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H. A. Lorentz †
Hardly a few months have gone by sin
e the meeting of the �fth physi
s
onferen
e in Brussels, and now I must, in the name of the s
ienti�

ommittee, re
all here all that meant to the Solvay International Insti-tute of Physi
s he who was our 
hairman and the moving spirit of ourmeetings. The illustrious tea
her and physi
ist, H. A. Lorentz, was takenaway in February 1928 by a sudden illness, when we had just admired,on
e again, his magni�
ent intelle
tual gifts whi
h age was unable todiminish in the least.Professor Lorentz, of a simple and modest demeanour, neverthelessenjoyed an ex
eptional authority, thanks to the 
ombination of rarequalities in a harmonious whole. Theoreti
ian with profound views �eminent tea
her in the highest forms of instru
tion and tirelessly devotedto this task � fervent advo
ate of all international s
ienti�
 
ollabora-tion � he found, wherever he went, a grateful 
ir
le of pupils, dis
iplesand those who 
arried on his work. Ernest Solvay had an unfailingappre
iation of this moral and intelle
tual for
e, and it was on thisthat he relied to 
arry through a plan that was dear to him, that ofserving S
ien
e by organising 
onferen
es 
omposed of a limited numberof physi
ists, gathered together to dis
uss subje
ts where the need fornew insights is felt with parti
ular intensity. Thus was born the SolvayInternational Institute of Physi
s, of whi
h Ernest Solvay followed thebeginnings with a tou
hing 
on
ern and to whi
h Lorentz devoted a loyaland fruitful a
tivity.All those who had the honour to be his 
ollaborators know what hewas as 
hairman of these 
onferen
es and of the preparatory meetings.His thorough knowledge of physi
s gave him an overall view of theproblems to be examined. His 
lear judgement, his fair and benevolentspirit guided the s
ienti�
 
ommittee in the 
hoi
e of the assistan
e it279



280 H. A. Lorentz †was appropriate to 
all upon. When we then were gathered together ata 
onferen
e, one 
ould only admire without reservations the masterywith whi
h he 
ondu
ted the 
hairmanship. His shining intelle
t domi-nated the dis
ussion and followed it also in the details, stimulating itor preventing it from drifting, making sure that all opinions 
ould beusefully expressed, bringing out the �nal 
on
lusion as far as possible.His perfe
t knowledge of languages allowed him to interpret, with equalfa
ility, the words uttered by ea
h one. Our 
hairman appeared to us,in fa
t, gifted with an invin
ible youth, in his passion for s
ienti�
 truthand in the joy he had in 
omparing opinions, sometimes with a shrewdsmile on his fa
e, and even a little mis
hievousness when 
onfrontedwith an unforeseen aspe
t of the question. Respe
t and a�e
tion wentto him spontaneously, 
reating a 
ordial and friendly atmosphere, whi
hfa
ilitated the 
ommon work and in
reased its e�
ien
y.True 
reator of the theoreti
al edi�
e that explains opti
al and ele
-tromagneti
 phenomena by the ex
hange of energy between ele
trons
ontained in matter and radiation viewed in a

ordan
e with Maxwell'stheory, Lorentz retained a devotion to this 
lassi
al theory. All themore remarkable is the �exibility of mind with whi
h he followed thedis
on
erting evolution of the quantum theory and of the new me
hani
s.The impetus that he gave to the Solvay institute will be a memoryand an example for the s
ienti�
 
ommittee. May this volume, faithfulreport of the work of the re
ent physi
s 
onferen
e, be a tribute to thememory of he who, for the �fth and last time, honoured the 
onferen
eby his presen
e and by his guidan
e. M. Curie



Fifth physi
s 
onferen
e
The �fth of the physi
s 
onferen
es, provided for by arti
le 10 of the sta-tutes of the international institute of physi
s founded by Ernest Solvay,held its sessions in Brussels on the premises of the institute from 24 to29 O
tober 1927.The following took part in the 
onferen
e:Mr H. A. Lorentz †, of Haarlem, Chairman.Mrs P. Curie, of Paris; Messrs N. Bohr, of Copenhagen; M. Born,of Göttingen; W. L. Bragg, of Man
hester; L. Brillouin, of Paris;A. H. Compton, of Chi
ago; L.-V. de Broglie, of Paris; P. Debye,of Leipzig; P. A. M. Dira
, of Cambridge; P. Ehrenfest, of Leiden;A. Einstein, of Berlin; R. H. Fowler, of Cambridge; Ch.-E. Guye,of Geneva; W. Heisenberg, of Copenhagen; M. Knudsen, of Copen-hagen; H. A. Kramers, of Utre
ht; P. Langevin, of Paris; W. Pauli,of Hamburg; M. Plan
k, of Berlin; O. W. Ri
hardson, of London;[E. S
hrödinger, of Zuri
h;℄ C. T. R.Wilson, of Cambridge,Members.Mr J.-E. Vers
haffelt, of Gent, ful�lled the duties of Se
retary.Messrs Th. De Donder, E. Henriot and Aug. Pi

ard, professorsat the University of Brussels, attended the meetings of the 
onferen
eas guests of the s
ienti�
 
ommittee, Mr Ed. Herzen, professor at theÉ
ole des Hautes Études de Bruxelles, as representative of the Solvayfamily. 281



282 Fifth physi
s 
onferen
eProfessor I. Langmuir, of S
hene
tady (U. S. of Ameri
a), visitingEurope, attended the meetings as a guest.Mr Edm. van Aubel, member of the S
ienti�
 Committee, and Mr H.Deslandres, dire
tor of the Meudon observatory, invited to parti
ipatein the 
onferen
e meetings, had been ex
used.Sir W. H. Bragg, member of the s
ienti�
 
ommittee, who had handedin his resignation before the meetings and requested to be ex
used, alsodid not attend the sessions.The administrative 
ommission of the institute was 
omposed of:Messrs Jules Bordet, professor at the University of Brussels, appointedby H. M. the King of the Belgians; Armand Solvay, engineer, mana-ger of Solvay and Co.; Mauri
e Bourquin, professor at the Universityof Brussels; Émile Henriot, professor at the University of Brussels;Ch. Lefébure, engineer, appointed by the family of Mr Ernest Solvay,Administrative Se
retary.The s
ienti�
 
ommittee was 
omposed of:Messrs H. A. Lorentz†, professor at the University of Leiden, Chair-man; M. Knudsen, professor at the University of Copenhagen, Se
reta-ry; W. H. Bragg, professor at the University of London, president of theRoyal Institution; Mrs Pierre Curie, professor at the Fa
ulty of S
ien
esof Paris; Messrs A. Einstein,a professor, in Berlin; Charles-Eug. Guye,professor at the University of Geneva; P. Langevin, professor at theCollège de Fran
e, in Paris; O. W. Ri
hardson, professor at the Uni-versity of London; Edm. van Aubel, professor at the University of Gent.Sir W. H. Bragg, resigning member, was repla
ed by Mr B. Cabrera,professor at the University of Madrid.To repla
e its late 
hairman, the s
ienti�
 
ommittee 
hose ProfessorP. Langevin.a Chosen in repla
ement of Mr H. Kamerlingh Onnes, de
eased.



The intensity of X-ray re�e
tiona
By Mr W. L. BRAGG1. � The 
lassi
al treatment of x-ray diffra
tionphenomenaThe earliest experiments on the di�ra
tion of X-rays by 
rystals showedthat the dire
tions in whi
h the rays were di�ra
ted were governed by the
lassi
al laws of opti
s. Laue's original paper on the di�ra
tion of white1radiation by a 
rystal, and the work whi
h my father and I initiated onthe re�e
tion of lines2 in the X-ray spe
trum, were alike based on thelaws of opti
s whi
h hold for the di�ra
tion grating. The high a

ura
ywhi
h has been developed by Siegbahn and others in the realm of X-rayspe
tros
opy is the best eviden
e of the truth of these laws. Advan
e ina

ura
y has shown the ne
essity of taking into a

ount the very smallrefra
tion of X-rays by the 
rystal, but this refra
tion is also determinedby the 
lassi
al laws and provides no ex
eption3 to the above statement.The �rst attempts at 
rystal analysis showed further that the strengthof the di�ra
ted beam was related to the stru
ture of the 
rystal in a wayto be expe
ted by the opti
al analogy. This has been the basis of mostwork on the analysis of 
rystal stru
ture. When mono
hromati
 X-raysare re�e
ted from a set of 
rystal planes, the orders of re�e
tion arestrong, weak, or absent in a way whi
h 
an be a

ounted for qualitativelya We follow Bragg's original English types
ript, from the 
opy in the Ri
hardson
olle
tion, AHQP-RDN, do
ument M-0059 (indexed as `unidenti�ed author' inthe mi
ro�lmed 
atalogue). Obvious typos are 
orre
ted mostly ta
itly and someof the spelling has been harmonised with that used in the rest of the volume.Dis
repan
ies between the original English and the published Fren
h are endnoted(eds.). 283



284 W. L. Braggby the arrangement of atoms4 parallel to these planes. In the analysisof many stru
tures, it is not ne
essary to make a stri
t examination ofthe strength of the di�ra
ted beams. Slight displa
ements of the atoms
ause the intensities of the higher orders to �u
tuate so rapidly, thatit is possible to �x the atomi
 positions with high a

ura
y by using arough estimate of the relative intensity of the di�erent orders.When we atta
k the problem of developing an a

urate quantitativetheory of intensity of di�ra
tion, many di�
ulties present themselves.These di�
ulties are so great, and the interpretation of the experimentalresults has often been so un
ertain, that it has led5 to a natural distrustof dedu
tions drawn from intensity measurements. Investigators of 
ry-stal stru
tures have relied on qualitative methods,6 sin
e these were inmany 
ases quite adequate. The development of the quantitative analysishas always interested me personally, parti
ularly as a means of atta
kingthe more 
ompli
ated 
rystalline stru
tures, and it would seem that atthe present time the te
hnique has rea
hed a stage when we 
an rely onthe results. It is my purpose in this paper to attempt a 
riti
al surveyof the present development of the subje
t. It is of 
onsiderable interestbe
ause it is our most dire
t way of analysing atomi
 and mole
ularstru
ture.In any X-ray examination of a 
rystalline body, what we a
tuallymeasure is a series of samples7 of the 
oherent radiation s
attered in
ertain de�nite dire
tions by the unit of the stru
ture. This unit is, ingeneral, the element of pattern of the 
rystal, while in 
ertain simple
ases it may be a single atom.In the examination of a small body by the mi
ros
ope, the obje
tivere
eives the radiation s
attered in di�erent dire
tions by the body, andthe information about its stru
ture, whi
h we get by viewing the �nalimage, is 
ontained at an earlier stage8 in these s
attered beams. Thoughthe two 
ases of mi
ros
opi
 and X-ray examination are so similar, thereare 
ertain important di�eren
es. The s
attered beams in the mi
ros
ope
an be 
ombined again to form an image, and in the formation ofthe image the phase relationship between beams s
attered in di�erentdire
tions plays an essential part. In the X-ray problem, sin
e we 
an onlymeasure the intensity of s
attering in ea
h dire
tion, this phase relation-ship 
annot be determined experimentally, though in many 
ases it 
anbe inferred.9 Further, the mi
ros
ope re
eives the s
attered beams overa 
ontinuous range of dire
tions, whereas the geometry of the 
rystallinestru
ture limits our examination to 
ertain dire
tions of s
attering. Thuswe 
annot form dire
tly an image of the 
rystalline unit whi
h is being



The intensity of X-ray re�e
tion 285illuminated by X-rays. We 
an only measure experimentally the strengthof the s
attered beams, and then build up an image pie
e by pie
e fromthe information we have obtained.It is important to note that in the 
ase of X-ray examination allwork is being 
arried out at what is very nearly the theoreti
al limitof the resolving power of our instruments. The range of wavelengthwhi
h it is 
onvenient to use lies between 0.6 Å and 1.5 Å. This rangeis of su�
iently small wavelength for work with the details of 
rystalstru
ture, whi
h is always on a s
ale of several Ångström units, butthe wavelengths are in
onveniently great for an examination into atomi
stru
ture. It is unfortunate from a pra
ti
al point of view that thereis no 
onvenient steady sour
e of radiation between the K lines of themetal palladium, and the very mu
h shorter K lines of tungsten. Thisdi�
ulty will no doubt be over
ome, and a te
hnique of `ultraviolet'X-ray mi
ros
opy will be developed, but at present all the a

uratework on intensity of re�e
tion has been done with wavelengths in theneighbourhood of 0.7 Å.We may 
onveniently10 divide the pro
ess of analysis into three stages.a) The experimental measurement of the intensities of the di�ra
tedbeams.b) The redu
tion of these observations, with the aid of theoreti
al for-mulae, to measurements of the amplitudes of the waves s
attered by asingle unit of the stru
ture, when a wave train of given amplitude fallson it.
) The building up of the image, or dedu
tion of the form of the unit,from these measurements of s
attering in di�erent dire
tions.2. � History of the use of quantitative methodsThe fundamental prin
iples of a mathemati
al analysis of X-ray re�e
-tion were given in Laue's original paper [1℄, but the pre
ise treatment ofintensity of re�e
tion may be said to have been initiated by Darwin [2℄with two papers in the Philosophi
al Magazine early in 1914, in whi
hhe laid down the basis for a 
omplete theory of X-ray re�e
tion basedon the 
lassi
al laws of ele
trodynami
s.11 The very fundamental andindependent treatment of the whole problem by Ewald [3℄, along quite



286 W. L. Braggdi�erent lines, has 
on�rmed Darwin's 
on
lusions in all essentials. Thesepapers established the following important points.1. Two formulae for the intensity of X-ray re�e
tion 
an be dedu
ed,depending on the assumptions whi
h are made. The �rst of these hassin
e 
ome to be known as the formula for the `ideally imperfe
t 
rystal'or `mosai
 
rystal'.a It holds for a 
rystal in whi
h the homogeneousblo
ks are so small that the redu
tion in intensity of a ray passingthrough ea
h blo
k, and being partly re�e
ted by it, is wholly a

ountedfor by the ordinary absorption 
oe�
ient. This 
ase is simple to treatfrom a mathemati
al point of view, and in a
tual fa
t many 
rystalsapproa
h this physi
al 
ondition of a perfe
t mosai
.The se
ond formula applies to re�e
tion by an ideally perfe
t 
rystal.Here ordinary12 absorption plays no part in intensity of re�e
tion. This isperfe
t over a �nite range of glan
ing angles, all radiation being re�e
tedwithin this range. The range depends on the e�
ien
y of the atom planesin s
attering. The se
ond formula is entirely di�erent from the �rst, andleads to numeri
al results of a di�erent order of magnitude.2. The a
tual intensity of re�e
tion in the 
ase of ro
ksalt is of the orderto be expe
ted from the imperfe
t 
rystal formula.3. The observed rapid de
line in intensity of the high orders is only partlya

ounted for by the formula for re�e
tion, and must be due in additionto the spatial distribution of s
attering matter in the atoms (ele
trondistribution).4. When a 
rystal is so perfe
t that it is ne
essary to allow for theintera
tion of the separate planes, the transmitted beam is extinguishedmore rapidly than 
orresponds to the true absorption of the 
rystal(extin
tion).5. There exists a refra
tive index for both 
rystalline and amorphoussubstan
es, slightly less than unity, whi
h 
auses small deviations fromthe law nλ = 2d sin θ.Another important fa
tor in intensity of re�e
tion had been alrea-dy examined theoreti
ally by Debye [4℄, this being the diminution ina I believe we owe to Ewald the happy suggestion of the word `mosai
'.



The intensity of X-ray re�e
tion 287intensity with rising temperature due to atomi
 movement. Thoughsubsequent work has put Debye's and Darwin's formulae in modi�edand more 
onvenient forms, the essential features were all 
ontained inthese early papers.On the experimental side,the �rst a

urate quantitative measurementswere made by W. H. Bragg [5℄.13 The 
rystal was moved with 
onstantangular velo
ity through the re�e
ting position, and the total amountof re�e
ted radiation measured. He showed that the re�e
tion14 fromro
ksalt for a series of fa
es lay on a smooth 
urve when plotted againstthe sine of the glan
ing angle, emphasising that a de�nite physi
al 
on-stant was being measured. This method of measurement has sin
e beenwidely used. The quantity Eω
I , where E is the total energy of radiation15re�e
ted, ω the angular velo
ity of rotation, and I the total radiationfalling on the 
rystal fa
e per se
ond, is independent of the experimentalarrangements, and is a 
onstant for a given re�e
tion from a mosai

rystal; it is generally termed the `integrated re�e
tion'.16 It is relatedin a simple way to the energy measurements from a powdered 
rystal,whi
h have also been employed for a

urate quantitative work. W. H.Bragg's original measurements were 
omparisons17 of this quantity fordi�erent fa
es, not absolute measurements in whi
h the strength of anin
ident beam was 
onsidered.W. H. Bragg further demonstrated the existen
e of the extin
tione�e
t predi
ted by Darwin, by passing X-rays through a diamond 
ry-stal set for re�e
tion and obtaining an in
reased absorption. He mademeasurements of the diminution in intensity of re�e
tion18 with risingtemperature predi
ted by Debye, and observed19 by Laue, and showedthat the e�e
t was of the expe
ted order. In the Bakerian Le
ture in1915 [6℄ he des
ribed measurements in the intensity of a very perfe
t
rystal, 
al
ite, whi
h seemed to show that the intensity was proportionalto the s
attering power of the atomi
 planes and not to the square of thepower (this is to be expe
ted from the formula for re�e
tion by a perfe
t
rystal). In the same address he proposed the use of the Fourier methodof interpreting the measurements20 whi
h has been re
ently used withsu
h su

ess by Duane, Havighurst, and Compton, and whi
h is dealtwith in the fourth se
tion of this summary.21 At about the same time,Debye and Compton independently dis
ussed the in�uen
e of ele
troni
distribution in the atom on the intensity of re�e
tion.The next step was made by Compton [7℄ in 1917. Darwin's formula forthe mosai
 
rystal was dedu
ed by a di�erent method, and was appliedto the interpretation of W. H. Bragg's results with ro
ksalt. Compton



288 W. L. Bragg
on
luded that the ele
troni
 distribution in the atoms was of the type tobe expe
ted from Bohr's atomi
 model. Compton then published the �rstmeasurements of the absolute intensity of ref1exion. A mono
hromati
beam of X-rays was obtained by re�e
tion from a 
rystal, and thiswas re�e
ted by a se
ond rotating 
rystal (ro
ksalt and22 
al
ite). Theabsolute value of the integrated re�e
tion Eω
I was found to be of the rightorder for ro
ksalt when 
al
ulated by the imperfe
t 
rystal formula, butto be very low for 
al
ite indi
ating strong extin
tion or a wrong formula,in the se
ond 
ase.In 1921 and 1922 I published with James and Bosanquet a seriesof measurements on ro
ksalt in whi
h we tried to obtain a high a
-
ura
y. We made absolute measurements of intensity for the strongestre�e
tions,a and 
ompared the weaker re�e
tions with them. Our main
ontributions in these papers were a more a

urate set of measurementsof integrated re�e
tion for a large number of planes, and a method forestimating and 
orre
ting for the e�e
t of extin
tion. As Darwin showedin a paper in 1922 [9℄ on the theoreti
al interpretation of our results,we only su

eeded in 
orre
ting for extin
tion of the kind he termed `se-
ondary' and not for `primary' extin
tion.b Sin
e then measurements byHavighurst [10℄, by Harris, Bates and M
Innes23 [11℄ and by Bearden [12℄have been made on the re�e
ting power of powdered sodium 
hloridewhen extin
tion is absent. Their measurements have agreed with oursvery 
losely indeed, 
on�rming one's faith in intensity measurements,and showing that we were fortunate in 
hoosing a 
rystal for our ex-amination where primary extin
tion was very small. In the same paperswe tried to make a 
areful analysis of the results in order to �nd howmu
h information about atomi
 stru
ture 
ould be legitimately dedu
edfrom them, and we published 
urves showing the ele
tron distributionin sodium and 
hlorine24 atoms.In this dis
ussion, I have refrained from any referen
e to the questionof re�e
tion by `perfe
t' 
rystals. The formula for re�e
tion by su
h
rystals was �rst obtained by Darwin, and has been arrived at inde-pendently by Ewald. The re�e
tion by su
h 
rystals has been examinedamongst others by Bergen Davis25 and Stempel [13℄, and by Mark [14℄and predi
tions of the theory have been veri�ed. It is not 
onsidereda In our paper we failed to give due a
knowledgement to Compton's absolutemeasurements in 1917 of whi
h we were not aware at the time.b Primary extin
tion is an ex
essive absorption of the beam whi
h is being re�e
tedin ea
h homogeneous blo
k of 
rystal, se
ondary extin
tion a statisti
al ex
essiveabsorption of the beam in the many small blo
ks of a mosai
 
rystal.
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tion 289here, be
ause I wish to 
on�ne the dis
ussion to those 
ases where a
omparison of the intensity of in
ident and re�e
ted radiation leads toa

urate quantitative estimates of the distribution of s
attering matter.This ideal 
an be attained with a
tual 
rystals,26 when they are of theimperfe
t or mosai
 type, though allowan
e for extin
tion is sometimesdi�
ult in the 
ase of the stronger re�e
tions. On the other hand, it isfar more di�
ult to know what one is measuring in the 
ase of 
rystalswhi
h approximate to the perfe
t type. It is a fortunate 
ir
umstan
ethat mathemati
al formulae 
an be applied most easily to the type ofimperfe
t 
rystal more 
ommon in nature.3. � Results of quantitative analysisFor the sake of 
on
iseness, only one of the many intensity formulae willbe given here, for it illustrates the essential features of them all. Let ussuppose that the integrated re�e
tion is being measured when X-raysfall on the fa
e of a rotating 
rystal of the mosai
 type. We then have
ρ =

Q

2µ

1 + cos2 2θ

2
.(a) µ is the e�e
tive absorption 
oe�
ient, whi
h may be greater than thenormal 
oe�
ient, owing to the existen
e of extin
tion at the re�e
tingangle.(b) The fa
tor 1+cos2 2θ

2 is the `polarisation fa
tor', whi
h arises be
ausethe in
ident rays are assumed to be unpolarised.(
)
Q =

(

Ne2

mc2
F

)2
λ3

sin 2θ
,where e and m are the ele
troni
 
onstants,27 c the velo
ity of light, λthe wavelength used, N the number of s
attering units per unit volume,and θ the glan
ing angle.(d) F is the quantity we are seeking to dedu
e. It represents the s
at-tering power of the 
rystal unit in the dire
tion under 
onsideration,measured in terms of the s
attering power of a single28 ele
tron a

ordingto the 
lassi
al formula of J. J. Thomson. It is de�ned by Ewald as the`Atomfaktor'29 when it applies to a single atom.



