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Abstract. A generalized Hubbard-Stratonovitch transformation relating an integral over
random unitaryN x N matrices to an integral over Efetov’s unitasymodel manifold, is
introduced. This transformation adapts the supersymmetry method to disordered and chaotic
systems that are modelled not by a Hamiltonian but by their scattering matrix or time-evolution
operator. In contrast to the standard method, no saddle-point approximation is made, and no
massive modes have to be eliminated. This first paper on the subject applies the generalized
Hubbard—Stratonovitch transformation to Dyson’s circular unitary ensemble. It is shown how a
supersymmetric variant of the Harish-Chandra—ltzykson—-Zuber formula can be used to compute,
in the larged limit, the n-level correlation function for any. Non-trivial applications to random
network models, quantum chaotic maps, and lattice gauge theory, are expected.

1. Introduction

The long-wavelength physics of disordered metals is governed by the so-called diffuson and
cooperon modes describing the coherent long-range propagation of particles and holes. An
efficient way to handle the weak-disorder perturbation expansion involving these modes is
provided by the nonlinear-model representation pioneered by Wegner [1] and turned into a
non-perturbative tool by Efetov [2]. The great advantage of Efetov’s supersymmetric version
of the o model is that it applies not only to diffusive systems but also to systems in the
ergodic and quantum limits and in the localized regime. In an exciting recent development,
the nonlineafrs model has also been extended to ballistic systems [3] and to deterministic
chaotic systems [4].

As it stands, Efetov’'s method is applicable to disordered systems that are modelled by
a Hamiltonian and where the disorder in the Hamiltonian is weak and close to Gaussian.
It was not known until very recently how to extend it to a closely related class of models
defined by aunitary operator rather than the Hamiltonian. One prominent example is that
of random network models for, say, the random flux problem or the percolation transition
in integer quantum Hall systems [5]. These are formulated in terms of random scattering
matrices connecting incoming to outgoing channels at every node of a network. While
there has been some progress in understanding the Hamiltonian (or anisotropic) limit of
these models, the originasotropic models have so far defied analytical treatment. A
second example of importance is that of periodically driven systems such as the quantum
kicked rotor [6] or the quantum kicked top [7]. Some of these systems have been found to

1 Permanent address: InstititrfTheoretische Physik, Univerattzu Koin, Germany.
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possess quasi-energy level statistics of a universal type given by Dyson’s circular random-
matrix ensembles. Others exhibit the quantum phenomenon of dynamical localization,
which corresponds to the Anderson localization of disordered metallic wires, but a rigorous
derivation of the correspondence is still lacking.

In the present paper | am going to introduce a novel technique, akin to the supersymmetry
method of Efetov but different from it in its details, which will allow analytical progress to
be made with all of the above models. The heart of the formalism is a kind of generalized
Hubbard-Stratonovitch transformation that takes an integral over random unitaryv
matrices (of the type that appears in the Gaussian integral representation of a two-particle
Green function for non-interacting electrons) and trades it directly for an integral over
Efetov's o-model space of unitary symmetry. The transformation is exact forvall
including N = 1, no saddle-point approximation is made, and no massive modes need to
be eliminated. The present paper is fairly technical, as it aims to give a detailed exposition
of the method along with the necessary proofs. The method is illustrated by the simple
example of Dyson’s circular unitary ensemble (CUE). Other less trivial applications that
have already been worked out and are about to be published [8, 9] treat the quantum kicked
rotor and the network model of Chalker and Coddington.

The paper is organized as follows. In section 2.1 the generalized Hubbard—-Stratonovitch
transformation is introduced in the context of the calculation of the generating function for
spectral correlations of the CUE. An integral ovetNJ is replaced by an integral over a
pair of supermatriceZ, Z. The geometric meaning of these supermatrices is elucidated
in section 2.2, where it is argued that they are coset representatives for Efetov’s coset
spaceG/H of unitary symmetry. In the appendix it is shown that the matrix elements
of Z can be viewed as the parameters of a generalized coherent state obtained by the
action of Efetov’'s symmetry grou@ (or, rather, its complexification) on a certain lowest-
weight module. By embedding this module into a Fock space of bosons and fermions we
succeed in giving an easy proof of the generalized Hubbard—Stratonovitch transformation.
In section 2.3 the-level correlation function of the CUE is calculated for aJlby using a
supersymmetric version of the Harish-Chandra—Itzykson—Zuber formula. Dyson’s circular
orthogonal ensemble and the ty@eeircular ensemble are discussed in sections 3 and 4,
demonstrating the versatility of the new method. A summary and outlook is given in
section 5.

The present work was inspired by unpublished results of Alexander Altland, who had
developed a similar (but less useful) Hubbard—Stratonovitch scheme. | am grateful to him
for many discussions on this subject.

2. Circular unitary ensemble (type A)

Consider UN), the unitary group inN dimensions. This group, as any unimodular
Lie group, comes with a natural integration measure, the so-called Haar meHsure
which is invariant under left and right translatiobs— U,UUg. We normalizedU by
fU(N) du =1.

The set of random unitary x N matricesU with probability distribution given by the
Haar measuréU, is called Dyson’s [10] circular unitary ensemble (CUENNdimensions.
The CUE plays a central role in the random-matrix modelling of chaotic and/or disordered
systems with broken time-reversal symmetry. A new analytical method for treating the
CUE is introduced below. For simplicity, the method will be illustrated by the example of
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the generating function

Fn+,n_ (e, <P}) = / (1)

" Det(l — €%+ U) {= Det(1 — e -yt
JU l—[ ( )1—[ t( )
Uw) a=1

Det(1 — &%+ U) 51 Det(l — e s Ut)

from which all information about the spectral correlations of the CUE can be extracted.
V1o, 9_pg ando,,, 0_g are angular variables. (The latter are given a small imaginary part
to prevent the determinants in the denominator from becoming singular.) The method does
not exploit the invariance of,, ,  under conjugatioV — gUg~?, nor does it make any
reference to the eigenbasis@f For this reason it can be easily extended to the calculation
of more general types of correlation function, such as those relating to wavefunctions and
transport coefficients.

2.1. The generalized Hubbard—Stratonovitch transformation

The method we will use is a variant of Efetov’'s supersymmetry technique [2], which has
become a standard tool for treating Hamiltonian systems with Gaussian disorder. Efetov’'s
method starts by the usual trick of expressing the ratio of determinants as a Gaussian
superintegral:

Fon ({6, 0)) = /

av [ D@.dix. ) exp(~ 0" &g,
U(N)

_)Zia(gkl _ ei‘pﬂtUkl)Xia _ q;fﬁ((skl _ efie,ﬂ(?lk)qbliﬁ

—kp @4 — e 0L,

where ¢!, ¢, ¢!, and¢’ y (ki =1,....N;a =1,...,n; p=1,...,n) are
complex commuting (or bosonic) variables, with the bar denoting complex conjugation,
and x, x are anticommuting (or fermionic) variable&/*’ are the matrix elements of the
unitary N x N matrix U. The symbolD(¢, ¢; x, x) denotes the ‘flat’ Berezin integration
measure, i.e. it is given by the product of the differentials of the commuting variables times
the product of the partial derivatives with respect to the anticommuting variables. The
summation convention is used throughout this paper. The integral converges for

Imé,y, >0>1Im6_g.
To simplify the notation we introduce a composite index («, o) whereo takes values
o = B (bosons) oo = F (fermions). We then define a tensprwith (n_ +n, )N =: nN
componentsy., by

I/I:it(oz,B) = ¢;:a w:ii:(a,F) = X:iI:a'
¥ is defined similarly. Settind (¢, ¢; x, X) = D(y, ¥) and combining the phasés, ¢}
into a single symbolw} by

®+(@,B) = O1q Ox(a,F) = Pta
we may express the generating function in the abbreviated form
Froo o) = [ D) [ exp(, 0" — & vt

U(N)

— g*, @ — e Oyl . (2



7116 M R Zirnbauer

In the case of Hamiltonian systems, the next steps of Efetov’s method are (i) to average
over the Gaussian disorder, thereby producing a term that is quartic ity thelds, (i)
to decouple this term by the introduction of a Hubbard—Stratonovich supermatrixield
and (iii) to make a saddle-point approximation eliminating the so-called massive modes.
The final outcome of this convoluted and mathematically very delicate procedure is an
integral over fields that live on a nonlinear supermanifold, called Efetewsodel space
with unitary symmetry. It is difficult to see how this procedure could be adapted to the
present case as the Haar integral ovéNWis very far from being Gaussian. Fortunately,
there is another way to proceed.

