [#ee) = (W e (33 2 ld ) [vacs.
i



Fouctuatious o( ?arh'cﬂ.t Ruwber b

Weite P*:= ‘Zz e, so [#eB) < axp (P*) |vach. 1 (Heo | | Hem> = N e 2N

then |HFB> Co.k be sean as  aw a?me.wo-hau o ( +N/1‘u’ac> ’!2‘) He Law a.r
‘Q'&rﬂL wnw ben -Hm‘; ﬂpfr-oxtutxl‘tou IOE(LOW-{S lBL{'Hr with Luc&artm% (¥}

( C,%. ﬂu.&l-o_ud couonical ensewble a1ﬂ equilibriuw Atatiatical Pbam'u. )

Ih%o: i weathewatical Phﬁu‘m (%o[[ohué work QQ H. Araki ~ 1970 )
H&r{-ru—:FDch—EJaaOQt'uH\r stotes ore alho Anoww 04

1.2. Mouu—{igu +k¢or7 of .suplrcoudud‘(v{'}’

Caﬂcuﬂaﬂua eerecWriom values -For HED states s 1157. Let A,'B,CJ,-D e W
and (!(QLOWT:;U'.IQ A= Ats A e \.'J+® \)\)-, ote. Then

(HFn| ABCD|HIB) = (HEp|A (B 87)(C+CT)D| Hin)

= (HIB|A B C D + A B CtD' | Hen)

= Q(AX ) Qlcpt) + &(ct) B (A, D) - B (A, C) (B, D)

Now QL (A 8F) = (Hip| A ot [HIR) = (HIB|(A*+AT) (B07) [HiR ).
To SI-WVP.l;-F-? the notation we write <H113‘ AD [HIB ) = (AB)O' Then we have Ha

Result:  (ABCDY = (AB) (CDY + (AD) (BCY - (AC)H(BD) .
This can be An a4 o praﬂ coaL e{' Hae Wack priuciple.

We now wse this result o evoluate the %r’oum{—sfu\{*l Qx[:-td'&h'nn va lue

0 {- a So-called

== Jdi( C;r(x) Cy (%) CI(x) C¢(x)

pair ({I"Dm short - rouge oaftrachion due o
— 3 J.d'lx (I(x) CI(X) cl(x) (T(x) thormai--im of Hu .uu*r-o-.‘Ml.:u6 tr75+al) )
b 2 =g Rl (),  UOre homml, e sanguct

chonuel (n a Swrl.r-c_oukiut.‘[‘or) .



Lecture OF
Recat (H#B|ABCD|HFB) = (ABCD) = (AB) (CD) + (AD) (BCH — (AC) (BD) .

Aﬁa% Huis .f'omuﬂ.a to a so-cald f:)m'h'u.é interactioc Hpo,;.- = - .3 Sd&x C:(x) CT(X) CI(x) C'l(’() N

(cjmeyca clmc,o), = {cjmc o0, {cloac,w,+ {cloac o), {epo0 cl), - {cloaclon), (mem),

O P'nﬂ.dd.mq‘ arou.ud/&) hu.P ou% Hee Confnu- cleawwel .

tkx o 1 —tkx
G, G = =2 th- Cht

R+ R
<CI(X)CI(X)>0 = vot ZQ ' }x<ch¢chr¢)

k&’
For o HFR state of ®CS '&7[31 ("T_’mrdun—anptr—SckrintFﬂ‘")

We Ox.':am,{ au Fourier wmodes : C;r(x) =

+o obtain

[HiB) = [ecs) = N l—ul P (ak Cha CJ[—M) [vae ) = Tg} (“k + Vi Chy J—u) | vac )

Zk 1 N_Ifl — W u

Vv, = u, =
R \]1+|.=~:,1|1 / R ~J1+|;_z,l|z 4

ks

7~

we &n{
oo - L = L
()¢ x), = uzh Chr o = vatzau"v"_ vol Zﬁ Tz
2 ) |2fa\|z

1 t =
(¢ G() ) = _t% 2 and {chy Cpdy = LGy Syl = vl = T+ |2

Thus +ha ‘“""&7 u.Fu{-a-Hou vol ue {-or tQectrous with siu&h—‘b&r‘[’ich U\uaiu B

U : - _ _ : 4 :
and Poiring interaction H‘Ph’f is EHF%: Eoee = 2 z,, Elvil = 2 ’zh uhvk’ .

To ‘Fiud tha :Parmmtfm Z,= Vk/uk o{ He BCS arounol state ({un tHa spinit o{— o
variatioual &ﬂ:ruuth )/ wt need o mcuiwize tHhis Quqréy Eﬁcg under the couskaint
N= 2 Zﬁ \Vh|z (-Fixar! particle v\umbtr). To do so, we dwtroduce a Lm_&mu&m

mulh’flilr M (c.ktmica( Pohwlriaﬂ_j and wiuiwize tha Lxpression

2 § 2
E =2 Zﬁ(ak—#)lvu - o ‘Zﬁ UpVy

Thfroolucih& +ha ﬂ'uo_w{-i’v N = % Eﬁ UpVy , We coalewlate the derivative
( +|Zh| ] B?_k = Z(Ek /4,) Zh A + Z;E = 0 (a{ tHh miuimum],

]57 C_omfaﬂﬂ_'h'ua_'HM .STunLrL and thun f&kiua o (Phy,s{cal) Squoart oot we &4-&

Dz, = —(g—p)+ {(g-p) +101" = AZ,

ond henee  2\(gg—p) 1A = AZ, + Bz = O (1+13])/2 -



2 _ N/2
ENS J(gg=p) +141°
1’:7 sumwiu& over R we arrive at the so-— called

A——Euhvh——E £

vel vl 5 [(ep—p) +1017

We thus obtorn the QKPNJS[OV\ uk\/k -

We now ook {-or a hon-trivial (aﬂ:.rnximaﬁ\ solution A #0 oF tHhis 11ua+fou.

Rept pre o
eplace [ z s JV(E]AE . st Vi =y, , Wy = Cutoff .
vol k J
Vamis
Then the &0\? Q1ua+i0m bacomes
Mey +ody /1B]
v(e)de v dx
| = i s - L = gqu Arsiuh ( Qy/10]
2}*1% Je =) 414 2 _ o X2+ s ( )
or 2= sk (t/gy) . For gu» 1 this siwplifies bo 18] = 2a, o ¥

Note Ha u:m—tluaﬂ»’l:{c dt':tmduua on the Qourlfu‘?r %I

Raemork: As we kave seen ‘Hu_&cLP Qciunch‘on -r-olleus {:r‘om o S'l"l“ou'ﬁld Wiwiwmization .

No wmu—«F{aEJ Howillvuiau or 1uusi—1-.mr+|‘cle Qnergies Ore needed for this dtuﬂa'omtwl-.
Dla&ouabzahw u]ﬂ Hu weoan— Fnﬂd Howiltonran 4s o Pr-ucedw{ whieh 1s 'Lod_umll7
4u&113n_uulu.& o]c the cousttuchon a{- Hue variational ﬂ.r'numd stote. ( 1t 4s 1o be done

th o Slf:ar'o:{‘! SH‘P )

1.3 TFwite-T suftrcauduc"'i\riiy 'Fl'hu -Fiehl iuhquq

HQmiQ{*Oui&u (as flr-t-f-o.\.g): Hus = ]A‘.‘ z Cifx) (_Z_‘ti‘ql) Cly — a E‘{‘lx C:{KICI{KJ Cl{’(]' Cf{’(] .
5

Ae‘h'ou Funch’oua! For Hae 1uu.«+\.sm amud Qam ond cal ParH-'eu f‘uuc{-\'ou ot (uverse hwfwa“l-un

=(h&1')-‘:
(.- (6 3% o Eep k- glngaan).

o

Hubbard— Strotowsvich tlccowlallué du Ha Con?er chonned :

exp (_r; / drd®x 10 t) = /1)(&. A)exp { — / drd'x L—;|A|2 — (Ay Y1 + Ay )] } .

Auhlin’ brsouie cnm?hx -r»t'lllz Alx, ) = A(!,T+‘ﬂ-

\I_J={f,_‘[ ). W:(:—:)

(POI”HHM -Fuurh'oh: zZ = /bf_)(f,’. ) /D(.&.A)vxp {— /br!a'rz‘":x {l|_\|“’ — \I’Q_]lli]}
. . . q
a - -1 _ (G A
3 o -(N wdn)

GT = (11 +—VL+} ) ("Parl-ich"‘ , G?\ = (—71 —%V"-}t I T VR



fn-lvtamh out Hu elecvou -Finll - Z = / D(A, A)exp {—é / drd™ = |A|? + Indet G

:\(iud W Rln Fit(o‘ Ao= Congt b7 voriohow wth t-ts,’,!d' t Z:
é‘ = _ll + Z_-ti\vl"'/‘ Aa - (
3 - R X, T, %,T)
A' _ll 2m Q —/" Ph

— 1_ (im_ak'l'/‘ A, )_I 1 A,
= o B = .
Lp % A, W +8 —p ) ph Ep % W+ (g, —/‘)1 + |4,

L‘-{' (Eg _/‘)1"' |Au|1 = ’):;_ . G&P l«.ru&f‘iau:

1 _ 1 _ 1 T = "W - s

§TB 2w T E e (P D diibn)
1 | ot -

I S i s N (SO R

W,
Thewn _ [ole U( +e) towh P—Ja +la,l ]
0 ,{E +|A,|*

T)rtvl:OlLS 4P ’»1‘*“{1’0“ (’(=°) Fecovere) 57 suul;'u& r,-‘ LY faub — 1 .

Aha[-’sis o-F +h&°1° e_au_ah’w. There exists a non— triviel solution |Qn| + 0
{ur T¢ Tc (Or [b>[5(). As 4+ {'lWPlt“&‘{'uH QPPrnu.l!kLs Hae critical Priu‘t'
((‘.v — (5‘)_’ Hue nou-+riviel solution eollafses (|A.| — 0). Thus the eritical I;o{..cl--

F’= pt ts determined 57 e &&.‘b &qu,oul-n'on {'or Vauish{u& o (|A°| = 0]:

“‘D P:Llp/z

8%‘ = I%‘{—auh(%s] = [J‘—xx tanhx.

v 1 theuw the maiv contribution +o tha tni‘l&l’*aﬂ must CLome f'r'uwt valwes oF

0 0
Ifg

X >>1, Whee tanh x = 1. Huuce

1 . -
= Ca(Pety/2) + comst o P = comst: @ 3
(i the weohk— e.s.u‘:ﬂ.x.a Guit Qv & 1).

Exorcise: Q] ~ ‘“}'_P‘ ( eritieal Athavior ) .



Lecture 10
51:>owh1mous ln-eahiud of Uucr) PLaAo. otation Aamw.d’ra. Note that

Sl = Ed'r““‘” > F (- gmwp) to - gl FFHh )

1s tuvariaut under Y4(x,17) —> Q_ie'{f,(x,-r) ) ‘T'((x,-t) — Q+ie$,(x,1) .

S{wiﬂar%/ Z = /‘D(A,A) exp [—é/‘dedﬂAF + In det Ql}
. -l Q_ie 0 P Q+ie 0
1s dnvoariaut under G > 5 G "
0 " 0 7!
or A(x,T) > ¢ 20 A(x, ). The choice of a A(x,T) = 8, (with ]Aixeo\ Phas:)
breoks this wvariouce! 137 Coldstont’'s Theorem (A a Loter Acckion) it {'o“ow's Heat Huw

exist lou—uu,r&7 wodes (so- caled Goldstoue bosous ). H—ouuu—/ iw o Superconductor

oF'Hq '{\'Pz Cousidered , there are wo 1uo.si—t:>o.rh'cl.l txutatious of— Low tht‘gy . ()

0«-4.@&0“0 Q(ma—fm:«&l orde = ODLRO (C.N. %au&/ 1962). Cousider Hh
- —pH
2—1>ar{~(dl de usi{»\’ matrix S(:)(X, X’) = ZN ! ﬂu Q b CI'(xI) CI’(X,) Ce;(%;) Coi(X))

wher the trace is over Hu N—r]oarh'ch sector of Fock space, and X = (x6,%0).
- —PH A A -pH
Sum rule: Jg‘:"(X,X) x = 2Z e, P RE-0 = N Te @ T2, = N,

Tn Hee SMP!?QOMJ\ACHI&% stote the 2- particle duusi+7 watrix Qcquirts Q

. . ) ()] o (v’
weacroseopically Qar&a vigtmvalbue: ?, (x x') = LY YX)Y(X) + ...
where He rotio ')\MM/N(N-H s‘l’a7s -F\’ui'l—( 4w the {'qumo.i?namc Liwit N> .
'-Fur a &f?in—sfuéld S—-waove Sufo.rcowdud'cr +ha coudo.u:o:h wove {»uucﬁon

'\P(X) = '\P(chb)(zo,) = _'\V(Xz"z/xuﬁ)
Peaks at x, =%, and 6 =-06,. We observe that the O.MA?L\'{‘\LA!.
Y(xoxa) oo (N] ) Gc) [N-2)

Sl'aui«Fhs @ mocryscopic ovmrQar. between +uso %\'buud states (or Q1uiQibn’uw states )
Aifferiua '07 a pair o(: Taar{ﬂ'clu. Hf® wean— {—illd Huor7 Coptures Hais effeet 67 1}
trial state which is a Surtrfo:il:iou of diﬂ:ero.uf Parh’ch Rumbers ;

Y(xo,xe) o« (Bes|clx) chx)|Bes) .



7.4 Qinzbury-Landau ﬂu.or-]

no cousiderotion a{ exterweal {»{elds.

Ws to how

Q: What kop?mus when an elactrv — Maa%u\eh‘c ]cidd is «Przsu&l

Tntroduce QQec+m—ma&kt+l'c field (shortcut!) 107 a Local Gougt trou sforwmation :
Folom) s @ P pn), Rlom) o 00T KD This gives

"_hr%*r'_) ?r (i_i%)“ﬂ/ '\_h'(?_v)IAh — ;f('?—v—’hve)z"h«-

3T

Now 28 adds to +ha electric potential —0+ and HWVO adds to tha moaguitie
it 13 / é}

veetor r[:othnQ eA. Hauncw

SE.M.[“—I',T] = §d'r (S&‘x Z‘;r ( + TL(%U—QA)L —prieh) % — g Sﬂx ﬂ“f_’l'ﬁ'h)

>}

'|2>7 the Some «Fn‘uc{tlah/ out Can tnutroduce +he o.led‘rn—mua_wth‘c {»CULA tw the

‘Fumd’ional gd'r J&A §—|A(X/T)|Z - 'fr 0 §-I(A,B)

[>)

b7 makl'ng a Locol gouge {‘raus]torwm%ion Alx,T) Q_Zie(x'T) AYCH I

Tn the stotic limit ome &d‘s the
2

F = S s = | (0101 + LpIal + 4 | (49-2e)] ).

'[57 voriation o,t % out obtaius the G(uzbur&— Landay Qﬁuod‘(on
2 | [y P
o<A+[5|A| A + E(TV ZeA)A = 0

/
aﬁwﬂ with Q)(cl'at{SSiom -For e eQeetric currant cl&wsi+7 :
J: %QQ(Z(%V—ZQA)A) .



COLAH.M.L QLMQ‘HA g Let A= 0. The substituhiows (b( <0« (‘a)

2

—p A, = asia, 3= -

IO"I'M% thae eu'mzbuu—a— Londan Qquuxh’ov\ +o stondard -Pom-.
2
) v -+ 23 VY =0,
Tha Pammrh.r } has +h Pk\is\'ca( dimension o{t hu&frk. T+ sets the charackristice

scale tor the order T:cxrawu.’tu"\(/ to vary , 0.g. at a 3urmrcouducfor— Vacuuwm

bOMndar7. ',[hduz{/ () has +he ™D solution

1
’\‘P(x) = 'l’(lhll (X/;) . NoCuum W SuPQrCOhduc'Hr
0 | : >

; > X

Powtrotion depth A (Meissuer offect for o type-1 superconductor).

Now Qit B= rotA £ 0, but Alx) = |A,] = const (L,7 choice of gauge).