290 W. L. BraggFormulae appli
able to other experimental arrangements (the powdermethod for instan
e) are very similar, and 
ontain the same quantity Q.Our measurements of re�e
tion thus lead to values of Q, and so of F ,sin
e all other quantities in the formulae are known. Measurements ona given 
rystal yield a series of values for F , and all the informationthat 
an be found out about this 
rystalline or atomi
 stru
ture isrepresented by these values. They are the same for the same 
rystalwhatever wavelength is employed (sin
e F is a fun
tion of sin θ
λ ), thoughof 
ourse with shorter wavelength we have the advantage of measuringa mu
h greater number of these 
oe�
ients (in
reased resolving power).At this stage the e�e
t of the thermal agitation of the atom will be
onsidered as in�uen
ing the value of F . If we wish to make dedu
ti-ons about atomi
 stru
ture, the thermal agitation must be taken intoa

ount. Allowan
e for it is a 
ompli
ated matter, be
ause not only dosome atoms move more than others, but also they 
hange their relativemean positions as the temperature alters in the more 
omplex 
rystals.This will be dealt with more fully below.A series of examples will now be given to show that these quantitativeformulae, when tested, lead to results whi
h indi
ate that the theory ison the right lines. It is perhaps more 
onvin
ing to study the resultsobtained with very simple 
rystals, though I think that the su

ess ofthe theory in analysing highly 
omplex stru
tures is also very strongeviden
e, be
ause we have 
overed su
h a wide range of substan
es.In the simple 
rystals, where the positions of the atoms are de�nite,we 
an get the s
attering power of individual atoms. The results shouldboth indi
ate the 
orre
t number of ele
trons in the atom, and shouldoutline an atom of about the right size. When F is plotted against sin θ

λits value should tend to the number, N , of ele
trons in the atom for smallvalues of sin θ
λ , and should fall away as sin θ

λ in
reases, at a rate whi
h isreasonably explained by the spatial extension of the atom. In Fig. 1, thefull lines give F 
urves obtained experimentally by various observers.The dotted lines are F 
urves 
al
ulated for the generalised atomi
model of Thomas [15℄, of appropriate atomi
 number. The Thomasatomi
 model, whi
h has been shown for 
omparison, is most usefulas it gives us the approximate ele
troni
 distribution in an atom of anyatomi
 number. Thomas 
al
ulates an ideal distribution of ele
trons inan atom of high atomi
 number. He assumes spheri
al symmetry forthe atom, and supposes that `ele
trons are distributed uniformly in thesix-dimensional phase-spa
e for the motion of an ele
tron, at the rate
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Fig. 1.of two for ea
h h3 of (six) volume'.30 He thus obtains an ideal ele
tronatmosphere around the nu
leus, the 
onstants of whi
h 
an be simplyadjusted31 so as to be suitable for any given nu
lear 
harge. It is of 
ourseto be expe
ted that the lower the atomi
 weight, the more the a
tualdistribution of s
attering matter will depart from this arrangement, andwill re�e
t the idiosyn
rasies of the parti
ular atom in question. The�gure will show, however, that the a
tual 
urves are very similar to those
al
ulated for Thomas' models. In parti
ular, it will be 
lear that theytend to maximum values not far removed from the number of ele
trons inthe atom in ea
h 
ase. The general agreement between the observed and
al
ulated F 
urves must mean that our measurements of F are outlininga pi
ture of the atom. The agreement holds also for other atomi
 modelsthan those of Thomas, whi
h all lead to atoms with approximately thesame spatial extension and ele
troni
 distribution, as is well known.All these measurements of F ne
essitate absolute values for the inte-grated re�e
tion. It is not ne
essary to measure these dire
tly in ea
h
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ase. When any one re�e
tion has been measured in absolute value (by
omparison of in
ident and re�e
ted radiation), other 
rystals may be
ompared with it. The standard whi
h has been used in every 
ase, asfar as I am aware, is the ro
ksalt 
rystal. Absolute measurements on thishave been made by Compton [7℄, by Bragg, James and Bosanquet [8℄,and by Wasastjerna [18℄ whi
h agree satisfa
torily with ea
h other.4. � Interpretation of measurements of FIn interpreting these measurements of s
attering power, we may either
al
ulate the s
attering of a proposed atomi
 model and 
ompare itwith the observed F 
urve, or we may use the observations to 
al
ulatethe distribution of s
attering matter dire
tly. The latter method is themore attra
tive, and in the hands of Duane, Havighurst, and Comp-ton it has yielded highly interesting `images' of the atomi
 stru
tureseen by X-rays. There is a 
lose analogy between the examination ofa series of parallel planes by means of X-rays, and the examination ofa di�ra
tion grating, by a mi
ros
ope, whi
h is 
onsidered in Abbe'stheory of mi
ros
opi
 vision.a The obje
tive of the mi
ros
ope may be
onsidered as re
eiving a limited number of orders of spe
tra from thegrating. These spe
tra in their turn build up the image viewed by theeyepie
e, and the perfe
tion of this image depends on the number ofspe
tra re
eived. The strength of ea
h spe
tral order depends on themagnitude of the 
orresponding 
oe�
ient in that Fourier series whi
hrepresents the amplitude of the light transmitted at ea
h point of thegrating. The extension of this well-known opti
al prin
iple to the X-ray�eld was suggested by W. H. Bragg [6℄ in 1915. He had formed the
on
lusion32 that the amplitudes of the s
attered wave from ro
ksaltwere inversely proportional to the square of the order of re�e
tion, andhe showed that33 `the periodi
 fun
tion whi
h represents the density ofthe medium must therefore be of the form34

const +
cos 2π xd

12
+

cos 4π xd
22

+ ... +
cos 2nπ xd

n2
+ ... 'and in this way built up a 
urve showing the periodi
 density of thero
ksalt grating. The method was not applied, however, to the mu
hmore a

urate measurements whi
h are now available until re
ently,when Duane and Havighurst showed how mu
h 
ould be done with it.a See for instan
e the dis
ussion of this theory and of A. B. Porter's experiments toillustrate it in Wood's Opti
s, Chapter VIII.
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tion 293Duane independently arrived at a more general formula of the same type,giving the density of s
attering matter at any point in the whole 
rystalas a triple Fourier series, whose 
oe�
ients depend on the intensity ofre�e
tion from planes of all possible indi
es. Havighurst applied thisprin
iple to our measurements of ro
ksalt, and to measurements whi
h hehas made on other 
rystals, and obtained a pi
ture of the relative densityof s
attering matter along 
ertain lines in these 
rystals. Compton madethe further step of putting the formulae in a form whi
h gives theabsolute density of ele
troni
 distribution (assuming the s
attering tobe by ele
trons obeying the 
lassi
al laws). Compton gives a very fulldis
ussion of the whole matter in his book X-rays and Ele
trons.35 Itis not only an extremely attra
tive way of making 
lear just what hasbeen a
hieved by the X-ray analysis, but also the most dire
t method ofdetermining the stru
ture.The formula for the distribution of s
attering matter in parallel sheets,for a 
rystal with a 
entre of symmetry, is given by Compton as follows
Pz =

Z

a
+

2

a

∞
∑

1

Fn cos
2πnz

a
.Here z is measured perpendi
ularly to the planes whi
h are spa
ed adistan
e a apart. Pzdz is the amount of s
attering matter between planesat distan
es z and z + dz, and Z (= ∫ a

0 Pzdz) is the total s
atteringmatter of the 
rystal unit. This is a simpli�ed form of Duane's formulafor a Fourier series of whi
h the general term is
An1n2n3

sin

(

2πn1x

a1
− δn1

)

sin

(

2πn2y

a2
− δn2

)

sin

(

2πn3z

a3
− δn3

)

,

An1n2n3
being proportional to the amplitude of the s
attered wave fromthe plane (n1n2n3).Another Fourier series, due to Compton, gives the radial distributionof s
attering matter, i.e. the values of Un where Undr is the amount ofs
attering matter between radii r and r + dr

Un =
8πr

a2

∞
∑

1

nFn sin
2πnr

a
,where a is 
hosen so that values of F o

ur at 
onvenient intervals onthe graph for F .If we know the values of F for a given atom over a su�
iently widerange, we 
an build up an image of the atom either as a `sheet dis-tribution' parallel to a plane, or as a radial distribution of s
attering
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leus. In using these methods of analysis, howe-ver, it is very ne
essary to remember that we are working right at thelimit of resolving power of our instruments, and in fa
t are attemptinga more ambitious problem than in the 
orresponding opti
al 
ase. InA. B. Porter's experiments to test Abbe's theory, he viewed the imageof a di�ra
tion grating and removed any desired group of di�ra
ted raysby 
utting them o� with a s
reen. The �rst order gives blurred lines, fouror �ve orders give sharper lines with a �ne dark line down the 
entre,eight orders give two dark lines down the 
entre of ea
h bright line andso forth. These imperfe
t images are due to the absen
es of the highermembers in building up the Fourier series. In exa
tly the same way weget false detail in our X-ray image, owing to ignoran
e of the values ofthe higher members in the F 
urve. Similarly, the �ne stru
ture whi
ha
tually exists may be glossed over, sin
e by using a wavelength of 0.7 Å,we 
annot hope to `resolve' details of atomi
 stru
ture on a s
ale of lessthan half this value.The ignoran
e of the values of higher members of the Fourier seriesmatters mu
h less in the 
urve of sheet distribution than in that forradial distribution, sin
e the latter 
onverges far more slowly. Examplesof the Fourier method of analysis are given in the next paragraph.As opposed to this method of building up an image from the X-rayresults,36 we may make an atomi
 model and test it by 
al
ulating an F
urve for it whi
h 
an be 
ompared with that obtained experimentally.This is the most satisfa
tory method of testing models arrived at byother lines of resear
h, for nothing has to be assumed about the valuesof the higher 
oe�
ients F . It is of 
ourse again true that our test onlyapplies to details of the proposed model on a s
ale 
omparable with thewavelength we are using. Sin
e we 
an re�e
t X-rays right ba
k from anatomi
 plane, we may get a resolving power for a given wavelength withthe X-ray method twi
e as great as the best the mi
ros
ope 
an yield.It is perhaps worth mentioning the methods I used with James andBosanquet in our determination of the ele
troni
 distribution in sodiumand 
hlorine in 1922. We tried to avoid extrapolations of the F 
urvebeyond the limit of experimental investigation. We divided the atomarbitrarily into a set of shells, with an unknown number of ele
tronsin ea
h shell. These unknowns were evaluated by making the s
atteringdue to them �t the F 
urve over the observed range, this being simplydone by solving simultaneous linear equations. We found we got mu
hthe same type of distribution however the shells were 
hosen, and that alimit to the ele
troni
 distribution at a radius of about 1.1 Å in sodium
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Fig. 2.and 1.8 Å in 
hlorine was 
learly indi
ated. Our distribution 
orrespondsin its general outline to that found by the mu
h more dire
t Fourieranalysis, as the examples in paragraph 7 will show.5. � Examples of analysisWe owe to Duane [20℄ the appre
iation of the very attra
tive way inwhi
h the Fourier analysis represents the results of X-ray examinations.It has the great merit of representing, in the form of a single 
urve,the information yielded by all orders of re�e
tion from a given plane,or from the whole 
rystal. It is of 
ourse only an alternative way ofinterpreting the results, and the dedu
tions we 
an make about atomi
or mole
ular stru
tures depend in the end on the extent to whi
h we 
an
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Fig. 3a. � Distribution of ele
trons in sheets parallel to 0001.37trust our experimental observations, and not on the method of analysiswe use. The Fourier method is so dire
t however, and its signi�
an
e soeasy to grasp, that Duane's introdu
tion of it marks a great advan
e inte
hnique of analysis.I have reserved to paragraph 7 the more di�
ult problem of the arran-gement of s
attering matter in the atoms themselves, and the examplesgiven here are of a simpler 
hara
ter. They illustrate the appli
ation ofanalysis to the general problem of the distribution of s
attering matter inthe whole 
rystal, when we are not so near the limit of resolving power.The 
urves in Fig. 2 represent the �rst appli
ation of the new methodof Fourier analysis to a

urate data, 
arried out by Havighurst [21℄ in1925. He used our determinations of F for sodium 
hloride, and Duane'sthree-dimensional Fourier series, and 
al
ulated the density of s
atteringmatter along a 
ube edge through sodium and 
hlorine 
entres, along a
ube diagonal through the same atoms, and along two fa
e diagonals
hosen so as to pass through 
hlorine atoms alone or sodium atomsalone in the 
rystal. The atoms show as peaks in the density distribution.In the other examples, the formula for distribution in sheets has been



The intensity of X-ray re�e
tion 297

Fig. 3b. � Distribution of ele
trons in sheets parallel to 101̄0.39applied to some results we have obtained in our work on 
rystal stru
tureat Man
hester. I have given them be
ause I feel they are 
onvin
ingeviden
e of the power of quantitative measurements, and show that allmethods of interpretations lead to the same results.Mr West and I [22℄ re
ently analysed the hexagonal 
rystal beryl,Be3A12Si6O18,38 whi
h has a stru
ture of some 
omplexity, dependingon seven parameters. We obtained the atomi
 positions by the usualmethod of analysis, using more or less known F 
urves for the atoms inthe 
rystal, and moving them about till we explained the observedF s dueto the 
rystal unit. Fig. 3 shows the reinterpretations of this result by theFourier method. Fig. 3a gives the ele
tron density in sheets perpendi
ularto the prin
ipal axis of the 
rystal, whi
h is of a very simple type. Theparti
ular point to be noted is the 
orresponden
e between the positionof the line B in the �gure and the hump of the Fourier analysis. The lineB marks the position of a group of oxygen atoms whi
h lies between twoother groups A and C �xed by symmetry, the position of B being �xedby a parameter found by familiar methods of 
rystal analysis. The humprepresents the same group �xed by the Fourier analysis, and it will beseen how 
losely they 
orrespond. In Figs. 3b and 3
 more 
omplex setsof planes are shown. The dotted 
urve represents the interpretation ofour results by Fourier analysis. The full 
urve is got by adding togetherthe humps due to the separate atoms shown below, the position of thesehaving been obtained by our X-ray analysis and their sizes by the aidof the 
urve in Fig. 3a in whi
h the 
ontribution of the atoms 
an beseparated out. The 
orresponden
e between the two shows that the oldermethods and the Fourier analysis agree. It is to be noted that the 
rystal
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Fig. 3
. � Distribution of ele
trons in sheets parallel to 112̄0.42had �rst to be analysed by the older methods, in order that the sizes ofthe Fourier 
oe�
ients might be known.In Fig. 4 I have given a set of 
urves for the alums, re
ently analysed byProfessor Cork [23℄. The alums are 
ompli
ated 
ubi
 
rystals with su
hformulae as KAl(SO4)2.12 H2O.Wy
ko�40 has shown that the potassiumand aluminium atoms41 o

upy the same positions in the 
ubi
 
ellas the sodium atom in ro
ksalt. Now we 
an repla
e the potassiumby ammonium, rubidium, 
aesium, or thallium, and the aluminium by
hromium, or other trivalent metals. Though the positions of the otheratoms in the 
rystals are not yet known, they will presumably be mu
hthe same in all these 
rystals. If we represent by a Fourier series thequantitative measurements of the alums, we would expe
t the density ofs
attering matter to vary from 
rystal to 
rystal at the points o

upiedby the metal atoms, but to remain 
onstant elsewhere. The 
urves showthis in the most interesting43 way.
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Fig. 4.The e�e
t of heat motion on the movements of the atoms has alreadybeen mentioned. It was �rst treated theoreti
ally by Debye [4℄. Re
ent-ly Waller [24℄ has re
al
ulated Debye's formula, and has arrived at amodi�ed form of it. Debye found that the intensities of the interferen
emaxima in a simple 
rystal should be multiplied by a fa
tor e−M , where
M =

6h2

µkΘ

ϕ(x)

x

sin2 θ

λ2
,

x =
Θ

T
=

characteristic temperature of crystal

absolute temperature
.Without going into further detail, it is su�
ient to note that Waller'sformula di�ers from Debye's by making the fa
tor e−2M , not e−M . Jamesand Miss Firth [25℄ have re
ently 
arried out a series of measurements
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Fig. 5.for ro
ksalt between the temperatures 86◦ abs. and 900◦ abs. They �ndthat Waller's formula is very 
losely followed up to 500◦ abs., thoughat higher temperatures the de
line in intensity is even more rapid, asis perhaps to be expe
ted owing to the 
rystal be
oming more looselybound. I have given the results of the measurements in Figs. 5 and 6,both as an example of the type of information whi
h 
an be got fromX-ray measurements, and be
ause these a
tual �gures are of interest asa set of 
areful and a

urate measurements of s
attering power.Fig. 5 shows the F 
urves for sodium and 
hlorine at di�erent tem-peratures. The rapid de
line in intensity for the higher orders will berealised when it is remembered that they are proportional to F 2. The



The intensity of X-ray re�e
tion 301

Fig. 6.
urve for absolute zero is an extrapolation from the others, following theDebye formula as modi�ed by Waller.In Fig. 6 the same results are interpreted by the Fourier analysis.The 
urve at room temperatures for NaCl is pra
ti
ally identi
al withthe interpretation of our earlier �gures by Compton, in his book X-raysand Ele
trons,44 though the �gures on whi
h it is based should be morea

urate.45 The 
urves show the manner in whi
h the sharply de�nedpeaks due to Cl and Na at low temperatures be
ome di�use owing toheat motion at the higher temperatures.Several interesting points arise in 
onne
tion with this analysis. Inthe �rst pla
e, James and Firth46 �nd that the heat fa
tor is di�erentfor sodium and 
hlorine, the sodium atoms moving with greater averageamplitudes than the 
hlorine atoms. This has a very interesting bearingon the 
rystal dynami
s whi
h is being further investigated by Waller.To a �rst approximation both atoms are a�e
ted equally by the elasti
waves travelling through the 
rystal, but in a further approximation it
an be seen that the sodium atoms are more loosely bound than the
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Fig. 7.
hlorine atoms. If an atom of either kind were only �xed in positionby the six atoms immediately surrounding it, Waller has shown thatthere would be no di�eren
e between the motions of a sodium atombetween six 
hlorine atoms, or a 
hlorine atom between six sodiumatoms. However, the 
hlorine is more �rmly pinned in position be
auseit has in addition twelve large 
hlorine neighbours, whereas the sodiumatom is mu
h less in�uen
ed by the twelve nearest sodium atoms. Hen
earises the di�eren
e in their heat motions. It is important to �nd the
orre
t method for redu
ing observations to absolute zero, and thisdi�eren
e in heat motion must be satisfa
torily analysed before this ispossible.In the se
ond pla
e, the a

ura
y whi
h 
an be attained by the ex-perimental measurements holds out some hope that we may be able totest dire
tly whether there is zero-point energy47 or not. This is beinginvestigated by James and Waller. If a reliable atomi
 model is available,it would seem that the measurements 
an tell whether there is vibrationat absolute zero or not, for the theoreti
al diminution in intensity due tothe vibration is mu
h larger than the experimental error in measuring
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F . I feel 
onsiderable di�den
e in speaking of the question of zero-pointenergy, and would like to have the advi
e of the mathemati
al physi
istspresent.We may 
al
ulate, either from the measured heat fa
tor or dire
tlyfrom the Fourier analyses, the average amplitude of vibration for di�e-rent temperatures. James and Firth �nd by both methods, for instan
e,that at room temperature the mean amplitude of vibration for bothatoms is 0.21 Å, and at 900◦ abs. it is about 0.58 Å. They examined theform whi
h the Fourier 
urve at 0◦ abs. assumes when it is deformedby supposing all the atoms to be in vibration with the same meanamplitude.It has been already remarked that the observed F 
urves for atomsare very similar to those 
al
ulated for the Thomas atomi
 model. Thesame 
omparison may be made between the distributions of s
atteringmatter. In Fig. 7 the distribution in sheets for NaCl at absolute zero isshown as a full 
urve. The dotted 
urve shows the horizontal distributionin sheets for atoms of atomi
 number 17 and 11. In Thomas' model thedensity rises towards an in�nite value very 
lose to the nu
leus, and thisis represented by the very sharp peaks at the atomi
 
entres in the dotted
urve. We would not expe
t the observed distribution to 
orrespond tothe a
tual Thomas distribution at these points. Throughout the rest ofthe 
rystal the distribution is very similar. The 
omparison is interesting,be
ause it shows how deli
ate a matter it is to get the �ne detail ofatomi
 stru
ture from the observations. Thomas' distribution is quite
ontinuous and takes no a

ount of K, L and M sets of ele
trons. Theslight departures of the observed 
urve from the smooth Thomas 
urverepresent the experimental eviden
e for the existen
e of all the individualfeatures of the atom.6. � The me
hanism of X-ray s
atteringBefore going on to dis
uss the appli
ation of the analysis to atomi
stru
ture, it is ne
essary to 
onsider what is being measured when adistribution of s
attering matter is dedu
ed from the X-ray results. The
lassi
al treatment regards the atom as 
ontaining a number of ele
trons,ea
h of whi
h s
atters radiation a

ording to the formula of J. J. Thom-son. Sin
e a vast number of atoms 
ontribute to the re�e
tion by asingle 
rystal plane, we should obtain a pi
ture of the average ele
troni
distribution. The quantity F should thus tend to a maximum value, atsmall angles of s
attering, equal to the number of ele
trons in the atom,
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λ in
reases.The observed48 F 
urves are of this 
hara
ter, as has been seen. Wheninterpreted as an atomi
 distribution, they give atoms 
ontaining the
orre
t number of ele
trons, and this seems satisfa
tory from the 
lassi
alviewpoint. On the other hand, the eviden
e of the Compton e�e
t wouldappear at �rst sight to 
ast doubt on the whole of our analysis. Whatwe are measuring is essentially the 
oherent radiation di�ra
ted by the
rystal, whereas the Compton e�e
t shows that a part of the radiationwhi
h is s
attered is of di�erent wavelength. Further, this radiation ofdi�erent wavelength is in
luded with the 
oherent radiation, when thetotal amount of s
attered radiation is measured, and found to agreeunder suitable 
onditions with the amount predi
ted by J. J. Thomson'sformula. It would therefore seem wrong to assume that we obtain atrue pi
ture of ele
troni
 distribution by the aid of measurements on the
oherent radiation alone.Even before the advent of the new me
hani
s, Compton's originaltreatment of the e�e
t whi
h he dis
overed suggested a way out of thisdi�
ulty. The re
oil ele
tron is given an amount of energy