The key innovation made here is to trade the integral ou@ ) irectly for an integral
over Efetov’'so-model space with unitary symmetry. This is achieved by the following
remarkable identity:

/ dU exp(&wa“wia + Iﬁfbl?“l/fi;,>
U(N)

= /DMN(Z, Z) eXp(‘/_fiaZahWih + Iﬂbzhal/’ia> (3)

which can be proved by letting the Lie supergroupgx@l|jnN) act on a Fock space of
bosons and fermions and using some basic concepts of the theory of generalized coherent
states. The proof is given in detail in the appendix. Here we confine ourselves to spelling
out the meaning of the right-hand side. The new integration variables {Z,,} and

7 = {Z,) are supermatrices whose boson—fermion block decomposition is written as

Zeg Z - Zeg Z
Z:( BB BF> Z=(~BB NBF>.
Zrs  Zrr Zrs  Zrr
Each block ofZ (2) is a rectangular matrix of dimensian xn_ (n_ xny). The integration
measure is

Dun(Z,Z) = D(Z,Z)SDe(l— ZzZ)N

where D(Z, Z) denotes the flat Berezin measure on the space of supermatriégs and
SDet is the superdeterminant. The domain of integration is defined by the conditions

~ + ~ t
Zpg = Zgp Zep = —Zpr

and the requirement that all eigenvalues of the positive Hermitiar n_ matrix Zgg Zgs
be less than unity. The integration measure is normalized By (Z, Z) = 1. In the
next subsection we will argue thatand Z should be interpreted as parametrizing Efetov’s
unitary o -model space.

Let me mention in passing that integrals of a type similar to the left-hand side of
(3) appear in lattice gauge theory, whefeand U represent the quark and gluon fields,
respectively. Motivated by this similarity, one might refer to the upper indexods
‘colour’ and the lower one as ‘flavour’. We could then say that (3) integrates out the gluon
fields, which carry colour, and replaces them by an integral over colour-singlet meson fields
carrying flavour. Note that the colour degrees of freedom of the tefisame uncoupledon
the right-hand side.

t To be precise, | should say that thi§ is true ofdgally. Berezin measures typically suffer from a global
anomaly [11, 12]. What determind3(Z, Z) and its anomaly uniquely (up to multiplication by a constant) is the
requirement of invariance under translations on Efetevi®iodel spaces/H, see section 2.2 and the appendix.
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_ By using the generalized Hubbard—Stratonovitch transformation (3) \Mm —
wiae'“w and wfb — wfbe*"”*b, we can process the expression (2) as follows:

Fuva (o) = [ Dun@.2) [ Der ) exp( = B, - 05,0,

+17E<]|{*aeiw+[’ Z Wk, ke Z,, ‘ﬂia)

= /D Z,2) SDerN< 1 —é“’*2>
= Mun(L, a3 .
= /DMN(Z, Z) SDet™” (1_ Zeiw*'Ze*i‘“—)

— fD(Z, 7) SDet™V (1 —(1—Z7)" 17" ze o — Z)) . ()

In the first step we did the Gaussian superintegral @ugy, producing a superdeterminant.
As the different species labelled by= 1,..., N are uncoupled, this superdeterminant
separates into a product 8f factors. The expressiorf’eZ stands for the supermatrix with
matrix elements'é+Z,,. The second step in (4) is immediate from the elementary identity

A B i
SDet( . ) =SDetA)SDetD — CA™'B).

The third step follows from the formul®uy (Z, Z) = D(Z, Z) SDet' (1— ZZ) along with
the multiplicative property of the superdeterminant: S@¢SDet{B) = SDe{(AB).

Let me emphasize that the result (4eisact for allN. In contrast to Efetov’'s methodp
saddle-point approximation was used, and no massive modes had to be elimiBgtetion
(4) reduces the integral (1) over the& real freedoms of (V) to an integral over therd. n_
complex freedoms of the supermatricésZ. Clearly, such a scheme is efficient whan
is large andu,.n_ is small.

2.2. The geometric meaning &t Z

We start with a concise mathematical description of Efetawmodel space of unitary
symmetry. LetG = Gl(n|n), the complex Lie supergroup of regular supermatrices of
dimension(n +n) x (n +n), and setn = n4 +ng. (Later we shall make the identifications
na = ny andng = n_.) Using tensor-product notation, we takk € Gl(n|n) to be the
diagonal matrixz, = 1;; ® diag(1,,, —1,,) where },, is then4-dimensional unit matrix,
and 1 is the(1+1)-dimensonal unit matrix in boson—fermion space. MatricesGl(n|n)

that commute withx, are of the form

h 0 L,n, 0
(5 ) (L)
O h, O _1nR|nR

is the matrix presentation oE,. Thus the condition:X, = X,4 (or, equivalently,

h = X.;h3%,) fixes a subgroufH = Gl(nalns) x Gl(ng|ng) of G. The coset spac&/H

is a complex-analytic supermanifold in the sense of Berezin—Kostant-Leites [13, 14], and
has complex dimensiotiposon = diermion = 2n4ng. The canonical projectio — G/H
endows the coset spacg/ H with a naturalG-invariant geometry. IiG/H is modelled by
supermatriceg) = gX.g¢ 71, this geometry is given by the rank-two tensor field @T)?,

where STr denotes the supertrace. Thénvariant Berezin integration measure 6y H
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is denoted byDgy, or DQ. The objects one wants to integrate [12] are the holomorphic
functions onG/H, i.e. functions with a holomorphic dependence on a set of complex local
coordinates of the complex-analytic supermanif6ldH. Such functions are writteri(g H)

or F(Q). The domain of integration is taken to be a Riemannian submanifglck Mg of

the support ofiG/H, where

Mg = U(nA, nR)/U(nA) X U(nR) (BB SeCtOI’)

Mg =Una +ng)/Uma) x Ung) (FF sector)

In this way one gets &-invariant Berezin integral

/M . Dgy f(gH) =/ Dgy f(gogH) goeG (%)

Mpg x Mg

which is called the integral over Efetowws model space with unitary symmetry. Translation
gH — gogH by an elementgy € G does not leave the integration domaifiy x Mg
invariant, in general. Nevertheless, fifis holomorphic, as is assumed, equation (5) does
hold because Cauchy’s theorem applies and allows us to undo the deformation of the
integration domain. In the terminology of [12] the paiG/H, Mg x M) is called a
Riemannian symmetric superspace of typdl |Alll. (Nine more types exist.)