Take the turt of §= - Qe IAIPA o gut ot j= - (2 A [P

By wsing ot ot = grad div — V5 (on vector fictds ), dwg = 0 (static Qwit)

ond 1ot B =/u°<jr (wa?e're) oune obtaius
W/,

2e|A|
1s onother Poravuhr with +he ?kysicd dime usion o{ ltu&ﬁ‘. Tt sets Ha

(Ze)

Vl(jf:—mmé_ |A| +®=x14 whee 9 =

chao roccteristic scale ]Lor Hu wea g et tie ﬂu&{—h (not) v prwetrate duto the Supercowductor,

I“\d“d/ we have Vl®= NED with Qx1>0v\tn‘h‘a|l7 AQ(‘,rUlSiu& AD solution B~ Q_l’(l/"\

(x>0: S“P“‘“"Lduﬂ“a N&f“\- Tha txponeutial {'-all off B~ e—lxl/a As

&CcowPau_(aol by awn QX:FOM&M‘[‘C&I\? duﬂ.as:‘ua S(LHZQVU'MJ Current an@_lxv).



Lecture 11
1.5 Golostone’ s Theoren

Thewe : +he sPow{'&uMu.s brmhiu& uf continuous Jymmhhs Loads +o tha oxistence oF
"wastlees” wodes. ExamFLu: s?cuhuum Bnaﬁu‘ua_ o{l

® rotational S7wmd‘r7 m ferrowm%\wi" /N -'»Fu'u INLRTIE (“mu\&uou")i

® t{rauslational s-’mw&r’ in a Crys{nﬂ 2 labiee vibratious ("Fkawus”).

Exhibit tha qu{-imut mechoniswm .f—ir_sf ot tha s.‘wla{ts’c example s 2- Qmu‘auulh‘l"
~ol Fflﬂd ¢ (x) E']Rl with SO[l)—&Twu..;h*y, Action {mnc{ionaf S[(“b] and ‘t'u'l-t&ro:h'tm

wlasure Aq: are assumtd to be dnvariaut under

(x) x)
¢(x) = (‘;:(x)) — g (:ﬁx)) -fol- all g e S0(2) .
-t — Sl +h |k ¢(x
Consti G, 3= 27 dg g & SR

Mokt the variobli Subshitution CPQ(X) — E ga.,?.,fﬂ. Than
b
-1 -~ S[e]l+h d&zc 1e Pe(x)
G, = 2 [0 (3, guag) @ SR8

tndependent of g€ So(r). Let now 9= &xP('lE) \tor E=(_(1) {1)), teR aud

/

diFFenn-Ha-!-a with mepect to t ot + = 0 {o obtaiy
-1 - S[e] +h |d& (%)
0= 2" | A (S, ena + g W[, tqm) @ T Jae ,

50 <¢P1f7)>.‘ = h I‘“‘ <‘P1(¥)‘Pa(7]>u'

ﬂ'mu,, we toke e Liwit h— 0. T8 b Lefi- howd side vanishes 1w Huis Liwit
(abseuce o( sy wwetry b"“““"g) Hare is wo mhruhua Cowsequtuce . Howl\ilr’, of Ha Linat o
wonzero , than it follows that i dutegral jd& (¥ g(y)y, diverges as h' for h 0.
This implits the existiuce of o manfus mods (mokivg Hu ComeLation function
Lou —rau&ul )/ @s G mwass gop du tha axcitotion spectruwe would ﬁ‘:n Qxpouneutiel
duay {g,(%) cpz(7)>k=0~ PRRAS of Hu cormelation fuuckion and heune o

{;iui{-l -{u'{'o_a_r-af J‘tﬁ <‘Pz(¥) q>1f71>h=0 < o,

Notiee: 1t is Hu FmPa&ahr uF tha {!itﬁtl &omTOueu'l-: (Lu{: qz\
'['ka:l- s ‘!0&3—4‘0»&0_1.



(MOﬂ) auura! s&ﬂl'u&: G QDM:{:&:{* LL'I. 3mu‘a. Vet{ror sFacL \V carries
Q- nFro_sm{‘cxHou Gx\V -V, (g,\r) — gV . Twae -Fiald P tokes volues

¢(x) € T V. Th 57wuel~r7 group G aeks on M eV (57 restriction) .

Tor tha »iu'ﬂa_mﬁ ovir G with Moor netasun d& wWe n-u],uirl L‘da 3“]’():} = 0.
37mw¢+r7—brqakiu§ (external) {MU( he VS /Pcu'ring { , > V'xV - R,
6 ack on V* b7 Ha dual (Uinear) sprtstntatiow h +— g_'T- h . Note 3"T- 0=0.
Sjmmt'f‘r(,—bha&hin& form = Jdﬂ( <|'\, CP[X}> = Jﬂﬁ <3_IT‘|'\, g“]’(ﬂ) .

T ”maﬁutﬁt&HOn" M(h) = <<]J(x)>k 11 Q m&ﬂa{u& {-t-ouu V¥ + V.
Tt 1s G—&quivun’ant—: M(h) = g- M(gTh) (?Wuf RQf,f Gs om Qxercise) .

For o {»’;’uiﬂ 37sto.m M(h) s an analyHe -Fuu.ch'uu °1t h. Tu thot case the

G —‘iTIMwQ‘H? Caunnot ba Icn-uhu. SFou{‘aktousL’ :
— — . 'T. = d . =
M(h=10) = g-M(g"0) = | dg ¢-M(0) = 0.

Glutn'callyf M(h) vanishes ft’ht&.rl; with h. T @ acts {I‘H.ducibl? ow V, then
there exists (l.u(a b scolan) at most one ((aud, +7I=icall’f exactl, oue )

G-Q(iuivari&ut ‘iiﬂduol'itakl‘sw T: V¥V (_Hm‘s Wy be € t:lm-h'—.ﬂcmtar)_ Thus
MW = xT(W) + o or MO= x> T"h, + 00

M(h=0) # 0 (spontancous mognetization and hence symmetry breating )
Caw ouly occur du a Qimit (such as the +l¢rmoo\7wmn Liwit ‘For o (ufruite
s7s{-uu) which 4s Inou—u“i-[!orw/ so that the &ual7i—i.—.i+7 of M(h) 4n =0
may be Lnt. Let <k, Z(W) > > 0 awd put k] := m Then
[nl = Tg-nl, awd  M(W) = xT(h)/In| satisfies ta G- equivarionce
coudition M(h) = g-M(gT-h). The Qiwmit «El_n;o M(h) depands G- 01»1-':?":{0.;1%[7
on th direction h/lh] in which k=0 is opproacked }/

T

s 6 wmathewotical idealization o‘f real Fkysfmq s75hus_ To axploin tha

Remark . Tha {’Ltrmu&x’u,amic_ (or {uFt'ui‘h—Vnﬂuw.&) Uimit

ocCurrente o# s:(aowl-am_ous 57wmfr7—bt-o.ahiué in a reeal s7shwhf ont needs to
estiwate timt Scalts Qud a"d—“l Haat te Hue {»or e s-,sl.-t.uu +o reach +Hu
G- fuvariant &1uiQibriuw ds (wwu:].\\ Qohdtr thouw Ha observation Howe.



1.6 BEC ¥ SUfur{luidi&? (Goldatore’s Thi at work )
Cousider bosous with Rinehe l!mra‘( H°=P1/ZM and o Locol nPuﬁs.‘vn 'l‘uﬂ-bod;

anteraction . Use .r«unchouﬂ iuﬁarnﬂ u{P»um{*&h’ou b7 a Qmuflu— valued -Filﬂol P (x)

' etion ne iouaﬂ —
with ackion functionol gro1 (i [a (5 (5 h - p)g s bglelt) (o),
t(kRx—wT) Ir

Bre statishies: ¢ (x,1)= @ (x,v+p) = ([!zl.‘)_w Z Ppo © , we— 2,
R ' P
Note: S has ﬂ’iobaﬂ U(l)—37mme+hr ¢ (x,t) — Glgq:(x,‘r)/ ¢(x,T) — Q_Lg$(x,1’).

o Uﬂ-dia&onao Q.Oué— roumgt orduer (O'DL’RO ) Boson oPu-nL‘[‘ors Q, al.

- -pH
1 -partick deusi{--7 matrix S?’"(x,,xz) = Z,‘,LT;"\t Q.P QT(XD a(x,) .

N -1 —-pPH A
Sum rule: Id& S( )(x,x) = Z,.I ,l/t‘u QP N =N.

1
Pdouw Hu (Bose- E;‘ush.‘h) condensation {-qmlow_l-n‘fur{ & has a macruscqoic:Lll7 'Lu&c
- 2
Qi&enmﬂue MNoee~ N &(xl,xz) = Mnae (1)(:(')(1)()(1) o jd“x H)(x‘)‘ =1,
For a komgﬂlmous 575{-1-.“/ trauwslotion 1tnvorionce imflits thot cl:(x) = coust . Thus

w the momaentuw w]aruo.n{:&{—mu CI)k < SM (hmcrﬂscof(c occhoch:ou oF k=0 s-l:o.{-n).

See Oy basic text -for in th hOa—{uﬂrac{-fu& srsi-auu (3 = 0).
In Hu duﬂrac‘riua 375{1m [3 > 0) coudensation Nquines M 0.
Meuu—{illd Freotwent @ evaluate S on (P(X,r) = CI) = Coust:

SLe(xe) =] = —plol"+ 1qlol".

This s muaimal at H>| =“/u/a A -{ixtd value o-F <q>(x;~r]> :4) + 0
breoks the &lobaﬁ U(l)‘57mm+r? sPon{-auuu.:Q]. 157 Goldstoue's Theorew this

twplies e existence e][' o wassless wode ('Gotdstowr boson' —> mext lectur ).



Lochure 12

Q-QLO.“.: tha APU&J,‘O.M&M eJ‘PE’.&kt'ug L‘J€ aQ.OQrO.Q LLU) Aﬁw’m% !J'& Q

Pose— Fiwatrin condewote {¢ (x}‘r)} = (1) #* 0 't'uu-FLiua He exiateunce
91(5 o weassless meode ""}} Ooldetrue's Theorewe . We ore now 8a-iu,& +o
exhibt Hoo cli.cf:mim relotiow &q' Heot meode Q)a direct calewlotiow .

Change variobes ¢ = ‘E QEB/ =0 + 39/ Po = |<1>|2 (-Hu Jacobion s Justa Coustant).
Derive Low- eurgy effective oction {'—or Ha U(1) dt&ru of freedowe © 57 1'I'lSU“Hu3_

‘P:\EQEB anto Hu oxf.-zssion +-or S[cp] ond Qx«])o.udfua in §T9,V9,89 :
P
Sle] = Jdr jdﬂ ({9)49 + ¥ P (VO + 3 3 ng) + Coust () + ..

p
Voo Jar [k ipa0 = i fukp, (0(p1-0(0)) = trin Jdh g = twinN =0

(wod Iri2)
. 2 2
Tyt +ibpuo = 19 (S +5%0) + £(06) Dot

§
] g*;
Saussion ih‘h&r&f over the puc%ua:ﬁom S? (uiH\ moss 3) /‘\‘”\ ¢
i
2 2 J'-D
N Sgle] = 3 Jar [ad (inTe) B %eutvev), \J

S‘f&l"fiua__-[-mm Huis Q'FFQP_{'I'UQ action owe Pruus (Hklfckf S‘—auuu-f Simon ) Heat

owd

SPou'l‘aquus $7mud?7 Lr-lmhiug does oCcur (-f-or fi}'S/ or .{{ d=12 'For r>—> A
Out can arrauge 'For Ha Spumatry — broken state o be ot 0 = 0, Th Fﬁuc{umﬁous

oround O =0 can b treated as a Gaussion (-f-ru) '['t'ehl with Pmpa&afor
2 -1 =1 o
(aiw2+ %?0 Hllz) < (LJ?--I- Cz “’d{lz) , c = \Ié% (SPHJ 0{ fméﬁ‘{‘l'ou\ .
Sul{-chiu& to real Hiwme owe stes thot this amouuts +o "wlativistic' extitatious with

disT:lLrsion S(P] = IPl iu Purﬂcu[&r! (p) = cpl
there s no excitation gop (v Goldstoue's Thm) .

P




SuFQr-FfuidH-T. Tn view UF Hwe obsance of an excitation gop, i+ is not (mugdio.fd’
clear how to Qx[:lm‘u Hu observed Pkmomtum of Swlw.rF-luinl&’ . An exfioma-Hou

Wwas {:\'“Jf given 57 Londaw. Hew is how T undenstond Londau's argument :

'Pum“\’ tha 1mu+uu. Fluid 1w motion (wiHn cowstant S v — )
4
vtlocif? v rtlotive fo o contoiuer /pipe ) we ask : — — —

what are ta Cfuoui—imrl-ich excitation Cuergies Em(f\ ol e Woving feuid 2

T4 e principle o,F Qolifean Anvariance weee applicable +o this .Fu-ulaltw , we could
307 that Em(r\ = S{VZO)(F+MV\, éus% Like {*or a Fru T:nr{-fch with waors  we
Howuer, Galilean invariauce i3 broken 57 the -Forml‘.‘t‘l‘iou o{: the comdeusate  so

& mort elaborate &l‘%umlh,{- is needed:

Al{kouak Qalileom inverianwe is brokun (for tha a|m,si.—1:>m—{*itle excitations) b? Hee
actual ground state, it still applies to kil U.hitrl;iué Munv—lowl? Howiltoniaw .
There txist tuo distinguishid inertial f—raw.u: the Loboratory Frome (= rst fraw
of 4 container) ond Hu rest frame of Ha fluid. Oucitting the Coupling betueen

Ha r-ﬁu,id and the contaimer walls, the Hawiltoniaw of Hh fluid wrt o Caker frame

is He Howiltonian we have Aeen Horf’-ina wi th :
(01 J'ﬂ‘ ( 0‘(")( V3 ak) +3 OL(K)Q(") a(x) a(x) )

The Hamiltonian 'HM for the fuid 4n wotion (lab ]ﬂmnn) taw {’—nllaws 57 a

b7 a Galileon *r-aus{ormatiou :
HY= Jab (2 (57 4 mv V() + 4 a0 al) a®) = H4 P+ Lmye

whew P = ‘[d& QT(K) )‘T‘V a(x) s Hu o?mr&%m- -Far-{-h totol momentum aund

M is e total man of Hha f2uid.

(v=0)

Earﬁfu—/ Wwe diaqqonaliaqd +H (in a wm?) and sow that tha 1uasi—1:nrhch excitotion

er&t‘u an Stv:m(P) = C|P| We wm7 assume that v P commutes with -Hm
{5 dia&onal{t&d b7 thae same 1&&5;—13”&&1! basis. Thus Hha 9-P- excitation tmtra_ru

“F _H_[v) - E(\n('ﬂ: clpl +vp # g("=°’(r+mv\,



To Complete the &I‘a_uulu'l" we turn ou Ha SmH-lriua a{ cluas;—TmrHcLu off tha walls
0{: e Container, As wacroscopic bodies Hu contoimer walls w\m7 Cko.uél the
(Ftrfznd.'cular) W0 mentum o-f a t'uasi—T:m—Hde but H.u.y cannot atsorh cm7
Qh,l.ra7 {»rum ot %7 Hae samt ‘f'l)b.tu! i{ e -Fluid stoarh out {u 4bs &ﬁ:uud stote
Hoen it rewmoins dn 4t ( ]Lor smoll velpcities v]/ as Hu suteraction with the wals
Can oﬂ, ceente c‘uqsi—ParHcles with excitation &Mr‘” g(‘”(P\ = c|P| +vp =0.