2
h2

m

ν′

ν

(

sin θ

λ

)2

,where ν and ν′ are the frequen
ies of the modi�ed and unmodi�edradiations. If the ele
tron is eje
ted from the atom the radiation ismodi�ed in wavelength, if not 
oherent waves are s
attered. Sin
e thereis little modi�ed s
attering at small angles, the F 
urve will tend toa maximum equal to the number of ele
trons in the atom, and anyinterpretation of the 
urve will give an atom 
ontaining the 
orre
tnumber of ele
trons. As sin θ
λ in
reases, more and more of the s
atteredradiation will be modi�ed, and in 
al
ulating the F 
urve this must betaken into a

ount. However, if ν′

ν is not far from unity, the F 
urvewill remain a fun
tion of sin θ
λ , sin
e whatever 
riterion is applied forthe s
attering of modi�ed or unmodi�ed radiation, it will depend on theenergy imparted to the s
attering ele
tron, whi
h is itself a fun
tion of

sin θ
λ . Our X-ray analysis would thus give us an untrue pi
ture of theatom, but one whi
h is 
onsistently the same whatever wavelength isemployed. Williams [27℄ and Jaun
ey [28℄ have re
al
ulated F 
urvesfrom atomi
 models using this 
riterion, and found a better �t to theexperimental 
urves when the Compton e�e
t was taken into a

ount.(Examples of this 
loser approximation will be found in the paper by
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Fig. 8.Williams [27℄ in 1926. See also a dis
ussion by Kallmann and Mark[26℄).49The point at issue is illustrated by the 
urves in Fig. 8. Three F 
urvesfor 
hlorine are plotted in the �gure. The dotted line represents theobserved F 
urve (James and Firth). The 
ontinuous line is the F 
urve
al
ulated from Hartree's [29℄ atomi
 model for 
hlorine. It shows a humpat a value of sin θ of 0.4, whi
h is not present in the observed 
urve. Thishump arises from the fa
t that the outer ele
trons in the 
hlorine modelgive negative values for F just short of this point,50 and positive values
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 models 
al
ulated with ele
troni
orbits show similar irregularities whi
h are not a
tually observed. When,however, the Compton e�e
t is taken into 
onsideration, these outerele
trons are found to give a very small 
ontribution to the F 
urve atthe large angles where the humps51 o

ur, be
ause they s
atter so mu
hmodi�ed radiation. The allowan
e for the Compton e�e
t smooths outthe hump, and leads to F 
urves mu
h more like those observed. Thethird 
urve shows the F 
urve due to the 
ontinuous Thomas distributionand is a 
lose �t to the observed 
urve.I have quoted from a note by Dr Ivar Waller, in the following tentativesummary of the interpretation whi
h the new me
hani
s gives us of thisphenomenon.a In a re
ent letter to Nature [30℄, Waller dis
usses thetransition for the whole range from ordinary dispersion into Comptone�e
t. His note only refers to s
attering by a single ele
tron, but it 
anprobably be extended to many-ele
tron atoms. Waves of 
ontinuallyde
reasing wavelength are supposed to fall upon the atom, and thetransition is tra
ed through the following stages.a) While the wavelength of the radiation remains long 
ompared withatomi
 dimensions, the dispersion formula for opti
al frequen
ies gra-dually transforms into the s
attering for free ele
trons given by the
lassi
al J. J. Thomson formula. This formula holds approximately to52wavelengths approa
hing atomi
 dimensions.b) At this point the s
attering of 
oherent radiation will diminish, owingto interferen
e, and be
ome more 
on
entrated in the forward dire
tionof the in
ident light. This is the phenomenon we are studying, with X-rays, and our F 
urves map out the distribution of the 
oherent radiationwhere the wavelength is of atomi
 dimensions.
) At the same time, the s
attering of in
oherent radiation will be
omeappre
iable, and approximate more and more 
losely in 
hange of wa-velength and intensity distribution to the Compton e�e
t. It will havepra
ti
ally merged into the Compton e�e
t when the momentum of aquantum of the in
ident light is large 
ompared with that 
orrespondingto ele
troni
 motions in the atom.d) Up to this point the Thomson formula holds for the total intensitya Spa
e forbids a referen
e to the many theoreti
al papers whi
h have 
ontributedtowards this interpretation.
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tion 307of light s
attered in any dire
tion, 
oherent and in
oherent radiationbeing summed together. It �rst 
eases to hold, when the frequen
ydispla
ement due to the Compton e�e
t is no longer small 
omparedwith the frequen
y of the in
ident light.The point of importan
e for our present problem is that `the 
oherentpart of the radiation is to be dire
tly 
al
ulated from that 
ontinuousdistribution of ele
tri
ity whi
h is de�ned by the S
hrödinger density-distribution in the initial state of the atom'. The 
lassi
al treatmentsupposes ea
h point ele
tron to s
atter a

ording to the J. J. Thomsonformula in all dire
tions. In the new treatment, the ele
tron is repla
edby a spatial distribution of s
attering matter, and so ea
h ele
tron hasan `F 
urve' of its own. It will still s
atter 
oherent radiation in alldire
tions, but its amount will fall away from that given by the 
lassi
alformula owing to interferen
e as sin θ
λ in
reases, and this de
line will bemu
h more rapid for the more di�use outer ele
trons than for the 
on
en-trated inner ele
trons. The total amount of radiation T s
attered in anydire
tion by the ele
tron is given by the Thomson formula. A fra
tion

f2T will be 
oherent, and will be 
al
ulated by the laws of interferen
efrom the S
hrödinger distribution, and the remainder, (1 − f2)T , willbe in
oherent. Thus the total 
oherent radiation will be F 2T where
F is 
al
ulated from the S
hrödinger distribution for the whole atom.An amount (N −∑ f2)T will be s
attered with 
hange of wavelength.Our measurements of X-ray di�ra
tion, if this be true, 
an be trustedto measure the S
hrödinger 
ontinuous distribution of ele
tri
ity in the
rystal latti
e.A very interesting point arises in the 
ase where 
hara
teristi
 absorp-tion frequen
ies of the s
attering atom are of shorter wavelength thanthe radiation whi
h is being s
attered. In general, this has not beenso when 
areful intensity measurements have been made sin
e atoms oflow atomi
 weight have alone been investigated. On the 
lassi
al analogy,we would expe
t a reversal in phase of the s
attered radiation, when anele
tron has a 
hara
teristi
 frequen
y greater than that of the in
identlight. A fas
inating53 experiment by Mark and Szilard [31℄ has shownthat something very like this takes pla
e. They investigated the (111)and (333) re�e
tions of RbBr, whi
h are extremely weak be
ause Rb andBr oppose ea
h other and are nearly equal in atomi
 number. They foundthat these `forbidden' re�e
tions were indeed absent when the soft CuKor hard BaK radiation was used, but that SrK radiation was appre
iablyre�e
ted (SrKα λ 0.871 Å;54 absorption edges of RbK and BrK, 0.814 Å
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ause a reversal of phasein s
attering by the K ele
trons takes pla
e in the one 
ase and not inthe other.7. � The analysis of atomi
 stru
ture by X-ray intensitymeasurementsIt has been seen that the intensity measurements assign the 
orre
tnumber of ele
trons to ea
h atom in a 
rystal, and indi
ate a spatialextension of the atoms of the right order. In attempting to make thefurther step of dedu
ing the arrangement of the ele
trons in the atom,the limitations of the method begin to be very apparent.In all 
ases where analysis has been attempted, the atom has beentreated as spheri
ally symmetri
al. The analysis is used to determinethe amount of s
attering matter Undr between radii r and r + dr. Allmethods of analysis give a distribution of the same general type. I havegiven, for instan
e, a series of analyses of sodium and 
hlorine in Fig. 9.In these �gures, Un is plotted as ordinate against r as abs
issa. Thetotal area of the 
urve in ea
h 
ase is equal to the number of ele
tronsin ea
h atom, sin
e ∫∞

0
Undr = N . The full-line 
urves are our originalinterpretations of the distribution in sodium and 
hlorine, based on our1921 �gures.55 The other 
urves are the interpretations of the sameor 
losely similar sets of �gures57 by Havighurst [32℄ and by Compton(X-rays and Ele
trons) using the Fourier method of analysis.In Fig. 9a are in
luded our analysis of sodium in NaCl, two analysesby Havighurst of sodium in NaCl and NaF obtained by using Duane'striple Fourier series, and an analysis of our �gures58 by Compton usingthe Fourier formula for radial distribution. It will be seen that thegeneral distribution of s
attering matter and the limits of the atom areapproximately the same in ea
h 
ase. The same holds for the 
hlorine
urves in Fig. 9b.The interesting point whi
h is raised is the reality of the humps whi
hare shown by the Fourier analysis. We obtained similar humps in ouranalysis by means of shells but doubted their reality be
ause we foundthat if we smoothed them out and re
al
ulated the F 
urve, it agreedwith the observed 
urve within the limits of experimental error. Thete
hnique of measurement has greatly improved sin
e then, and it wouldeven appear from later results that we over-estimated the possible errorsof our �rst determinations of F . It is obvious, however, that great 
aremust still be taken in basing 
on
lusions on the �ner details shown by any
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Fig. 9.56method of analysis. The formula whi
h is used in the Fourier analysis,
Un =

4πr

a

∞
∑

1

2nFn
a

sin
2πnr

a
,is one whi
h 
onverges very slowly, sin
e the su

essive 
oe�
ients Fnare multiplied by n. The observed F 
urve must be extrapolated to apoint when F is supposed to fall to zero, and the pre
ise form of the
urve rea
ts very sensitively to the way in whi
h this extrapolation is
arried out.
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Fig. 10.The 
urves in Fig. 10 will illustrate the extent to whi
h the analysis
an be 
onsidered to give us information about the a
tual atomi
 distri-bution. In Fig. 10a the 
urve shows the F values for �uorine obtained byJames and Randall [17℄. The 
ir
les are points obtained59 by Havighurstfrom measurements on CaF, LiF, NaF;60 it will be seen that the two setsof experimental data are in very satisfa
tory agreement. In Fig. 10b Ihave shown on the one hand Havighurst's interpretations of the F 
urvedrawn through his points, and on the other an analysis 
arried out by
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Fig. 11.62Claassen [16℄ of James and Randall's using the Fourier method. Thedistributions are the same in their main outlines, but the peaks o

ur inquite di�erent pla
es.Compton (X-rays and Ele
trons, p. 167) in dis
ussing his diagrams ofradial distribution has remarked that slight di�eren
es in the F 
urveslead to wide di�eren
es in details of the 
urves, and that too mu
h
on�den
e should not be pla
ed on these details. Havighurst [32℄ dis-
usses the signi�
an
e of the analysis very fully in his paper on ele
trondistribution in the atoms. Our data are not yet su�
iently a

urate orextensive. Nevertheless, we are so near to attaining an a

ura
y of a
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tory order, and the results of the analysis seem to indi
ate so
learly its fundamental 
orre
tness, that it appears to be well worthwhile to pursue enquiry further. Work with shorter wavelengths, and atlow temperatures, when heat motion is small and a large range of Fvalues 
an be measured, should yield us a

urate pi
tures of the atomi
stru
ture itself. Given a

urate data,61 the Fourier method of analysisprovides a dire
t way of utilising them.The radial distribution of s
attering power outlined in this way is ingeneral agreement with any reasonable atomi
 model. We have seen,in parti
ular, that the F 
urves, and therefore the radial distributions,of Thomas' model63 are in approximate a

ord with those a
tually ob-served. If it is true that the s
attering of 
oherent radiation is to be
al
ulated in all 
ases by the S
hrödinger density distribution, we shouldtest our model against this distribution.An interesting attempt along these lines has been re
ently made byPauling [33℄. He has used 
ertain simplifying assumptions to obtain anapproximate S
hrödinger density-distribution for many-ele
tron atoms.I have shown in Fig. 11 four sets of 
urves. The radial ele
tron distribu-tions dedu
ed by Havighurst and by Compton are shown as one 
urvesin
e they are very similar. The �gure shows also our �rst analysis ofele
tron distribution. Mat
hed against these are plotted the generaliseddistribution of the Thomas model, and the S
hrödinger density distri-bution 
al
ulated by Pauling.We have obviously not yet rea
hed a point when we 
an be satis�edwith the agreement between theory and experiment, yet the su

essattained so far is a distin
t en
ouragement to further investigation.8. � The refra
tion of X-raysAt Professor Lorentz's64 suggestion I have added a very brief note on therefra
tion of X-rays, sin
e the phenomenon is so intimately 
onne
tedwith the question of intensity of re�e
tion and s
attering, and is anotherexample of the su

essful appli
ation of 
lassi
al laws. The di�ra
tionphenomenon dealt with above (intensity of re�e
tion) arises from thes
attering of 
oherent radiation in all dire
tions by the atoms of a 
rystal.The refra
tive index may be 
onsidered as being due to the s
atteringin the forward dire
tion of 
oherent radiation, whi
h interferes with theprimary beam. The arrangement of the s
attering matter plays no part,so that the body may be 
rystalline or amorphous. The measurement of
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tion 313the refra
tive index is thus a dire
t measure of the amount of 
oherentradiation s
attered in the forward dire
tion of the in
ident beam.1. Darwin [2℄ appears to have been �rst in pointing out that theoryassigns a refra
tive index for X-rays di�ering from unity by about onepart in a million. He predi
ted that a very slight departure from the lawof re�e
tion
nλ = 2d sin θ0would be found, the a
tual angle θ being given by Darwin's formula

θ − θ0 =
1 − µ

sin θ cos θ
.Ewald's [34℄ independent treatment of X-ray re�e
tion leads to an equi-valent result, though the problem is approa
hed along quite di�erentlines.As is well known, the �rst experimental eviden
e of an index of refra
-tion was found in a departure from the re�e
tion laws. Stenström [35℄observed di�eren
es in the apparent wavelength of soft X-rays (3 Å) asmeasured in the di�erent orders, whi
h were explained by Ewald's lawsof X-ray re�e
tion. The in
reased a

ura
y of X-ray spe
tros
opy hasshown that similar deviations from the simple law of re�e
tion exist forharder rays, though the deviations are mu
h smaller than in the ordinaryX-ray region.65 Thus the deviations have been dete
ted for hard raysby Duane and Patterson [36℄ and by Siegbahn and Hjalmar [37℄. It isdi�
ult to measure the refra
tive index by means of these deviations inthe ordinary way, sin
e they are so small, but Davis [38, 39℄ developeda very ingenious way of greatly in
reasing the e�e
t. A 
rystal is groundso that the rays re�e
ted by the atomi
 planes enter or leave a fa
e at avery �ne glan
ing angle, and thus su�er a 
omparatively great de�e
tion.Compton [40℄ dis
overed the total re�e
tion of X-rays, and measuredthe index of refra
tion in this way. The refra
tive index is slightly lessthan unity, hen
e X-rays falling at a very �ne glan
ing angle on a planesurfa
e of a body are totally re�e
ted, none of the radiation passinginto the body. Compton showed that, although the refra
tive index is sonearly unity, yet the 
riti
al glan
ing angle is quite appre
iable.Finally, the dire
t e�e
t of refra
tion by a prism has been observedby Larsson, Siegbahn and Waller [41℄. X-rays entered one fa
e of a glassprism at a very �ne glan
ing angle, and su�ered a measurable de�e
tion.They obtained in this way a dispersion spe
trum of X-rays.
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ases where the frequen
y of the X-radiation is great 
ompa-red with any frequen
y 
hara
teristi
 of the atom, the refra
tive indexmeasured by any of these methods is in 
lose a

ord66 with the formula
1 − µ =

ne2

2πmν2
,where n is the number of ele
trons per unit volume in the body, eand m are the ele
troni
 
onstants, and ν the frequen
y of the in
identradiation. The formula follows dire
tly from the 
lassi
al Drude-Lorentztheory of dispersion, in the limiting 
ase where the frequen
y of theradiation is large 
ompared with the `free periods' of the ele
trons in theatom. It 
an be put in the form [42℄67

1 − µ = 2.71 × 10−6 ρZ

A
λ2 ,where λ is the wavelength in Ångström units of the in
ident radiation,

ρ the density of the substan
e, Z and A the average atomi
 number andatomi
 weight of its 
onstituents (for all light atoms Z/A is very nearly0.5).68 Expressed in this form, the order of magnitude of 1 − µ is easilygrasped. The 
riti
al glan
ing angle θ for total re�e
tion is given by
cos θ = µ ,when
e

θ =

√

ne2

πmν2
.Expressing θ in minutes of ar
, and λ in Ångström units as before,

θ = 8.0λ

√

ρZ

A
.Measurements of refra
tive index have been made by Compton and byDoan using the method of total re�e
tion, by Davis, Hatley and Nardro�using re�e
tion in a 
rystal, and by Larsson, Siegbahn and Waller witha prism. A variety of substan
es has been examined, and wavelengthsbetween 0.5 and 2 Å have been used. The a

ura
y of the experimentaldetermination of 1− µ is of the order of one to �ve per 
ent. As long asthe 
riti
al frequen
ies of the atom have not been approa
hed, the resultshave agreed with the above formula within experimental error. Just as inthe measurements of intensity of re�e
tion the F 
urves approa
h a limitat small angles equal to the number of ele
trons in the atom, so thesemeasurements of refra
tive index when interpreted by 
lassi
al theorylead to a very a

urate numbering of the ele
trons in the s
attering units.
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tion 3153. A highly interesting �eld is opened up by the measurements of refra
-tive index for wavelengths in the neighbourhood of a 
riti
al frequen
yof the atom. It is a striking fa
t that the simple dispersion formula
µ− 1 =

e2

2πm

n
∑

1

ns
ν2
s − ν2still gives values for the refra
tive index agreeing with experiment inthis region, ex
ept when the 
riti
al frequen
y is very 
losely approa
hedindeed. Davis and von Nardro� re�e
ted CuKα and CuKβ X-rays69 fromiron pyrites, and found that the refra
tive indi
es 
ould be reprodu
ed bysubstituting 
onstants in the formulae 
orresponding to two K ele
tronsin iron with the frequen
y of the K absorption edge.70 R. L. Doan [44℄ hasre
ently made a series of measurements by the total re�e
tion method.His a

urate data support the 
on
lusion that the Drude-Lorentz theoryof dispersion represents the fa
ts, `not only in regions remote from theabsorption edge,71 but also in some instan
es in whi
h the radiationapproa
hes the natural frequen
ies of 
ertain groups of ele
trons'. Theexisten
e of two K ele
trons72 is very de�nitely indi
ated. Kallmann andMark [43℄ have gone more deeply into the form of the dispersion 
urve inthe neighbourhood of the 
riti
al frequen
ies. The 
hange in s
atteringpower of an atom as the frequen
y of the s
attered radiation passesthrough a 
riti
al value is of 
ourse another aspe
t of this anomalousdispersion; the experiment of Mark and Szilard whi
h showed this e�e
thas been des
ribed above. There is ample eviden
e that measurementsof refra
tive index will in future prove to be a most fruitful means ofinvestigating the response of the atom to in
ident radiation of frequen
yvery near ea
h of its own 
hara
teristi
 frequen
ies.