To make contact with section 2.1 we introduce a suitable parameterizatioty &t
Using the above presentation whete = diag(1, —1,,n,) We decomposg € G as

(e »)

Sinceh = diag(i, h-), the invariants for the right action éf € H on G are Z := BD™1!
and Z := CA~L. We may take the matrix elements @f Z for a set of complex local
coordinates of the coset spa6g¢ H. The expression foQ = gX.g ! in these coordinates

IS
(1 z\(/1 O 1 z\1 5
Q_<Z 1)(0 —1><Z 1) ' ©)

From the expression for the invariant rank-two tensor field,
STrdQ)? = constantx STr(l— ZZ) *dZ(1— ZZ) *dz

Alnas

one easily finds th&-invariant Berezin measut@ Q in these coordinates to be the (locally)
flat one,D(Z, Z) [15]. The flatness results from cancellations due to supersymmetry.
To make the restriction to the Riemannian submanifdigix Mg, note that for a unitary
matrixg = (‘; Z) € Una+ng), we haveh’ = —(d—ca=1b) tca=tandd' = (d—ca=1h)~ 1.
This implies
Zhe = (bd™ = d Vb = —cat = —Zpe.
For the non-compact cagee U(n,, ng), the expression fob' has its sign reversed, so
ZITBB = d_ljfb-r = +ca_1 = +ZBB~

Moreover, the pseudo-unitarity @f € U(ny, ng) implies thata'a — ¢fc = 1, from which
we infer

ZBBZBB = ca_la_ltcT =c(l+ cTc)_lcT

so that all eigenvalues of the positive Hermitiag x n matrix Zgg Zgs must be less than
unity.
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All these facts suggest settingy = n., ng = n_ and identifying the supermatrices
Z,Z defined here with those appearing in the generalized Hubbard—Stratonovitch
transformation (3). This identification is made rigorous in the appendix, where a Lie-
algebraic proof of (3) is given. The proof relies in an essential way on the existence of
the invariant integral (5), and on the identification/®fZ, Z) with the G-invariant Berezin
measureDgy on G/H.

For further orientation, consider the simplest example= n_ = 1, whereMg =
U(1, 1)/U(1) x U(1) ~ H? (two-hyperboloid) andVr = U(2)/U(1) x U(1) ~ S? (two-
sphere). In this case the BB and FF blocksfare just numbers. The expression for
Zee in terms of the usual polaf) and azimuthaky) angles on 3turns out [16] to be
Zer = tan(#/2) exp ip. From this it is easily seen thatrr can be interpreted as being a
complex stereographic coordinate fof. $ts BB analogue can be parametrized in terms of
the hyperbolic polar anglés on H by Zgg = tanh6g/2) exp ips.

To conclude this subsection, let us recast the result (4) in the coordinate-free language
developed here. From (6) or

. _1_(1 Z>< 1-z2)™ —Z(1—2z>—1) __<Q++ Q+>
@=s28"=\; 1 N\ za-znt —a-z2 )" \o. o_
we read off the relations

ZA-22)'=0-4/2  (1-ZZ) =1+ 04+)/2

Z=-1+0:)7'0+  (A-ZD)'=(1-0-)/2
Inserting these in (4) we can express the generating function@snéegral:

Fn+,n, ({w}) = / DQ SDet‘N (1 -0 _+ Q7+é“)+(]_+ Q++)_1Q+,e‘iw*) ) (7)

Let me repeat that this expression is exact forNll

The following remark may be helpful. It is well known [17] that the density of states
of the Gaussianunitary ensemble tends to a semicircle in the lakgdmit. It is also
known [18] that the so-called ‘massive modes’, which show up in Efetov’s method and are
eliminated by a saddle-point approximation, are needed to reproducetiheniformity of
the semicircular density of states. In contrast, the eigenvalues of a unitary miatri€ UE
are uniformly distributed over the unit circle, on average. Qualitatively speaking, it is
this uniformity of the CUE spectrum that allows @-integral representation to be derived
without introducing the massive modes and without making any saddle-point approximation.

2.3. The largen limit

For further calculations equation (4) turns out to be most convenient. In the Aatgait
the integrand in (4) differs substantially from zero only when the difference of matrices
w, — w_ is of order ¥ N. This fact allows us to expand

dorze — 7 =i (w.Z — Zw_) + O(1/N?)
which leads to the approximate equality

o ({0} = / D(Z,7) exp iN STr <a)+ZZ(1 72Nt —w 771 - erl) .

The N eigenvalues of the unitary matri/ are distributed over the unit circle with
circumference 2, which results in the mean density of eigenphases beiagN /27. By
settingw = diag(w, w_) we can write the integrand in the form exy 8Trw (Q — X,)/2.
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Thus, the largev limit of the generating functiorF,, , (v = {w}) evaluated on a scale set
by the mean spacing, is

Nlim Fy, n 2nw/N) = /dQ exp it STro(Q — X,).
— 00
Equivalently, we may writeD = gX.g~ %, and get

lim F,, , 2rw/N) = / Dgy exp it STro(g=.g71 — X,). (8)

N—oo Mg x Mg
As is well known [2, 12, 18], the same expression is obtained for the Gaussian unitary
ensemble, which confirms the expected equivalence [10] of the circular and Gaussian
ensembles in the largh-limit.

We are now going to calculate from the lartyeresult (8) the so-called:-level
correlation functionR, for any n. (Efetov [2] calculated only the two-level correlation
function.) To that end, we will use a supersymmetric variant of a result known in the
physics literature as the Itzykson—Zuber formula [19], which is actually a special case of a
more general result proved 23 years earlier by the mathematician Harish-Chandra.

Let K be any connected compact semisimple Lie group, which we assume to be realized
by n x n matricesk, and let7 be a maximal commuting (or Cartan) subalgebra of Kig
Without loss we takeZ” to be the diagonal matrices in iE). If A, B are two elements
of 7', Harish-Chandra showed that (see theorem 2 of [20])

constant .
Z (-1l exp TrAsB 9)

/ dk expTrAkBk ™t = —— " —
K p(A)P(B) ; Axri

where p(A) = [],.o«(A) is the product over a set of positive roais of the pair
[7, Lie(K)], and the constant is a normalization constant. The sum runs over the Weyl
group WIK], which is the discrete group of inequivalent transformatighs— 7 by
A §A :=sAs~ ! with s € K. The Weyl group can be considered as a subgroup of the
symmetric group Sacting on the elements of the diagonal matrigeg 7. The symbol
|s| = 0, 1 denotes the parity of. For the special cas€ = SU(n) (or U(n), it makes no
real difference) one hag(A) = ]'[i<j(A,- — A;j), whereA; are the elements of the diagonal
matrix A, and the Weyl group coincides with, Si.e. (§A); = (sAs™Y); =: A;q) where
§ € S, is a permutation an(¥| is the parity of that permutation. The general result (9) thus
takes the more familiar form [19]
/U(n)dU exp TrAU BU ! = constantx E(A,- — A)"Y(B; — B) "t x Det(eAlB/)i,jzl .....
The right-hand side of (9) can be viewed as the stationary-phase approximation to
the integral on the left-hand side, with the points of stationarity being enumerated by
the elements € W[K]. Thus, Harish-Chandra’s formula states that the stationary-phase
approximation isexactin this case. Stone [21] has traced this remarkable coincidence to a
hidden symmetry of the integral.
| conjecture that equation (9) extends to any compact classicaupeigroup K :

constant A ~
== > (=D expSTrAsB (10)

/ Dk exp STrAkBk™t =
K pP(A)p(B) ; Nrka

where W[K] is how the Weyl group of the ordinary groufi, supportingk, and p(A)

turns into the product of positive bosonic roots divided by the product of positive fermionic
roots. The strategy of the proof ought to be a supersymmetric extension of that of Harish-
Chandra and should use the theory of invariant differential operators [20, 22, 23]. For the



Supersymmetry for systems with unitary disorder 7121

special case of the unitary Lie supergrokp= U(n|n), which is the one we will need
below, two proofs using alternative strategies can be found in [24] and [25]. In that case,
if A= diag(AlB, cey An,B; Al,Fs cey An,F)a one has

p(A) = [[(4is — Aj8)(Air — Ajp) / [[Aie - 40 (11)
iJj

i<j
and W[Ko] = W[U(n) x Um)] ~ S, x S,, SO

Y. (—DexpSTrAsB = Det(ee%¢), ., x Det(e*#r) . .
§eW[Ko]
In a reduced form tailored to physical applications, the Harish-Chandra—Itzykson—-Zuber
integral for Un|n) made its first appearance in [26].
Now recall that the:-level correlation functiomR,, (04, 65, ..., 6,) is defined [17] as the
probability density to find, given a level (i.e. an eigenphasé) at — 1 levels at positions
0, ...,0,, irrespective of the positions of all other levels. By making use of the identities

