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Anyons and Aharonov-Bohm effect

We discuss the physics of 2D world

Wave-function acquires the phase:

Employing Stokes‘ theorem



Anyons and Aharonov-Bohm effect
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The phase acquired by the 1st particle is 𝝋 = 𝒒𝟏 + 𝒒𝟐1
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The phase under exchange of two identical particles is



Quantum Hall effect (QHE)
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Realization: 2DEG or graphene



Fractional QHE

𝜈= 
1

𝑚
, m = 2p + 1 , p being integer

FQHE state is described by many-body (!) Laughlin wave function

Charge Statistical phase 𝜑 =
𝜋

𝑚
𝑞 =

𝑒

𝑚



2D spinless p+ip superconductor
Realization: FQHE at 𝜈=5/2

Bogoliubov-de Gennes Hamiltonian:

p+ip order
parameter



Vorticies in p+ip superconductor

Vorticies host the so-called zero-modes = Majorana fermions

Complex fermion -> two Majoranas

{gi, gj}=2dij

𝑐 = 1
2
𝛾1 + 𝑖𝛾2

𝑐+ = 1
2
𝛾1 − 𝑖𝛾2



Braiding of Majoranas

Majoranas are non-Abelian anyons !

Consider 4 Majoranas = 2 complex fermions

Basis:| ۧ0 , 𝑐1
+| ۧ0 , 𝑐2

+ | ۧ0 , 𝑐1
+𝑐2

+| ۧ0

1   2   3   4 1   2   3   4

1  2  3  

Entangling/non-Abelian
transformation



Fusion of non-Abelian anyons
Fusion rules define a structure of Hilbert space of N anyons

| ۧ𝑘𝑒𝑡 = | ۧ𝑎𝑏, 𝑐ۦ𝑏𝑟𝑎| = ,𝑎𝑏ۦ 𝑐|

Change of basis (associativity), F-matrix



Toric code

• Vertex:

• Plaquette :

Alexei Kitaev, 2003

• Ground state: 𝐴 𝑣 = 𝐵 𝑝 = +1

• Vertex & plaquette mutually commute:  𝐴 𝑣 , 𝐵 𝑝 = 0

Spins are located on links



Alexei Kitaev, 2003

Anyons of toric code

• e-particle: 

• m-particle:

• ε-particle:

| ۧ𝑒, 𝑒 = 𝜎1
𝑥| ۧ𝐺𝑆

| ۧ𝑚,𝑚 = 𝜎2
𝑧𝜎3

𝑧| ۧ𝐺𝑆

| ۧ𝜀, 𝜀 = 𝑖𝜎1
𝑦
| ۧ𝐺𝑆

Fusion rules:

When put on a torus (g=1), toric code can be used to encode q-info

Fusion rules:



Quantum computer (software)

| ۧΨ𝑖𝑛
| ۧΨ𝑜𝑢𝑡

Single-qubit gates:
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Three-qubit gate contolled by
the 1st qubit

Advanced quantum algorithms:

• Quantum Fourier transform
• Grover‘s quantum search



Fibonacci anyons
Realization (?): FQHE at 𝜈=12/5

• Particle types = {I,τ}

• Fusion rules are:

Fibonacci sequence {1,1,2,3,5,8,13, …} = degeneracy of a state



Quantum computer (hardware)

Covariant distance measure between gates: 

Braid (right) as approximate single qubit X-gate 

𝑈approx
σ1

σ1

σ1

σ2
−1

σ2
−1

Exploiting Fibonacci anyons

dist(U, X) = 0.17



Other topics

• Topological entanglement entropy & top. phases

• Tensor networks:

(C) Carolin Wille‘ 2018