316 W. L. BraggReferen
esa[1℄ [W. Friedri
h, P. Knipping and℄ M. v. Laue, Bayr. Akad. d. Wiss.Math. phys. Kl. (1912), 303.[2℄ C. G. Darwin, Phil. Mag., 27 (1914), 315, 675.[3℄ P. P. Ewald, Ann. d. Phys., 54 ([1917℄), 519.[4℄ P. Debye, Ann. d. Phys., 43 (1914), 49.[5℄ W. H. Bragg, Phil. Mag., 27 (1914), 881.[6℄ W. H. Bragg, Phil. Trans. Roy. So
. [A℄, 215 (1915), 253.[7℄ A. H. Compton, Phys. Rev., 9 (1917), 29; 10 (1917), 95.[8℄ W. L. Bragg, R. W. James and C. H. Bosanquet, Phil. Mag., 41(1921), 309; 42 (1921), 1; 44 (1922), 433.[9℄ C. G. Darwin, Phil. Mag., 43 (1922), 800.[10℄ R. J. Havighurst, Phys. Rev., 28 (1926), n. 5, 869 and 882.[11℄ L. Harris, S. J. Bates and D. A. Ma
Innes,73 Phys. Rev., 28 (1926),235.[12℄ J. A. Bearden, Phys. Rev., 27 (1926), 796; 29 (1927), 20.[13℄ Bergen Davis and W. M. Stempel, Phys. Rev., [17℄ (1921), 608.[14℄ H. Mark, Naturwiss., 13 (1925), n. 49/50, 1042.[15℄ L. H. Thomas, Pro
. Camb. Phil. So
., 23 (1927), 542.[16℄ A. Claassen, Pro
. Phys. So
. London, 38 [pt℄ 5 (1926), 482.[17℄ R. W. James and J. T. Randall, Phil. Mag. [(7)℄, 1 (1926), 1202.[18℄ J. A. Wasastjerna, Comm. Fenn., 2 (1925), 15.[19℄ W. L. Bragg, C. G. Darwin and R. W. James, Phil. Mag. (7), 1(1926), 897.[20℄ W. Duane, Pro
. Nat. A
ad. S
i., 11 (1925), 489.[21℄ R. J. Havighurst, Pro
. Nat. A
ad. S
i., 11 (1925), 502.[22℄ W. L. Bragg and J. West, Roy. So
. Pro
. A, 111 (1926), 691.[23℄ [J. M.℄ Cork, Phil. Mag. [(7), 4 (1927), 688℄.[24℄ I. Waller, Upsala Univ. Årsskr. 1925, [11℄; Ann. d. Phys., 83 (1927),153.[25℄ R. W. James and E. Firth, Roy. So
. Pro
. [A, 117 (1927), 62℄.[26℄ [H.℄ Kallmann and H. Mark, Zeit. f. Phys., 26 (1926), [n.℄ 2, [120℄.[27℄ E. J. Williams, Phil. Mag. [(7)℄, 2 (1926), 657.[28℄ [G. E. M.℄ Jaun
ey, Phys. Rev., 29 (1927), 605.[29℄ D. R. Hartree, Phil. Mag., 50 (1925), 289.[30℄ I. Waller, Nature, [120℄ (July 1927), [155℄.[31℄ H. Mark and L. Szilard, Zeit. f. Phys., 33 (1925), 688.a The style of the referen
es has been modernised and uniformised (eds.).



The intensity of X-ray re�e
tion 317[32℄ R. J. Havighurst, Phys. Rev., 29 (1927), 1.[33℄ L. Pauling, Roy. So
. Pro
. A, 114 (1927), 181.[34℄ P. P. Ewald, Phys. Zeits
h., 21 (1920), 617; Zeits
hr. f. Physik, 2(1920), 332.[35℄ W. Stenström, Exper[imentelle℄ Unters[u
hungen℄ d[er℄ Röntgen-spektra. Dissertation, Lund (1919).[36℄ [W.℄ Duane and [R. A.℄ Patterson, Phys. Rev., 16 (1920), [526℄.74[37℄ M. Siegbahn, Spektroskopie der Röntgenstrahlen [(Berlin: Springer,1924)℄.[38℄ [C. C. Hatley and Bergen Davis℄, Phys. Rev., 23 (1924), 290.75[39℄ B[ergen℄ Davis and R. von Nardro�, Phys. Rev., 23 (1924), 291.[40℄ A. H. Compton, Phil. Mag., 45 (1923), 1121.[41℄ [A.℄ Larsson, [M.℄ Siegbahn and [I.℄ Waller, Naturwiss., 12 ([1924℄),1212.[42℄ I. Waller, [Theoretis
he Studien zur℄ Interferenz- und Dispersions-theorie der Röntgenstrahlen. [Dissertation, Upsala (1925)℄.[43℄ H. Kallmann and H. Mark, Ann. d. Physik, 82 (1927), 585.[44℄ R. L. Doan, Phil. Mag. [(7), 4 n.℄ 20 (1927), [100℄.A very 
omplete a

ount of work on intensity of re�e
tion is givenby Compton in X-rays and Ele
trons and by Ewald in volume 24 of theHandbu
h der Physik by H. Geiger and K. S
heel,76 Aufbau der festenMaterie und seine Erfors
hung dur
h Röntgenstrahlen, se
tion 18.



318 W. L. BraggDis
ussion of Mr Bragg's reportMr Debye. � To what extent 
an you 
on
lude that there exists anenergy at absolute zero?Mr Bragg. � Waller and James have re
ently submitted a paperto the Royal So
iety in whi
h they dis
uss the relation between thein�uen
e of temperature on the intensity of re�e
tion (Debye e�e
t) andthe elasti
 
onstants of a 
rystal. Using the experimentally determinedvalue of the Debye 
oe�
ient, they dedu
e the s
attering by an atom atrest from the s
attering by the atom at the temperature of liquid air (86◦abs.). The 
urve dedu
ed for the s
attering by a perfe
tly motionlessatom 
an of 
ourse take two forms, a

ording to whether or not, ininterpreting the results of the experiment, one assumes the existen
e ofan energy at absolute zero.If one assumes the existen
e of su
h an energy, the 
urve dedu
edfrom the experimental results agrees with that 
al
ulated by Hartreeby applying S
hrödinger's me
hani
s. The agreement is really very goodfor sodium as well as for 
hlorine. On the other hand, the 
urve thatone obtains if one does not assume any energy at absolute zero deviates
onsiderably from the 
al
ulated 
urve by an amount that ex
eeds thepossible experimental error.If these experimental resultsa are 
on�rmed by new experiments, theyprovide a dire
t and 
onvin
ing proof of the existen
e of an energy atabsolute zero.Mr Debye. � Would the e�e
t not be larger if one did the experi-ments with diamond?Mr Bragg. � In the 
ase of diamond, it is di�
ult to interpretthe results obtained using a single 
rystal, be
ause the stru
ture is veryperfe
t and the `extin
tion' is strong. One would have to work withdiamond powder. But I 
annot say if it would be easy to �nd that thereexists an energy at absolute zero in diamond; I should 
onsider it further.Mr Fowler. � Here is how Hartree 
al
ulates the atomi
 �elds.Starting from Thomas' atomi
 �eld, taken as a �rst approximation, hea Note added 5 April 1928. The results to whi
h allusion is made here have justbeen published in detail by Messrs James, Waller and Hartree in a paper entitled:`An investigation into the existen
e of zero-point energy in the ro
k-salt latti
e byan X-ray di�ra
tion method' (Pro
. Roy. So
. A, 118 (1928), 334).
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al
ulates the S
hrödinger fun
tions for an ele
tron pla
ed in this �eld,then the density of 
harge in the atom 
orresponding to the S
hrödingerfun
tions, and then the 
orresponding atomi
 �eld, whi
h will di�erfrom that of Thomas. By su

essive approximations one modi�es the�eld until the 
al
ulations yield the �eld whi
h served as a startingpoint. This method gives very good values for the levels 
orrespondingto X-rays and to visible light, and leads to the atom that Mr Bragg
onsidered for 
omparison with experiments.Mr Heisenberg. � How 
an you say that Hartree's method givesexa
t results, if it has not given any for the hydrogen atom? In the 
aseof hydrogen the S
hrödinger fun
tions must be 
al
ulated with the aidof his di�erential equation, in whi
h one introdu
es only the ele
tri
potential due to the nu
leus. One would not obtain 
orre
t results ifone added to this potential the one 
oming from a 
harge distributionby whi
h one had repla
ed the ele
tron. One may then obtain exa
tresults only by taking the 
harge density of all the ele
trons, ex
eptthe one whose motion one wishes to 
al
ulate. Hartree's method is
ertainly very useful and I have no obje
tion to it, but it is essentiallyan approximation.Mr Fowler. � I may add to what I have just said that Hartree isalways 
areful to leave out the �eld of the ele
tron itself in ea
h state, sothat, when he 
onsiders an L ele
tron, for example, the 
entral part ofthe �eld of the whole atom is diminished by the �eld of an L ele
tron, asfar as this may be 
onsidered as 
entral. Hartree's method would then beentirely exa
t for hydrogen and in fa
t he has shown that it is extremely
lose to being exa
t for helium. (One �nds a re
ent theoreti
al dis
ussionof Hartree's method, by Gaunt, in Pro
. Cambr. Phil. So
., 24 (1928),328.)Mr Pauli. � In my opinion one must not perform the 
al
ulations,as in wave me
hani
s, by 
onsidering a density |ψ(x, y, z)|2 in three-dimensional spa
e,77 but must 
onsider a density in several dimensions
|ψ(x1, y1, z1, ..., xN , yN , zN)|2 ,whi
h depends on the N parti
les in the atom. For su�
iently shortwaves the intensity of 
oherent s
attered radiation is then proportional
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∫

...

∫ N
∑

1

e
2πi
λ (−→nd−

−→nu,
−→rk) |ψ(x1, ..., zN)|2 dx1 ... dzN ,where λ is the wavelength of the in
ident radiation, −→nu a unit ve
tor inthe dire
tion of propagation, and −→nd the 
orresponding unit ve
tor forthe s
attered radiation; the sum must be taken over all the parti
les.The result that one obtains by assuming a three-dimensional density
annot be rigorously exa
t; it 
an only be so to a 
ertain degree ofapproximation.Mr Lorentz.� How have you 
al
ulated the s
attering of radiationby a 
harge distributed over a region 
omparable to the volume o

upiedby the atom?Mr Bragg.� To interpret the results of observation as produ
ed byan average distribution of the s
attering material, we applied J. J. Thom-son's 
lassi
al formula for the amplitude of the wave s
attered by a singleele
tron.Mr Compton. � If we assume that there is always a 
onstantratio between the 
harge and mass of the ele
tron, the result of the
lassi
al 
al
ulation of re�e
tion by a 
rystal is exa
tly the same, whetherthe 
harge and mass are assumed 
on
entrated in parti
les (ele
trons)or distributed irregularly in the atom. The intensity of re�e
tion isdetermined by the average density of the ele
tri
 
harge in di�erentparts of the atom. That may be represented either by the probabilitythat a point 
harge o

upies this region or by the volume density of anele
tri
 
harge distributed in a 
ontinuous manner through this region.Mr Kramers. � The use that one may make of the simple Thomasmodel of the atom in the sear
h for the laws of re�e
tion is extremelyinteresting. It would perhaps not be super�uous to investigate whatresult would be obtained for the ele
tron distribution if, instead ofrestri
ting oneself to 
onsidering a single 
entre of attra
tion, one appliedThomas' di�erential equation to an in�nity of 
entres distributed as in a
rystal grating. Has anyone already tried to solve the problem of whi
hMr Bragg has just spoken, of the 
al
ulation of the general distributionof the ele
troni
 density around the nu
leus of a heavy atom, in the 
ase
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ussion 321where there are many nu
lei, as in a 
rystal?Mr Bragg. � No, no one has yet atta
ked this problem, whi
h Ionly mentioned be
ause it is interesting.Mr Dira
.� Do the s
attering 
urves depend on the phase relationsbetween the os
illations of di�erent atoms?Mr Bragg. � No, be
ause the results of our experiments give onlythe average s
attering produ
ed in ea
h dire
tion by a very large numberof atoms.Mr Dira
. � What would happen if you had two simple os
illatorsperforming harmoni
 vibrations? Would they produ
e a di�erent s
at-tering when in phase than when out of phase?Mr Born. � The 
orre
t answer to the question of s
attering by anatom is 
ontained in the remark by Mr Pauli. Stri
tly speaking there isno three-dimensional 
harge distribution that may des
ribe exa
tly howan atom behaves; one always has to 
onsider the total 
on�guration of allthe ele
trons in the spa
e of 3n dimensions. A model in three dimensionsonly ever gives a more or less 
rude approximation.Mr Kramers asks a question 
on
erning the in�uen
e of the Comp-ton e�e
t on the s
attering.Mr Bragg. � I have already said something on that subje
t in myreport.a Assuming a model of the atom of the old type, Jaun
ey andWilliams have used the 
riterion that the wavelength is modi�ed whenthe re
oil of the s
attering ele
tron is su�
ient to take it entirely outsidethe atom. Williams was the �rst to apply this 
riterion to s
attering
urves obtained with 
rystals. He pointed out that while the speed of there
oil ele
tron depends on both the s
attering angle and the wavelength,any 
riterion one uses is a fun
tion of sin θ
λ , just as the interferen
ee�e
ts depend on sin θ

λ . This implies that the existen
e of the Comptone�e
t modi�es the s
attering 
urve su
h that we 
an always assign thesame s
attering 
urve to no matter what type of atom, whatever thea Cf. Bragg's report, se
tion 6 (eds).



322 W. L. Braggwavelength may be.Mr Fowler.� If I have understood properly, Mr Bragg uses theore-ti
al 
al
ulations by Waller that have not yet been published. When lightis s
attered by an atom in a

ordan
e with the interpretation given byMr Waller by means of the new me
hani
s, the total amount of s
atteredlight is given exa
tly by J. J. Thomson's 
lassi
al formula (ex
ept for veryhard γ-rays). This light is 
omposed of the 
oherent s
attered radiationand of the modi�ed light (Compton s
attering). In the theorem of there�e
tion of X-rays only the 
oherent s
attered light must be used, andindeed it is; and this light is given exa
tly by the F 
urves like thoseproposed by Hartree. These F 
urves for atomi
 s
attering are obviouslygiven simply by the 
lassi
al s
attering for ea
h ele
tron, diminished byinterferen
e.Mr Bragg. � I should like to develop Mr Fowler's remark by re-
alling Waller and Wentzel's 
on
lusions brie�y sket
hed in my report.The s
attering by one of the ele
trons in an atom partly remains thesame and partly is modi�ed. Within 
ertain limits the total amount ofs
attered radiation is given by J. J. Thomson's formula. A fra
tion f2of this amount is not modi�ed, f being a 
oe�
ient smaller than 1,depending on the interferen
e of the spatial distribution of the 
hargea

ording to S
hrödinger and 
al
ulated a

ording to the 
lassi
al lawsof opti
s. The remaining fra
tion 1 − f2 is modi�ed.79Mr Lorentz.� It is, without doubt, extremely noteworthy that thetotal s
attering, 
omposed of two parts of quite di�erent origin, agreeswith Thomson's formula.Mr Kramers makes two remarks:1. As Mr Bragg has pointed out the importan
e of there being interest inhaving more experimental data 
on
erning the refrangibility of X-rays inthe neighbourhood of the absorption limit, I should like to draw attentionto experiments performed re
ently by Mr Prins in the laboratory of Pro-fessor Coster at Groningen. By means of his apparatus (the details of theexperiments and the results obtained are des
ribed in a paper publishedre
ently in Zeits
hrift für Physik, 47 (1928), [479℄), Mr Prins �nds ina single test the angle of total re�e
tion 
orresponding to an extendedregion of frequen
ies. In the region of the absorption limit of the metal,



Dis
ussion 323he �nds an abnormal e�e
t, whi
h 
onsists mainly of a strong de
reasein the angle of total re�e
tion on the side of the absorption limit lo
atedtowards the short wavelengths. This e�e
t is easily explained taking intoa

ount the in�uen
e of absorption on the total re�e
tion, without itbeing ne
essary to enter into the question of the 
hange in refrangibilityof the X-rays. In fa
t, the absorption may be des
ribed by 
onsideringthe refra
tive index n as a 
omplex number, whose imaginary part isrelated in a simple manner to the absorption 
oe�
ient. Introdu
ingthis 
omplex value for n in the well-known formulas of Fresnel for theintensity of re�e
ted rays, one �nds that the sharp limit of total re�e
tiondisappears, and that the manner in whi
h the intensity of re�e
ted raysdepends on the angle of in
iden
e is su
h that the experiment mustgive an `e�e
tive angle of total re�e
tion' that is smaller than in the
ase where there is no absorption and that de
reases as the absorptionin
reases.A

ording to the atomi
 theory one would also expe
t to �nd, inthe region of the absorption limit, anomalies in the real part of therefra
tive index, produ
ing a similar though less noti
eable de
rease ofthe e�e
tive angle of total re�e
tion on the side of the absorption edgedire
ted towards the large wavelengths. Mr Prins has not yet su

eededin showing that the experiments really demonstrate this e�e
t.aThe theory of these anomalies in the real part of the refra
tive index
onstitutes the subje
t of my se
ond remark.2. Let us 
onsider plane and polarised ele
tromagneti
 waves, in whi
hthe ele
tri
 for
e 
an be represented by the real part of Ee2πiνt, strikingan atom whi
h for further simpli
ity we shall assume to be isotropi
.The waves make the atom behave like an os
illating dipole, giving, byexpansion in a Fourier series, a term with frequen
y ν. Let us representthis term by the real part of Pe2πiνt, where P is a 
omplex ve
tor havingthe same dire
tion as the ve
tor E to whi
h it is, moreover, proportional.If we set
P

E
= f + ig , (1)where f and g are real fun
tions of ν, the real and imaginary parts ofthe refra
tive index of a sample of matter are related in a simple way tothe fun
tions f and g of the atoms 
ontained in the sample.Extending the domain of values that ν may take into the negativea Continuing his resear
h Mr Prins has established (February 1928) the existen
e ofthis e�e
t, in agreement with the theory.



324 W. L. Braggregion and de�ning f as an even fun
tion of ν, g as an odd fun
tion,one easily veri�es that the dispersion formulas of Lorentz's 
lassi
altheory and also those of modern quantum me
hani
s are equivalent tothe formula
f(ν) =

1

π
−
∫ +∞

−∞

g(ν′)

ν − ν ′
dν′ , (2)where the sign −

∫ indi
ates the `prin
ipal' value of the integral.This formula 
an easily be applied to atoms showing 
ontinuous ab-sorption regions and is equivalent to the formulas proposed for these
ases by R. de Laer Kronig and by Mark and Kallmann. There is hardlyany doubt that this general formula may be derived from quantumme
hani
s, if one duly takes into a

ount the absorption of radiation,basing oneself on Dira
's theory, for example.From a mathemati
al point of view, formula (2) gives us the meansto 
onstru
t an analyti
 fun
tion of a 
omplex variable ν that is holo-morphi
 below the real axis and whose real part takes the values g(ν′)on this axis. If one 
onsiders ν as a real variable, the integral equation(2) has the solution
g(ν) = − 1

π
−
∫ +∞

−∞

f(ν′)

ν − ν ′
dν′ , (3)whi
h shows that the imaginary part of the refra
tive index depends onthe real part in nearly the same way as the real part depends on theimaginary part. The fa
t that the analyti
 fun
tion f of the 
omplexvariable ν, de�ned by (2) for the lower half of the 
omplex plane, hasno singularity in this half-plane, means that dispersion phenomena,when one studies them by means of waves whose amplitude grows inan exponential manner (ν 
omplex), 
an never give rise to singularbehaviour for the atoms.Mr Compton. � The measurements of refra
tive indi
es of X-raysmade by Doan agree better with the Drude-Lorentz formula than withthe expression derived by Kronig based on the quantum theory of di-spersion.Mr de Broglie. � I should like to draw attention to re
ent ex-periments 
arried out by Messrs J. Thibaud and A. Soltan,a whi
htou
h on the questions raised by Mr Bragg. In these experiments Messrsa C. R. A
ad. S
., 185 (1927), 642.



Dis
ussion 325Thibaud and Soltan measured, by the tangent grating method, thewavelength of a 
ertain number of X-rays in the domain 20 to 70 Å.Some of these wavelengths had already been determined byMr Dauvillierusing di�ra
tion by fatty-a
id gratings. Now, 
omparing the results ofDauvillier with those of Thibaud and Soltan, one noti
es that there isa systemati
 dis
repan
y between them that in
reases with wavelength.Thus for the Kα line of boron, Thibaud and Soltan �nd 68 Å, whileDauvillier had found 73.5 Å, that is, a di�eren
e of 5.5 Å. This systemati
dis
repan
y appears to be due to the in
rease of the refra
tive indexwith wavelength. The index does not a
tually play a role in the tangentgrating method, while it distorts in a systemati
 way the results obtainedby 
rystalline di�ra
tion when one uses the Bragg formula. Starting fromthe di�eren
e between their results and those of Mr Dauvillier, MessrsThibaud and Soltan have 
al
ulated the value of the refra
tive index offatty a
ids around 70 Å and found
δ = 1 − µ = 10−2thereabouts. This agrees well with a law of the form δ = Kλ2; sin
e in theordinary X-ray domain the wavelengths are about 100 times smaller, δis of order 10−6. One 
ould obje
t that, a

ording to the Drude-Lorentzlaw, the presen
e of K dis
ontinuities of oxygen, nitrogen and 
arbonbetween 30 and 45 Å should perturb the law in λ2. But in the X-raydomain the validity of Drude's law is doubtful, and if one uses in its pla
ethe formula proposed by Kallmann and Marka the agreement with theexperimental results is very good. Let us note �nally that the existen
eof an index appre
iably di�erent from 1 
an 
ontribute to explaining whylarge-wavelength lines, obtained with a fatty-a
id grating, are broad andspread out.Mr Lorentz makes a remark 
on
erning the refra
tive index of a
rystal for Röntgen rays and the deviations from the Bragg law. It is
lear that, a

ording to the 
lassi
al theory, the index must be less thanunity, be
ause the ele
trons 
ontained in the atoms have eigenfrequen
iessmaller than the frequen
y of the rays, whi
h gives rise to a speed ofpropagation greater than c. But in order to speak of this speed, one mustadopt the ma
ros
opi
 point of view, abstra
ting away the mole
ulardis
ontinuity. Now, if one wishes to explain Laue's phenomenon in allits details, one must 
onsider, for example, the a
tion of the vibrationsa Ann. d. Phys., 82 (1927), 585.