As EOnd as |v|<c, no such quasi=particle stotes Oxist.



o7 Aﬂdlf&oh—Hi&&s mechanism (overview)
Electroweatk sector af the standard wodel o‘t TmrHth v'akysl‘u:

Ferwion doublets V= (i") (Left- howded COwPoulu{' o]( ¢ Lectron

ond ' electron weutruno )

“'l“&us‘Form &ccurd;‘ué +o {undum&u‘l’al N_Prtxea%&{—fou o{? a U Jaugt group .
Fermion Lu&muafa.u: i{(: «_'/((af—l""}t/b)’\l/
Tha U(2) &aua( ]tinu _A/u takes volues tm Hu Herwitiaw 2x2 wateices.
(For ti Lu&rau%im af Hu won- Abelion goug L1etd ./-\/, st leewhar )
Tha 'H'laﬂs -Fitld ¢ As Onother U(2) doublet (c{ bosonce 't?ﬂ:l)l (q)“)
¢ = K
Hiqqs LOL t0mgi : L . 2 . 2 2\2 A
gt Learengien 2= | (arid ] —c (lof )
Condeusation of Hu H‘&&‘ fietd 4n Hu vocuuw state:

Puac= ( 8 ) (‘07 the choice o{? basis of 011) )

Then |4 /ucp|z= ’FrAr(g |8|2)“Af‘

= T (0 WA = 0T AT (4]

vIE) o
Photon \Li (massive) ,‘\Z

(waocssLess)

Q: whot '{wawL& to Hu massless Goldstoue Drosen ({u{-kLHi%aA sector) Huat
‘m%lut hove Lrean a_xPe,cte_ol duwe 4o Apountnueous A%M.Lwlg vaaﬂ:_fu.% 2

A (SCOQLMO_HJ %a.cd:im); "He a&ual bosow ate He Boldstone Dozon

aud lecame meassive” (? —> Cf. wext lﬂ.d'w{)



Lecture 13
T3 Cm{lum‘cm N\ Literatue

Tocw dere ou the Oruzburg— Londow “‘“"%1 of Mpmmumm}}.
(Revinit Ha wou- Abelion Higes aodel of elechoueak Huory Cober )

® S Wuber (" The Quantuu Thaory of Fields "ovel. T, $.2332):
A AuPuc.o"atf.u.ci'Dr “ "““‘P% o meateriol fw wliel t&dﬂmaﬁuﬁc gouge TwVaroe
s Droken Aps-wba_u.o-ml.a_

‘Rm,ll% 21 fP&l"gu'hPA Hare (4 Aowe ALD’F.PIWA or Co«w{lwcm. e{/ chﬂuﬁd

® Recall soue basic &Lf—.‘ui{im:

(1) Lowal U® PL»MQ. ototios (dsmuwe G:‘u&@;wa- Loudow Th foa—e&m&wd)
Alx) — S A
Ore symmetries for ©0) = Coust.
(44) Fwvarouee wunder ectrowaguetic U) gauge Fraw foruation
A — & )A(@) A —A+ide
) 4'uu-Fosui tu order to eliwinate uuP&ﬁM'e,aQ d.-_%-e.u of fLru&juL.
Such travoruation should wot be wismdertood o lsymmatri”

(iii) The 'f’t—au.afomo:[ﬁm Alx) —= A(x)) A — A +%&
is met a qouge {'rmq'f—omo,ﬁm (cgﬁrva‘au.«%). Qo.{-w_r/ it i @_qm\ro_ﬁtui'{-o a

Lecal U Pln.ue, rotatiow 1:-& gouge duvariouc .

TRewcarbs.

e Noive wsae 0-{3 (i) Aeomws o L-,_‘H..._on‘aju 9% tee {Qtlut clerw that wechre C,fwuae..
Co wservation "?ollom f-rnm_ t@.wh-ow.a.&uﬁc W %ﬂ-uaa. Tuvonance | B& Hae {'mbm &{1
ckn.r-&e_ cowservation 1w the Mo.u—fq'ald argproxr‘ma.h‘m *{—ot— Aufaaro.smiu.ci'ors} tat cloiwc
tw.cﬂ.b.t- /.w&&u{' et tumwad,uﬁc, W)y gomge fuVoriouwel 14 APau-trw.u-uA Q& Brobos .
The maive argument i Jd‘lx Wi G jd‘x A+ Fo X J:l‘x

Ci L seny Sy
The {qmcﬂ here in tot (iii) 4 meot a &m&u{—rm“fomo.hm P J } }

1y



TRoavarks continued .

o As 0 malter of Pn‘wFQ) O,Q.QCHOWQ_%Mﬁc um gouge TuvaerHowee Com mever
e Ovoken AF&wt-auMmﬁa_ (it i 1u f'a_d: o M,c,u.&a,g coustoiut tiat wewst be
{wFu-_t,ui i Order {—ov Hw Hu.or% o e consistent).

o What 14 brokeu APW‘{T&-MOM% i Q Auiou-wu.d.uc’mi- @ Ha &Q..oﬁrmﬁ U PM«L

rotation gty A —> H P A .

A: How dow 64‘u£€>w-3— Londaw fhz.ora_ M&A‘aow{-o.ue.euﬂ& broben Aﬁwm‘l-ra'
weape the Ooldetore Theorewe ¢ (Uulibe He sitwotiow with c,!m.u-a;;— newtral
AuPe,r'fiL«.LidAJ C',-F-_ ‘II,.E)) %10 Qoldstour Iosoe 46 olzerved u Aufae.lr'c—owdud'ors.)
A: The correct Ouawer i sowewdat M@%ﬂa) 04 AFouom .

1P
Work. du the A (x) :\/Z Qe
(I/Ls = Coustout &w‘s&& ef AMFuc,o-nd.uc,h’ug (‘,&ud.zu.m{-v.) .

Effective oackion (high trwperature or stotic Liwit for wow ) :
S[e,Al= & & (3 (gude —2 A + L(rorA)).

Hodge decswposition: A = Ay Agae * Peo-oract -

Tu our cose (de. iu Euclidean position space) Apggue = 0 -

Loplocian (ouvechrfietds): A = gradediv - rotorot .

A = AN'A = god (K4wA) — rob (Kot A) = A+ A

A" = Aua,u— = grod (A-1deuA), A=A = — ot (Aot A) .

Co-exact

%&&L-dx.e.ownui {fom. &F effective octiow :

Sle,al= & |4 (% (grod® — A + 2 (FA) + i (*‘O’UAL)Z).



Note : in te {omm{’ afpmximoﬁmj Ohe MOy iuh%t-o:l:t. out the OOustion {Vwﬂ& b
avive at o teduced ffective acking #or Al or B = 1ot Al :

Sulel= 28 (geoa'e + Log).
',LW.POP{'O.M,{': H Q,Gna_—rwp%z (Cou’wu&' or 1/ diA{:Ol,u.u) Tuberaction Efidx &A-1B
A»wPPrmu H w&&wd'ic %LL& B ond Hows ack Like o " onen o {rot-'ﬂu. P&«O":ﬂn".

Toxtbooh : "The gouge Aaum{'ra_ can be uﬂ;ﬂ.oao_& to absord- the Coldatowe msde
(uam?.q}'@) iuto the gouge {'itu..

'P\uxl{%?r Pf«aaic,oﬁ d.e%rws 0F ]ﬂruclm cou be absorbed dnto bw.[aha«\%c,aﬂ d,.e.% 2l
Wat {—m— 2 Mo Huow Heewe awo_-& 22

Sowe other texks go evem {iuchL-_r Ound. Ay that He Ooldstour bossu B &l'/w.lspmrs f«—om
Ho plyoics (" geh caten up') dus to ifs coupling +o Ha gaug fictd .

Lot ws get Heix AH—G.E&M !
To Hr Qxp ression. %or He duw—az, Current, 4 = Lu:. (& %ro.d.@ — ZQA)} e Qau.&a—]&fd.&
C,efut:)euu’c A") whicl, 44 Mua,llg} uqua,eic.a@.) 8&3 PQ_LR&%UJQ with +k "olter @_&o" d®

(OA (gm&@ —z—jé'A" )) and -Hw«s) b}%{h&&l invorienw L0 puns Qouge— qu,u‘mhw[f
1o He ‘Plba,dil:C-O-Q *4&0! %t—o.ti@ !

Toxtboobh Corrected Gau&o. invariance Con be Lw?ﬂ_a&uﬂ to absord the Coldatoue mesde
iuto 'HA.L%G.LL&L {ria.ﬂ_cl) ‘Hu.reﬂ)a» Q,&mru-{—ia.g_ Hu umPLa,«'wﬁ JPO,P[:’ (A”) 0,% e Jauge {Mﬂ.&
into o P%Jmﬁ degree of bredom .

COwd’iwé. Tlee CAmm{’J a4 O vector :fr.,o.ll& 4 = %‘Z (»‘ﬁ. %md.@ — ZQA)) o+ s O turisted
9_—{/orw. 4’: %*(Jﬁ,&@—ZQA)) o Toh.a,oico.ﬂ &gﬂ,rv.u of' f—-—udoa& %{,vm % ats

3 C&mﬁguu{'s ({u Ap ae dinension 2)). J/,',., the (foammou &iVU&J tHa a_o.u_a,( {l.,q,u
Cowtributes 2 UJ% Ha 2 Hrowavene T:o?;arim{-im of a photou) , and D coutributes

1 wore @4 needed {;orhbﬂﬁo.uu.

)



Ounr quection Haw stil remains : since the 10 sldatore mede" D s ot rmuEL

"eaten w[:" or " oﬁrsor(»e.d"J how does it Lrecouws Mou— Ooldstore

The trre cuwswer cau be found b& {MFecﬁu% Hu proof of Ooldstone!s Theorew
whick oseuwes of the dnteractiows. [.Omﬂifa_{»s iwportaut if oue woucts
fo akribute Hhe d_ive_l'am o{— Hu {uﬁ%m’mﬂ ’fwo—Poiu.{' correlation function to tee
existence of 0 maseless wode . Tndeed <f Hhe s0id divergeuce i just 0 Cousequence
of Loug—romge iwtrackions | Hun spontonsons sygmmetry brooking does mot dupty e
existence of o woslas wode. Tu Ouwr sitwation with o Auporconductor the

Aupurcurreuts (due to phose {i@um&uaﬁ‘m do °F e would~le Golstone brozow )

do E,xPuie,w Q.,Oh.%—l-ﬂ_n&q_ interactions due o He Qﬁtd-rowo.&uﬁc 14:1.1’;(1. TL\,EA) ﬂwu.)

4 dow Goldatoue's Theorewe o thrrorted..

Qo.{—e.ream. The wlcole A{:ora_ is covered in detoil 1w o review artiele b—a_
M. Greiter (Aunals of 'PLaA»iu) 2005).



LILCJ{.'LLn, 14
]I . q Tu.t'm-iol: &O.,U-&L 1WVOFiGher

(?-pr’c frow. Lectures delivered ot DPG Bad Houwef Suwwar School 2045 ;
C.M.P&.‘h. adk of Leehure wotw available ow ey bowe Pa.aa)

Reminder: QM for a Cho.land Po.l-hch (Sd-n!:digau 0.111)

- Gauat ‘I'rw{»omaﬁm:
A n—>A+d)(/ N — e

ieX/4

& .
— Wove fwcﬂm N Mot acwal-&waﬁau’(.

1 A 2 2
— Hawiltowion H = 5~ ; (T 3w QA;) olclpmdA ou choice a.f gouge-

Q: s gauge dtPucltuu inevitable ?

A: No! A aauﬂt-iwarﬂmt motion of wove {Lu.ud'im, Hamili-udam/

ete,, does exist.

i O Atructure ‘iw.PU'Std +o
11'ouu TR intrfld: wothematical wodad Gf Tbhazaicaﬂ NQU\‘J.

Dirac mouopole Prolrb.u: my -fuvor'i.ﬁ exaumple.

Cousider o cho.r&wl partice wovi% fhu% in Hu madm-h'c f\'cﬂd o{r a -ucmoPolz
brith mxamhc charae, nh /e ,for n=2. for Aduplicity (aud without wuck L)
restrict Hu wotion to @ sphere S, arouwd th mouopole.

CLAIM. Tu Huis ,oo,ih’ua He wave {wckm of He c&maul particle Cau be
visualized o4 a ou & (: o{r Hhe tauﬁu} bundte TS ).



Sauila chack ,
Q: Shouldu't the volues o{ a Sc&r—édiudu wave Mc{-{m be in C2?
A: o6 eT,StP2R*2C.

Q: éjw weaun 4eal v&d:orfic%? (1’0 wtite l:kx,Sd.J-édfuﬁu u,uaﬁ‘m p
we meed wuu-iplica.ﬁm b% i=/-1 )
A: 3,,;1 Muﬁﬁfgtfcod-im ba 1 du our pictwre i rotation tra n/2 in T, S

Q: wha'l' are -Hn oT:oJ-a'l'ors of Mo ntum de Qu.u—&é z

A: Mowentum p= % V (Lwi,—Civi{ra covariout derivative V )

Eurergy = Note: [V, V] = =i § Bu,w.

2w’

©

Hou to retricve Hue picture tought 4n closs?
Az fix o unit-vector fitd o4 0 rforence /atoudard.
Wee T, <« Ce TS b writ v6d = v

X = 40 € C 8uu&t—d¢1:ahd§

Q: Mustn’t Hee nfqnuu vector ,fid;d S(x) hove dowe Zeroes

A: 3“/ in fact n=2 zeroes. That’s a problew 1-or the naive oﬂaroac&.
In e Dimc—zs-l—riua afpmach oue amumes s(x) with Aiu rity.
Tha Luduing adugulorities dn AY(x) are aftributd to
waamh'c fb.qx Linar th‘!.t‘l‘lﬂ\.&
ot e Mu&u(ar Toa'iwh .

Q: This w.c{-or-{n’qld P«'c{-ure i 8rv.od |
HLd an't it wsed all Hu Hwe 2

A: Tn Hu aturoﬂ Adtuation | ow vector f—ulau Lecowe
Acehious of o Complex Live bumdle, and worhiu& with these
i mot a pie of cake.



Q: What d«a,«.eu .for mouopole (‘J\arﬁt nft2 1
D Wit TS v =R whee we T80 ("north pote’ o)
and R, differential of Re S0(2): R0 =x.

Now 960 = R0 u(d) = (R0 g00) (g uto)
with u(x) € ’ro S’=¢C aauﬂt-dtratudtut ;
g0 € S0Q) = u\) qoruge mu{m.

for n *2 {»onu a&uao. Qciuivahucl closses ¢
AP0 = [R,00; ub0] = [R,0 969, gy " u()]

Lahaua&e,/ Notatiou. S* = SO(3)/S0(2).
Associoted vector bundte E' = SO(3) xsow'Rz

Suuuwua,. Sclrédiuaw Wave fc{: are AecHous o.f a cmex Line bundle .
Sectiows s are differentiated using o counection V (/\ mowmentum = % V).

Dirac %amﬁia:\(:im couditiow .
electric clw.tat x mo,auﬁc, dmlat /1&, e And.

Generalization.

Pﬁuc.iPal bhundle  Atoudord f«(m-
AMOUCI:l‘Od vechr bundle E=Px VvV — P/G
Drovae Apace
Ourcase: P = S0  (actualy, Spin) )
6 = S0@  (actualy, Spin()

P/G = SZ,- V=2C (Corrm G—anw.taﬁlm)
wa’o. The Hi%4 bed of He so—coled "Andecson- Hiaﬂ,« mechoui of leckroweak theory

1 0 Acction e{; ou amociated vector buudle (Pu.ilui back to Apace biwe) with shruchure group
G = SU(2)xU() owd atoudard fieve V = C2.



Final remarks. CDOAA&!. :damml-ra" ia mot o "H"‘“’*‘&!
—  Aussociated vector bundle J‘ E=P xGV
A%mm:lﬁu act here

—_ (Uultara) Agquuctries Lrad o conservation Lawn (Nodhr),
Lrut gauge 'Aauu{-ﬁu' Leod +o uo-l-kha of Hu sort.

—_— Saum-h-l‘u can e broken (APo'u{:&umla or O.x?lici-l-ta),
Lut gauge '/.\%W'H'iu' comuot ever be Oroken.