9 Det(1—€*U) | , _
=z t(i.):ﬁr(l—e*'eU*) !
d¢ lp=0 Det(1 — €U)

,,,,

efe/m . e/
(1—e= 1) (1—e*H0) — 2(1—cosh) + 4sint(/2)
we can extracR, from the generating functiof,, ,, equation (1), by the following formula:

29 50)

R, (0 6,) = lim( £ n]i[iaz
n 15 ++-5Un _8%0 ; as a(p_,_aa(p_a

which serves as the starting point of our supersymmetric calculatiat), .of
The first step toward doing the integral (8) is to introduce Efetov’s polar coordinates [2]
on the coset spac6/H:

gH = haH

Fn,n({ea + iS, 901 - iS, DPtas 907&}) (12)
Qra=0Eie

where

= c a==e Z da. X1y ooy Xp, 3 e ey n)-

The variablesy;, y; contained ina are the ‘radial’ coordinates, and the supermaitix

is parametrized by a set of ‘angular’ coordinates. The choice of integration domain
Mg x Mg for G/H dictates that we must integrate ovexal x;,y; and superunitary

h € U(n|n) x Un|n) C H. The polar-coordinate form of the invariant integral (5) is

/DgH f(gH) =f<f Dh f(haH)) J@) da+ - (13)

whereDh is the Haar-Berezin measure Bf, andda denotes the Euclidean measure on the
Abelian group of radial elements The Jacobian of the transformation to polar coordinates
is given [27, 28] by

[l sintf(x; — x;) sinfP(x; + x;) Sirf(y; — y;) Sif(y; + ;)
[T;.; SintP(x; + iy;) sintf(x; —iy;)

J(a)da =

X sinh(Zxk) sin(2yk)dxkdyk

n

k=1
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[1;.;(cosha; — cosh &;)2(cos 2 — cos 2;)?

= constantx
[1; j(cosh&; — cos 2;)2

x l_[ d(cosh 2;)d(cos ). (14)
e

=1

For the second equality sign the trigonometric identity
2sinha + B) sinh(a — B) = cosh2 — cosh 3B

was used. The integration domain is taken to beCOy; < oo, 0 < y < 7/2. The
dots in (13) indicate correction terms that arise from the anomaly of the invariant Berezin
measure in polar coordinates. The form of these corrections was investigated and completely
determined in [29]. Their main characteristic is that they are supported drothedary of
the integration domain (which is why they are alternatively known as ‘boundary terms’).
More precisely, they are obtained by setting= y; = O for one or several pairs;, y;). It
will turn out that these boundary terms do not contribut®tpequation (12), and therefore
do not need to be specified explicitly for our purposes.

The next step is to express SIgX.g~* in the exponential of the integrand of (8) in
terms of polar coordinates:

STrwgX.g ! = STr,wha?h~! = STr.wh cosh2Ina)h ™t

=STrw, h, AhT* — STro_h_Ah~!

whereA = cosh 2, w = diag(w,, w_), andwy = diag01 e, ..., 0, Lie; @11, ..., P1n)-
By this andDh = Dh, Dh_ the angular integral over @|n) x U(n|n) factors into a product
of two integrals over h|n). By equation (10) for W |n), the integral over:, gives

constant
p(wi)p(A)

A similar expression results from doing the integral over . Multiply-
ing both integrals we get a factop(A4)~2. By equation (11) andA =
diag(cosh &, ...,cosh%,; cos, ..., cos2,) this factor exactly cancels the factor mul-
tiplying dA := [, d(cosh Z&;)d(cos 2) in (14). Hence we obtain

/ Dhy exp iSTrw, h, AhT* = Z(—l)m exp i STrw,SA.
U(n|n) §

/DgH exp iSTrwg®. gt

constant

= @) D (=Dt /dA exp iSTrA (S,0, —§_o_)
p(@s) plo-

.8
+ boundary terms

The inverse of the product of positive rogisw, )~* vanishes linearly with each difference
WiaB — WiaF = Oy +i& — @,.y. An analogous statement holds fptw_ ). Therefore,
on taking the 2 first derivatives atp., = 6, = ic (see equation (12)), we simply obtain a
constant, which can be absorbed into the normalization. Not&&dl,,, g, +i. = 0.

A further simplification results from the fact thdtd and the integration domain fot
are Weyl-invariant. This permits us to reduce the double sum dyvei to a single sum
over therelative permutations := §:1§+, times an overall factor dim W[@) x U(n)] =
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dim(S, x S,) = n!2. Absorbing this constant factor into the normalization, we obtain for
the n-level correlation function the following intermediate result:

_ NGE T - Y
R, = constantx XE:( D lim e /dA exp iSTrA ((9+|e) 50 |e)>

whered = diag6g, 0F), 08 = 6 = diag(01, ...,6,). The integral factors into a product
of 2n one-dimensional exponential integrals over the elements of the diagonal matrix
A, n of which are compact—1 < cos?; < 1), and the othem are non-compact

(1 € cosh2; < o0). The Weyl group elemerit =: (5g, sp) € W[U (n) x U(n)] acts on the

BB sector bysg and on the FF sector b§¢. If 6, = (5g0);, the integral ovet; = cosh &;
diverges ag ! in the limit ¢ — 0. The maximal divergence occurs féy = identity, in
which case a singular facter” is produced, cancelling the prefactgt and producing a
finite result in the limite — 0. The boundary terms mentioned earlier disappear at this
stage as they contain at most- 1 non-compact integrations and therefore diverge more
weakly thane™. What remains are the compact integrations over = cos 2;. Using

the elementary integrqﬂfll dt exp it0r = 2sin(6) /76 we immediately arrive at the final
result:

sinz (6; — §6;
lim R,(2w61/N, ..., 2760,/N) = Z (- 1)‘”]“[ N7 (6; — $6:) (15)
N—o0 SeW[U ()] ie1 JT(Q — S@ )

— Det(s'””(@f_ef)>
7 (6; —6;) ij=1...n

where the correct value of the normalization constant was restored by hand. This result
coincides with the one obtained by the Dyson—Mehta orthogonal polynomial method [17]
in the largeN limit. In section 4 we are going to see that the first form of the result
(15) extends in a very simple way to the circular ensemble that is obtained by taking the
symplectic group instead of the unitary one. In that sense, this is the ‘good’ way of writing
the result forr,,.

3. Circular orthogonal ensemble

If an open quantum mechanical system possesses an anti-unitary syrin{ging reversal,

for example) andI'? = +1, there exists a basis of scattering states such that the scattering
matrix S is symmetric: S = ST. The set of symmetri§-matrices can be parametrized in
terms of the unitary matrice8 € U(N) by S = UU". The productS = UU" is invariant
under right multiplication ofU by any orthogonal matrix, which means [30] ttsat= UUT

lives on the coset space(lN)/O(N).

The circular orthogonal ensemble (COE) of random-matrix theory is defined [17] by
taking S to be distributed according to the uniform measure ¢V O(N). We denote this
measure byl (S). The generating function for COE spectral correlatdis,,_, is defined
as in (1) but with the substitutions(W) — U(N)/O(N), U — S, anddU — du(S).
Because the invariant measutg(S) is induced by the Haar measuf& of U(N) through
the projection UN) — U(N)/O(N), we can also write the defining expression for ,,_
as follows:

Det(l é‘p+u UT) n_ Det(l e ip_ /SUUT)
F... (0, = du
({6, 01) /U(N) l_[ 1 Det(1 — e%UUT) gl Det(1 — e -+ UUT)’
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This expression will now be processed by the method of section 2. To do so we use the
trick of doubling the dimension:
Y
Det(1-€"UUT) = Det( 1T € U) .
U 1
The extra degree of freedom implied by this doubling will be called ‘quasispin’ and denoted
by the symbolst, |.