326 W. L. Braggex
ited in the parti
les of a 
rystallographi
 layer on a parti
le of aneighbouring layer. This gives rise to series that one 
annot repla
eby integrals. It is for this reason that I found some di�
ulty in theexplanation of deviations from the Bragg law.80Mr Debye. � Ewald has tried to do similar 
al
ulations.Mr Lorentz. � It is very interesting to note that with Röntgenrays one �nds, in the vi
inity of an absorption edge, phenomena similarto those that in 
lassi
al opti
s are produ
ed 
lose to an absorptionband. There is, however, a profound di�eren
e between the two 
ases,the absorption edge not 
orresponding to a frequen
y that really existsin the parti
les.



Notes to pp. 283�298 327Notes to the translation1 Here and in a few other pla
es, the Fren
h adds (or omits) inverted
ommas.2 [ré�exion des radiations des raies℄3 [ne fait prévoir au
un é
art℄4 The Fren
h edition adds `en 
ou
hes' [in layers℄.5 Types
ript: `have often been .... it has led'; Fren
h version: `a souventété .... elles ont 
onduit'.6 [ont eu 
on�an
e dans les méthodes quantitatives℄7 [portions℄8 [sous une forme plus primitive℄9 [il soit possible de les trouver℄10 [logiquement℄11 [thermodynamique℄12 Word omitted in the Fren
h version.13 The Fren
h edition adds `Sir'.14 [les données obtenues par ré�exion℄15 Here following the Fren
h edition; the types
ript reads `total radiation'.16 Emphasis omitted in the Fren
h edition.17 [servirent à 
omparer℄18 The Fren
h omits `of re�e
tion'.19 [déjà observée℄20 [il proposa d'employer, pour l'interprétation des mesures, la méthode deFourier℄21 [rapport℄22 [ou℄23 [M
 Innes℄24 [potassium℄25 The types
ript has a spurious 
omma after `Bergen'.26 [à l'aide de 
ristaux℄27 [les deux 
onstantes éle
troniques℄28 Here and in some other instan
es, the Fren
h renders `single' as `simple'.29 [`fa
teur atomique'℄30 Not printed as a quotation in the Fren
h edition.31 
hoisies simplement32 The Fren
h adds `de ses expérien
es'.33 The Fren
h adds `dans 
es 
onditions'.34 This is indeed a quotation from p. 272 from the le
ture by W. H. Bragg.The types
ript has a 
omma instead of the 
losing quotation mark, whilethe Fren
h edition omits the opening quotation mark. The types
ript hasa spurious denominator `a' instead of `d' in the se
ond and third terms(but ta
itly 
orre
ts another typo in the original).35 [dans son livre sur `les rayons X et les éle
trons'℄36 The Fren
h adds `on peut pro
éder de la façon inverse, 
'est-à dire'.37 `Beryl.' omitted in Fren
h edition.38 The Fren
h edition uses supers
ripts throughout.39 The Fren
h edition omits the overbar in the 
aption.40 [Wy
kho�℄41 Word omitted in Fren
h edition.42 Again, the Fren
h edition omits the overbar in the 
aption.



328 Notes to pp. 301�32543 [frappante℄44 [son livre sur les rayons X et les éle
trons℄45 [bien que les �gures (si
) sur lesquelles la nouvelle 
ourbe se base soientplus exa
tes℄46 Here and in several other pla
es, the Fren
h adds `Mlle'.47 The Fren
h reads `une énergie au zéro absolu (énergie de stru
ture)'.48 Word missing in the Fren
h edition.49 Bra
ket printed as a footnote in the Fren
h edition.50 [tout près de 
e point℄51 [irrégularités℄52 [pour℄53 [brillante℄54 [λ SrKα = 0.871Å℄55 [faites d'après 1921 �gures℄56 The Fren
h omits `B. J. B. �gures for NaCl'.57 [�gures℄58 Again, in the Fren
h, the false friend `�gures'.59 [déduits℄60 [CaFl, LiFl, NaFl℄61 [Une fois que nous disposerons de données pré
ises℄62 The Fren
h edition omits `& Compton' and has `Modèle de Pauling etS
hrödinger'.63 The Fren
h translates as if the 
omma were after `of Thomas' model'rather than before.64 [M. Lorentz℄65 The types
ript reads `mu
h smaller in the ordinary X-ray region', butgiven the 
ontext the text should be amended as shown (as also done inthe Fren
h version).66 [parfaitement d'a

ord℄67 Referen
e omitted in the Fren
h edition.68 [Z
A
la valeur moyenne du rapport du nombre atomique au poids atomiquepour ses divers 
onstituants (pour tous les atomes légers 
e rapport est àpeu près égal à 0.5℄69 [rayons℄70 Types
ript: `of the K adsorption edge'; Fren
h version: `de ladis
ontinuité K'.71 Types
ript: `adsorption edge'; Fren
h: `bord d'absorption'.72 The Fren
h adds `dans la pyrite'.73 Fren
h edition: `Ma
 Innes'.74 Types
ript and Fren
h edition both have `532'.75 Both types
ript and Fren
h edition give this referen
e as `B. Davis andC. C. Hatley'. The types
ript has `291'.76 Authors added in the Fren
h edition.77 Here and in the following displayed formula, the published version hassquare bra
kets instead of absolute bars.78 Arrow missing on −→rk in the published volume.79 The original text mistakenly states that both fra
tions are `not modi�ed'.80 The mixing of �rst and third person, here and in a few similar instan
esthroughout the dis
ussions, is as in the published text.



Disagreements between experiment and theele
tromagneti
 theory of radiationa
By Mr Arthur H. COMPTONIntrodu
tionProfessor W. L. Bragg has just dis
ussed a whole series of radiationphenomena in whi
h the ele
tromagneti
 theory is 
on�rmed. He haseven dwelt on some of the limiting 
ases, su
h as the re�e
tion of X-raysby 
rystals, in whi
h the ele
tromagneti
 theory of radiation gives us, atleast approximately, a 
orre
t interpretation of the fa
ts, although thereare reasons to doubt that its predi
tions are truly exa
t. I have been leftthe task of pleading the opposing 
ause to that of the ele
tromagneti
theory of radiation, seen from the experimental viewpoint.I have to de
lare from the outset that in playing this role of the a

userI have no intention of diminishing the importan
e of the ele
tromagneti
theory as applied to a great variety of problems.b It is, however, only bya An English version of this report (Compton 1928) was published in the Journal ofthe Franklin Institute. The Fren
h version appears to be essentially a translationof the English paper with some additions. Whenever there are no dis
repan
ies,we reprodu
e Compton's own English (we have 
orre
ted some obvious typosand harmonised some of the spelling). Interesting variants are footnoted. Otherdis
repan
ies between the two versions are reported in the endnotes (eds.).b The opening has been translated from the Fren
h edition. The English version hasthe following di�erent opening (eds.):During the last few years it has be
ome in
reasingly evident that the 
lassi
alele
tromagneti
 theory of radiation is in
apable of a

ounting for 
ertain large
lasses of phenomena, espe
ially those 
on
erned with the intera
tion betweenradiation and matter. It is not that we question the wave 
hara
ter of light� the striking su

esses of this 
on
eption in explaining polarisation andinterferen
e of light 
an leave no doubt that radiation has the 
hara
teristi
s329



330 A. H. Comptona
quainting ourselves with the real or apparent1 failures of this powerfultheory that we 
an hope to develop a more 
omplete theory of radiationwhi
h will des
ribe the fa
ts as we know them.The more serious di�
ulties whi
h present themselves in 
onne
tionwith the theory that radiation 
onsists of ele
tromagneti
 waves, propa-gated through spa
e in a

ord with the demands of Maxwell's equations,may be 
lassi�ed 
onveniently under �ve heads:2(1) Is there an ether? If there are os
illations, there must be a mediumin whi
h these os
illations are produ
ed. Assuming the existen
e of su
ha medium, however, one en
ounters great di�
ulties.(2) How are the waves produ
ed? The 
lassi
al ele
trodynami
s requiresas a sour
e of an ele
tromagneti
 wave an os
illator of the same frequen
yas that of the waves it radiates. Our studies of spe
tra,3 however, makeit appear impossible that an atom should 
ontain os
illators of the samefrequen
ies as the emitted rays.(3) The photoele
tri
 e�e
t. This phenomenon is wholly anomalous whenviewed from the standpoint of waves.(4) The s
attering of X-rays, and the re
oil ele
trons, phenomena inwhi
h we �nd gradually in
reasing departures from the predi
tions ofthe 
lassi
al wave theory as the frequen
y in
reases.(5) Experiments on individual intera
tions between quanta of radiationand ele
trons. If the results of the experiments of this type are reliable,they seem to show de�nitely that individual quanta of radiation, ofenergy hν, pro
eed in de�nite dire
tions.The photon hypothesis.4 � In order to exhibit more 
learly the di�-
ulties with the 
lassi
al theory of radiation, it will be helpful to keepin mind the suggestion that5 light 
onsists of 
orpus
les. We need notthink of these two views as ne
essarily alternative. It may well be thatthe two 
on
eptions are 
omplementary. Perhaps the 
orpus
le is relatedof waves; but it is equally true that 
ertain other properties of radiation arenot easily interpreted in terms of waves. The power of the ele
tromagneti
theory as applied to a great variety of problems of radiation is too well knownto require emphasis.



Experiment and the ele
tromagneti
 theory 331to the wave in somewhat the same manner that the mole
ule is relatedto matter in bulk; or there may be a guiding wave whi
h dire
ts the
orpus
les whi
h 
arry the energy. In any 
ase, the phenomena whi
hwe have just mentioned suggest the hypothesis that radiation is divisibleinto units possessing energy hν, and whi
h pro
eed in de�nite dire
tionswith momentum hν/c. This is obviously similar to Newton's old 
on
ep-tion of light 
orpus
les. It was revived in its present form by ProfessorEinstein,6 it was defended under the name of the `Neutron Theory' by SirWilliam [H.℄ Bragg, and has been given new life by the re
ent dis
overiesasso
iated with the s
attering of X-rays.In referring to this unit of radiation I shall use the name `photon',suggested re
ently by G. N. Lewis.a This word avoids any impli
ationregarding the nature of the unit, as 
ontained for example in the name`needle ray'. As 
ompared with the terms `radiation quantum' and `lightquant',7 this name has the advantages of brevity and of avoiding anyimplied dependen
e upon the mu
h more general quantum me
hani
s orquantum theory of atomi
 stru
ture.Virtual radiation.�Another 
on
eption of the nature of radiation whi
hit will be desirable to 
ompare with the experiments is Bohr, Kramersand Slater's important theory of virtual radiation.b A

ording to thistheory, an atom in an ex
ited state is 
ontinually emitting virtual radi-ation, to whi
h no energy 
hara
teristi
s are to be as
ribed. The normalatoms have asso
iated with them virtual os
illators, of the frequen
ies
orresponding to jumps of the atom to all of the stationary states ofhigher energy. The virtual radiation may be thought of as being absorbedby these virtual os
illators, and any atom whi
h has a virtual os
illatorabsorbing this virtual radiation has a 
ertain probability of jumpingsuddenly to the higher state of energy 
orresponding to the frequen
yof the parti
ular virtual os
illator. On the average, if the radiation is
ompletely absorbed, the number of su
h jumps to levels of higher energyis equal to the number of emitting atoms whi
h pass from higher tolower states. But there is no dire
t 
onne
tion between the falling ofone atom from a higher to a lower state and a 
orresponding rise of ase
ond atom from a lower to a higher state. Thus on this view the energyof the emitting atoms and of the absorbing atoms is only statisti
ally
onserved.a G. N. Lewis, Nature, [118℄, [874℄ (De
. 18, 1926).b N. Bohr, H. A. Kramers and J. C. Slater, Phil. Mag., 47 (1924), 785; Zeits. f.Phys., 24 (1924), 69.



332 A. H. ComptonThe problem of the ether8The 
onstan
y of the speed of radiation of di�erent wavelengths haslong been 
onsidered as one of the most powerful arguments in favourof the wave theory of light. This 
onstan
y suggests that a perturbationis travelling through a �xed medium in spa
e, the ether.If experiments like those by Mi
helson and Morley's were to showthe existen
e of a relative motion with respe
t to su
h a medium, thisargument would be 
onsiderably strengthened. For then we 
ould ima-gine light as having a speed determined with referen
e to a �xed axisin spa
e. But, ex
ept for the re
ent and quite doubtful experiments byMiller,a no-one has ever dete
ted su
h a relative motion. We thus �ndourselves in the di�
ult position of having to imagine a medium inwhi
h perturbations travel with a de�nite speed, not with referen
e toa �xed system of axes, but with referen
e to ea
h individual observer,whatever his motion. If we think of the 
omplex properties a mediummust have in order to transmit a perturbation in this way, we �nd thatthe medium di�ers so 
onsiderably from the simple ether from whi
hwe started that the analogy between a wave in su
h a medium and apertubation travelling in an elasti
 medium is very distant. It is truethat doubts have often been expressed as to the usefulness of retainingthe notion of the ether. Nevertheless, if light is truly a wave motion, inthe sense of Maxwell, there must be a medium in order to transmit thismotion, without whi
h the notion of wave would have no meaning. Thismeans that, instead of being a support for the wave theory, the 
on
eptof the ether has be
ome an un
omfortable burden of whi
h the wavetheory has been unable to rid itself.If, on the other hand, we a

ept the view suggested by the theory ofrelativity, in whi
h for the motion of matter or energy there is a limitingspeed relative to the observer, it is not surprising to �nd a form of energythat moves at this limiting speed. If we abandon the idea of an ether, itis simpler to suppose that this energy moves in the form of 
orpus
lesrather than waves.
a D. C. Miller, Nat. A
ad. S
i. Pro
., 11 (1925), 306.



Experiment and the ele
tromagneti
 theory 333The emission of radiationWhen we tra
e a sound to its origin, we �nd it 
oming from an os
illatorvibrating with the frequen
y of the sound itself. The same is true ofele
tri
 waves, su
h as radio waves, where the sour
e of the radiationis a stream of ele
trons os
illating ba
k and forth in a wire. But whenwe tra
e a light ray or an X-ray ba
k to its origin, we fail to �nd anyos
illator whi
h has the same frequen
y as the ray itself. The more 
om-plete our knowledge be
omes of the origin of spe
trum lines, the more
learly we see that if we are to assign any frequen
ies to the ele
tronswithin the atoms, these frequen
ies are not the frequen
ies of the emittedrays, but are the frequen
ies asso
iated with the stationary states of theatom. This result 
annot be re
on
iled with the ele
tromagneti
 theoryof radiation, nor has any me
hanism been suggested whereby radiationof one frequen
y 
an be ex
ited by an os
illator of another frequen
y.The wave theory of radiation is thus powerless to suggest how the wavesoriginate.The origin of the radiation is 
onsiderably simpler when we 
onsiderit from the photon viewpoint. We �nd that an atom 
hanges from astationary state of one energy to a state of less energy, and asso
iatedwith this 
hange radiation is emitted. What is simpler than to supposethat the energy lost by the atom is radiated away as a single photon? Itis on this view unne
essary to say anything regarding the frequen
y ofthe radiation. We are 
on
erned only with the energy of the photon, itsdire
tion of emission, and its state of polarisation.The problem of the emission of radiation takes an espe
ially intere-sting form when we 
onsider the produ
tion of the 
ontinuous X-rayspe
trum.a Experiment shows that both the intensity and the averagefrequen
y of the X-rays emitted at angles less than 90 degrees with the
athode-ray stream are greater than at angles greater than 90 degrees.This is just what we should expe
t due to the Doppler e�e
t if the X-raysare emitted by a radiator moving in the dire
tion of the 
athode rays. Inorder to a

ount for the observed dissymmetry between the rays in theforward and ba
kward dire
tions, the parti
les emitting the radiationmust be moving with a speed of the order of 25 per 
ent that of light.This means that the emitting parti
les must be free ele
trons, sin
e itwould require an impossibly large energy to set an atom into motionwith su
h a speed.a The di�
ulty here dis
ussed was �rst emphasised by D. L. Webster, Phys. Rev.,13 (1919), 303.



334 A. H. ComptonBut it will be re
alled that the 
ontinuous X-ray spe
trum has a sharpupper limit. Su
h a sharp limit is, however, possible on the wave theoryonly in 
ase the rays 
ome in trains of waves of 
onsiderable length, sothat the interferen
e between the waves in di�erent parts of the train
an be 
omplete at small glan
ing angles of re�e
tion from the 
rystal.This implies that the os
illator whi
h emits the rays must vibrate ba
kand forth with 
onstant frequen
y a large number of times while the rayis being emitted. Su
h an os
illation might be imagined for an ele
tronwithin an atom; but it is impossible for an ele
tron moving throughan irregular assemblage of atoms with a speed 
omparable with that oflight.Thus the Doppler e�e
t in the primary X-rays demands that the raysshall be emitted by rapidly moving ele
trons, while the sharp limit tothe 
ontinuous spe
trum requires that the rays be emitted by an ele
tronbound within an atom.The only possible es
ape from this dilemma on the wave theory isto suppose that the ele
tron is itself 
apable of internal os
illation ofsu
h a 
hara
ter as to emit radiation. This would, however, introdu
ean undesirable 
omplexity into our 
on
eption of the ele
tron, and wouldas
ribe the 
ontinuous X-rays to an origin entirely di�erent from that ofother known sour
es of radiation.Here again the photon theory a�ords a simple solution. It is a 
on-sequen
e of Ehrenfest's adiabati
 prin
iplea that photons emitted by amoving radiator will show the same Doppler e�e
t, with regard to bothfrequen
y and intensity, as does a beam of waves.b But if we supposethat photons are radiated by the moving 
athode ele
trons, the energyof ea
h photon will be the energy lost by the ele
tron, and the limit ofthe X-ray spe
trum is ne
essarily rea
hed when the energy of the photonis equal to the initial energy of the ele
tron, i.e., hν = eV . In this 
ase,if we 
onsider the initial state as an ele
tron approa
hing an atom withlarge kineti
 energy and the �nal state as the ele
tron leaving the atomwith a smaller kineti
 energy, we see that the emission of the 
ontinuousX-ray spe
trum is the same kind of event as the emission of any othertype of radiation.a The adiabati
 prin
iple 
onsists in the following. Sin
e for a quantised quantitythere should be no quantum jumps indu
ed by an in�nitely slowly varyingexternal for
e (in this 
ase, one that gently a

elerates a radiator), there is ananalogy between these quantities and the 
lassi
al adiabati
 invariants. Ehrenfest(1917) a

ordingly formulated a prin
iple identifying the 
lassi
al quantities to bequantised as the adiabati
 invariants of a system (eds.).b Cf., e.g., A. H. Compton, Phys. Rev., 21 (1923), 483.
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 theory 335Absorption of radiation. � A

ording to the photon theory, absorptiono

urs when a photon meets an atom and imparts its energy to the atom.The atom is thereby raised to a stationary state of higher energy �pre
isely the reverse of the emission pro
ess.On the wave theory, absorption is ne
essarily a 
ontinuous pro
ess, ifwe admit the 
onservation of energy, sin
e on no part of the wave front isthere enough energy available to 
hange the atom suddenly from a stateof low energy to a state of higher energy. What eviden
e we have is,however, strongly against the atom having for any 
onsiderable lengthof time an energy intermediate between two stationary states; and if su
hintermediate states 
annot exist, the gradual absorption of radiation isnot possible. Thus the absorption of energy from waves9 is irre
on
ilablewith the 
on
eption of stationary states.We have seen that on the theory of virtual radiation the energy ofthe emitting atoms and of the absorbing atoms is only statisti
ally
onserved. There is a

ording to this view therefore no di�
ulty withsupposing that the absorbing atom suddenly jumps to a higher levelof energy, even though it has not re
eived from the radiation as mu
henergy as is ne
essary to make the jump. It is thus possible throughvirtual os
illators and virtual radiation to re
on
ile the wave theory ofradiation with the sudden absorption of energy, and hen
e to retain theidea of stationary states.The photoele
tri
 effe
tIt is well known that the photon hypothesis was introdu
ed by Einsteinto a

ount for the photoele
tri
 e�e
t.a The assumption that light 
on-sists of dis
rete units whi
h 
an be absorbed by atoms only as units, ea
hgiving rise to a photoele
tron, a

ounted at on
e for the fa
t that thenumber of photoele
trons is proportional to the intensity of the light;and the assumption that the energy of the light unit is equal to hν,where h is Plan
k's 
onstant, made it possible to predi
t the kineti
energy with whi
h the photoele
trons should be eje
ted, as expressed byEinstein's well-known photoele
tri
 equation,
mc2