Saiwf:lz (moﬂa&% vector Apace V with besis {e,,}

—  Active tramformotion (v Plyeicd motion ) :
v go = g(egu®) =(ge,) v* = eu g% 0°

—  Pasdsive ﬁwafoma{-im ( 3mat+m{omﬁm):
U= e u= %(3"3)“50" = Eag“bo"/ e, = "—b(&-')ba

Reference .
_ T.'[a,o/ " What ia o.&au&o.?'
Aubips:/ terrytoo. word prass.cou /2008/09/23/ what-is-a-gauge/



Note ow "Afoufamwla broken Jouge Aammo,{—r—a" (usu- Abelion ALH"l'ué)
G- Pl‘iwcipoﬂ bunde P . Lo—aa[l‘gll P= MxG

-H'i%%a -FILQ& cf 14 dechiow 9{; o asacciated veetor Grudle

E = Px,V V = C  (Higgs doubtet
¢ / A %‘MAML{—&Q repu eF Suu))

P = [pto; vw] = [p(x)g(x); qe™ v0)

Ex‘artM H Covariaut derivative YV en He {"H%ﬂ.n*%ic(d buudle E — M
in Local bosio ’”F Aeckines X > S, (%) :

Vs, = 5, [y (defiues Ho t-forus = 05 dut)
A0 Vo = V(s59%) = (Usy)g" + s,do* = s, QSBad +7%,) " .
Rewark . The 'H—l%ad %ﬁtu (,'P awd it covariaut derivative Uq) are %&.u.&t-—- iwvariowt |
("J(Luuac, dJ_P.,uoum s Aubroduwced fra Hu {-rwera[-,ﬁak o Hu Atowdasd Pa;c_{uw;
(_——-a- Pnr’[ﬂ'd’. PLaAMCA)} 04 {roﬂnm.
& dowe gauge , e P«‘.c.h A0l (b-t&(".) sechiow X +—> ao(x) 8{. Hee G‘Pﬁwaifaﬂ Gund e
P— M. Use Hu gruge- ch:ua Avetion to CW&L Hee bosia : ﬂS‘i‘ ) = S, (%) (go ai (x) -

Thew Q) = Sg(x) cPa“(x) = gi (x) C'F;'(x)
/%O.u.ao.— d.tPLud.cui' (‘.o-uramu.‘l’s al‘r H'iﬂaq Fic.u

Trawseribe He covariowt derivative to He &MGQ—&FLu&zu{' P«‘d:wt.:

Vo = s, (Fad+ )¢ = & (), (Fad+ 7)) (807 &

Lo — 17 .
, = 85d+ (g Mo+ g 'de):
Tiws Vo = & ((4+AF)  expros SRR Mg e 000

A
the gauge— suvariauwt covariauwt derivative Vq; tu terwes o(} Heo %&M&f_-—d’.&[:ud.&uf

H‘i&&a .Fu.u C‘{;"' ound g &au.ﬂt—d.zfn.uc[&u.t wou- Albeliauw &M&L fﬂiu ‘f-' F'orm A.al .

\Samm.f-ra M&Riua. Thae §roup G ack ou Hu (fi(’un of Ha) G-—Pn‘u.cip&@. bundte P
0o b& %— trawlatiows <P(x) — %(x) F(x). (‘P\tc&u et Gouge mForma{-im ot
‘6'{,[ r"ia:lc[' trawslatious P(X) — PCX)%(X) ) Tlhia Group ackiow 41a a /bﬁmmﬁa_ +ot-
%(x) = Cowst Ego Adue gﬂv = V30 . (L‘}: 4 % Aawwd‘l‘a_ (‘bit' Hae a,&u.ae_ "Aa.mw.ﬂ'ra_")
Huat s APeumeemf_a_ g)'roh-m {Ta the AM&LBm— H‘i&ec 1 ehoiame.
Rewark. Cﬂ-uiu.é frow a phyoies cducotios T bint Learued about He relovout wath frow o
ert(l,thuf_ P&Pu ‘Ja_ LL;"-LL Stone (u Su‘btn&mw.d‘fg_ Ond te Qucomctiou M eehawies o{: &F‘iu"s
Nacel. Ploge. B 314 (1981) 553 — 586 ; Seckine 4 )



Lectwre 15

T 10 The H-— P«'c,{-u.re, 9(, Mammduch‘vi{-&
(H = Heicenlberqg holes  dearen Harsch )
3, ) g )

Extracted frow JE Himsch I Su[atrmduc‘cfvi{—a_ L{ﬂxm wite "
(Uor&i Saim{—i{ﬁic) 2020)

FEH 1 b estoblished Huory (Bardew — Cooper— Schricffer, 1357 )

i%mm He Coulowd rLFu,Qm‘cm, Letueen E,Q,LC;['I‘OLLA)

hae 1ot Pruliida,& Ha ’I’G oF G,u% real w.o.{—uiaﬂ)

—  does wot &xPQoJu "uncowventioal Au’oucmduc‘cfvi{-a'}

is ot folsifioble

does not exploin the MMPW (— Oclueu fotd) effect,

—> {—Hm& ’thora_ 0F feole Aufouc.thtducf[\ri‘c& (JEH) .

(D Hall effect (1879). Qi Why? A: 3 strong comelotion

Holl crefficient
Ry< 0 (Cu, Ag, Au)
Ry>0 (Pv 66 Sn)

(RH,<O

+ + + + + + +

Aupe teond uc,{"fv(-bé_

Neo
%u

rP\H,>O (P\_H,>O

O ©)
R

.
E _ —

Aﬂzw‘au‘ia.u. {;o e OK.

L
—_ E :Fﬂ_a»

+ + + + 4+ + +
|
+ + + + + + +

(: FU,LL m,L,{GM)

False (A'W-Pu-a, LJ/) Correct (A'W—PLI'LOK)

Fo + ;E"'T'Ea;u—: 0



(D) Hots (Heisenberg | 1931)

n
full ?@%ﬁffp’)
| : > ko
T 0 T
electrous ‘ &aﬂ\i‘ {fmf dwmfb. ,frow. Lo ws Aago He wfv,{-u. %Mik&
fuoles ‘ ‘fau\ra Alow dlz.-f—om Cattice APika w{’-du ot fro-ualt'u&

Note : vaaﬂxrﬂ% with elechous va. Pou‘{-rom. (= holes) wﬂaf.e.ade‘n& !

(3 Stater orbita (193%)

O S lvl”
e 1)} =
12) | ‘b(U’)B| ,)\L
le B
no ol = N"m = MM el ]
\ W 2 vl e* A2
wa.%uhc, mmw’c/or%f = T lel o = Twe N Mo 1 H
/N wu&mﬁ'c exutotion = ;_M VXZLVLS /U-olH'l = |H’|

+ orbit deusit
Cfﬂ ° J VLS) PU’{:&C{' dt’&u{l&w{'

2m ~ " .
Enor, ( [ ouden Pe,vuah-a,hm db_f{-h),

Sloter : A= 13t a, ~ 0,/

(%ohr ool Cws Q. %u atrweture Coustout X Osduwe g =

(20) ).



@ MMOSCA}PAIC. orbits .fFrom. Afu‘u—orﬂy—i{- C.o-uPﬂ.{u.%
1DEA fU'row.aﬂw_h‘m {frou Pre,—&xfx.h‘u.ﬂ APW, ma{im’n‘c w e nfs ——
~ A@armwducﬁw‘t} .f'robu. Pre.— Qx&a{-iua orfrtol M.Lo_ﬂmﬁc e uwwts 2
%# He H«w-ér oJ} ap ecial m?.afiui{ra_ ) @ Apau mmaw{—ic, weeweut /u'm.u.&n. in wotiow with w%-ei{-&
U 0cquire ow echric dipole momant Wy, Givew ﬂrwa_{-m {Omuﬂ.& )“:zu. = (/AM&“)"‘Q ot/ et

/ AF»t'u—Orfri{- uetgy = = Eg /"Stu. = - Ed (/lﬂua&“)j! U'!/ ct.
' el 4 ' : . _
iw{'lu. Wtﬂ{t&c}mu: (/uum&n)‘?l = - " im [O'&) Ut] (Pa.ubmod-nc.u O, =0 )
Cloeck : (#“)K#E/*i:—%O'E/

Now ium&du f)ﬂ.ﬂ..txng (Aufufluicl) WUechrous v o fum Atote 0% total Qnau.?.ar wowentuuw Zeip :
N

= 0. Teata, £ L /S}
>\® v

Q: Whot s He (orfrit) +adiua ')\L GF ach o meotion 2 A Dalowce the %ortu :

+®=

PN
P

Ta[a“""&& tlectric f‘ftu. %Hulftuf' (em d funeusionol &mu.m!.«) ~ lel n .

€o
, . _lelng lel& ol — e’nsuo
N AP&R—OI’M?O&‘CQ = T T F e ’ﬁ,|0'| .
: lo|? 0 4
+n 3 = — = — = 2 00

Con {-u%n. fer—m " ™ (wlol AL) ~ 7 R

2
?Ol'u Q?'G.Q.QMUL —— Z'J\ZL = e ‘:z/[ko . TI/LMA Ha AF{R— ot CO—wPLLu% LLO.A Hua

corect Mauih;.&e to wake ‘fnr— Wi pic ocdrh eI[ Sloter size .

Rencarks .

1. Botln (MFOM-) APA“M. stotes weed to be Ccomtidared : C,lma.l'ae, currents Coumcel bk
Apin currents add up (uoh;: H exietence 9(, Apn Currents 44 wet 1 (L@LuF-(Ll‘c{'
Wity au% Aﬁwuﬁeﬁ-u‘us . Recall anecdote: misuwentiiw Current «— K(PK) .

2. In ordar %or He APm—or{’:ﬂ: Acenarid 4o toke P?.au.} PkLAuPua&uduc{wr must be
Lhd—r—ico,lla Pete_rfa.d! (Suszduc,{'oh s a"%iuu.{' o.-E-&m")



Lecture 16.
Discussion. \Suf:ucm\,oluc,{-or &de-«-{c.o.ﬂ& polorized ? (fw.r:)mifr&_ {lm- wetals |)

— Au.‘ouf‘,e-wdu.c.{mr l 4w 0 moerocopic quastuw Atote Mu.iw_ia-l‘u_& the Auu
of poteutial aud kiwehic erergy (O.uafleaa it bydrogue atouc ).

— T uwaﬁw.ciim of tHu eleckrous expauds wore thou that of e iows (of course).
The effect 4 ?,o.-—at i He Yeold- ‘!apf_. adtuation with Wy weobile electouws of
bigh (iwitial) twergy.

— Trow He excess of elechric Q,Lo.v&p, ot Hae surfoce of o superesuductor oue

&KPlCA’S (H—irsc&.} 1989) o OAa,mouﬂa_ in M'Euuwliu& conduwctawee . Suwele au
O.A%mu-&.‘["-ﬁ i Awn n experinents o He Cuprate superconductors (1998).

@ Cf}ucu'&g expulsion (/\ LLe,i[bw Qﬂie.c,{')
’fmdd.rool wouied : VLQ,&U{'G_ vector {a-.,ul o
Lie derivabive iU, = dot(0) + L) od .

Ex&uﬁsb;: &i{"g:b—ig+iwg:§+&3zo (3='L(0')§).

Memw{'um M—,{lom P = P{’ix'; = m <0') > .

A Nw{-w

wP = e (E- U »)

Fouoda .
/N &% dp = e (AE-dun®») = &{L(—B—o‘fﬂr&v) = —Q%B.
Ad S'te_ﬁuo d _ ‘
I:CLLc,f{: EMF= %’Bigp = —jz[EE) = %-n,{-e.&F dua,u.&mg {'L"KJ

Lt o = d.P +eB ('8Lw-aﬁfzo_& Uor{‘ic,i'l'a_">. Thau we bave Ha

. d 0
eonservotion Lo Fe=0 or b—fw:—iww.

Secoud Lowdoun o.q,u.a{-im: Ww=0 ({w %&LA{—a{-Ccuar% atote epamﬁucwdua‘mr).
Lw&u&) W = dp+ el = d(AdD-eA)+eld = AdD-eD+ed =0 .
Note: to reach MMPmeducﬁu% stote (O) = O)) rod.iel wul ia veeded l

k. kech (194%0): sutward freat fow % tHurwoleetric t\ﬂccc{',



@ Mu[bm O:FFLGIT Q,XPQo.Eud.

T>1, T<T,
Hi / a'sR
cool
dp = | (D
B )
> wetol | > AALD L D)
cowduwctor

] | |
Il 7

ff&dﬂ rototes & O

Rowark . The fna_ Cl«n.(l-mﬂa # to QxPﬂ.ac‘w how to go %—uu Lft to r{a&i‘.

'rOP view 9? Hu dawauu.iu: Hu MPu—c,&uciucHua condewsate Qppeoss {L-‘m{' in Ha counter

and Q.KPQAL&A C’O.leo.[l& outuward:

The Pcuuo. ou the %U' Ahouws the cl%nam'cal aitwatiow of o Loter {-u‘m} but alio d;aa[oﬂ,aaﬂ
tha Fm-a.tia.a e ctre {—(alol due +o the outward meotiow @f— the ma&mh‘c. {Qu.& Clueq .

AA He Au(aq,r\ea‘,.d ellechrous th:u.n.cl r&.d_fc.fla ou{:urm-cl) -Ha& Pq‘diz u[o a Ziucutal APu;J. fr%

e ackiow og He mo.&u,ﬁo_ Loreuts {»ot—u, (The oues Heat A{'O.a_-f.rt&i'&d %&{' Atopped ﬂr& Hee
'Fara.d.a& .Fw@_d) ‘Ba the Low eF Cowservotion of auauﬂ.ar weowsentuun He Auptmdut{-l‘ug

Ma must stort ro{—o.{-iu% Lockwiae . Where does tae ‘Eorc[m, Cowme %rom z (Tlu ?&t‘&.&&a
{fi:ﬂ_d Pulu Hae chi{-ivaﬂ.% CL.O.?_O_,& ious iu He Counterclockuice direckion ! )



Rosolution e{ Tmzz?.e. . The 1dea i very siwilor to that {—o.— the Hol offeet of matols

witl paitive Holl coefficieut- _ +
- % d +
Rewinder Hall ffect
(Ry>0): | *
- +
+ "FE + :Fm =0 - +
+ >+ == - +
- E égﬁa» +

To avoid iwordinate T:m‘ﬂa_—u[; 6{ ectrical c,ka,l-a;. due o Ha Auf;u—{iﬁuiol Lectrous WO\rfué
ro_dia.l(& suh«ra.x—d) Hre 4 BF Momaﬂ—f{w{d elechow M\ﬁué_ ‘I—t:l.f:{.ioﬁllé1 tnward .
T+ 0 crucial Heat He iuﬁowiu& Leckows ore cko,l-av. Corriers
&E e hoﬁm—'l‘au[u aitwation (c,c}nd,uch'm boud olucrst %u.ll)
Lot A{'r-e-ua co@m@r o Hu 10w Ladtice : Lot Hae
W&&Mﬁc Lorentz foru ound He Leche Farad;a& flor-u.
Full Ha iuf’ﬁou—iua_ Wechouws in Hue lockwine &iwc,{-fcm)

auwd fy-a He Lectrousd hole Characteristics Heat Tpull
{Td's Wf'u-rul +o He Cobice 0{1 10us (Duo.rFoeriu.a
Ha pull of Hu foraday force in Ha opposite dlireckion ).

Samow\:,«su (Lote Au{omtiu&‘l:‘fﬁf‘& ).

Tn the couwdewsation +o the Aur:u—c,onduch‘ué;_ atote "Mc—swP{c atoucs' a? Adze
)\mem > a .. Ore ,{Qgrm& . (Spdu—e)rb—{{— C.o-uPiiua_ I‘:)P.ClaA a sole tiere )
The ortit L pacaiog (G‘Bw_} ’)\Lmd”) Qeads 1o a wacroseopic cium;.{-u.m_ Atate
with CLower Cuergy L—a nu:luc.iu.gr oo Gu ot Riwetic qu—ea

Tl Aau.':w_rc.o-wduei'or A8 L@ed-r-'o_a[{ﬁ Poﬁan‘z—o_d auwd ComHes Apin Cwtents ot He
Au.r{lo,u (evew withe we ua.o.aue,h‘c {’LQ,LCL f)mut,{' )

Luu‘raw e,ﬁ'o;c.{': su{-{’—hmu& ,w.Pu{ued Wectrous CLequcire ecztwcuteal APMA to
Acreen the ma_&m{—ic {rfel.dl 1‘u1ﬂuwiué_ morucal electron (Aol +<L[P°')

‘[’r&qur- G.na.u(’_o.r weowentuw to Hae solid Eroal&.

The “hole wechamionn" s I:rDPcrsiLd to be univerzal for Autoucoudu_c.‘a‘uit}l



Locture 1%.
C&a?{u- T : Renorwolizatiow (0 4wtroduchow )
['TLz, ideos her ore {m&é} Adw[ab.) Huw exact colewlatiows o wot ... :|

.1 Sowe historical PmPlc:Hw.