After the introduction of quasispin, we expresBs, ,  as a Gaussian superintegral in

the usual way, see equation (2). As before we{agt= {0, ¢}. Then we lump the two
terms containing/ into a single one:

Iz.fﬁ-aTein Uuwial, + Iziai(UT)jiwj-aT = ¢i§-A UUXiA
where the tensorg, and y, have components
¢LA = {¢fkal’ ¢ira2} = hpia?’ wiaﬁ(_l)lal}

XiA = {Xial’ X4j-a2} = (e Wiai’ ¢ia¢}'
Here |a| = 0 if a = (o, B), andja| = 1 if a = («, F). The terms involvingU' are
manipulated in a similar manner:

lzibT Uijwi,,¢ + 1/_/ib¢e_iw7[7(UT)ji1/fibT = XiBUijd)i_B
where

xlg =l ot = W, €70 !, (=)

¢l = {0141, 0Lpol = (Wipp, Uipy)
In the next step we apply the generalized Hubbard—Stratonovitch transformation (3):

/dU exp(¢i+AUifxiA + XfBUij¢iB)

= [ 2. 2) exp(#uZusly + A s Zuarl)

Note that the exponential on the right-hand side separates into terms contaiaimg) y .
The same is true for the termgy that do not involveU. Therefore the integral splits
into two integrals, one over the tensgrand the other one over the tenspr Consider
the ¢ integral first, and define an orthogonal mattix (‘charge conjugation’) by requiring
the tensonzy),, ¢’ , to have componentg)’ ., ¥ ,}. The matrix that does this job is
given in quasispin block decomposition by

0 o

T =

“7\1 0
whereo is the matrix for superparityof, = (—1)"!8,.-). The same matrix acting in the
space of ‘negative’ indices (with the appropriate change of dimension) is denoted. by
Having introduced these matrices we can write
'inﬂwiw = %(piA(H)AA/(PiA' and Iﬁibﬂpim = %‘Pig(tf)BB"ﬁiB“
On collecting terms we encounter the integral

/D¢ exp(DhaZapdlp — 305 a (T andin — 301 5(T ) ppdlp)

-Z
= (—=1)"N/2SDet V/? ( ; ) =SDet"/?(1— 2Tt z<7).
o T_



Supersymmetry for systems with unitary disorder 7125

Here (Z") g4 = Zap(—1)A+VIBl is the supertranspose, with| = 0 if A = +(a, B) 1,
and|A] = 1if A = +(a,F) . The x integral is done in a similar fashion and gives
SDet V/2(1 — Z7'é*+ ZTe7»-7_). By making the variable substitution

Z > dosltizeiolt 7 s _go-/t zdon/A
we bring the final result into the symmetrical form

Fpon ({0} = / Dun(Z,Z) SDetV/2(1+4 zTr >+/2ze ' *-/2771)

x SDerY? (14 Ze7 e 27 e o 21 )

which is exact for allv. The matricesZ, Z parametrize the complex coset spacéa|2n)/
Gl(2n,|2n,) x Gl(2n_|2n_).

We turn to the largeV limit. In order for this limit to be non-trivial, we must again take
the differencev, —w_ to be of order IN. By Duy(Z, Z) = D(Z, Z) expN STrin(1—ZZ)
the integrand atv, = w_ = constantx identity can be written as

exp(N STrin(l— ZZ) — INSTrin(l+ Z"z, Zt=Y — N STrin(d + nglsz_)) .

For largeN, the integral is dominated by contributions from the subspace determined by
the equation

Z= 17T

This subspace is referred to as the saddle-point manifold. Integration over the Gaussian
fluctuations normal to the saddle-point manifold gives unity by supersymmetry, in the large-
N limit.

By restricting the integrand to the saddle-point manifold, expanding with respect to
w; — w_ and keeping only the terms that survive f§r— oo, we obtain

A!im Fu n 2r{w}/N)

= / D(Z,Z) exp it STr(w+ZZ(1 —ZZ) ' —w_ 771 - erl) )

This has the same form as for the CUE, except for the replacemient N/2, the
doubling of the dimensions of the supermatriéesZ, and the imposition of the constraint
Z = —rglzTr_. On settingw = {w} = diagw,, w_) we can re-express the result in the
form

Nlim Fo n (2rw/N) =/ Dgy exp it STro(g=.g7 1 — ¥.)/2.

Mpg x Mg
The relation betweenQ = gZZg:1 and Z,Z is formally the same as be-
fore.  The constraintz = —rglzTr_ is known [12, 18] to reduce the com-

plex superspace @&n|2n)/Gl(2n.|2n,) x Gl(2n_|2n_) to the complex submanifold
Osp(2n|2n)/Osp(2n, |2n.) x Osp2n_|2n_). The conjugation relationggs = Zgs and
Zrr = —Z[ translate into

Mg = SO(2n,2n_)/SO(2n+) x SO(2n_)
Mg =Sp2n, +2n_)/Sp(2n) x SP(2n-).
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For n, = n_ = 1, the above expression for the generating functign, can be
calculated by introducing Efetov’s polar coordinates. The resulting formula for the two-
level correlation functionR, coincides with that of [2]. It is not clear at present how to do
this calculation for generail., n_. (Harish-Chandra’s formula doe®t extend to this case

as neitherz, nor w = diag(w,, w_) are elements of Li€Osp(2n|2n)).)

4. Circular ensemble of typeC

Dyson'’s circular ensembles COE and CSE are constructed by starting from the unitary group
and passing to the coset spacg®Vy/ O(N) and U2N)/Sp(2N). Other circular ensembles
of relevance [31] to mesoscopic physics can be obtained by taking for the starting point
the orthogonal or symplectic group instead of the unitary one. Again the option of forming
various coset spaces exists. Of these possibilities the technically simplest one is to consider
an ensemble of scattering matriceslrawn at random from the symplectic group(3p),
with no coset projection done. This is what we shall do in the present section. The
probability distribution forS will be taken to be the Haar measwi& of Sp(2N). The
circular ensemble so defined is called ‘tyge A physical system where such an ensemble
can be realized is a chaotic Andreev quantum dot [32] with time-reversal symmetry broken
by a weak magnetic field.

The defining equations of $pV) are

0 1
s —g=cs 1t where C =ioy, ® 1y = ( N)
: _1N 0

is the symplectic unit in & dimensions. The polar (or Cartan) decomposition of an
elementS € Sp2N) has the formS = k€’k~! whered = o. ® diag6s, ..., 0y) and
o, = diag(+1, —1). Thus if6; is an eigenphase o, then so is—6;. This symmetry under
reflectiond — —6 is called a ‘particle—hole’ symmetry.
All information about the eigenphase correlations of the circular random-matrix

ensemble of typ& is contained in the generating function

Z Det(1— €%5)

F,({6, ¢}) /SWN) ds 01;[1 Dol — %5 Imé, > 0.

This expression is simpler than the corresponding one for the CUE becaudeDRef) =
Det(1 — zS") as a result of the particle—hole symmetry. By settiag} = {f., ¢} and
proceeding as in section 2.1, we get a Gaussian superintegral representation for

Fo(fo}) = / D) [ dS exp—ipi(6h — €Uy,

Sp2N)

The components!, 1/_/; of the tensorsy, ¥ are bosonic fou = («, B) and fermionic for
a = («, F). The analogue of (3) reads:

[ s expiisiy]
Sp2N)

- / Dun(Z, Z) exp(gl/};zabcif&bf - %w;(—l)'“‘zabcffwg).
MBXMF

As before, Dun(Z,Z) = D(Z,Z)SDe(l — ZZ)N, but Z and Z are now square
supermatrices and are subject to the symmetry conditions

Zp = (—1)lltibiHlalbitly 7. = (—D)llb+1z,
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These conditions can be succinctly written as

Z:—ZTO' Z:—O'ZT

where o is the superparity as before. They express the fact [12] #thal parametrize
the complex supermanifold/H = Osp2r|2n)/Gl(n|n), see also below. The integration
domain Mg x Mk is fixed by

ZBB = Zgp ZFF = _ZJ;F
and the requirement that all eigenvalues of the positive Hermitiam matrix Zgg Zgg be
less than unity. It can be shown [12] that this means

Mg = SO*(2n)/U(n) Mg = Sp(2n)/U(n).