( 1
√

1 − β2
− 1
)

= hν − wp . (1)a A. Einstein, Ann. d. Phys., 17 (1905), [132℄.10



336 A. H. ComptonSeven years elapsed before experiments by Ri
hardson and Comptonaand by Hughesb showed that the energy of the emitted ele
trons wasindeed proportional to the frequen
y less a 
onstant,12 and that thefa
tor of proportionality was 
lose to the value of h 
al
ulated fromPlan
k's radiation formula. Millikan's more re
ent pre
ision photoele
-tri
 experiments with the alkali metalsc 
on�rmed the identity of the
onstant h in the photoele
tri
 equation with that in Plan
k's radiationformula. De Broglie's beautiful experimentsd with the magneti
 spe
tro-graph showed that in the region of X-ray frequen
ies the same equationholds, if only we interpret the work fun
tion wp as the work required toremove the ele
tron from the pth energy level of the atom. Thibaud hasmade use of this resulte in 
omparing the velo
ities of the photoele
tronseje
ted by γ-rays from di�erent elements, and has thus shown that thephotoele
tri
 equation (1) holds with pre
ision even for β-rays of thehighest speed. Thus from light of frequen
y so low that it is barely ableto eje
t photoele
trons from metals to γ-rays that eje
t photoele
tronswith a speed almost as great as that of light, the photon theory expressesa

urately the speed of the photoele
trons.The dire
tion in whi
h the photoele
trons are emitted is no less in-stru
tive than is the velo
ity. Experiments using the 
loud expansionmethod, performed13 by C. T. R. Wilsona and others,b have shown thatthe most probable dire
tion in whi
h the photoele
tron is eje
ted froman atom is nearly the dire
tion of the ele
tri
 ve
tor of the in
identwave, but with an appre
iable forward 
omponent to its motion. Thereis, however, a very 
onsiderable variation in the dire
tion of emission.For example, if we plot the number of photoele
trons eje
ted at di�e-rent angles with the primary beam we �nd, a

ording to Auger, thedistribution shown in Fig. 1.Ea
h of these 
urves, taken at a di�erent potential, represents thedistribution of about 200 photoele
tron tra
ks. It will be seen that as thepotential on the X-ray tube in
reases, the average forward 
omponentof the photoele
tron's motion also in
reases.When polarised X-rays are used, there is a strong preponderan
e of thea O. W. Ri
hardson and K. T. Compton, Phil. Mag., 24 (1912), 575.b A. L. Hughes, Phil. Trans. A, 212 (1912), 205.11
 R. A. Millikan, Phys. Rev., 7 (1916), 355.d M. de Broglie, Jour. de Phys., 2 (1921), 265.e J. Thibaud, C. R., 179 (1924), 165, 1053 and 1322.a C. T. R. Wilson, Pro
. Roy. So
. A, 104 (1923), 1.b A. H. Compton, Bull. Natl. Res. Coun., No. 20 (1922), 25; F. W. Bubb, Phys.Rev., 23 (1924), 137; P. Auger, C. R., 178 (1924), 1535; D. H. Loughridge, Phys.Rev., 26 (1925), 697; F. Kir
hner, Zeits. f. Phys., 27 (1926), 385.
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Fig. 1. Longitudinal distribution of photoele
trons for X-rays of three di�erente�e
tive wavelengths, a

ording to Auger.photoele
trons in or near the plane in
luding the ele
tri
 ve
tor of thein
ident rays. Thus Fig. 2 shows the distribution found by Bubb of thedire
tion of the photoele
trons eje
ted from moist air when traversed byX-rays that have been polarised by s
attering at right angles from a blo
kof para�n. Be
ause of multiple s
attering in the para�n, the s
atteredrays are not 
ompletely polarised, and this is probably su�
ient toa

ount for the fa
t that some photoele
trons appear to start at rightangles with the ele
tri
 ve
tor. This e�e
t with X-rays is doubtlesssimilar in 
hara
ter to the sele
tive photoele
tri
 e�e
t dis
overed manyyears ago by Pohl and Pringsheim, in whi
h the number of ele
tronseje
ted by light from the liquid surfa
e of sodium-potassium alloy isgreater when the ele
tri
 ve
tor is in a plane perpendi
ular to the surfa
ethan when parallel to the surfa
e.Re
ent experiments have shown that the dire
tion in whi
h the pho-toele
trons are eje
ted by X-rays is at least very nearly independent ofthe material from whi
h the ele
trons 
ome.aCan ele
tromagneti
 waves produ
e photoele
trons? � Before dis
ussingthe produ
tion of photoele
trons from the standpoint of radiation quan-ta, let us see what su

ess meets the attempt15 to a

ount for themon the basis of ele
tromagneti
 waves. The fa
t that they are emitteda E. A. Owen, Pro
. Phys. So
., 30 (1918), 133; Auger, Kir
hner, Loughridge, lo
.
it.14
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Fig. 2. Lateral distribution of photoele
trons for in
ompletely polarised X-rays,a

ording to Bubb.approximately in the dire
tion of the ele
tri
 ve
tor would suggest thatthe photoele
trons are eje
ted by the dire
t a
tion of the ele
tri
 �eldof the in
ident rays. If this were the 
ase, however, we should expe
tthe speed of the eje
ted ele
trons to be greater for greater intensityof radiation, whereas experiment shows that for the same wavelengthintense sunlight eje
ts an ele
tron no faster than does the feeble lightfrom a star. Furthermore, the energy available from the ele
tromagneti
wave is wholly inadequate. Thus in a re
ent experiment performed byJo�e and Dobronrawov,a X-rays were produ
ed by the impa
t on a targetof 104 to 105 ele
trons per se
ond. Sin
e on the ele
tromagneti
 theoryan X-ray pulse is of the order of 103 waves in length or 10−16 se
ondsa A. Jo�e and N. Dobronrawov, Zeits. f. Phys., 34, 889 (1925).
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 theory 339in duration, the X-ray pulses must have followed ea
h other at widelyseparated intervals. It was found, however, that photoele
trons wereo

asionally eje
ted from a bismuth parti
le whi
h subtended a solidangle not greater than 10−5. It is 
learly impossible that all the energyof an X-ray pulse whi
h has spread out in a spheri
al wave should spenditself on this bismuth parti
le. Thus on the wave theory the eje
tionof the photoele
tron, whi
h has almost as mu
h energy as the original
athode ele
tron, 
ould not have been a

omplished by a single16 pulse.It 
annot therefore be the dire
t a
tion of the ele
tri
 ve
tor of the wave,taken in the usual sense,17 whi
h has eje
ted the ele
tron.We may assume, on the other hand, that the energy is graduallyabsorbed in the bismuth parti
le of Jo�e's experiment until an amount
hν has a

umulated, whi
h is then spent in eje
ting the photoele
tron.We have already 
alled attention to the fa
t that this gradual absorptionhypothesis implies the existen
e of stationary states in the atom havingin�nitesimal gradations of energy, whereas the eviden
e is very strongthat atoms 
annot endure ex
ept in 
ertain de�nitely de�ned stationarystates. But new di�
ulties also arise. Why do the photoele
trons tendto start in the dire
tion of the ele
tri
 �eld of the in
ident wave? If wesuppose that it is the gradual absorption of energy from a wave whi
hliberates the ele
tron, why does there exist a tenden
y for the ele
tronto start with a large 
omponent of its motion in a forward dire
tion?18The forward impulse due to the radiation pressure as19 the energy isgradually absorbed will be transferred to the atom and not left with[the℄ absorbing ele
tron. The a

umulation hypothesis is thus di�
ultto defend.Photons and photoele
trons. � On the photon theory it is possible toa

ount in a simple manner for most of the properties of the photoele
-trons. We have seen how Einstein was able to predi
t a

urately thevelo
ity of the photoele
trons, assuming only that energy is 
onservedwhen a photon a
ts on an ele
tron. In order to a

ount for the dire
tion ofemission we must as
ribe to the photon some of the properties of an ele
-tromagneti
 pulse. Bubb introdu
ed the suggestiona that we as
ribe tothe photon a ve
tor property similar to the ele
tri
 ve
tor of an ele
tro-magneti
 wave, so that when the photon traverses an atom the ele
tronsand the nu
leus re
eive impulses in opposite dire
tions perpendi
ularto the dire
tion of propagation. Asso
iated with this ele
tri
 ve
tor, wea F. W. Bubb, Phys. Rev., 23 (1924), 137.



340 A. H. Comptonshould also expe
t to �nd a magneti
 ve
tor. Thus if an ele
tron is setin motion by the ele
tri
 ve
tor of the photon at right angles to thedire
tion of propagation, the magneti
 ve
tor of the photon will a
ton the moving ele
tron in the dire
tion of propagation. This is stri
tlyanalogous to the radiation pressure exerted by an ele
tromagneti
 waveon an ele
tron whi
h it traverses, and means that the forward momentumof the absorbed photon is transferred to the photoele
tron.In the simplest 
ase, where we negle
t the initial momentum of theele
tron in its orbital motion in the atom, the angle between the dire
tionof the in
ident ray and the dire
tion of eje
tion is found from theseassumptions to be
θ = tan−1

√

2/α , (2)where α = γ/λ, and γ = h/mc = 0.0242 Å. The quantity α is small
ompared with unity, ex
ept for very hard X-rays and γ-rays. Thus forlight, equation (2) predi
ts the expulsion of photoele
trons at nearly 90degrees. This is in a

ord with the rather un
ertain data whi
h havebeen obtained with visible and ultra-violet light.aThe only really signi�
ant test of this result is in its appli
ation toX-ray photoele
trons. In Fig. 1 are drawn the lines θ1, θ2 and θ3 for thethree 
urves, at the angles 
al
ulated by Auger from equation (2). It willbe seen that they fall very satisfa
torily in the dire
tion of maximumemission of the photoele
trons. Similar results have been obtained byother investigators.b This may be taken as proof that a photon impartsnot only its energy, but also its momentum to the photoele
trons.ca Cf. A. Parts
h and W. Hallwa
hs, Ann. d. Phys., 41 (1913), 247.b W. Bothe, Zeits. f. Phys., 26 (1925), 59; F. Kir
hner, Zeits. f. Phys., 27 (1926),385.20
 The English version in
ludes here the following footnote. Cf. also the 
ommentsby Bragg on p. 356 and the ensuing dis
ussion (eds.).Sin
e this was written, experiments by [D. H.℄ Loughridge (Phys. Rev., 30(1927), [488℄) have been published whi
h show a forward 
omponent to thephotoele
tron's motion whi
h seems to be greater than that predi
ted byequation (2). Williams, in experiments as yet unpublished, �nds that theforward 
omponent is almost twi
e as great as that predi
ted by this theory.These results indi
ate that the me
hanism of intera
tion between the photonand the atom must be more 
omplex than here postulated. The fa
t thatthe forward momentum of the photoele
tron is found to be of the sameorder of magnitude as that of the in
ident photon, however, suggests that themomentum of the photon is a
quired by the photoele
tron, while an additionalforward impulse is imparted by the atom. Thus these more re
ent experiments
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tromagneti
 theory 341Honestya obliges me to point out a di�
ulty that arises in this explana-tion of the motion of the photoele
trons. It is the failure of the attemptsmade to a

ount properly for the fa
t that the photoele
trons are emittedover a wide range of angles instead of in a de�nite dire
tion, as wouldbe suggested by the 
al
ulation just outlined. The most interesting ofthese attempts is that of Bubb,b who takes into a

ount the momentumof the ele
tron immediately before the absorption of the photon. Bubb�nds a dispersion of the dire
tions of emission of the photoele
trons ofthe 
orre
t order of magnitude, but whi
h is larger when the ele
tronissues from a heavy atom than when it issues from a light one. Wehave seen, however, that experiment has shown this dispersion of thedire
tions of emission to be notably independent of the element fromwhi
h the photoele
tron originates.Whatever may be the 
ause of the dispersion in the dire
tions of moti-on of the photoele
trons,21 it will readily be seen that if the time duringwhi
h the photon exerts a for
e on the ele
tron is 
omparable with thenatural period of the ele
tron22 in the atom, the impulse imparted to theele
tron will be transferred in part to the positive nu
leus about whi
hthe ele
tron is moving. The fa
t that the photoele
trons are eje
ted witha forward 
omponent equal, within the limits of experimental error, tothe momentum of the in
ident photon23 means that no appre
iable partof the photon's momentum is spent on the remainder of the atom. This
an only be the 
ase if the time of a
tion of the photon on the ele
tron isshort 
ompared with the time of revolution of the ele
tron in its orbit.aalso support the view that the photoele
tron a
quires both the energy and themomentum of the photon.a This paragraph is present only in the Fren
h edition. The 
orresponding one inthe English edition reads:If the angular momentum of the atomi
 system from whi
h the photoele
tronis eje
ted is to be 
onserved when a
ted upon by the radiation, the ele
tron
annot be eje
ted exa
tly in the dire
tion of θ, but must re
eive an impulse in adire
tion determined by the position of the ele
tron in the atom at the instantit is traversed by the photon.∗ Thus we should probably 
onsider the ele
tri
ve
tor of the X-ray wave as de�ning merely the most probable dire
tion inwhi
h the impulse should be imparted to the ele
tron. This is doubtless the
hief reason why the photoele
trons are emitted over a wide range of anglesinstead of in a de�nite dire
tion, as would be suggested by the 
al
ulation justoutlined.With the footnote: ∗Cf. A. H. Compton, Phys. Rev., [31℄ (1928), [59℄ (eds.).b F. W. Bubb, Phil. Mag., 49 (1925), 824.a The English edition in
ludes the further senten
e: `Su
h a short duration of



342 A. H. ComptonThe photoele
tri
 e�e
t and virtual radiation. � It is to be noted thatnone of these properties of the photoele
tron is in
onsistent with thevirtual radiation theory of Bohr, Kramers and Slater. The di�
ultieswhi
h applied to the 
lassi
al wave theory do not apply here, sin
e theenergy and momentum are 
onserved only statisti
ally. There is nothingin this theory, however, whi
h would enable us to predi
t anythingregarding the motion of the photoele
trons. The degree of su

ess thathas attended the appli
ation of the photon hypothesis to the motion ofthese ele
trons has 
ome dire
tly from the appli
ation of the 
onservationprin
iples to the individual a
tion of a photon on an ele
tron. The powerof these prin
iples as applied to this 
ase is surprising if the assumptionis 
orre
t that they are only statisti
ally valid.Phenomena asso
iated with the s
attering of X-raysAs is now well known, there is a group of phenomena asso
iated withthe s
attering of X-rays for whi
h the 
lassi
al wave theory of radiationfails to a

ount. These phenomena may be 
onsidered under the headsof: (1) The 
hange of wavelength of X-rays due to s
attering, (2) theintensity of s
attered X-rays, and (3) the re
oil ele
trons.The earliest experiments on se
ondary X-rays and γ-rays24 showeda di�eren
e in the penetrating power of the primary and the se
ondaryrays. In the 
ase of X-rays, Barkla and his 
ollaboratorsa showed that these
ondary rays from the heavy elements 
onsisted largely of �uores
entradiations 
hara
teristi
 of the radiator, and that it was the presen
e ofthese softer rays whi
h was 
hie�y responsible for the greater absorptionof the se
ondary rays. When later experimentsb showed a measurabledi�eren
e in penetration even for light elements su
h as 
arbon, fromwhi
h no �uores
ent K or L radiation appears, it was natural to as
ribecthis di�eren
e to a new type of �uores
ent radiation, similar to the K andL types, but of shorter wavelength. Careful absorption measurementsdfailed, however, to reveal any 
riti
al absorption limit for these assumedintera
tion is a natural 
onsequen
e of the photon 
on
eption of radiation, butis quite 
ontrary to the 
onsequen
es of the ele
tromagneti
 theory' (eds.).a C. [G.℄ Barkla and C. A. Sadler, Phil. Mag., 16, 550 (1908).25b C. A. Sadler and P. Mesham, Phil. Mag., 24 (1912), 138; J. Laub, Ann. d. Phys.,46 (1915), 785.
 [C. G.℄ Barkla and [M. P.℄ White, Phil. Mag., 34 (1917), 270; J. Laub, Ann. d.Phys., 46 (1915), 785, et al.d E.g., [F. K.℄ Ri
htmyer and [K.℄ Grant, Phys. Rev., 15 (1920), 547.
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tromagneti
 theory 343`J' radiations similar to those 
orresponding to the K and L radiations.Moreover, dire
t spe
tros
opi
 observationsa failed to reveal the exi-sten
e of any spe
trum lines26 under 
onditions for whi
h the supposedJ-rays should appear. It thus be
ame evident that the softening of these
ondary X-rays from the lighter elements was due to a di�erent kindof pro
ess than the softening of the se
ondary rays from heavy elementswhere �uores
ent X-rays are present.A series of skilfully devised absorption experiments performed byJ. A. Graya showed, on the other hand, that both in the 
ase of γ-rays and in that of X-rays an in
rease in wavelength a

ompanies thes
attering of the rays of light elements.It was at this stage that the �rst spe
tros
opi
 investigations of these
ondary X-rays from light elements were made.b A

ording to theusual ele
tron theory of s
attering it is obvious that the s
attered rayswill be of the same frequen
y as the for
ed os
illations of the ele
tronswhi
h emit them, and hen
e will be identi
al in frequen
y with theprimary waves whi
h set the ele
trons in motion. Instead of showings
attered rays of the same wavelength as the primary rays, however,these spe
tra revealed lines in the se
ondary rays 
orresponding to thosein the primary beam, but with ea
h line displa
ed slightly toward thelonger wavelengths.This result might have been predi
ted from Gray's absorption meas-urements; but the spe
trum measurements had the advantage of a�or-ding a quantitative measurement of the 
hange in wavelength, whi
hgave a basis for its theoreti
al interpretation.The spe
tros
opi
 experiments whi
h have shown this 
hange in wa-velength are too well knownc to require dis
ussion. The interpretati-on of the wavelength 
hange in terms of photons being de�e
ted byindividual27 ele
trons and imparting a part of their energy to the s
atte-ring ele
trons is also very familiar. For purposes of dis
ussion, however,let us re
all that when we 
onsider the intera
tion of a single photonwith a single ele
tron the prin
iples of the 
onservation of energy andmomentum lead usd to the result that the 
hange in wavelength of thea E.g., [W.℄ Duane and [T.℄ Shimizu, Phys. Rev., 13 (1919), [289℄; ibid., 14 (1919),389.a J. A. Gray, Phil. Mag., 26 (1913), 611; Jour. Frank. Inst., [190℄, 643 (Nov. 1920).b A. H. Compton, Bull. Natl. Res. Coun., No. 20, [18℄ ([O
tober℄ 1922); Phys. Rev.,22 (1923), 409.
 Cf., e.g., A. H. Compton, Phys. Rev., 22 (1923), 409; P. A. Ross, Pro
. Nat. A
ad.,10 (1924), 304.d A. H. Compton, Phys. Rev., [21℄ (1923), 483; P. Debye, Phys. Zeits., 24 (1923),161.