@ View {;mm ‘Parhc& Fhaau (Pr&— Wilsow era {250% ond 1960'a )

Owontuu {a-a.u Huora Auffers %mm the Opprarouce BF wlhraviolet (UV) &ivuau_um :
ﬁt&utm&a{-[m i aeded o C,u.i'e-FF Ha 1'u.\€-iu.i& Coutri bt ows f{;rnwh Aot w&veﬂzu&ﬂ or
Lfdk—uu—% o des . 15% Ha iubroduckion e{l a (’.«u.f‘aﬁ} Phﬁ"{me observaldes Lecswe

Cd’aff-—&l[audxu{- aud dewe uqudft{‘u.Gr& (dut Fl’rs{-iu.a{-mu.). That Looks Like a
disoster | Hou to e pair Hu_toro!r&u ouwd rcover Pred.ic{-aﬁ-iﬁi{—%_?

(pq’,ci'oo.: Add 40- caled to He (fm_rt) Lugm&;m Frre-tuwe Hee
Pm—am{m e{v He Counter ferwd u anch o woy s to coucel the C,ui*ofF d.-;loud.wc.e_,.

Cﬂ.'-h(,f out Hein " Pm&r-o.m withe Counter terwe' ordes (’J-QL( order 4in Fer’h.ur-eraﬁm Hu.or-q (u{i(l!).
Two distivet Acenarios Luwerge

Scouarior 1: Here is a PmL:Fu-ah-m ef Couuter hm} ie. with {u.ue.(uiu.& ordar eF Hae
Pzrﬁu@r&h’m xpausion weore owd wiore (At fmau 0{,) Counter teruw muet be dutroduced fo
coueel the tnwoutdd cuboff &a‘oud-uu. (Twis s whot happuus whew ue applios

Atecndord tiua.uh'a-af-im to Biwetein clossical &r&vi{-&.) The Aituotine Hoew 44 L-O-PL&M

(Iw Pruiu'd:-iue, Po w—u—) Orce A0y toat tae Heory 1

Scenario 2. A {—L‘uii:z nuwer (AO.%J r) a{'. COunter terws MFFqUA to comnced Hu
de-ﬁ{-'F &erumhuu. in oll orders 9{« Ptu'{ru.rf)-ah'm 'HU-N‘% Suwck o H-.Loré] 4 caled

r—Fa.r-a_mhr renorwealizalle . Tt 44 Tar-wl{d—we, Buce + wnkuwouwn Po.u—mm’ru:

Lo.w. beew deterwiwed P.v—a M%nb.mg_ to huou‘u. observalbles .



ExohquLe.. D wantuw L@Ld-rod%nn.uiu tn D+1 dinensions 48 - Pa.r—am{-v.r- rewo ruealiza ble .

Thus in QED tue Com make do with 3 -"_&P"A eF Countu— tuw . Fack GF tHose 4a o.@,r—u.cla_

Frul..rn.‘t' in ta bore La&u-m.ﬁim. The wnkunown Pm—o.mh.rs Cure :f—u_u o rucoliza by ("E‘V/Ao)

Lrore dectrou weass (M)) aud bare elechrow c,l»\.a.n—ae. Lo.)} al d.uPu.ui ot Aowe m—b—i!—u—o.a—é_ v

Cutoff acale. The 3 couwcter terwg derve 4o couweel Hu 3 Dasic ©Oue-— divergences o
&

Vacusw polarization,  wechrow Adf avos | and vertex corection (. Chapter I) Sectiow 7—)/

which appear a4 (He sole) UV—dimn—&m{' frwilifu,g Llocka 4n hiﬁ!ﬂu—or—d-u PA. a.raflm

Pewark . The Acewario e.F muum.aﬁz'zo.b-iwa_ Was 0 wedjor Guide du the {—omuﬂ_o.h'm of tHu eloctro—
weak Hu.wé (GMOQ—SOLm—wUuW&l and G‘Mu{-m GI\J'OML&J&LG_MECA (C)tﬂ—l&auu.}ﬂrimch).
A 'I‘Du..&?m criteriow {—oa- mgrmab'aa@riﬂi{-é 14 Heat He C,sqult‘ug P&rﬂ.mfbﬂ O{L Hu

+L’L0r2}' be dineunionless ("’HA.L {»m-— woulivear Aiam weodls in 2D aud nou— Albeliow
801.&8!. tHuories {un L!‘_D)‘

Wilson Pici‘ure Q{L removrwolizatiow (1‘MP4're& @ré condewaed wooker P‘[La/&'l:bé>.
Nswud;a,f. our thivka 0bout renorwalization in o different Way (qul'mu&J sutside
of Hu porticle plysis Community ), wotivabed by plegaical agstins Huok Coun it

0 maturol UV cutoff (Mxiu.g te worry about &L'am&.mu B aun arﬁih«rﬁ edeotee of,’
Cuboff)  ond ichere Ha duterwsting observations ore wode 4w e iunfrored (ie. ot Loug

N&ve@.&u&,bh)/ ot tu He wlbravielt. The C&.OA&%L 9{» Hw.‘uku‘ug W04 %—mu.a&:l' about fl‘a

work of Kewwtle 6. Witson publistud {u e corty 197014 (rewarded by Nobd Prize

for Plyuiea 4 4982). T Witsou's picture tu focus slift o effechve field thuories
(%iw.k Qré! Q,FFLQ'EUJL &C.HB-M)) and nen— momauamm& becowes Leds o% Oun Caemg .
Roughty apeakiug, Witiouls atrategy 41 to do Hu fuuckineal dwbegrat (orstotistical
A ) Aequentioly atorting with He Lorge woveveetor (or digh fa—e_quw.&) wcodes oud
proceeding du the direckion of smal wave veckor (or Low f'rttiue.ut&) wodes . The Aequantial

rocees drives o 40— caled RG fow (renorwalizatiow qgroup ) of He Ocction functiowal .
P group

Auwcoell kJ W ﬂ.&tab flJ W

wo-des

Q,_ ‘Seﬂr Q— S base



L. 2 Decimakion

The Watsow A{'HL{'\';%% cou le {mpumuﬁ& {in He meowentuw or 4n Hae Pursi{-im
H.Pr-ue.w{,-a‘dm. Tu Hu Caber Cose Gue APU.L&A o{l

The C.O-h.c,q:{'uo.ll& MWP!‘A{' MQQ.—APM RG sclewe 44 (_Cu.auwl’ua_

o Lottice discretization e{— e fa‘eu Hu.ur&) To c,ouwea tHe idea we Couwsider

Exo.w\';h Sc‘uare Qﬂ.ﬂ‘lt&) Wite ‘Fuid Cﬂ) 25— M (0.8 M= TR)

Po.t-hhem. {ru_u.c;l'lm J\ohqa o SHD]

—O—x—O—X Q. Q.
O—%—O0—%—0 o o Do
—O—%—O—% — QO Q

heep O
O—%—O0—%—0 {J;&mh o} Q ©
*—O—%—0O0—X O O

Z = Ioh¢ojoh¢x SeanlPot cb]EJohf#o uﬁn[‘bo

Rewcarba. 1. The decincation Achewe Con be iteroted 4o T:rn(iuu. QL HCWrsion

bore

2. Coveat: A{.‘O_r'h'u% with, Locol twteractiows :[ror S it uoi-ﬂuo.ro.u.{-ual Heat

bore

Ho tuterockion will abl e Locol :{—o:— S(” i;f)} ete. (Ltwre. Anteroctiows vt

VRS -Po.t—o.w.t.{.-r.rs Ma.(la {a.uP O.PPLe.r-iua and He schewe w.aa Lecsue dif{iic.uu- tv Coutrof
uuless sOwe QPProx.iw.a{—{m of truncatiow i wade .)

3. Deciwotion tw 1D dows preserve Qmwa e{ Hu {uberackio.

EX&W-PQL (%ol- Coter I.M!;): 1D I«siu% meodel
Jaing apis se {x1}. Buergy H=- 223.«5“1 (}>O).

—pH K 2> s ne
Z = ZQ [b = Z e ne? e (K:"b}) bwmﬁm,q{o?:
{Sﬂ} [.<‘ I'l- Sl’l Ksﬂ.sﬂ'i'
Suuovu/&?a‘u.s E{+1}' ZQ 1 1 —ZmL(K(Sn_‘+S“+|)),
Renotwolization e{, (L&uf:hu% Ko—s K/
!

Mgt (Sn1 =+ Sh) _ oy (1) = 0 A K'= L ek (2K) = $(K) |
Weight (Saey == Spur) 2
Note : Huwre is ouly owe fixed point (k =4(Kk,) = 0) A 1D Taiug wodel al Au

goufoud prt (= 4 G,




m.3 I’Caclo.neff fyemzflAPiw h—a.u-«fomo.ﬁma

To ilushrate Hae {dm) Cowsider o aeol Acoler
.‘Fid.cl o 22 — R. (More %e.m.n—alté} He |

-E&.—a::l- Apoc Could Le Gy Alreliou gmul—;) |

Or%a_umc{'iw ﬂ'a bloeckhn - e.vmd Aite 4 &{» Hae |
@)I‘i%iuoﬂ. Lobtie Zz fn?)—haA to Lx&.cﬂa owe block
For cach bock b) Autroduce 0 mew \rarfa-@-(’&} @be‘@‘

Tt 1 = Jdih 8(@5— z cP‘_) wndar the %w&ﬁwaﬂ *fm’c&%r-'o.Q
1€b
awd »{uh’.t'clﬂ.auat Ho ordu- 0{— -iu.{-v.gt-flﬁm :

Z = jo?scp o Suan[ 4] = Joh<1> o Seenl¢] fﬂh@@bg(és_gﬁa)

_Sb _S(ﬂ 6)’
=[28 [a¢ T 8(8u-30.) & 1 = [ag &4
Rewcorkos .
— Tu Proﬂro.@ri?.i{% H'\.w% ) Heia would be called (e{l YOS OF

stotiatical w,iak{—) f.:ra Hw wop Adtes —> Dlocka.
— Dot Luargy ond Lu.h-voigé PL&% a tole rere (e{, coure).
— Tterotiow ives RG {i&m Sbm — So(:ﬁz — Si;; —> ...

— The wetlbod cowes with A0 we %“.u.iﬁ-i@i{% . Hae 0-— %I.ADLC.{.'I:G‘M cow be reP'Lau_d
lra A0 e O-H/qr) Amaootl fru.nc,h‘m (e{/ Fotold mass = 1 ).



]]I Y Mi&doﬂ.— l-(.o.dau,aff G,PPrOximosh’m

Decimation aud F(o.dau.eﬁl fr@och/s?«'u ﬁwf«ormoﬁm are exockt ateps s Q4 Ancel mg Ore
{“ﬂ?{mﬁé diff—ic,uﬂ,t +to «:w?b.m'l‘ os o recunive Ackewe +o be terated again auwd 0gain.
Now we will weet 0 Ackewe Hat « approxiwcate ((ut otill reosoucble ) oud cou be

{u,.Phw.mh.d_ with relative eose . We illatrate He idea &%afu. ot Huo txaw.PLe 9{1 Hay
2D I-aiua mico-del :

N _" decinaki
T T boud watiow

| M\l'iu.a

_'k \_) K/
HRE

Mi%da.(’.— Kadowe {—F RG sclkeue :

v, E)‘o-MdA d.e.,c.im.a.
C,O-u.‘op.fug K M&—} 2K —:-{1' 13 Ln Covh ('—!— |-<,) = I‘(/.

Fixed points. K, = 4(K,), (k)= Tl cosh (k)
—_— K* =0 (in{#{wil-f. {-tw.Pu—cx{-uot_; Pat—a_w.aﬂ.u’dc. FLLMLJ (‘,}. 1D ﬁ;,ua_w.&d.«l)
—_— K* = A (E@J‘O {'!.w,Pu-CchuQs %ﬂ,rromawﬁc, FJA..OAL ; SS& )

— K, ¢ iOJmS (critical tewpurature | phose trawition ) .

IM{‘O. The Luﬂ.d.o.ﬂ— ['Ca.d.o_u.e]ﬁf O.PPrOxiw.oi‘im C,orrtc,fﬂ& Pre,d.m_;{s that tHa OKQ—Q&QP
RG Leto {iuuc{-im {im- wounlinear mamwm in two diwensious 44 given b’ﬂ tHhe

Ricei curvoture 0{, Ha t&r&d}' Apace.



Locture 18.

Pmehv& on MK RG achewe:

- A LLL%C'.&Q (aE'(’PJ 19}5‘) Pa'tu,{-gd owt +hot "Cuamtp’caﬁc, {?m.d_s-w.l (&Mc&umd in
19> fa—é[ O ross Witczek | 'Poh'l-m-) 1w D aou— Abeliaun gouge Huortee Cauw be
obtoiwed (wite %o-sd O”CO'”M%) from on O.PPromw.a.& recunive RG scluwe .

— L. kadowsft (AM‘PLL@‘.) 19%6) Pu.t LLE&&O.UA recursion 4w the penpective of

earlior work ew r&aﬂ.—APm unoruwalizatinu Ond Loweuwented 0w 1ts v-aifoti% .

T«kffo (—} Exercise Sheet ‘i).
Continuuwum Linat

CQM(‘.&Q H—u‘,«,u!ru-é Af:n‘u. s o-del - O(?)) mwounliuwear ) meo-del
20 | Lew-T

O(2) NLoM - {—id.d (Apmh‘m with Euelideas Aiad.«.o.‘[‘u.r&-) n: R— SPc TR3)

"= (::_) ) "‘-l: 1, H = a jd-zx (Vn)z) Z = JDZVL Q_kjdzx(vn)z)

nay RrR> I'<. = FJ} .
T Pw{ur?:-ah'm {-L\wr& (vatid for (’,cu-ae. K) ow finde (0_.3. % b—a.ch&mmu&—{:mﬁd
norucelizobiow , A 0_0.{-0.:) Hiat K decreoses wheun He alort—distouce G,u.{"oﬂ’- a s

'I:\«Lw-d&.d. (’ﬂom 14 {'tu_ 2D NLU’M O-M.G.%% O{' qup{‘aﬁc ‘{—rudmw. {FDI- LFD &Q_u_&'_ 'EL.:.on'M .)

Cory.,o'lu,d:u.re ( "ncose %O'P" ;ifar 2D NLoM):  the moded o 1= porouweter tenorucolizeble
(l»ﬂ'H-» K_os He Oul& relevaunt C.WPE-l'u.%) ond. K continues to decreece wudor RG f&u)
Li{lo-wd Ha Fa.ri:u.r@m.‘ciw. e giwe

— Note: dlt'uzu'h‘ug eP{a.Ea'u, exinha ( E. Saiter % A.?&Wcidu)

— The MK recunive RG schewe COITU’JH# &Fmdu.l‘.u a“{i’“‘?*”h\"’ .F'r‘u.lf.ﬁw. Y & af_uu. AA}.PP@r{'
to Mcouémcm.

ba@&u hivrarchicol mepdel (on.d:% teworualizaoble g\-f?emu&ahd ow o tree ).
fuld ¢: 2 —> M (eg M= 2 ={r1] 4or Laiug apivs)

Hrerarchical orgowization: thu tuergy is O Auw of squares (of Auws of aprue) with
iuteraction Coustouts Heat ore diwcwisled O.Qa-u%_ e tree stueture :
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We hove seen several Qxa.upr.u sf renorwalization group (Re) How : the idea 44
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a Ami%mu_P_ For Oue Q,x.a.u.kfb.} Ha R-ﬁ.d-m\cf» Sloch AFM'u. MA-OP +muu. aites to Dlocka
n et ‘l:ud‘o.c,ﬁue.. for O.u.o‘Hu.r) PMAL :F'm-t.m.rd; 0{1 weoauues 14 Lot reversible Tu &Lue.-o.ﬁ.