(G/H, Mg x M) is called a Riemannian symmetric superspace of #ié|CI.
In the simplest case = 1 the supermatriceZ, Z have the form

() (20
&1 21 - 22

wherez;, zo are complex commuting angd, ¢, are complex anticommuting numbers. It is
seen that the BB secta¥ is trivial in this case (in fact SG2)/U(1) consists of just a
single point). The variable, = —Zz; of the FF sector can be interpreted as the complex
stereographic coordinate of a two-sphefexSSp(2)/U(1). It is very important to note [12]
that the variableg, ¢, are not related by any kind of complex conjugation

The proof of the generalized Hubbard-Stratonovitch identity for the present case is
closely analogous to that for the CUE, presented in detail in the appendix. (To understand
the following remark you must study the appendix first.) The key idea is to consider the
generalized coherent states

1Z) = exp(gagzabcif@{) |0) SDet(1 — Z7)N/2

(Z| := SDe(l — ZZ)™/2 (0| exp(%cj‘,(—lﬂalza,,cffc,ﬁ)

built from an absolute vacuuaj,|0) = O by the repeated acton of Bose and Fermi creation
and annihilation operators obeying the supercommutation relatigné,fl = §18,,, and to
exploit the fact thatP = [ D(Z, 7)1Z)(Z| projects on the singlet sector of the symplectic
group acting on Fock space Iy - S/}

Use of the generalized Hubbard—Stratonovitch transformation leads to
1 —e'“’Ze"“)

Faton = [ Duniz. 2y soec (5

_ / D(Z,7) SDet™ (1 —(1-27)'72("zd" — Z))

where w stands for the diagonal matrix with elementg. To arrive at an equivalent
QO-integral representation, we lgt run through the orthosymplectic Lie supergroGp=
Osp(2n|2n) defined by

(o) m) ()

and setZ = BD1, Z =CAL,

—em=(5 00 DG D =00 8
Q =gz "(Z 1)\o —1J\z 1) T\o, o_
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as before. The subgroui c G of elementsh = diag(A, A~Y") satisfyinghS.h~ = %,
is isomorphic to Gln|n). Hence the elements of the supermatgixare functions on the
coset spac&/H = Osp2n|2n)/Gl(n|n). By simple manipulation we obtain

Fo(o) = f DQ SDet™ (1- 0 +0_,é°(1+0,,) 10, &)

which is to be compared with (7).
In the larged limit the exact expression faoF, simplifies to

Nlim F,(r{w}/N) = / Dgy exp it STro(gx.g 1 — %,)/2
—x MBXMF

where® = diaglw, —w). Note that this is formally identical to (8). The CUkzlevel
correlation functionR, was extracted from that equation in section 2.3. It turns out that
the corresponding calculation can be done in the present case, too, by extending Harish-
Chandra’s formula (9) to the orthosymplectic Lie supergroup. (In contrast to the situation
for the COE, the matrice® and X, now are elements of LigdOsp(2r|2n)).) To keep the
present paper to within the permitted length, let me omit the details of this calculation
(which in any case is very similar to that of section 2.3) and simply state the resutt, for

thus obtained:

: .
Jim R, (w61/N, ..., 70,/N) = 3 (1)\3|1—[Slnn'( 36

$eW[Sp2n)] 7 (6; — 560:)
The Weyl group W[S(2n)] is generated by the operations of transpositipn, < 6;
(i = 2,...,n) and reflectiond; — —0;, all of which have odd paritys| = 1. Please

observe the perfect analogy with (15): the Weyl group @f)uhas simply been replaced
by the Weyl group of S¢2n). Specialization to: = 1, 2 gives

lim Ri(m61/N) =1 Sin 26,
T =1-—
N—oo ! ! 27T91
. sin 276, sin 276,
lim Ry(m01/N,70:/N)=(1— 1-
Jm Ra(m01/N, w62/ N) ( 276, >< 276, )

(sinn(@l —6)  sinm(6r+ 92)>2

(61— 62) 7 (61 + 62)

Precisely the same expressions were obtained for the correlation functions@atssian
random-matrix ensemble of typ€ in [31]. The reasoning used there was heuristic and
took recourse to the mapping on a one-dimensional free Fermi gas with Dirichlet boundary
conditions at the origi® = 0. This coincidence of results is of course expected from the
largeN equivalence of the circular and Gaussian ensembles.

5. Summary and outlook

The key result of this paper is the Hubbard—Stratonovitch identity (3), relating an integral
over the unitary group V) to an integral over a Riemannian symmetric superspace of
type Alll |Alll (Efetov’s unitary o-model space). The detailed proof given in the appendix
derives this identity from the standard properties of generalized coherent states. Instead of
U(N) one can also consider the symplectic groug23p, or the orthogonal group in an

even number of dimensions, $&V). In these cases, identities similar to (3) exist and relate
the corresponding group integrals to integrals over Riemannian symmetric superspaces of
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type DIl |C1 and Cl| DIIl, respectively. For S@N) this was described briefly in section 4.
The case of S@N) was not discussed here and is left for future work.

In the present paper the generalized Hubbard—Stratonovitch transformation was applied
to Dyson’s circular unitary ensemble (CUE, or typgand the circular ensemble of tyjge
In both cases the largh-limit of the n-level correlation function was calculated for ajlby
appropriate extensions of Harish-Chandra’s formula. The method is not restricted to spectral
correlations but can be used for wave amplitude correlations and transport coefficients as
well. It can also be adapted to other symmetry classes. The trick that works for Dyson’s
circular orthogonal ensemble (COE, or tyad) is to write the elements of the COE in
the formS = UUT with U € CUE and then proceed as in the unitary case. A similar trick
works for Dyson’s circular symplectic ensemble (typd), the circular ensemble of type
Cl and, in fact, any one of the large class [12] of circular ensembles.

As was mentioned in the introduction, non-trivial applications to random network models
are expected. What brings these within reach is the fact that the Hubbard—Stratonovitch
scheme (3) is valid for allv, including N = 1. This permits one to transform a network
model with random 01) phases into a theory of coupled supermatrizes. Doing so
for the Chalker—Coddington model [5], for example, and taking a continuum limit, one
obtains [9] the two-dimensional nonlinear model augmented by Pruisken’s topological
term.

Another realm of fruitful application of the identity (3) will be quantum chaotic maps.
Andreevet al [4] have recently argued that energy averaging for deterministic Hamiltonian
systems can be used to derive a ‘ballistic’ [3] nonlineamodel, in much the same way
as impurity averaging for disordered systems leads to the usual ‘diffusiveddel. When
one goes from Hamiltonian systems to periodically driven ones or maps, the role of the
Hamiltonian passes to a unitary operatoythe Floquet or time-evolution operator. As the
spectrum ofU lies on the unit circle in the complex plane, an approach analogous to that
of Andreevet al will employ U(1)-phase averaging instead of energy averaging. It is clear
that, by carrying out this phase average with the help of the identity (3), one will be able
to derive a nonlineas model for maps. Work in this direction is in progress [33].