344 A. H. Comptonde�e
ted photon is
δλ =

h

mc
(1 − cosϕ) , (3)where ϕ is the angle through whi
h the photon is de�e
ted. The ele
tronat the same time re
oils from the photon at an angle of θ given by,28

cot θ = −(1 + α) tan
1

2
ϕ ; (4)and the kineti
 energy of the re
oiling ele
tron is,

Ekin = hν
2α cos2 θ

(1 + α)2 − α2 cos2 θ
. (5)The experiments show in the spe
trum of the s
attered rays two lines
orresponding to ea
h line of the primary ray. One of these lines is ofpre
isely the same wavelength as the primary ray, and the se
ond line,though somewhat broadened, has its 
entre of gravity displa
ed by theamount predi
ted by equation (3). A

ording to experiments by Kallmanand Marka and by Sharp,b this agreement between the theoreti
al29 andthe observed shift is pre
ise within a small fra
tion of 1 per 
ent.The re
oil ele
trons. � From the quantitative agreement between thetheoreti
al and the observed wavelengths of the s
attered rays, the re
oilele
trons predi
ted by the photon theory of s
attering were looked forwith some 
on�den
e.30 When this theory was proposed, there wasno dire
t eviden
e for the existen
e of su
h ele
trons, though indire
teviden
e suggested that the se
ondary β-rays eje
ted from matter byhard γ-rays are mostly of this type. Within a few months of theirpredi
tion, however, C. T. R. Wilsonc and W. Bothed independentlyannoun
ed their dis
overy. The re
oil ele
trons show as short tra
ks,pointed in the dire
tion of the primary X-ray beam, mixed among themu
h longer tra
ks due to the photoele
trons eje
ted by the X-rays.Perhaps the most 
onvin
ing reason for asso
iating these short tra
kswith the s
attered X-rays 
omes from a study of their number. Ea
hphotoele
tron in a 
loud photograph represents a quantum of trulyabsorbed X-ray energy. If the short tra
ks are due to re
oil ele
trons,ea
h one should represent the s
attering of a photon. Thus the ratio

Nr/Np of the number of short tra
ks to the number of long tra
ks shoulda H. Kallman and H. Mark, Naturwiss., 13 (1925), 297.b H. M. Sharp, Phys. Rev., 26 (1925), 691.
 C. T. R. Wilson, Pro
. Roy. So
. [A℄, 104 (1923), 1.d W. Bothe, Zeits. f. Phys., 16 (1923), 319.
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 theory 345be the same as the ratio σ/τ of the s
attered to the truly absorbedenergy31 when the X-rays pass through air. The latter ratio is knownfrom absorption measurements, and the former ratio 
an be determinedby 
ounting the tra
ks on the photographs. The satisfa
tory agreementbetween the two ratiosa for X-rays of di�erent wavelengths means thaton the average there is about one quantum of energy s
attered for ea
hshort tra
k that is produ
ed.This result is in itself 
ontrary to the predi
tions of the 
lassi
al wavetheory, sin
e on this basis all the energy spent on a free ele
tron (ex
eptthe insigni�
ant e�e
t of radiation pressure) should reappear as s
atteredX-rays. In these experiments, on the 
ontrary, 5 or 10 per 
ent as mu
henergy appears in the motion of the re
oil ele
trons as appears in thes
attered X-rays.That these short tra
ks asso
iated with the s
attered X-rays 
orre-spond to the re
oil ele
trons predi
ted by the photon theory of s
at-tering be
omes 
lear from a study of their energies. The energy of theele
tron whi
h produ
es a tra
k 
an be 
al
ulated from the range of thetra
k. The ranges of tra
ks whi
h start in di�erent dire
tions have beenstudieda using primary X-rays of di�erent wavelengths, with the resultthat equation (5)33 has been satisfa
torily veri�ed.In view of the fa
t that ele
trons of this type were unknown at the timethe photon theory of s
attering was presented, their existen
e, and the
lose agreement with the predi
tions as to their number, dire
tion andvelo
ity, supply strong eviden
e in favour of the fundamental hypothesesof the theory.Interpretation of these experiments. � It is impossible to a

ount fors
attered rays of altered frequen
y, and for the existen
e of the re
oilele
trons, if we assume that X-rays 
onsist of ele
tromagneti
 wavesin the usual sense. Yet some progress has been made on the basis ofsemi-
lassi
al theories. It is an interesting fa
t that the wavelength ofthe s
attered ray a

ording to equation (3)34 varies with the angle justas one would expe
t from a Doppler e�e
t if the rays are s
attered froman ele
tron moving in the dire
tion of the primary beam. Moreover,the velo
ity that must be assigned to the ele
tron in order to give theproper magnitude to the 
hange of wavelength is that whi
h the ele
tronwould a
quire by radiation pressure if it should absorb a quantum of thea A. H. Compton and A. W. Simon, Phys. Rev., 25 (1925), 306; J. M. Nuttall andE. J. Williams, Man
hester Memoirs, 70 (1926), 1.a Compton and Simon, lo
. 
it.32



346 A. H. Comptonin
ident rays. Several writersa have therefore assumed that an ele
trontakes from the in
ident beam a whole quantum of the in
ident radiation,and then emits this energy as a spheri
al wave while moving forward36with high velo
ity.This 
on
eption that the radiation o

urs in spheri
al waves, and thatthe s
attering ele
tron 
an nevertheless a
quire suddenly the impulsesfrom a whole quantum of in
ident radiation is in
onsistent with the prin-
iple of energy 
onservation. But there is the more serious experimentaldi�
ulty that this theory predi
ts re
oil ele
trons all moving in the samedire
tion and with the same velo
ity. The experiments show, on theother hand, a variety of dire
tions and velo
ities, with the velo
ity anddire
tion 
orrelated as demanded by the photon hypothesis. Moreover,the maximum range of the re
oil ele
trons, though in agreement withthe predi
tions of the photon theory, is found to be about four times asgreat as that predi
ted by the semi-
lassi
al theory.There is nothing in these experiments, as far as we have des
ribedthem, whi
h is in
onsistent with the idea of virtual os
illators 
ontinu-ally s
attering virtual radiation. In order to a

ount for the 
hange ofwavelength on this view, Bohr, Kramers and Slater assumed that thevirtual os
illators s
atter as if moving in the dire
tion of the primarybeam, a

ounting for the 
hange of wavelength as a Doppler e�e
t. Theythen supposed that o

asionally an ele
tron, under the stimulation ofthe primary virtual rays, will suddenly move forward with a momentumlarge 
ompared with the impulse re
eived from the radiation pressure.Though we have seen that not all of the re
oil ele
trons move dire
tlyforward, but in a variety of di�erent dire
tions, the theory 
ould easilybe extended to in
lude the type of motion that is a
tually observed.The only obje
tion that one 
an raise against this virtual radiationtheory in 
onne
tion with the s
attering phenomena as viewed on a larges
ale, is that it is di�
ult to see how su
h a theory 
ould by itself predi
tthe 
hange of wavelength and the motion of the re
oil ele
trons. Thesephenomena are dire
tly predi
table if the 
onservation of energy andmomentum are assumed to apply to the individual a
tions of radiationon ele
trons; but this is pre
isely where the virtual radiation theorydenies the validity of the 
onservation prin
iples.We may 
on
lude that the photon theory predi
ts quantitatively andin detail the 
hange of wavelength of the s
attered X-rays and the 
hara
-a C. R. Bauer, C. R., 177 (1923), 1211; C. T. R. Wilson, Pro
. Roy. So
. [A℄, 104(1923), 1; K. Fosterling, Phys. Zeits., 25 (1924), 313; O. Halpern, Zeits. f. Phys.,30 (1924), 153.35
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s of the re
oil ele
trons. The virtual radiation theory is probablynot in
onsistent with these experiments, but is in
apable of predi
tingthe results. The 
lassi
al theory, however, is altogether helpless to dealwith these phenomena.The origin of the unmodi�ed line � The unmodi�ed line is probablydue to X-rays whi
h are s
attered by ele
trons so �rmly held withinthe atom that they are not eje
ted by the impulse from the de�e
tedphotons. This view is adequate to a

ount for the major 
hara
teristi
s ofthe unmodi�ed rays, though as yet no quantitatively satisfa
tory theoryof their origin has been published.a It is probable that a detailed a

ountof these rays will involve de�nite assumptions regarding the nature andthe duration of the intera
tion between a photon and an ele
tron; but itis doubtful whether su
h investigations will add new eviden
e as to theexisten
e of the photons themselves.A similar situation holds regarding the intensity of the s
attered X-rays. Histori
ally it was the fa
t that the 
lassi
al ele
tromagneti
 theoryis unable to a

ount for the low intensity of the s
attered X-rays whi
h
alled attention to the importan
e of the problem of s
attering. Butthe solutions whi
h have been o�ered by Breit,b Dira
c and othersdof this intensity problem as distinguished from that of the 
hange ofwavelength, seem to introdu
e no new 
on
epts regarding the nature ofradiation or of the s
attering pro
ess. Let us therefore turn our attentionto the experiments that have been performed on the individual pro
essof intera
tion between photons and ele
trons.Intera
tions between radiation and single ele
trons39The most signi�
ant of the experiments whi
h show departures fromthe predi
tions of the 
lassi
al wave theory are those that study thea
tion of radiation on individual atoms or on individual ele
trons. Twoa Cf., however, G. E. M. Jaun
ey, Phys. Rev., 25 (1925), 314 and ibid., 723;G. Wentzel, Zeits. f. Phys., 43 (1927), 14, 779; I. Waller, Nature, [120, 155℄ (July30, 1927).37[The footnote in the English edition 
ontinues with the senten
e: `It ispossible that the theories of the latter authors may be satisfa
tory, but they havenot yet been stated in a form suitable for quantitative test' (eds.).℄b G. Breit, Phys. Rev., 27 (1926), 242.
 P. A. M. Dira
, Pro
. Roy. So
. A, [111℄ (1926), [405℄.d W. Gordon, Zeits. f. Phys., 40 (1926), 117; E. S
hrödinger, Ann. d. Phys., 82(1927), 257; O. Klein, Zeits. f. Phys., 41 (1927), 407; G. Wentzel, Zeits. f. Phys.,43 (1927), 1, 779.38



348 A. H. Comptonmethods have been found suitable for performing these experiments,Geiger's point 
ounters, and Wilson's 
loud expansion photographs.(1) Test for 
oin
iden
es with �uores
ent X-rays. � Bothe has perfor-med an experimenta in whi
h �uores
ent K radiation from a thin 
opperfoil is ex
ited by a beam of in
ident X-rays. The emitted rays are sofeeble that only about �ve quanta of energy are radiated per se
ond.Two point 
ounters are mounted, one on either side of the 
opper foil inea
h of whi
h an average of one photoele
tron is produ
ed and re
ordedfor about twenty quanta radiated by the foil. If we assume that the�uores
ent radiation is emitted in quanta of energy, but pro
eed[s℄ inspheri
al waves in all dire
tions, there should thus be about 1 
han
ein 20 that the re
ording of a photoele
tron in one 
hamber should besimultaneous with the re
ording of a photoele
tron in the other.The experiments showed no 
oin
iden
es other than those whi
h wereexpli
able by su
h sour
es as high-speed β-parti
les whi
h traverse both
ounting 
hambers.This result is in a

ord with the photon hypothesis,b a

ording towhi
h 
oin
iden
es should not o

ur. It is, nevertheless, equally in a

ordwith the virtual radiation hypothesis, if one assumes that the virtualos
illators in the 
opper 
ontinuously emit virtual �uores
ent radiation,so that the photoele
trons should be observed in the 
ounting 
hambersat arbitrary intervals.ca W. Bothe, Zeits. f. Phys., 37 (1926), 547.b The English edition 
ontinues: `For if a photon of �uores
ent radiation produ
es a
β-ray in one 
ounting 
hamber it 
annot traverse the se
ond 
hamber. Coin
iden
esshould therefore not o

ur' (eds.).
 At this point in the English version Compton is mu
h more 
riti
al of the BKStheory (eds.):A

ording to the virtual radiation hypothesis, however, 
oin
iden
es shouldhave been observed. For on this view the �uores
ent K radiation is emitted byvirtual os
illators asso
iated with atoms in whi
h there is a va
an
y in the Kshell. That is, the 
opper foil 
an emit �uores
ent K radiation only during theshort interval of time following the expulsion of a photoele
tron from the Kshell, until the shell is again o

upied by another ele
tron. This time interval isso short (of the order of 10−15 se
.) as to be sensibly instantaneous on the s
aleof Bothe's experiments. Sin
e on this view the virtual �uores
ent radiation isemitted in spheri
al waves, the 
ounting 
hambers on both sides of the foilshould be simultaneously a�e
ted, and 
oin
ident pulses in the two 
hambersshould frequently o

ur. The results of the experiment are thus 
ontrary tothe predi
tions of the virtual radiation hypothesis.



Experiment and the ele
tromagneti
 theory 349But the experiment is important in the sense that it refutes the oftensuggested idea that a quantum of radiation energy is suddenly emittedin the form of a spheri
al wave when an atom passes from one stationarystate to another.(2) The 
omposite photoele
tri
 e�e
t.40 � Wilsona and Augerb havenoti
ed in their 
loud expansion photographs that when X-rays eje
tphotoele
trons from heavy atoms, it often o

urs that two or moreele
trons are eje
ted simultaneously from the same atom. Auger hasdedu
ed from studying the ranges of these ele
trons that, when thiso

urs, the total energy of all the emitted ele
trons is no larger thanthat of a quantum of the in
ident radiation. When two ele
trons areemitted simultaneously it is usually the 
ase that the enegy of one ofthem is
Ekin = hν − hνK ,whi
h a

ording to the photon theory means that this ele
tron is due tothe absorption of an in
ident photon a

ompanied by the eje
tion of anele
tron from the K energy level. The se
ond ele
tron has in general theenergy
Ekin = hνK − hνL .This ele
tron 
an be explained as the result of the absorption by an Lele
tron of the Kα-ray emitted when another L ele
tron o

upies thepla
e left va
ant in the K orbit by the primary photoele
tron. It isestablished that all the ele
trons that are observed in the 
ompositephotoele
tri
 e�e
t have to be interpreted in the same way. Their inter-pretation a

ording to the photon theory thus meets with no di�
ulties.With regard to the virtual radiation theory, we 
an take two pointsof view: �rst, under the in�uen
e of the ex
itation produ
ed by theprimary virtual radiation, virtual �uores
ent K radiation is emitted byvirtual os
illators asso
iated with all the atoms traversed by the primarybeam. In this view, the probability that this virtual �uores
ent radiationwill 
ause the eje
tion of a photoele
tron from the same atom as the onethat has emitted the primary photoele
tron is so small that su
h anevent will almost never o

ur; se
ond, we 
an alternatively assume thata virtual os
illator emitting virtual K radiation is asso
iated only withan atom in whi
h there is a va
ant pla
e in the K shell. In this 
ase,a C. T. R. Wilson, Pro
. Roy. So
. A, 104 (1923), 1.b P. Auger, Journ. d. Phys., 6 (1926), 183.
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e the virtual radiation pro
eeds from the atom that has emitted theprimary photoele
tron, we 
ould expe
t with extremely large probabilitythat it should ex
ite a photoele
tron from the L shell of its own atom,thus a

ounting for the 
omposite photoele
tri
 e�e
t. But in this viewthe virtual �uores
ent radiation is emitted only during a very shortinterval after the eje
tion of the primary photoele
tron, in whi
h 
aseBothe's �uores
en
e experiment, des
ribed above, should have shownsome 
oin
iden
es.One sees thus that the virtual radiation hypothesis is irre
on
ilableboth with the 
omposite photoele
tri
 e�e
t and with the absen
e of
oin
iden
es in Bothe's �uores
en
e experiment. The photon hypothesis,instead, is in 
omplete a

ord with both these experimental fa
ts.(3) Bothe and Geiger's 
oin
iden
e experiments.41 � We have seen thata

ording to Bohr, Kramers and Slater's theory, virtual radiation42 isbeing 
ontinually s
attered by matter traversed by X-rays, but onlyo

asionally is a re
oil ele
tron emitted. This is in sharp 
ontrast withthe photon theory, a

ording to whi
h a re
oil ele
tron appears everytime a photon is s
attered. A 
ru
ial test between the two points ofview is a�orded by an experiment devised and brilliantly performed43by Bothe and Geiger.a X-rays were passed through hydrogen gas, andthe resulting re
oil ele
trons and s
attered rays were dete
ted by meansof two di�erent point 
ounters pla
ed on opposite sides of the 
olumn ofgas. The 
hamber for 
ounting the re
oil ele
trons was left open, but asheet of thin platinum prevented the re
oil ele
trons from entering the
hamber for 
ounting the s
attered rays. Of 
ourse not every photonentering the se
ond 
ounter 
ould be noti
ed, for its dete
tion dependsupon the produ
tion of a β-ray. It was found that there were about tenre
oil ele
trons for every s
attered photon that re
orded itself.The impulses from the 
ounting 
hambers were re
orded on a movingphotographi
 �lm. In observations over a total period of over �ve hours,sixty-six su
h 
oin
iden
es were observed. Bothe and Geiger 
al
ulatethat a

ording to the statisti
s of the virtual radiation theory the 
han
ewas only 1 in 400 000 that so many 
oin
iden
es should have o

urred.This result therefore is in a

ord with the predi
tions of the photontheory, but is dire
tly 
ontrary to the statisti
al view of the s
atteringpro
ess.(4) Dire
tional emission of s
attered X-rays. � Additional informationa W. Bothe and H. Geiger, Zeits. f. Phys., 26 (1924), 44; 32 (1925), 639.
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Fig. 3. If the X-rays ex
ite a re
oil ele
tron at an angle θ, the photon theorypredi
ts a se
ondary β-parti
le at an angle ϕ.regarding the nature of s
attered X-rays has been obtained by studyingthe relation between the dire
tion of eje
tion of the re
oil ele
tron andthe dire
tion in whi
h the asso
iated photon pro
eeds. A

ording tothe photon theory, we have a de�nite relation (equation (4)) betweenthe angle at whi
h the photon is s
attered and the angle at whi
h there
oil ele
tron is eje
ted. But a

ording to any form of spreading wavetheory, in
luding that of Bohr, Kramers and Slater, the s
attered raysmay produ
e e�e
ts in any dire
tion whatever, and there should be no
orrelation between the dire
tions in whi
h the re
oil ele
trons pro
eedand the dire
tions in whi
h the se
ondary β-rays are eje
ted by thes
attered X-rays.A test to see whether su
h a relation exists has been made,a usingWilson's 
loud apparatus, in the manner shown diagrammati
ally inFig. 3. Ea
h re
oil ele
tron produ
es a visible tra
k, and o

asionally ase
ondary tra
k is produ
ed by the s
attered X-ray. When but one re
oila A. H. Compton and A. W. Simon, Phys. Rev., 26 (1925), 289.
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tron appears on the same plate with the tra
k due to the s
atteredrays, it is possible to tell at on
e whether the angles satisfy equation (4).If two or three re
oil tra
ks appear,44 the measurements on ea
h tra
k
an be approximately45 weighted.Out of 850 plates taken in the �nal series of readings, thirty-eight showboth re
oil tra
ks and se
ondary β-ray tra
ks. On eighteen of these platesthe observed angle ϕ46 is within 20 degrees of the angle 
al
ulated fromthe measured value of θ, while the other twenty tra
ks are distributedat random angles. This ratio 18:20 is about that to be expe
ted for theratio of the rays s
attered by the part of the air from whi
h the re
oiltra
ks 
ould be measured to the stray rays from various sour
es. Thereis only about 1 
han
e in 250 that so many se
ondary β-rays should haveappeared at the theoreti
al angle.If this experiment is reliable, it means that there is s
attered X-rayenergy asso
iated with ea
h re
oil ele
tron su�
ient to produ
e a β-ray,and pro
eeding in a dire
tion determined at the moment of eje
tionof the re
oil ele
tron. In other words, the s
attered X-rays pro
eed inphotons, that is47 in dire
ted quanta of radiant energy.This result, like that of Bothe and Geiger, is irre
on
ilable with Bohr,Kramers and Slater's hypothesis of the statisti
al produ
tion of re
oiland photoele
trons. On the other hand, both of these experiments arein 
omplete a

ord with the predi
tions of the photon theory.Reliability of experimental eviden
eWhile all of the experiments that we have 
onsidered are di�
ult tore
on
ile with the 
lassi
al theory that radiation 
onsists of ele
tromag-neti
 waves, only those dealing with the individual s
attering pro
ess48a�ord 
ru
ial tests between the photon theory and the statisti
al theoryof virtual radiation. It be
omes of espe
ial importan
e, therefore, to
onsider the errors to whi
h these experiments are subje
t.When two point 
ounters are set side by side, it is very easy to obtain
oin
iden
es from extraneous sour
es. Thus, for example, the apparatusmust be ele
tri
ally shielded so perfe
tly that a spark on the high-tensionout�t that operates the X-ray tube may not produ
e 
oin
ident impulsesin the two 
ounters. Then there are high-speed α- and β-rays, due toradium emanation in the air and other radioa
tive impurities, whi
hmay pass through both 
hambers and produ
e spurious 
oin
iden
es.The method whi
h Bothe and Geiger used to dete
t the 
oin
iden
es,of49 re
ording on a photographi
 �lm the time of ea
h pulse, makes it
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 theory 353possible to estimate reliably50 the probability that the 
oin
iden
es aredue to 
han
e. Moreover, it is possible by auxiliary tests to determinewhether spurious 
oin
iden
es are o

urring� for example, by operatingthe out�t as usual, ex
ept that the X-rays are absorbed by a sheet of lead.It is espe
ially worthy of note that in the �uores
en
e experiment thephoton theory predi
ted absen
e of 
oin
iden
es, while in the s
atteringexperiment it predi
ted their presen
e. It is thus di�
ult to see howboth of these 
ounter experiments 
an have been seriously a�e
ted bysystemati
 errors.In the 
loud expansion experiment the e�e
t of stray radiation is tohide the e�e
t sought for, rather than to introdu
e a spurious e�e
t. Itis possible that due to radioa
tive 
ontamination and to stray s
atteredX-rays β-parti
les may appear in di�erent parts of the 
hamber, butit will be only a matter of 
han
e if these β-parti
les appear in theposition predi
ted from the dire
tion of eje
tion of the re
oil ele
trons.It was in fa
t only by taking great 
are to redu
e su
h stray radiationsto a minimum that the dire
tional relations were 
learly observed in thephotographs. It would seem that the only form of 
onsistent error that
ould vitiate the result of this experiment would be the psy
hologi
al51one of misjudging the angles at whi
h the β-parti
les appear. It hardlyseems possible, however, that errors in the measurement of these angles
ould be large enough to a

ount for the strong apparent tenden
y forthe angles to �t with the theoreti
al formula.It is perhaps worth mentioning further that the initial publi
ationsof the two experiments on the individual s
attering pro
ess were madesimultaneously, whi
h means that both sets of experimenters had inde-pendently rea
hed a 
on
lusion opposed to the statisti
al theory of theprodu
tion of the β-rays.Nevertheless,52 given the di�
ulty of the experiments and the import-an
e of the 
on
lusions to whi
h they have led, it is highly desirable thatboth experiments should be repeated by physi
ists from other laborato-ries. SummaryThe 
lassi
al theory that radiation 
onsists of ele
tromagneti
 wavespropagated in all dire
tions through spa
e53 is intimately 
onne
ted tothe idea of the ether, whi
h is di�
ult to 
on
eive. It a�ords no adequatepi
ture of the manner in whi
h radiation is emitted or absorbed. It isin
onsistent with the experiments on the photoele
tri
 e�e
t, and is



354 A. H. Comptonentirely helpless to a

ount for the 
hange of wavelength of s
atteredradiation or the produ
tion of re
oil ele
trons.The theory of virtual os
illators and virtual radiation whi
h are asso-
iated statisti
ally with sudden jumps of atomi
 energy and the emissionof photoele
trons and re
oil ele
trons, does not seem to be in
onsistentwith any of these phenomena as viewed on a ma
ros
opi
 s
ale. Thistheory, however,54 retains the di�
ulties inherent in the 
on
eption ofthe ether and seems powerless to predi
t the 
hara
teristi
s of the pho-toele
trons and the re
oil ele
trons. It55 is further di�
ult to re
on
ilewith the 
omposite photoele
tri
 e�e
t and is also 
ontrary to Bothe'sand Bothe and Geiger's 
oin
iden
e experiments and to the ray tra
kexperiments relating the dire
tions of eje
tion of a re
oil ele
tron and ofemission of the asso
iated s
attered X-ray.The photon theory avoids the di�
ulties asso
iated with the 
on
ep-tion of the ether.56 The produ
tion and absorption of radiation is verysimply 
onne
ted with the modern idea of stationary states. It suppliesa straightforward explanation of the major 
hara
teristi
s of the photo-ele
tri
 e�e
t, and it a

ounts in the simplest possible manner for the
hange of wavelength a

ompanying s
attering and the existen
e of re
oilele
trons. Moreover, it predi
ts a

urately the results of the experimentswith individual radiation quanta, where the statisti
al theory fails.Unless the four57 experiments on the individual events58 are subje
tto improbably large experimental errors, the 
on
lusion is, I believe,unes
apable that radiation 
onsists of dire
ted quanta of energy, i.e.,of photons, and that energy and momentum are 
onserved when thesephotons intera
t with ele
trons or atoms.Let me say again that this result does not mean that there is notruth in the 
on
ept of waves of radiation. The 
on
lusion is rather thatenergy is not transmitted by su
h waves. The power of the wave 
on
eptin problems of interferen
e, refra
tion, et
., is too well known to requireemphasis. Whether the waves serve to guide the photons, or whetherthere is some other relation between photons and waves is another anda di�
ult question.