—> Thiuk oF RG as a "Ft{-u-"_
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04 & dﬂuwmt& procses tw He &iﬂh—dfm.mimaﬂ Apoue s{r all preibte Coupliuga :
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Noke: Zeroe ef tHe RG Leto f«uuc’n‘m Gre 'flG-{aiy.v.i poiuts.
® T’L'x.u’;—Pc-{u{‘ "20-0&083" .
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caled a
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R fo Lou T
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d / /
S, = P"+8++“‘ (P’+>O)/
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2= s
o)
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d5 1 43, — 1/
Ay = 92 = 1 29 — gy, 3] /
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1 / _ll !
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X = Couat
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Q_@z/% 92
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1
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1
'H'MLU. Hae L'F(-Ld' on € 07kt 0% convolutiow (JU-P to Qo.o.d:‘u% woulivear 0 dar 4n f)

hw%nm ) Cowvolutiow X TuNerse )
. _ N _ —> :
“w bt > t—tY3 2(t—1t%3) e 2t + 24¥/3
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. Lo
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Ckaffw C: Gaudt Theores of Quantuw Matty

O\urvim: isiua aau&q ‘ﬂuon, Yy QQ«.'QQ aauag ﬂu.or7
&a\“c Huaorieg as !#u,h've -‘icld Haories or Low —(uu}., RSP oy {'ofol.oqicaﬂ Tuau(‘uu. waakter

C.1 Chains and cochaius

COus(dgr So0wme edlh'u K ( Q'J' a Cubre Ca‘h’u . )
wodt an vertices = sikes = 0 -cels ,
Q&aes —  Qinks = 1-cels | Corfficient

‘FO.NS B Pfat,u!“(’s = 2-cels, ete. | /h—Cl(l
A b\— chouu n 1s a {oruae Qiweor Cowbination o.F k- cells n = Z nc- C
Tha h= chais ou K ‘Foru a vector space denoted b, Ch(k\ .

Thaee exisk @ Linear Oflra{'or - Cp (K — Cr, (K) , colled th bomular7 sperater
EXﬂu?lQS:

b

LU S
bA( S he S = 0-0-04+0,
WM = (- P+ D p

5

= PP A

Owne has  9-3=0 (Hu bmm&a? of a boundon, aewa.,s vouishe) .

The elewents O of He dual vector space C* (k) := Ch(l<\*L ore called R— cochacus.

’ﬂ\p’ ar Qinear Cowbinatious oF Qiveor ]euuch'o:u ou R— Cels : 9 = Z Oc- c*

\ JIAIQ
Dual  basis c*(c/y = LCC’ . Cogﬁ"c{u\{’ R —cell

Poiring betuuen G and €% {n,0) = Blw) = cz SIS =ch9c
The CO'oow\dor7 o?tra{-or d: Ch-'—> C"‘ 15 thiud B7 the +<Qation

<V\/Clg> = <by\/9> . Tl«w«s A iy ta adJoiuf (Or ‘l‘ra.u.:tao-"\ 01[ )
Tt folows that ded = 0.

R N W —

Exauuflas :

Y

dp' = — -G+ 6+ 0] dt* = S -5



CZ jsiua wodol and 'Isiha_aiu&l H\tory

We now 4utroduce a Qarge clase of (stotistical mueckawics) wedels as foltg ws.

A COn{.‘(Tu«-aHou of the fiud soy O, is a R-cochaiu (ou sowe Qathice k with
bouudsry sperator 3 aud coboundary tprrater d) B =3 B cr, wilt cocfficint B
that toke values in an Abeliaw group 6. The tuergy function H of Hemodt & a
fuuckiowsl of 80, Hypicot, H(0) Z hde) (sum ower ol (ke culle y ).
The portitiou fuuchion is 2 — J}gg ‘["H(  with A0 = T de, (product

o(: Hoor weasures ; of Course , « F Q 4s discrete Hun Ha 1ui1&l“u( s a Sum)

EXQlMplQ | - R=O, G= U(I) (X\/ wodel (u D dc'wlu.n'oux\.
Peoalize Hy Abliau ﬁn’“f" G = U (wLu-o. Hu Cowp ositiou Qaw

GxBG — G 4s mulbplication (2, 2,)— 22, ) as G =R/Z (when
tha cowposition Low 4s oddition (6, 6,)— 6,+9, ) b7 z - ¢

The fetd 9=Z O, s* 4s a 0- cochain (or function) Qssiguing to each
0-cell (or site) s au Qugle 0,. We have dB = 2(@5“‘ ’él(n)ﬂ wher
() ond () are e sibes where the Gink 0 oewds rup. begiur . Thwe choee
h($) = — cosd we get +Ha so-caled xy weodit (or plawar wwodet)

PZ Cos (9; 95') whew Ha Sum 4s over wtowst Mu&kbor Sites
Z = J‘Ae R (09\ a lotkice K inw D dimtusious ) .

Exowpte 2: R=0, G=2, (Tsingumodet)

Tht subrug is 05 before bub we mou sestrict Ha voturs of O 4o {0, 7

This Corrtspowds tv Ze€ {tl} for z= 0’ For the Locsl twergy hoou Links
we tahe h(0) =-7 ond h(m) =+ (J>0). T we switch +o Hu
stoudard motakion s= o0 =i for spiw valuwes aud o] for Qokice sites

IS s
(i,j)

which 1s the QMr—ay {\AV\C{"\‘OU\ OF Ha isiu& weodel.

Haw we &t’t



Exaw‘:& 3. R=1 p G= vl ( U Zatice &Oud( ﬂuor7 )

Hew o Cou€i6ur~a+iou of Ha field 4s a [- cockaiw 0O = Z Gl 0" with V(1) - valued
coefficiends (ue skt realize G as R/2x2 ). The ]Citld B Qssigus Qn augle Gt to
QVU‘7 Qink. ¢ oand is caled on (Arbtl(au) &Au&l f:'!“. The lvura.’ fuuc‘h’ou\ - dl(btub
Ohly on dg.Du! +o dz= 0, the !ktr#7 H s duvoariaut uwder &au&o. 'h’aus{orwa‘h'ous

O 0+df when } s Quy 0 - cockary . usuu7 out tahes H b 4e a Suw over
Qo gquhes v 2—cells) : _
plaguehes (or 2-cels) H(o) = Z h(do,) .

Wition fors of b W($)=—cmd
\/(llal'u ":oru.: L\v(4>) = - L[h (Z Q_M/IP-*-““*) .

P mez
157 He Povsson summotion {—orwmh ouwe has Hu olernative EXp ression

—(p/2)(§ +2mn)t\ P! 2
hv(M = —lr’(n (W > @ b2 ) ~ cous*cT,+lz¢

nez
Thus -For Cow {'me,o_r-d‘m: ({B»H Ha Wilsow and Villaiw {om oF |r\ an lqw’vaho&_

EXOW.FQ! 4. R=1 p G= Zz ('Lsiua éaud( 'Hntol‘7 ) |

Aaa-‘u, we sestrict to volues B, ¢ {O,r(} — s, = 0‘9' € {1|J.

3\43* Qite «w Har 15!‘1;.3 Spiu wodel | wt choose tu Local Untrgy ‘Fuud’iou
L\(O): -1 omd k()r) = +1 (wi{»kouf Q,ns, M'Pwl- J=|\. Iu_ torws 0]{ isfua Spim

0 > s
Vvariobles S = 0 ' He Por‘('i“'\'tn «Fuuc‘h’ov\ is Z = ZQP P whew 5?= S'-l 5115‘)5!’
1s the Pl‘nducf OF is(ua JtP\'us {-or Ha ‘FOuk Cinks BOuwdfhg {’IM Plaquli‘t Fl ' L
Z, Jougt (nvariauce tu this contert weaus that Ha tutrgy of a ;_1:(1

Qouﬂf'idura‘{’iok does wot d\M&L whew oue 'F"‘P“ Hee Isio\a Spin “-or all Ha Guks

thot ¢maunate (’Nw a site.



(G Dunli+7 +raus1cormn+\'ou
For 0u7 out o{ the class of wmodels Tutroduced «w Section C.2 we wow Carr, put

a duolﬁ] traufonuation of +he Krawen- Wawuicr +71,¢ (kieL’l — Qou ’f\ .

The FL(U is a R-cocham B = OC- c*  witk coelficients BC e R/1x2 .

WQ do +he caleulation for Hae Vilaia {Orw cf + (-For Hu Wilson {Orw t wouldu't

be wuch different ). ’Luhoduc(ua the abbreviation ||m||1 = Z‘m: {or Hu Suwm

0{ Stjuaﬂ; QF o [QH&QP— anmd CO[#\‘Q(‘QK{’S mx OF Q (h +|)— Ckﬂ.l’u m = ZM‘ K/
¥

Wt write the Por’rih‘ou fuuc{n‘ou 0s
_ —llml’/2 t{m db
A DU AL PYS S
w

The inwer suw s over all (R+1)—chaus w with coefficients <w 2. Tkqu'HuJ
(Wl, dpd = Z‘m‘ (dB)y 15 defiued wodulo -2.:}’ aud ‘urfore expounewtial
Qi (M,d9> £s wel-defived. We now use the dt{im’ue relation (mldg) = ()m,9>

o{ the Coboundov operoter d to QX It e partition Fuwdn‘ou as
—||m||7)_ i()m,B)
Z=>¢ P Jl)e 0 .
m

We have also {nhrckau%d Hua orde- o(: {V\{‘O_&Pa‘h’ov\ aud Suwmwmation. Now +the

i()m,a)
(u(’tarol J\Ae e

vanishes unles w has zero boumlav: Im=0. Heuee
—||m||72(5
Z = Z e . ( IAO =1 b7 the choree oF uorwolization ]tor 2»9\
m:)m =0

Recol Hhat ¥ = ()/ e {m(B: Chu_’ CMI\ c Rer (3: Clul_’ Ch) o We now assuwe
H«.l S{’rouéo.r Propu‘l'7 1m (3: Cluz_’ C“'\ = kcr (3: C,“_'—* Ch\ . (’rkis 1s hmouu
as the Poincard- Lemwa or, Won Fncisd7/ Hae vaunku'..& of Hu komoloa), §roup HH‘(R\.
This T)rv?(r{‘7 hotds true, \!or "M?h' for o Cubic Qathice ‘<=Zb.) We can thew
solve the Coustraiut dm =0 b7 szlh'ua m=dn . The Farh’n‘on {uud—\'ou becownes a sum

over (R+2)- chains h with cotfficients <u Z:

Z = > o P/

n
To At suwm the choin n 4s not um‘:}ut% deterwined 57 +Hae M‘Mt{’(ob\ m= dn . ’lm{u&/

a QAu&t Haus{»omah’ou n— n+)\r (-For au-, (h+3)—ck0u’uV') {mves m uhckmuac_d_



'rkmﬁo.., Hae substitution wm= dn Siwply Causes A ckuudt of overal worwmelizoatvon
Constout which s (udtrmdo.u.f' of n av\dP (alﬂ\ou&(\ it oy be {ufiiu&h/ ‘n

which cast we have to '{—\‘x {-kduu&l')~

What we have achicved vp 4o now <s a reformulation of our origival taeon, of

R- cochaius O as a new {"M.ot7 of (R+2)- chaius n. To Complete dun!ﬂ7
trawsformation, we mwake a couverzion -Frm chaius back to cochains . This 45 achreved
57 pussing frow the Qakice K +o its duol lakice . Given 0 D—dimeusional Lakice
Kt duel Qotvee R is d fiued b7 Haa ~quirtmiut that +Hawe be a lo«‘J'uh‘m

Cplk) €= CPF(R) for all p= 0,1, . D This is implomented by a ome—to-ous
correspoudence bihwten the p— euls of K and +he (@-P\—Coce«s of K. Th
Corespondince is such that the boundory operator ¥: Cp(k) = Cpy (k) Cormsponds
(up o o sign) o tha Coboundary spurater 2d - C7 7 (R) — C7PY(R) .

EXOIMPLQ.' K = Scr.w.r( Lokice 1n 2 dimewsions = E

-~

Each 1- cet ¢ of k %odlfku- with ks ?ar(-mr Eiu < 4s orituted chrdiue +o the

Counterclock wise Sewse: * kK
ty) &
iG] | ettt
1: \_|Br “’ix < ~% _ PR DT D™
N = dP = 0|+ 01— 03_ Qq_

N
e
>
>
—~

Q!‘l’urh(ué to our d,a.nu-al Cost | we hove a b(l'tc{'i.ou h = ZV\C' c > i =Z n,- (o
betwean (R+2)—choius n ou K aud (D—h-2)- Cochaius on K Such Haat

I CorrLsPovuls to tdn. Thus we obtain the {»ollowiu& {’iunQ resutt for ouwr

Z - [20 ePHO 5 IR

~

n

dlMlLil7 +raurFol’uaHou. :

Recall that H(9) dt-'uu.ds 1Madt~a+(¢au7 on db For ’5>\1. Thus owr du&U?
ﬁaus{!orwn‘h'ou is 0 S'H'nua—COMPll’ue—fo—wcnh—coufliui duo‘.{fl +¢lhu’ue “u'&l\. {'l.upu-thu-a

to Low hwfu-ahut Owd vier versa.



Exawfﬁ: D=Z/ R=10, K = Square Lathie

We Mcapitulate grophically Hu various steps of t duali{7 +FM$F0|‘M&{’COK for tuw

Farh'cular case ot hand.

H Fourier dm = 0: //P’/ _)D =z =
Villain ; h—qun wm=3dn Al kK- K P
S

9=§95-s" d9=Z(d9)'-e" ”‘=z"‘l"~’ "zZ”P'P 7‘=§np’?'

Now we {zurH\U’ specialize to Ha Case of G= £, (Is(ua_ s'ou'us). We realize

+Hae 15('\& Spius on K as o, = Qies with O € {Olw} and the 1scu3 Sprus

ou the duol lakce K as 0’§= Qin"P with np € {0,1}, Tha Prtviou: Calculation

stiy goes H\ruu&k. Thus our dual;+7 +raus<Formm{-iou tokes the 2D Is.‘u% wodel

~

wto d'sel{/ albeit with o chawge efr COuPQiua’ (or {-eumra{-un) 'h—) f(p).

The stotistical uQi&H’s t{-on and after the duml((-y {’rQus{»ormo:Hou ar o -Follow;:

> gt
Plo=-1) e A o S . T
Plo=+n| __Zo' "‘lﬁl‘(ﬂ)n [+ o ‘h“h(VHB),
before ‘/zp|
Plo=-)| _ e i )
Plo=+n| Q—u‘ﬁp ,._:, = ¢ = +°"“('/"‘P ), Wauee

p=fp = L*(Mmk(e"/’ﬁ)_'.

(HH{ NU Qr Compariug Tsing Spius O = 0,0, =1 on Links )

Notice that $(0) = « and f(2)= 0. T4 is hnown that the 2D Tsiug model
has o phase transition at a critical (inverse) fewperatue po. The dualih
'l’ruus{»ol‘ma‘h‘ov\ with Ck&u&( of courlm$ (5,_; .f([;) Qxcl\cu\&u e
high-tewperature (disordercd) phase with Ha Low - towperatue (orderd) plase.
T critical {~uu1; erature is deterwined by Hha fixv.d— Poiu‘r condibon [’)t= ‘F([’Q.



EXQ\Mfa&: D=3/ R=0 , K = Cubic (OJHU. .

The coleutation 4s the same as in the previows exawpls but for th finat step. 4@?
Thare , becaust of the ducrease tu dimcewsion (D=2 —513), Hu P sse g Fron +la
Qotice K 4o the dual Lotice K Comverh Hu 2—chain n 4o a [— cochain #.

Lot G:‘R/hz, as cho.-g. The fwitial wmodel +Haow s Ha Xy - weodel 4w 3D/

and ow duslity +rausformation tokes it icto o 3D gauge thory of 2- valudd
-Fio!ls with Jaugt group G- Z. A spuuial situation arises for G =4, =/G\.
Tn this case we Qearw that tha 3D iSiu& wodel 15 dusl 4o Ha D isiua gouge -H.u_,v
Since 4he 3D Ls.'ua wooddl has o phase trawsition it foltows that so does Har
3D I.S\'u& Jaungt ‘Hu..ary T4 turws out that +ha ordesed (disordered) -Pluut o[» Hae
D Tsing wodet comerpouds (by duskity) 4o a onfinment (resp. deconfinument)
phase of Hu 3D Tsiug gouge thuory. (Sowe aspects of Hu Laker wil be disewssed
in Ha wxt section.)