Finally, let me mention that the identity (3) is not restricted to the supersymmetric case.
Similar formulae can also be derived rigorously when the spifds purely bosonic or
fermionic. (In the bosonic case, convergence of all integrals places a lower bound on the
allowed values ofN.) The fermionic version of (3) is particularly exciting as it promises
non-trivial applications to lattice gauge theory, by enabling an exact transformation from the
gauge degrees of freedom to meson fields. (Note that the usual plaquette @UTY
of lattice gauge theory can be generated by coupling a number of heavy fermionic ghosts to
the gauge field viayU+.) In this way, one may succeed in constructing a non-perturbative
proof of a result due to Witten [34-36], who summed planar diagrams to argue thaiMarge-
guantum chromodynamics is equivalent to a weakly coupled theory of mesons, in the low-
energy limit. Sadly, although the exact gluon—-meson transformation works for the gauge
groups UN) and Sg2N) (and, presumably, for SQN) as well), it does not easily extend
to SUN), except forN = 2, where one has the accidental isomorphism(ZB34 Sp(2).
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Appendix

Given a compact Lie grouf and a unitary irreducible actiofi of K on a moduleV with
lowest (or highest) weighi0), one can consider objects of the foff|0) (k € K). These
are calledgeneralized coherent stateand they have many nice properties [37—-39]. Most
importantly, they resolve the unit operator ¥n

1y =/ dk T,|0)(0|T;
K

wheredk denotes the Haar measure Kf normalized bny dk |(O|T,<|O)|2 =1. A well-
known application of this is the derivation of coherent-state path integrals for quantum
spin systems, in which cagé = SU(2) andV is a spinS representation space of &).
The objective of the present appendix is to extend some of the mathematics of generalized
coherent states to the case where instead ofie have the supergroug = Gl(n|n) that
acts on Efetov’'s complexified coset spa@¢H of unitary symmetry. This will eventually
yield an easy proof of the identity (3).

We start by defining a group action of @|n) on a Fock space of bosons and fermions
and developing various useful structures that come with it. The general context and our
notation have been laid down in sections 2.1 and 2.2. Recall that the tensws
componentsy’ ., ¥',, wherei = 1,...,N, anda = (a,0), b = (B,0) are composite
indices with rangex = 1,...,ny; 8 =1,...,n_; ando = B, F (bosons and fermions).

For notational convenience, we introduce a composite indleaking values+a or —b.
Thus, {yi} = {1//_"M, ¥',}. The terminology we use is to refer to the upper indeas
‘colour’ and the lower indexA as ‘flavour’. Now we introduce creation and annihilation
operatorscy,, ¢!, for bosons and fermions, which obey the canonical supercommutation
relations

[c), &4 = &l — (—D)IANBIGL ¢l = 5,587
where|A| = 0if A = £(a,B) and|A| = 1 if A = £+(«, F). These operators act on a
Fock space with vacuurf0) defined byc',|0) = 0. They can be viewed as the quantum

mechanical counterparts of the ‘classical’ variabfes v/,
For the following it is very convenient (though not necessary) to make the transformation

¢, ¢y e (=1
which is canonical, i.e. it leaves the supercommutation relations unchanged. (The operators
¢, ¢, are not transformed.) If the Fock space is endowed with its usual inner product
(so thatc, is adjoint toc},), the transformation ision-unitary in the bosonic sector since,
if b,b' are adjoints of each other, the transformed canonical airb no longer are.

One can check thato mathematical problems are caused by this non-unitarifter the
transformation, the Fock space vacui®h and its duakO| are annihilated by

¢ 0y =¢,100=0 and (0l¢,, = (0|’ , = 0.

We may imagine that the ‘positive-energy staté¢s'a) are empty while the ‘negative-
energy states{—b) have been filled. Of course, for unitary bosons no such thing as a
filled negative-energy sea exists, which is another way of seeing why the above canonical
transformation must be non-unitary. Note also

Zaf_“ciﬁﬂm =10) x (+87n_) Zel’_ﬁ,Bc{ﬂ,B|o> = |0) x (=8"n_).
B=1 p=1

(The summation convention has been temporarily suspended for clarity.)
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Consider now the set of operatafy/, := &,c¢}. By the commutation relations for the
¢, ¢ these bilinears form a giN, nN) Lie superalgebraén = n, +n_)t:

[EY,, EN ] = EYEM) — (—1)0AHIBIICIHD) M pi]

= 57k §5c Eil ) — (—1)(AHIBDICHDDlig K

Two subalgebras we shall have use for are thi@/glLie algebra generated by the flavour-
singlet operator§ " , ¢',c’,, and the gin, n) Lie superalgebra generated by the colour-singlet
operators)_, ¢',c,,. These subalgebras commute and, moreover, theynarémal relative
to each other, i.e. the maximal subalgebra af:l, nN) whose elements commute with
all elements of gIN), is gl(n, n), andvice versa

In the sequel, we focus attention on that part of Fock space where(Al) generators
vanish identically:

> &\ c)Iflavour statg = 0.
A

This subspace contains the vacuum
Zcmo S (e pacl po+ g 4g) 10 = 10) x 8 (=n_+n ) =0

p=1
and will be called the ‘flavour sector’ (or colour-neutral sector). We claim that the action
of gl(n, n) on the flavour sector igreducible, i.e. every state of the flavour sector can be
reached by a multiple action of the flavour operafpisc), ¢, on the vacuum. The argument
goes as follows. By employing the occupation humber representation of Fock space, one
easily sees that giN, nN) acts irreducibly on the subspace of Fock space selected by the
condition)_, ; ¢, ¢!, = 0, which contains the colour-neutral sector and might be called the
‘charge-neutral’ sector. Thus every charge-neutral gistecan be obtained by the action
on the vacuum (or lowest-weight) sta&) of the raising operators:, ,c’,, of gl(nN, nN):

i1j1ir jr —11 ~ir Jr
ZFalbl -ayb, C+ay 7b1 ©+Ciq, ¢y, 10).
If R e GI(N) is a rotation in colour space, such a state transforms as a number of copies
of the vector representatio}, ~ »; R” ¢ and the same number of copies of the co-

vector representation’, > Zj(R—l)f" ¢). Now assume\) to be colour-neutral, i.e.

>, &y IN) = 0. In order for this equation to hold, the indices of the expansion coefficients
have to be contracted pairwise (herestands for permutations):

:,iﬁ la] Z flaiby---arby; W)8ivn(iyy -+ Sivxn ()
Tes,

by a standard result on the reduction of tensor-product representationéof. Glhis form
of the expansion coefficients permits one to express the operators that|é/gatet of the
vacuum, in terms of the raising operatoys, Efmc’;b of the flavour superalgebra @l n).
Thus the vacuumO) is a cyclic vector for the action of @i, n) on the flavour sector.
Because the action of every particle— hole creatlon operatof’, ¢’ , can be undone by
the corresponding annihilation operafp}; ¢ ¢, ,, the existence of a cyclic vector implies
irreducibility. Hence the claim is proved.

In addition to the Lie superalgebra (gln) we shall need a corresponding Lie
supergroup, Gh|n). Recall thatG := Gl(n|n) is defined as the group of regular complex

 One advantage gained by the non-unitary canonical transformdtipr> ¢ ,, ¢, > (—1)P*1c’, is that it
allows us to present all giN, nN) generators in the fornac, whereas in the original presentation they would
have been of various types, c¢c andcc.
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supermatrices of dimensiam + n) x (n 4+ n)t. We associate with each element G an
operator7, on Fock space by

T, = exp( PEAW g)ABc'B).
A,B,i

In view of the multivalued nature of the logarithm, we need to demonstrate that this operator
is well defined. As the diagonalizable supermatrices are densg ih suffices to do so
for an elemeng € G of the formg = SAS~1, wherex is a diagonal matrix containing the
eigenvalues of. The eigenvalues of la = S(In1)S~* are defined up to permutations and
shifts by integer multiples of 2i. We follow the convention that the Grassmann variables
in the supermatrix Iy anticommute with the fermionic operators of the &8, cB} It is
then obvious that the transformatiof i vy = >~ ,(S™) s 5¢5, €y > 74 = D5 CpSp, IS
canonical. Note)_ ¢, (Ing) ,zc’s = Z yiyilnis. Now the number operatorg, = 7'y}
have integer eigenvalues, so the ambiguitp \n— InA, + 27in is unobservable in
T, =exp(>4; 7iviIni,), andT, is indeed well defined.

