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8. Master equation for atomic transitions

We consider the transitions between three energy levels in an atom as shown in the figure. The
transition rate corresponding to the transition from level m to level n is denoted by w(m — n).

E,

a) Write down the master equation for the probability P(n,t) to find the electron in state n.

b) Write the master equation as a matrix equation P(t) = M - P(t) by introducing the
vector P(t) = (P(1,t), P(2,t), P(3,t))".

c) Find the stationary state.

d) Is the principle of detailed balance obeyed?

e) Determine the eigenvalues of M and the relaxation time.

f) Generalize the result in c¢) to a process with cyclic transitions between n levels (E, —
E,1—...— E — E,).

9. Pairwise balance

In the lecture we have seen that detailed balance is sufficient for a stationary state. However, it
is not necessary.
a) Show that the condition of pairwise balance

Vi, jhk W(C; — C;)P(C;) = W(Cy, — C)P(C) (1)

(where 3; means "exists exactly one”) is also sufficient for a stationary state.
b) Show that detailed balance is a special case of pairwise balance.

c) Give a simple example for pairwise balance, e.g. by a system which can be in three
different states.

d) The random walk with hopping rates p to the right and ¢ to the left satisfies detailed
balance only for p = q. Show that it satisfies pairwise balance for p # q.

e) Determine the stationary state of the random walker from the pairwise balance condi-
tion!