C.4 U_Qﬂmr— Wilson an_

We hove J'u;% learned that the isn\\:’ Jauge 'Hu.or7 undergoes 0 t:ka.u trawsition 1n
3 dimeusiows . The existewnce of this trauwsition soises Ha c’uu'h‘m whot +o0 use as a

d{aann{-ic -For it (aud also auol.o%ous Fkan trawsitious (u othker gougt theories \ )

For concreteness of notation, we wil give the awsuwer For Ha exawmple oF u() Jaugt
H\.tor7. (As bvfo.-o., the Isfna case will follow b7 a Siwple +r0.u.scr(r{'\'ou )
We btd(n l;? Communica‘h'ua +hot +he cowventional s+ru+e37 ‘f'or Spin systems does
hot work heve. As we o.lHaJ7 Rnow {»or o 'Hu_ory of PLamar spins (k=0 cochaiws)

) L ) 6\
e k'él‘_ and Lou—-l—omfmrafwc Pkaus G d.s‘hu&msu 57 (e =)= (’5 4 [Bc ,
disorderd Pl..o.u\ and (Q'GS) + 0 (SPOn‘l’&uLow bnmh(“&o{ U(l)—svmw«d?7 -Fu—
fB)(’;‘ ; ord ered Pkau). Thare is wo M\ahd of sSuch a dt'o&klx*'\'( for gou gt Huaories,
The ~eecon 4s +that the "&Lobll' s7nuw.1t-7 OS'—’ 9, + Coust oﬂ a S‘,shm of PLo.uar s,:uluj
(or tJ’J — —rj 1 Hu. ISl'v cu,,) bttow«u o 'j.rc,al.s.’wmt?? {'raus{'orwd-iou 9 — 9 + AK
{:of ks> 1 ( hae O aud X 0w cochaius o( do_&ru. k aud R-1 r(sfud-ivzl’). For exawply
for R=1 we w07 4tabe X = 4) g ({‘-qr Oy site s) . Thew dX = 4) ds" duvelves Ov\!, Ha
L’uhs (Ll“'au.ud’ ‘l’b S : - e . er, au.ic{o.l 57 Hu Pncuiur( Forsfh'u .\Is{'(ws/ One
mi&ld’ break Ha gouge invariauwce of H(®) = H(9+d70 aund cousidur a §ouge-
suvariawt observable iw Ha Giwit o(> vauu‘sk{u& 31mmt‘r7—br-uh€ua parameter,
H’OWQMr/ Hois Cimit s uut’ufv.rua‘l‘ivt because 4+ oluars d,l'v(s Zevw —— Q sesult
Ruowu 0s Elitzur's Theprew (H Hue Local aﬂual -’n,uuudF7 of 0 &aua,( Hu.or7 connoet be
sPoud-auwusl] b-ollu\). " Fuc{'/ o Qoss oF iwhrd\auﬂabilib of Limits com occur ku(/

as ou!7 o Finite nuwber of dq&n.; o{ feeedom 43 affected by a Locat Jauge trow sforwation .

Tla &&od dioﬁmﬁc v wse 4s @ &au&t— 1uyoriaut observably called the

“LQMU'— Wilsou Ltop_: tP‘eh aw oriented Qo'ﬂ? ¥ (ie. a closed diveeted curve x\

Cowpo\ud of Livks . (Tkl sfuuf:b.:{' QxawPlt would be +Hau Links rumu’ué around
o Llcwe\d’m? le,uck.) Let the Abuliow gougt §omp G= Zz, U(1), ete.

be dwr,Luuu’cul add;kuﬂ? (3= Qie). V«'c_uiua Y as o [- cochain with



coefPicients 4nw Z awd usdué e Pa«’nﬁu& ('/ ) budween 1- chovus aud 1- ecocharus
defive ta opectation value  (Wegnar (170 Wilsow 19f0)

i(x/e)
Wiy = < ¢ > ’ i(y,®y  i(0,+0,+0,-8,-5,-8,)
£ N G=0(1): @ =0
L _ SRR
—s . @ : KR IR IR AR T
0? Q ! ‘(LQ>
> > 6=1¢, : @ = 515, 3354558,

NO{‘L {"L&f Q‘(X’ 934'3 4nvoriqut uud.\réaudg ‘l’l’ausFarma-‘-‘\'us 9 — 9 + AK Sina K is olosed
«(y,® +(y,0+4 i (y,0) + i (dy, ' 0
(u_ }X:O)‘ iudu_fl/ ) (XI > —s 0 (“l ") _ Q(«(‘ > t( X 7() _ Q(,(“, )

1f ¥ =32 Huum ()_t("e> Can be f:wf im0 Muiﬁesﬂy &auat-iwariau-f- -Fom:

i(y,0 ()%, 0) i(3,40)
L * 0 .

action

inhrpv-ctod’wu. 14 0 is iven ta 1>k7sa'ul dimeusion o{ a gougt '(&U(, (6] = (l.Tar&L 4

tHheuw the epa&riu& <K/ 0) eR M that (U] = ectie ckaram. Oue {uterprets
§ o Ha (loved) wortd Qine o,c a (‘.luu—&l- ah‘{’lfdn-&t'&(, T.:o.(r. _QMH(U) maeasumrs the
Ckakat in Q,auat— ‘ét!_d oction ( Uxu’&y ¥ Huce) due o Hae fresence 0F Ha 1:14#.

FACT (Ntam.r 19Fe). The as"wPhHu o]c N(r) For Qnra,l X 1s diff—u-tu'f fw Ha
toro different Fk&su oF 2D Is(ua én,u.a,( Hu-or; .

_ a('ﬂ.arw(@ area Q&u {’0!’ ki&k {quao.ra{-w{ 7> ’Tc/

W (y) =
X ej b(ﬂhuaﬂ\(@ 1911-&“{‘!? LAN {,°'. LJN l-LWfLI‘OA'ur( T( ’Tt .

(Btem we discuss Hhis {»ur{-h.r/ wt wmake @ &tumlizaﬁou/uuipdcrlﬂ’on.
k-cyete of de=0 (ceZ),
h- bouuu:lar7 iF c=2b ( C ¢ ‘Bh.) .

Vocobuhu :
- A hk-chain ¢ 4s calld a

h-weyete of du=0 (weZ),
A k-Cochaiu W 4s colld a .
h-coboundary if w=40 (e ®).

Note Hut B, ¢ £, aud o c 2"
Mou/ iven @ statithical machauies S,s{'l_wt of» - cochaius © with a,O.ua,o.— fuvoriowt

o.m.ra., ‘Fuuc'h‘iu H(ey = H(9+MQ we Com Cowsidi {or Oy h- b°u“40r7 C =% Hha

ﬂ&utrolitd ' Nqamr_ Welson Q,-.,P' W(e) m <Q£(C,9) > |

{c,® . .
Note Heat Q‘(c ’ ts dwvariawt awwder &uua,t tw#ormaﬁou Qs lou& s C s O k—(-’c_h,



Ex au?las

b
k= 0:

: >

i{c,0)
Q
1:
cC = 9

i9@) —<B(q)

= o p Q) _
B -i8(9)

How N(c\=<Qt(?Q q>4’s

Ha SPiw—Spin correLaton 'Fuuc‘h'ou
1{c,®) AL c)jde
- GA 0 _
C=
W(e) = standard WWL

- ¢ =3b ie,®  fe
- U .Sul{’au_,o o

e

éigde
=@ ¢
n’el-t —handed cube

8

ausion

We wrill wow show that tha (&LMrAUttl) aren Low ('or W (e) tmtr&u v\o.fu.ra.h7 Fﬁw_ a
(ia‘ak— '(’cw..rcmhn. (or sWaua_ couphua\ ex

Assuming the Villain germ or Hee Cuirgy {uucﬁov\ we pass b Ha duol descriptiou

<(c,®) — In*/2 ¢ (wm,d0)>

Wie) = P\eo, ZQ'"/P”(
2

S o ImI72p [Ag

(k - cockaiu © )
;,(c+)w\,b)
e

— w72 _ o IMI72p
ghﬂ:—c l%“':-c

M: dm = 0 ‘
This HForWLuQ&'HOK As auFul {Lor Swmall [‘: (or k(&k Qtw.'u.ra.{'un. ), w which case

Hee poartition sum is Satusrated ‘07 Ha tivial an-‘i&umﬂou w

ou!7 o smal wuwber oF termes coutribute 4o Hu Suwe over m . For vv, smal (b
’)M = -0

=0, and the numerator
is soturated ”7 tHae cou@a&w—a{—(u m that miwiwcizes "M"z under the Qudvaiut o

SOw( QXW?QQ,S 4, M«n«’uiuﬁl Ckal'us wo (Subild 'l‘o }moz-c) [+ W]

Mo — Qlu {'k(lu )/
— . _ § o/ 2P

h=0: C=vp—q q N P \IJ(C) = Q
% (SP4'u—Sep4'n correlation ?uuch'ou {'a(ls QH’ &x?outuh‘aﬂy
G|l
k=1
cClIOQU ™ —ara
£ W) = ¢
Qlla]lal

wibh distance )
(“‘o)/lf’

(area Cow).
As fb fncmases (or Ha {&vu?ua{»we dccrmsu\/ mort and meon terwms start
on‘b.’bwl'iua to the Sum oyer w. For Qarac ¢ tHua %uu.rah’td ara 2w

Continwes +o kold (albeit with a wuoraalized Coefficieut or ”s#n'ua tewsion' )



up to Hu emtical Po{u't [5‘/ whert Ha Cotﬁa-'c(tut' of tha ara terw Jou tv Zer.
(T (lud’ua‘h'om o¥ Ha (R+))—chaiv wm breowe Qorge , aud lV'M*‘“&“) Hee

|A71,.r—&ur{"o.u o §eh deCocalized .)

Taterpretation. Mecall Hu Physical meaning of ¢ (fork=1) asa charge = awheharg
lvof (w spacetime . T Hee Loop s l‘td’ﬂueular with sides R (= distauwce bohween
cl«.o.r&t awd awh'ekardt3 awd 1 (= «'madium7 Hue for which $la Poir s im’;nw‘ 0w the
V&cuuu)/ Hou Ha aro Lo — Qu W () « RT iuuePL\'ts a ckarde— atd-ickar&(
potewtiol Huot govws Q.'..mq7 with R Thus He oren Law signals coufinement (of chagge).

Om tht othur haud, for P> [ (omd R=1 4 =13) $me Wegaur- Witson Loop of thu 154“3
Jouge +LLor7 is uown o olu7 o perimeter tu:'. ('”u" cou be seen b, MAalh'ua a k.'ak—
hu‘r(rd’uu expOusion w Ha duet ,’lSA'ué SPau Huory) Tu Seetion C.6 below we wil Look

tuto tha Fms;bdl{w For such 0 scenoro o occur 1n tHa cose or |'L=1/ d -—3/ G=U(1.

C.5 Brﬂo&{an on h- cochoiws
'4For Ha ?utpase o{ doiua 0 Qou +&uuP¢ro.+w-l Qkf:aus.'ou/ wt &'uJ'u'(' a IMILHM\MQ‘HQOQ
Ahirua zzo to Autrodun Ha Lok LaPlau'aM ou h-cochosus (k30). For R=1 oud d=1

Hais wil be a Lattice awa Q.oé of Hu opirater A= - rote ot + araal. div  ou veickn -Fau:.

RQIMA'IA({U": Tlu QOMOMiCaQ Po“'n'ua &)d’w—u_u chavus Qud cochaius Ch : B Ch+.|
Jives us o couounical od jo it for Hu bouua(a? optretn 3 ® ®
k d R+1
Haot's 4l Co‘nouuiar7 o(unhr d: C— Cl
(C,dm)—-()c,w) or gdw =)§LJ. il{ R
¢

This 4s conouical «w thot (+ doees mot {uvelve Cuy qu.oulro.h'c -Fotvu of meteic.

Now Let Huw be a non-— &l&J.uU'a‘l‘t s\/wwu."'h'c bilinear form on Qka»'v.c, say
Q : CGx G — R, O‘(“‘/“\=Z‘Mc“c/ ‘For at k.
3
Thiw we Whave 4soruorphiswcs
prass ’L:Ch—sch, = Q(n,-) ('Foro.lh),

Wae thew ae‘{ on or:arod'or d?; Chﬂ E— Ch f" each k C (—B C
Rk R+1

! Tz

(0<kR ¢D) b», tH -Follom'u& Comuutative d(aarqw. : I
d = o301 ch 4L ok



Tha wotation dt 1s wotivated |07 Ha polou-.'ua coleulstson :
(w, T(wy = Qlmm) ~ Qlx,p)yi= (5760, p) , Qlw,p) = QL , T) -
Bl dp) = (5760, dpY = (36, pY = (5P, DITWD = B(p, 1317x) |

Heue é(u/ d{s) = @({L/dtu)/ which shows thot df 1s o‘a'o—(u‘t to d lo./ Hu
quaalr-o.h'c Fom é
@vtn di/ tha LO.PQQCJNA On h—cocha;us 1s dt#lutd b, - A = dfd+ddf
Thic operator has all Hu propurtins expected of o Lo?!lac(au. For exowmple
: Gl oyt :
da (=) = d > S N (did+dd)(—) =
g (= - a2 H- L S

C.o U(1) lake gouge toeory (3D) at large po
To Aeol with Hu Lou--hw.fuai'u.rt situotion (’5)",0/ we start enn Hae expression
‘Fot W(e) of Seet. C¥ oud solve the Coustoiuts Owm =0 awd dwm= —¢ ‘97 seflivg w = dn

Owd W= w +3n ((with )u.o:—c) usrac'l-\‘uQ,;

W) = Z Q—II m,ﬂnll/zf/ z Q_||),,||/;_r, |
" "

Tha suws art pow over {s\{—tagr—vaaud 3-clhaius n, oud Ha posrage \enm we to n
wses Ha Poincore Lewua (Hz(k)= 0 <For k a cubic lﬂh’u) .
Tha Pusud Forannfl'ou 4s Mo au-otl in the Liwit o( Qorae ['a, as Viry ey terws

Coutrbutt v Hu Sumws over n. o arrive at & acow suitable Foruueah'ou W Fu‘nt'

/

switde to Ha dual lokice :
— N+ 4RI/ — 1451/
Wy = S o MR S0 S o
W h
whert tHae suws are over 0- cochaius ;\/ o d &u 1s Ha 1-cochaiu obtoiwed b,

duolib‘u& W (wa.s dG. =— ¢ \ Tha b_o7 s+n.1, wow 45 to wse Podssouw suwmation

in 1l (scktuaﬁc) -F”-w z {‘(”) _ zz Yﬂd) f(d)) Q-lt£¢'¢ |
15

nez R



%7 aﬁalr'ua Hais idnu+i+7 (a{- Hu Clattice Qevel ) 1o both 4+t nuwerator amd
Hu dewomiuator o{' Har tx?ns.u'ou {:or Wlc) we obtain
W(e) = Zf.&# o ot lI72p + 2md <‘*""/2Sl¢ o~ I4®I7/2p + 2mi (q, )
9

9
Her the suws ({Mo.arals\ ave over Z-volued 0-chalus § ('R—valml 0- cochoius 4))

1u‘hf?c~0.+a+t'ou. Nl hwow 'Frnu }vuo: —C +ko:£ L% ‘La: Hu T?'n7s(cd dl'w.tlu(ou o{

electric ckar&_ The same gous ‘r’or (ks Poisson replocewent $. Th?kys.’ul wuxu;'ué
o.f 4> is that of a waqmg+ic scolar »Fo’rudviol ((4u -f-acf tds a 1>o+0.u+-ia! ".'or the
Maxwel 1—-Foruu *T =d¢ ) Thus we dnfer Haot i s Ha 0O-chalu 4 a woqugh‘c

c.LAraj, dis‘tdbud’c'ou. T\A-L "a‘\'ows" o{ 1 ot wa&MCHL woua‘:olu.'

Tha ¢— {nh.aro.ﬁg o Gouss<au oaud o be coarried out as -F—ullm.n:

“ap bl e omiq ) = - QR0 i) + 2 Q(T0),4)
Now Qi+ dd, m+db) = [w ]+ Q(é,-24) + 2Q(s, ).
Hewce, %" + 4 ” t i {q,$) =

Q (b+ A7 (4, 20 patp) , -0) (b + (-aY" (o, 2x¢ p1ty))
# Q (&, ™)+ # Q (-2 paty , A (4 2xipatp)). = X
) - Q (o, oY aTR,)
= QW Cov'(@a+adh-aa)w) = Q(d&,, a7 '9R,)
Oue torgauizes the secoud Live os

X = =g QdR,, CoTUR) - 22 Q (19, 075t ) ~2ni (q, 274 i)

Remork. This result s Coupa{-{hu with the N.1w’.4.uu{— .{1 {nvariauce uuder

gowgt tromsformatious '\10 (BN 'Cﬁ°+ df (for Quy Z - volued 0- cochain f). For Ha

Hoird suwwond Ha (wvoriane {Nvftlf{’? {'0‘0”3 ]c"‘““ <‘1, (- A{I‘it‘i{> = <‘], $>

Q-Zn’(q,f) 2"‘;2=1'

Ond the (Ladice) Dirac 1ua.uh'zo&ion condition € 0

We {(unll Q(lrr] out tha 4>—£u+o.aru;s +v arrive at (N.co.l di\l°=—2)

1 . — , — f ~ . -
W) = Cz(c (-ay c)ZQ- 2 Q (g, (-47'q) - i {q, (=) a*n,/zQ— 2 Q (g, (-8Y'q) -
q q

Problew . Thae sumws am over q that sah’;«F] (q,1) = 0. Ex.PLOu'u wh7!