We next claim that the mapping— T, is a homomorphism of Lie supergroups:

T, Ty = Ten-
The proof goes as follows. First, we uggeyx to transforme’, by
EA = Texpx cA Txpx = expadc XBCCC) cA = cB(eXpX)BA
where adA)B ;= AB — BA stands for the commutator, and the summation convention is
now back in force. On setting exp= g we get7, cAT 1=¢hg,, and

—1p-1 1 -1
TgThCATh Tg = Tg (CBhBA) Tg = CCgCBhBA = CB(gh)BA = Tgh Tgh

from which we infer that the produchjlngTh commutes withey,. For identical reasons,
ngngTh also commutes with-,. Now, because the set of Fock operat¢#§, c}} act

irreducibly on Fock space, the vanishing commutator impliesIET,gitTgTh is a multiple of
the unit operator:

T, T, T, = f(g.h) x 1.

The second step is to shofu(g, ) = 1. For that we use a formula [22] for the differential
of the exponential map of any Lie algebra onto its Lie group:

d ' - X ad'(X) 1-—e?ad®

—| X T (X where Ty = —1" =

dt|_, x(X) X ;( VD ad(X)

This formula trivially extends to the case in hand, namelg:jgl), a Lie algebra with
Grassmann structure [40]. The set whéfe has an inverse is dense in(gl:). We set

g = expX, h(t) = exptY, and apply the formula for the differential twice, the first time in
the reverse order:

d d
— T. = T _
dt|_, exp(X) exp(tY) dt|_, exp(X+7; ')
=i -1
= tzoexpdA (X + T 1Y), 5 ¢

t The change in notation from the Lie superalgebr@gt) (comma) to the Lie supergroup @ln) (vertical bar)
reminds us of the fact that the definition of the latter requires the specification of some parameter Grassmann
algebra, whereas the former does not.
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= exp(¢, X 45c) o expdy (Ty o T H(tY)) , » s
t=0
so that

d T, = d T, T
dr|,_, gh(t) = ot h(t)-
By integrating the last equation one arrives at the desired representation prapgrty,
T,T,. Hence the claim is proved.
The subgrou = Gl(n4|ny) xGl(n_|n_) C G consisting of elements = diag(A, D)
acts by

Tdian,D) = exp(a{—a(ln A)abci‘rb + Ei—a (In D)abci—b) :
This subgroup stabilizes the vacuum:
Taiag.0|0) = [0) expN » " (=1)**(In D),, = |0) SDetD~".

With p(diag(4, D)) := SDetD~", we say that the vacuum carries a one-dimensional
representatiop of H:
T,|0) = [0)u(h) and (0T, =pu(h) 0|  heH.

After all these preliminaries we consider the generalized coherent gigi®s(g € G)
and, in particular, the operatdt defined by the integral

P :/ Dgy T,|0)(0]T, .
Mpg x Mg

(Recall thatDgy denotes thes-invariant Berezin measure of the coset spéged, and
the integration domaiig x Mg was specified in section 2.2.) The integrand is a function
on the coset space:

T,,10) (0|Tg;1 =T,T,|0)(0T, ‘T, * = T,10)(0|T, * heH

so the integral is well defined. The following calculation shows that the opettor
commutes withT,, for any go € G:

Tyo P :/DgH T, To|0)(0IT,
= / Dgp Tyel0) (0T,
= [ pen Ti007 3,

= / Dgy T,|0)(0|T, ' T, = PT,,

where the invariance oDgy under translationg — gog was used. (This invariance is
crucial and is what determing3(Z, Z) = Dgy in (3), up to multiplication by a constant.)
As was explained earlier, the action of the Lie superalgebr& ain the flavour sector is
irreducible. By Schur’'s lemma then, the fact tlaitcommutes with all operatorg,, leads
to the conclusion thaP is proportional to the identity on the flavour sector.
Let us determine the constant of proportionality. To that endrletG — G/H be

the canonical projection assigning group element® cosetsz(g) = gH. We make a
decompositiorg = s(rr(g))h(g), Wheres(r(g)) takes values irG andi(g) takes values in
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H. (Such a decomposition fixes a ‘choice of gauge’ [16, 21], and;/H — G is called
a (local) section of the bundle : G — G/H.) In this way we get

T210) = Ts(r(e) Thie)|0) = Tsn(gn10) 1(h(g))

OIT,* = pu(h(@) ™ (O T, 7))

-1 -1
Te0XOITy ™ = T ) OO T -
Following the main text we set = (é g) and parametrize cosets(g) by the pair

(Z=BD' Z=CA™Y). Fors we choose

. 1-2z2)Y2 z@A-2zz)2
stwlg) =52, 2) = <Z(1 —ZHWV2 (- Zz) V2 )

(1 2\ [(QA-zZ)"? 0 10
(0 )T aia) G )

The jirst line shows that this is a valid choice of segtion, i.e. we indeed HaveB D1
andZ = CA~L. Using the second line to translat€Z, Z) into an operator on Fock space,
we obtain

T,22)10) = €XP(eL, Zupe ;) exp (32, N = Z2),L,

—1d (A= Z2),,c" )exp( i a,,c+,,) 10)
= exp(c,Z,c" ;) 10) SDetl — ZZ)V/? =: |Z)

Vs

25 =0T, ;7 =SDell- ZZ)N/2(0|exp( uzabcgb) = (Z].

The expression for the invariant measudgy in the coordinate&, Z is D(Z, Z), so
_ -1_ -1 _ 5

P = fMM Dgn T,0)(0IT, * = / D(Z.2)T,, ;00T 5 ; = /D(Z, 2)12)(z|.

Taking the vacuum expectation value Bfwe find

(0| P|0) =/D(Z, 7) (01Z)(Z|0) =/D(Z, Z) SDe(1— zz)" =/DMN(Z, 7Z)=1

by our choice of normalization, see section 2.1. It follows that the constant of proportionality
betweenP and the unit operator on the flavour sector is unity. Becdudevanishes on
states that are not colour-singlef3,annihilates all states outside the flavour sector. Hence
P projects Fock space onto the flavour sector

The final ingredient we need are the Bose—Fermi coherent states

exp(ElJrawjra + wibcib) |O)

Note that the ordering in the exponential matters as the Grassmann variables are taken
to anticommute with the fermionic operator&; ', = (—1)l“ly! ¢, as before. These
Bose—Fermi coherent states span the entire Fock space (or, rather, the ‘Grassmann envelope
[40] thereof). They can be projected on the flavour (or colour-neutral) sector by making a
unitary rotation in colour space!, — ¢, U/, &, ~ UJ/'¢}, and averaging over all such
rotations. Therefore the operatérthat projects on the flavour sector acts on Bose—Fermi
coherent states as

Pexp(@ vi, + 0 yc ) 10) = / aU exp(07E v, + 7, U ) 10).
uw)
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With all these tools in hand, the statement (3) is proved by the following computation:

/ Dun(Z, Z) exp(&iazabwih +1}L,,Z,,,,wia)
= / Dun(Z,Z) (0l exp(¥l e’y — &0, ) exp(&, Zyyc',) 10)

(0l exp( 2, Z4, el ) exp(E yh, + 94et,) 10

O exp(¥' ', — e, vt,) (/ D(Z,Z) |Z><Z|)

x exp(e, ¥, +¥l,cl,) 10)

(Ol exp(¥ ¢y — 0! ,) Pexp(cy, v, + ¥, ,)10)

/u dU (01 exp(V, e, — & yurt,) exp(&, Uwl, + 97,07, ) [0)
(N)

/ dU exp(lﬁjraU“i/fia + lﬁibﬁj"wf,) .
U(N)

The first equality sign is an elementary consequence of the commutation relations of the
Fock operators, ¢ and their action on the vacuuf@). The second and third equality
signs recognize the projectd on the flavour sector. The fourth equality sign implements

P by averaging over all unitary rotations in colour space. The last equality sign is again
elementary.
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