Discusston. Oue wu'dld W 0w kofn (?!) +Hhat all (Dufq'aura‘h'o‘u but 1:0 cou be qc(’lqdul
am te Lwit o{' -Qm—a: ra As a 1““"‘ chack whether +his of?roxiwah'w is +easowable , Lot us

iusPtd Hae CouSU‘MlKCU o( asruwius W (o) ; Q—#Q(c, (—A\_'c)

For a Qardt Qo-oP C Oune w07 aﬂ;roximo&c the  Qadkice ?rupaaa:l'or (—A)_l b\, Ho Countinuuim
Pn\oa&d‘or (Coulowb ePo-HwHoﬂ. Thus

2 - 1 de @ dv' | ¥ —x'l-'
\J(c\ ~ 0 hﬁqé é (laﬂ(u Coustaut a).

Thare is o sertous diffieutty frow 4 (artidicial) singularity ot x= x' (just ust Hu exact
Qodice ?rof'odo:}or to cure this LV Pnbhw). Howwer, we an %a.‘a an IR problew : 4w orde
b gdt ke (naively expreted) perinete Lou foow Hu outer integral chx = Length (<)
Ha dnuer iutegral #Ax' I —x|” would have to approach a fiuite Liwit for Carge ¢
but it 1s a.d'ual|7 Qot&arii—kw(mll’ diverﬁlu‘l‘.

Note: 4n D=4 dimensions 1+ al awahes sewse :

_ Lol b dy Ax'ly—x'|_l — b(p): Langth(c) -1
\J(C) é ) P éi é = Q (P N b(f&\= mTiéd"'“"‘w .

/

Tae porimeter low siguots o Coulowb phast (e free photous b decoufiued dlackac cluarges)
-ror Qardc P

Resolution. Tn D=3 4 U(1) Lakice gauge throry does wot exhibit any perimeter Lau
{or W(e)! Tu fact, Potyakov (in Plys. Lek. 398 (1935) 81— 8w) argqued Haat W(e) obays
an arta Lou (= coufiuemudt) for all . The physical pickum is that Ha prestnce of

Mmaurl*ic haokoT;oLu de; +o C,OK'F;uQ weut of Qh.dric -an ‘97 e 'du.q Mu's:uf L#Qd'".

C.} P oson—vortex dqu.‘fl
We now take o Leok at k=0, D=3 G=Ul(I) us'ma the same -Hckui"uts as before.
’Plu,sieaq wmotivation -(or this Case Comnts {inw two- dimeusional bosous whick Uwohraa

a l}ua\d’uw 1'>koue Hrousibion batween a swqr{:luii fkau aud o Mok insulator ?kau.

T earlier expression -"or WCc) Continues to be votid ( & = A/ 9= K
WG = 13 [ QIR AITap i o0y
J

. , tBb) —¢D
albut with several Cka.ndls of welning. We now have ¢= b-a aud W(c) = <Q 0 (a)>



15 the SP{n—Srpa'u correQoation Fvuch'u. Tie real— volued Gaussian F{tu A (‘in‘t‘Qd(t—\/alud
‘F\'QU J ) 4s a 1- chain ( 1— cochain ). un&t thveriamnce (A — A + d4f) s+{1>ulnﬂs
that J be a 1- c7clc (BJ =0), (e @ Cou{iﬂ wration of lo-oPs. These Loops have aw

'whr?ﬂ.fﬁiou as tu wortd Qiwes oF vortices (4n Hu UQ) bosow {-uu 9).

:F(xiue that &Qual |97 de =0 (COuQmub aau&(\ wi Luwl

~

[aA]* = Q(sh,3A) = Q(A,d4A) = Q(A,adfA+d4A) = Q(A,-AA).

Tha rest of Ha coleulotion gots as bufort awd still resulds 1n

! - 1 . ~1 ., , — f ~
W)= + o ?Q(c’ =8) C)Z o 2ipQ(j, Cay'§) - (o7 R
z 3
For lnr&z values of ‘b vortices amr Suﬂ,.-usd’ owd Hu s.]:.'\.-,r,.’“ corre L ation guuch'ma Yobes
‘Hu‘r'orw _ 1 _A-' _L_A—I IS 1A
U(C\: o "PQ(C/( \C)= 0 "P( ‘(d,ﬂ) ZP( A) (b,b)+ P( A) (a,b)

[a=b ==

tB(b) —iBla)
Q‘ >—> const

Us{ua (-AY'@,b) = ('Hl |a—b|)-I we see thoat W(c) = (Q

1 this case. This is th Su‘:ttf(u(d PkAu whaee U s7wwuf}7 {c S«FOuhutouL7 brotgu .

On Hu othar hand | f»or r; swmoll  vort! ces ?ro(.’f-(raie (& Mot (wsulator fkqu\ .
As vt hove Seen (SecHo“ C.4) He Sth\'h-s1>a'an. cortlation ]tuud"'ov\ 'Fol(s oft !xTOulu‘HaU,

with distouce (w Heot case.

Suwwar7. Frow Sectiow C.3 we Ruow that 6 D- diweusioual thaory of f— Cochaius wity
Valu!s wm an Ahl(qn arou? G 15 dun( +o o D—dimtusiomz! ‘Hu.or7 o( (D—k—l)- Cocka.'ug
With values 1u He duol group é To obtain Ar—nuu this au\trol scewano Ho Sfllu'aq Case
of beson— vortex duoli+7/ we set D=3 k=0, G=U(), whick resullk i 'l/=-D—h—2=1
~
ond G=2Z. The -t(ho! m‘aﬂ.su’mﬂw by Vortices O.uurau 57 usiua Toisson Suwwation
- u - { t h - - ]
4o separate Hue Z-valudd 1-cockoiu {.‘.u of Hu duol side tnto an R— valued 1- cochalu
(4t gouge 'FIQU A) poired with a Z-volued 1-cycle ( 4+ vortex cument J ). Tf He
Villain action ts Qssuw ed foc Hae Oriaiun( U(1)— beson {’Laor7/ then the duel Hu.or7 is
Gaussian iu tu Jauge ‘Fitﬂ A oud oue can iukerah out A txnd»(, +o produce a

{'orwuln{'\'ln tn Horws of COquwb—('uhracHua vordax Current Llues.



C.8 Howltonian ‘FOfmuQQ'HOM
Tk(w!: S{'Q‘{’IIS{I:CGQ Mcckam'cs 1'u D dt'wtusfous <—3

quan{um ’(k(ory in D=1 dimensions

N
Tlustrate the main idea ot +he ex 8 wple of +(l:;!
D=7-=1+1/ k=0/ G=0U: b
—6 > V(db,) t \
=JA9 0 F ( (,- V(O) = VI(O) = 0/ V"(o)= 1 ) 0 ?
space (o)
P — [5T P = [5/8 ‘h.mporaf aiuks,
Anisotropic Limit: ' .
(E S:t“) P - '5' s = "J'E StP(lha! Qinks .
Twaornl tink € (=b—-a):
_ dp.) sswal  _ P @) £ ¥
0 f’-r V( () sza 0 it (e(b\ B(a\\ _ \]lm/‘\, 0 2P 5 8(9)
Sf:a‘h'a( link € (=b—-a): D = 0(b)—0(a)
Q-r,,V(da.) _ Q_apv(em-gm
e ANy
Thew Z =T ( e EX) ’ ¥ =- LZ il +p Z V(9-8,) + coust.

ZP Sites s )95 =g/

Rewark. For k= 0/ G = Zz (Is;ua wodel) Ha sawe »Proudurt with auiso+rvp7

is1=%en1§ , Pe=Pe (£204) yidds Hu Howillowian K (“H"ﬂ on (€1)®")

of Hu ' frausvese - {»itu Tsiu woddl A
) k=-3 2 8 -p 2 85,

Sites s Ul=s¢

For R=1 ome uses th trick of amu&(n& Hu ‘cidd t0 Zero Omn +t~1>ora? Links ("hwfonl

ao\udc'), The same caleculations (u.su'ua tlu appropriate Quisotropic Uit ) thaw give

6= U()): }e_-zpz)—% +p > V(D)

Qinks PQ"T
QQQC‘{'HC QhQr€7 W08~Q+IC Lne f€7
- _ ~ o2 ~ z z ’\
G= 2,: c;: 0'( Ppu-“ !.(P» .l(p\ O;,(p\ Q(P\



C.9 Torc Code

Tu tha area of top ological quantum QOw\PwHu& Hure oxists a paradigmatic wodel
Hu "Toric Code" of A. Kitaew. The Torie Code Hawiltouiaw is o variaut of the
quantum Hawilttoniau of +he (2 +1)— dimensional ‘Lsiué gouge 'Hu.ot7. Tt has Hu
speciol feature that b elaetric aud mwogaetic porh Commute.

Sum.a. Let A bua 4wo—dimewsioual Catice ({_c. a oifferentiol eowf&x
Cz(/\)i)c1(/\)—)>co(/\)) with dual Latice A . Tluwe exists a cauoulcal
{soworfk{sm i: C1(/\)—>C1(7\\) n Far‘h'culnr, i takes C7 cLes to cocrtLu and
bouudares to Coboundarits. Given /\,7\ owe tntroduces two {—7Pu or opt rator:

N "M a&ucﬂc" loop oPo_ra-hn (Hlﬂmr—wﬂso«)-
For any cycle € € Z (N Let B():=TT 0'

(: Lec c
2) "Electric" Loop operators: -
For any cyele e Z,(N) Let A(R):= TT 6’: :
t: (€, J0)+0 i .

Tt {s clear that all +u OT)QrQ{’ors ®(c) Commute tlmouqu't thowselyes and 8o
do +e A(T) ( s+l C\wou&d’ Hoewaselves) . @7 tha CQiH—ord a%d;m ~QLotiows
obo.yui b7 Ha TPould amnotrices 8’2/ 8"‘, 4+ commutation relatious between Ha

As awd B's a (",1(6»
A B = DT BOA®).

From (Z.,'E)'> =0 = <Bl/ Z'> (o bOuut(o.r7/Cobwndar7 Pa.irs to zerv with
Coc7h/CYth) 1t 'FollOws thot A(2) and B»(c) comwmute with tach othar

1',[ at Least owe e? ¢,C {s a bOuudar7.

Homiltowlan: 20 = 3, + 3, =~ Zf\“f” -J. ZB(}P)

o 8% B8X BX o
squas Cotice : J Z o.,(s) tl(s) t,(s) Q..LS) J Z t.(y) ll(?) ls(P\ P

Sdnee 31; ond Bf; o bOundal‘iLs/ we have
?
| e, Hoagn] = 0. s

elec




Thus o %round stote oF 20 1s o samultaueous U’atusfo.ﬁ o(’— both 3€wc awd

Bfw. iv\ 'Fac{, Oue Caw 507 a Lot wore :

fac’(. :For 0 Qak—(u A with nou- +rivial kouoloe7/ C. (/\\ N htr)/c, (/\\ N {mb
= H'(/\) + 0, the are de (A &Q&tuo_m{-o. arowul stotes.

Steteh of proof. For ony 1—C7ch ¢ Hu Ucaue.r—w{ﬂso;« Qo-o.(: oPu-afor B(c)
Commutes with aew auwd afmc ond heuc with 20 . Thus we oy seek
joiut tigenstotes of ¢ awd ol speraten B(). Tf ¢ is a boundar,
c=23%) tau the eigenvolue of ™(c) on auy ground state is +1.
(e=3%) 4 7 &
Houwcr Hu wigenvolue way be —1 14 ¢ 4s a I'LOM—T-?I'VGOQ cyele (M‘l‘ Q
/ dJ /
boundary ). Tlhus observation divides the ground stotes <wto de (A
/ d
destinct subsqaces (b7 komaQoa7 clases) . Noue of Huwse subspaces 4s Cwpty
(i.e. Travial). ,/Lmiutl/ WL may 019?0.7 oun electric Qa-o:P operator ACD)
with (&, 30)€ 2Z+1 +o flip Hu eigenvalue of B(o).
Out cou skod tHeat Hu action o(l 2P 4s'tr&od£c’ on Qv0r7 Subs(;au. in.u

57 kowo(oa7. Tuhus each suck Subsfo.u Coutoius qxad—¢7 ow amuui s‘t’od'e.'



C.10 Nouobelian ga the
" ﬂ_“.SQ D?

COWT(“* Lie amu,? G/_ Lie aQﬂgbrq Lie (6) .

Exawfl_l: G =3S0(%, Lie So(») = s']m“g{ Ny J, /Ja}
000 00 - 010
J (Hoj’ ) (1ooj’ . (ooo)

Gauge {iteﬂ' A is o vecter F\'QLA (at'buoll.,’ a |-Forw\ ou sPo.u-'ng with volues in Lie(8):

A,.(X,’c) = Z A;(X,HT‘, (’r, basis o{f Lie(8), worwalization : ’ﬁ-(‘gn):—ls.b\
a

Field sf?luaﬂ\: g‘, = }J\v — A+ [A,u‘\.] = “/**A/*/ 3,+A, ]
hos Hua &wmﬂ;cc /luo.auiua o(’ a "curvotun.

Cl.u-itl-s&d
‘ Re col {nw Rivwouwian ﬂtauw.h? Hae itFiuih’m o( He Ricwauw Curvature teusor: ‘/rulu{r

LQV(-Ctvil-li Couutc‘l‘(n\'. V B = l'" P! or Qc}uiuaﬂe_ud'l? V/‘ = 3/‘+f; , [;= ( l;‘:)n .

M v MV
Riewouu Curvotun : (Rﬂ' = [3,.,'1" r,., 3, + r,,] = )/*rv - )vrf + [r/A/rv] .

Q,“ takes values dn Lie SO(h) wheee SO() is b o ¢0u01 §ove o“*Hu. hu\qw‘l‘ Spaces

T,,M = u{. Ha Ricwonuian mauigou M.

While H Ricwoun curvotuwe tewsor R deseribes Ha (t'u{—;ujhsiua!\ \Mlou.ow7 determiued 57 pareld
"waert of {'o.u&ud vu.hm/ Hae {:iel&— st?tua*k tewser F dous Hu sowe For wow e {:uuch’ou
Af ( o¥ parkicles urith d\.o.r&u tHeot Couple to Ha wou-Abeliaw §omgt {uu A )/ as f-l(un.
Lot [0/1] 2 s x(s) be & Curvt 1w Sfmu—'h'v.u. aud st At = «}(k(sﬂ ,
A, = A/-.(K(’)\f; B"'(s). Given au7 iwitied cowdition 'fro = *(‘(oy)/ solve Hu differentiod
U'wrl'iou (Qs + As\ "{’s =0 ('Pa-—mltl' {"Mufor“:).
'l{ Hu Curve 4s closed (l(l) =‘(o\) +Hlan 't__l = a ~'—__°

Pl cTurE

whaye QGG as colled the 'hoLO\uw7 associated with X h7 A.

'L{ Hu clrved Curve s arouund o Sweal squar or. aren &

Aw H\.L/u.v— Plau/ How Ha ‘/\.oLowuu7 is g= 1+ t":F,,,,-P... (e= o). \

j |

>

Fule, b = 2 :F;v(x,{) T, £

oﬂ

/

Seen
o

&
o P.i-l‘l.!;?

anmno
|



Gaudc +I‘Ous{1orw&'*’(o\d ('R &ivw 57 )#+A/‘ > a_l(3/‘+AI“).3 For S(X,{’\ €@ .
The Audueed mForwahou Law #or A is A/‘ —> 3"()/*+A/‘)3 = 3_'A#g+ g-lkfg .
Tha -Fulnl sthudﬂa, teurer is angt aauao- {wvariaut but 'bu.u.:foruu siu‘f!.’ b7 Cou'}uam‘!‘fm:
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