Dis
ussion 355Dis
ussion of Mr Compton's reportMr Lorentz. � I would like to make two 
omments. First on thequestion of the ether. Mr Compton 
onsiders it an advantage of thephoton theory that it allows us to do without the hypothesis of an etherwhi
h leads to great di�
ulties. I must say that these di�
ulties do notseem so great to me and that in my opinion the theory of relativitydoes not ne
essarily rule out the 
on
ept of a universal medium. Indeed,Maxwell's equations are 
ompatible with relativity, and one 
an wellimagine a medium for whi
h these equations hold. One 
an even, asMaxwell and other physi
ists have done with some su

ess, 
onstru
ta me
hani
al model of su
h a medium. One would have to add onlythe hypothesis of the permeability of ponderable matter by the ether tohave all that is required. Of 
ourse, in making these remarks, I shouldnot wish to return in any way to these me
hani
al models, from whi
hphysi
s has turned away for good reasons. One 
an be satis�ed with the
on
ept of a medium that 
an pass freely through matter and to whi
hMaxwell's equations 
an be applied.In the se
ond pla
e: it is quite 
ertain that, in the phenomena of light,there must yet be something other than the photons. For instqn
em in adi�ra
tion experiment performed with very weak light, it 
an happenthat the number of photons present at a given instant between thedi�ra
ting s
reen and the plane on whi
h one observes the distributionof light, is very limited. The average number 
an even be smaller thanone, whi
h means that there are instants when no photon is present inthe spa
e under 
onsideration.This 
learly shows that the di�ra
tion phenomena 
annot be produ
edby some novel a
tion among the photons. There must be something thatguides them in their progress and it is natural to seek this somethingin the ele
tromagneti
 �eld as determined by the 
lassi
al theory. Thisnotion of ele
tromagneti
 �eld, with its waves and vibrations would bringus ba
k, in Mr Compton's view, to the notion of ether.Mr Compton. � It seems, indeed, di�
ult to avoid the idea ofwaves in the dis
ussion of opti
al phenomena. A

ording to Maxwell'stheory the ele
tri
 and magneti
 properties of spa
e lead to the idea ofwaves as dire
tly as did the elasti
 ether imagined by Fresnel. Why thespa
e having su
h magneti
 properties should bear the name of etheris perhaps simply a matter of words. The fa
t that these properties ofspa
e immediately lead to the wave equation with velo
ity c is a mu
h



356 A. H. Comptonmore solid basis for the hypothesis of the existen
e of waves than theold elasti
 ether. That something (E and H) propagates like a wavewith velo
ity c seems evident. However, experiments of the kind we havejust dis
ussed show, if they are 
orre
t, that the energy of the bundleof X-rays propagates in the form of parti
les and not in the form ofextended waves. So then, not even the ele
tromagneti
 ether appears tobe satisfa
tory.Mr Bragg. � In his report Mr Compton has dis
ussed the averagemomentum 
omponent of the ele
trons in the dire
tion of motion ofthe photon, and he has informed us of the 
on
lusion, at whi
h severalexperimenters have arrived, that this forward average 
omponent is equalto the momentum of the light quantum whose energy has been absorbedand is found again in that of the photoele
tron.I would like to report in this 
onne
tion some results obtained byMr Williams.a Mono
hromati
 X-rays, with wavelength lying between
0.5 Å and 0.7 Å, enter a Wilson 
loud 
hamber 
ontaining oxygen ornitrogen. The traje
tories of the photoele
trons are observed through astereos
ope and their initial dire
tions are measured. Sin
e the speed ofthe photoele
trons is exa
tly known (the ionisation energy being weak by
omparison to the quantity hν), a measurement of the initial dire
tionis equivalent to a measurement of momentum in the forward dire
tion.Williams �nds that the average momentum 
omponent in this dire
tionis in all 
ases markedly larger than the quantity hν

c or h
λ . These results
an be summarised by a 
omparison with the s
heme proposed by Perrinand Auger ([P. Auger and F. Perrin℄, Journ. d. Phys. [6th series, vol. 8℄(February 1927), [93℄). They are in perfe
t agreement with the cos2 θlaw, provided one assumes that the magneti
 impulse Tm is equal to

1.8hνc and not just hν
c as these authors assume. One should not atta
hany parti
ular importan
e to this number 1.8, be
ause the range of theexamined wavelengths is too small. I mention it only to show that itis possible that the simple law proposed by Mr Compton might not beexa
t.I would like to point out that this method of measuring the forward
omponent of the momentum is more pre
ise than an attempt made toestablish results about the most probable dire
tion of emission.Mr Wilson says that his own observations, dis
ussed in his Memoira Cf. the relevant footnote on p. 340 (eds.).
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ussion 357of 1923a (but whi
h do not pretend to be very pre
ise) seem to showthat in fa
t the forward momentum 
omponent of the photoele
tronsis, on average, mu
h larger than what one would derive from the ideathat the absorbed quantum yields all of its momentum to the expelledele
tron.Mr Ri
hardson. � When they are expelled by 
ertain X-rays, theele
trons have a momentum in the dire
tion of propagation of the raysequal to 1.8hνc . If I have understood Mr Bragg 
orre
tly, this result is notthe e�e
t of some spe
i�
 elementary pro
ess [a
tion℄, but the averageresult for a great number of observations in whi
h the ele
trons wereexpelled in di�erent dire
tions. Whether or not the laws of energy andmomentum 
onservation apply to an elementary pro
ess, it is 
ertainthat they apply to the average result for a great number of these pro-
esses. Therefore, the pro
ess [pro
essus℄ we are talking about must begoverned by the equations for momentum and energy. If for simpli
itywe ignore the re�nements introdu
ed by relativity, these equations are
hν

c
= mv +MVand

hν =
1

2
mv2 +

1

2
MV

2
,where m and M are the masses, v and V the velo
ities of the ele
tronsand of the positive residue; the overbars express that these are averages.The experiments show that the average value of mv is 1.8hνc and not

hν
c . This means thatMV is not zero, so that we 
annot ignore this termin the equation. If we 
onsider, for instan
e, the photoele
tri
 e�e
t ona hydrogen atom, we have to take the 
ollision energy of the hydrogennu
leus into a

ount in the energy equation.Mr Lorentz.�The term 1

2MV
2 will however be mu
h smaller than

1
2mv

2?59Mr Ri
hardson.� It is approximately its 1850th part: that 
annotalways be 
onsidered negligible.Mr Born thinks that he is speaking also for several other membersa Referen
ed in footnote on p. 336 (eds.).



358 A. H. Comptonin asking Mr Compton to explain why one should expe
t that the mo-mentum imparted to the ele
tron be equal to hν
c .Mr Compton. � When radiation of energy hν is absorbed by anatom � whi
h one surely has to assume in order to a

ount for thekineti
 energy of the photoele
tron � the momentum imparted to theatom by this radiation is hν

c . A

ording to the 
lassi
al ele
tron theory,when an atom 
omposed of a negative 
harge−e of massm and a positive
harge +e of mass M absorbs energy from an ele
tromagneti
 wave,the momenta imparted to the two elementary 
harges [éle
trons℄ areinversely proportional to their masses. This depends on the fa
t thatthe forward momentum is due to the magneti
 ve
tor, whi
h a
ts witha for
e proportional to the velo
ity and 
onsequently more strongly onthe 
harge having the smaller mass.60 E�e
tively, the momentum is thusre
eived by the 
harge with the smaller mass.Mr Debye. � Is the reason why you think that the rest of the atomdoes not re
eive any of the forward momentum purely theoreti
al?Mr Compton. � The photographs of the traje
tories of the photo-ele
trons show, in a

ordan
e with Auger's predi
tion, that the forward
omponent of the momentum of the photoele
tron is, on average, thesame as that of the photon. That means, 
learly, that on average therest of the atom does not re
eive any momentum.Mr Dira
. � I have examined the motion of an ele
tron pla
edin an arbitrary for
e �eld a

ording to the 
lassi
al theory, when it issubje
t to in
ident radiation, and I have shown in a 
ompletely generalway that at every instant the fra
tion of the rate of 
hange [vitesse devariation℄ of the forward momentum of the ele
tron due to the in
identradiation is equal to 1
c times the fra
tion of the rate of 
hange of theenergy due to the in
ident radiation. The nu
leus and the other ele
tronsof the atom produ
e 
hanges of momentum and of energy that at ea
hinstant are simply added to those produ
ed by the in
ident radiation.Sin
e the radiation must modify the ele
tron's orbit, it must also 
hangethe fra
tion of the rate of 
hange of the momentum and of the energythat 
omes from the nu
leus and the other ele
trons, so that it would bene
essary to integrate the motion in order to determine the total 
hangeprodu
ed by the in
ident radiation in the energy and the momentum.
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ussion 359Mr Born. � I would like to mention here a paper by Wentzel,awhi
h 
ontains a rigorous treatment of the s
attering of light by atomsa

ording to quantum me
hani
s. In it, the author 
onsiders also thein�uen
e of the magneti
 for
e, whi
h allows him to obtain the quantumanalogue of the 
lassi
al light pressure. It is only in the limiting 
ase ofvery short wavelengths that one �nds that the momentum of light hν
c is
ompletely transmitted to the ele
tron; in the 
ase of large wavelengthsan in�uen
e of the binding for
es appears.Mr Ehrenfest. � One 
an show by a very simple example wherethe surplus of forward momentum, whi
h we have just dis
ussed, 
anhave its origin. Take a box whose inner walls re�e
t light 
ompletely,but di�usedly, and assume that on the bottom there is a little hole.Through the latter I shine a ray of light into the box whi
h 
omes andgoes inside the box and pushes away its lid and bottom. The lid thenhas a surplus of forward momentum.Mr Bohr.a � With regard to the question of waves or photons dis-
ussed by Mr Compton, I would like to make a few remarks, without pre-empting the general dis
ussion. The radiation experiments have indeedrevealed features that are not easy to re
on
ile within a 
lassi
al pi
ture.This di�
ulty arises parti
ularly in the Compton e�e
t itself. Severalaspe
ts of this phenomenon 
an be des
ribed very simply with the aid ofphotons, but we must not forget that the 
hange of frequen
y that takespla
e is measured using instruments whose fun
tioning is interpreteda

ording to the wave theory. There seems to be a logi
al 
ontradi
tionhere, sin
e the des
ription of the in
ident wave as well as that of thes
attered wave require that these waves be �nitely extended [limitées℄in spa
e and time, while the 
hange in energy and in momentum ofthe ele
tron is 
onsidered as an instantaneous phenomenon at a givenpoint in spa
etime. It is pre
isely be
ause of su
h di�
ulties that MessrsKramers, Slater and myself were led to think that one should 
ompletelyreje
t the idea of the existen
e of photons and assume that the laws of
onservation of energy and momentum are true only in a statisti
al way.The well-known experiments by Geiger and Bothe and by Comptonand Simon, however, have shown that this point of view is not admissiblea Born is presumably referring to Wentzel's se
ond paper on the photoele
tri
 e�e
t(Wentzel 1927). Compare Mehra and Re
henberg (1987, pp. 835 �.) (eds.).a This dis
ussion 
ontribution by Bohr is reprinted and translated also in vol. 5 ofBohr's Colle
ted Works (Bohr 1984, pp. 207�12). (eds.).



360 A. H. Comptonand that the 
onservation laws are valid for the individual pro
esses, ina

ordan
e with the 
on
ept of photons. But the dilemma before whi
hwe are pla
ed regarding the nature of light is only a typi
al exampleof the di�
ulties that one en
ounters when one wishes to interpretthe atomi
 phenomena using 
lassi
al 
on
epts. The logi
al di�
ultieswith a des
ription in spa
e and time have sin
e been removed in largepart by the fa
t that it has been realised that one en
ounters a similarparadox with respe
t to the nature of material parti
les. A

ording tothe fundamental ideas of Mr de Broglie, whi
h have found su
h perfe
t
on�rmation in the experiments of Davisson and Germer, the 
on
eptof waves is as indispensable in the interpretation of the properties ofmaterial parti
les as in the 
ase of light. We know thereby that it isequally ne
essary to attribute to the wave �eld a �nite extension inspa
e and in time, if one wishes to de�ne the energy and the momentumof the ele
tron, just as one has to assume a similar �nite extension inthe 
ase of the light quantum in order to be able to talk about frequen
yand wavelength.Therefore, in the 
ase of the s
attering pro
ess, in order to des
ribe thetwo 
hanges a�e
ting the ele
tron and the light we must work with fourwave �elds (two for the ele
tron, before and after the phenomenon, andtwo for the quantum of light, in
ident and s
attered), �nite in extension,whi
h meet in the same region of spa
etime.a In su
h a representationall possibility of in
ompatibility with a des
ription in spa
e and timedisappears. I hope the general dis
ussion will give me the opportunityto enter more deeply into the details of this question, whi
h is intimatelytied to the general problem of quantum theory.Mr Brillouin. � I have had the opportunity to dis
uss Mr Comp-ton's report with Mr Auger,b and wish to make a few 
omments on thistopi
. A purely 
orpus
ular des
ription of radiation is not su�
ient tounderstand the pe
uliarities of the phenomena; to assume that energyis transported by photons hν is not enough to a

ount for all the e�e
tsof radiation. It is essential to 
omplete our information by giving thedire
tion of the ele
tri
 �eld; we 
annot do without this �eld, whose rolein the wave des
ription is well known.I shall re
all in this 
ontext a simple argument, re
ently given by Augera Compare also the dis
ussion 
ontributions below, by Pauli, S
hrödinger and others(eds.).b As noted in se
tion 1.4, this and other reports had been 
ir
ulated among theparti
ipants before the 
onferen
e (eds.).
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Fig. 1.and F. Perrin, and whi
h illustrates 
learly this remark. Let us 
onsiderthe emission of ele
trons by an atom subje
t to radiation, and let usexamine the distribution of the dire
tions of emission. This distributionhas usually been observed in a plane 
ontaining the light ray and thedire
tion of the ele
tri
 �eld (the in
ident radiation is assumed to bepolarised); let ϕ be the angle formed by the dire
tion of emission of thephotoele
trons and the ele
tri
 �eld h; as long as the in
ident radiation isnot too hard, the distribution of the photoele
trons is symmetri
 aroundthe ele
tri
 �eld; one 
an then show that the probability law ne
essarilytakes the form A cos2 ϕ. Indeed, instead of observing the distributionin the plane of in
iden
e (Fig. 1), let us examine it in the plane of thewave; the same distribution law will still be valid; and it is the only onethat would allow us to obtain, through the superposition of two wavespolarised at right angles, an entirely symmetri
 distribution

A cos2 ϕ+A sin2 ϕ = A .Now, from the point of view of waves, one must ne
essarily obtainthis result, a beam [rayonnement℄ of natural light having no privilegeddire
tion in the plane of the wave. These symmetry 
onsiderations, whi
hany theory of radiation must respe
t, provide a substantial di�
ultyfor the stru
tural theories of the photon (Bubb's quantum ve
tor, forinstan
e).Summing up, the dis
ontinuity of the radiation manifests itself just inthe most elementary way, through the laws of 
onservation of energy andmomentum, but the detailed analysis of the phenomena is interpretedmore naturally from the 
ontinuous point of view. For the problem ofemission of the photoele
trons, a 
omplete theory has been given by



362 A. H. ComptonWentzel, by means of wave me
hani
s.a He �nds the A cos2 ϕ law ofF. Perrin and Auger for radiation of low penetration; when the radiationis harder, Wentzel obtains a more 
omplex law, in whi
h the ele
tronstend to be emitted in larger numbers in the forward dire
tion. His theory,however, seems in
omplete with regard to this point sin
e, if I am notmistaken, he has assumed the immobility of the atomi
 nu
leus; now,nothing tells us a priori how the momentum hν
c of the photon is goingto be distributed between the nu
leus and the emitted ele
tron.Mr Lorentz. � Allow me to point out that a

ording to the oldele
tron theory, when one has a nu
leus and an ele
tron on whi
h abeam of polarised light falls, the initial angular momentum of the systemis always 
onserved. The angular momentum imparted to the ele
tron-nu
leus system will be provided at the expense of the angular momentumof the radiation �eld.Mr Compton. � The 
on
eption of the photon di�ers from the
lassi
al theory in that, when a photoele
tron is emitted, the photon is
ompletely absorbed and no radiation �eld is left. The motion of thephotoele
tron must thus be su
h that the �nal angular momentum ofthe ele
tron-nu
leus system will be the same as the initial momentum ofthe photon-ele
tron-nu
leus system. This 
ondition restri
ts the possibletraje
tories of the emitted photoele
tron.Mr Kramers.� In order to interpret his experiments, Mr Comptonneeds to know how the absorption µ is divided between a 
omponent τ ,due to the `true' absorption, and a 
omponent σ due to the s
attering.We do not know with 
ertainty that, if µ 
an be written in the form Cλa+

D, the 
onstant D truly represents the s
attering for large wavelengths,where Cλa is no longer small 
ompared to D. In general, thus, spe
i�
measurements of σ are ne
essary. Did you have su�
ient informationregarding the values of σ and τ in your experiments?Mr Compton. � The most important 
ase in whi
h it is ne
essaryto distinguish between the true absorption τ and the absorption σ due tothe s
attering, is that of 
arbon. For this 
ase, Hewletta has measureda This is presumably Wentzel's treatment from his �rst paper on the photoele
tri
e�e
t (Wentzel 1926). Compare again Mehra and Re
henberg (1987, pp. 835 �.)(eds.).a [C. W. Hewlett, Phys. Rev., 17 (1921), 284.℄



Dis
ussion 363
σ dire
tly for the wavelength 0.71 Å and the total absorption µ overa large range of wavelengths. The di�eren
e between µ and σ for thewavelength 0.71 Å 
orresponds to τ for this wavelength. A

ording toOwen's formula this τ is proportional to λ3; we 
an thus 
al
ulate τ forall wavelengths. The di�eren
e between this value of τ and the measuredvalue of µ 
orresponds to the value of σ for the wavelengths 
onsidered.Sin
e τ is relatively small in the 
ase of 
arbon, espe
ially for smallwavelengths, this pro
edure yields a value for σ that 
annot be veryimpre
ise.Mr Bragg. � When one 
onsults the original literature on thissubje
t, one is stru
k by how mu
h the X-ray absorption measurementsleave to be desired, both with regard to pre
ision as well as with regardto the extent of the s
ale of wavelengths for whi
h they have beenperformed.Mr Pauli. � How large is the broadening of the modi�ed rays?Mr Compton. � The experiments have shown 
learly that the mo-di�ed ray is broader than the unmodi�ed ray. In the typi
al 
ase ofthe ray λ 0.7 Å s
attered by 
arbon, the broadening is of order 0.005angström. Unfortunately, the experiments 
on
erning this point are farfrom being satisfa
tory, and this number should be 
onsidered only as arough approximation.Mr Pauli.� The broadening of the modi�ed ray 
an be interpretedtheoreti
ally in two ways, whi
h to tell the truth redu
e to the samea

ording to quantum me
hani
s. First, the ele
tron, in a given statio-nary state of the atom, has a 
ertain velo
ity distribution with regard tomagnitude and dire
tion. That gives rise to a broadening of the frequen
yof the s
attered rays through the Doppler e�e
t, a broadening whoseorder of magnitude is ∆λ

λ = v
c , where v denotes the average velo
ity ofthe ele
tron in the atom.In order to 
onvey the se
ond means of explanation, I would like tosket
h brie�y the meaning of the Compton e�e
t in wave me
hani
s.aThis meaning is based �rst of all on the wave equation

∑

α

∂2ψ

∂x2
α

− 4πi

h

e

c

∑
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ϕα
∂ψ

∂xα
− 4π2

h2

(
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∑

α

ϕ2
α +m2
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2

)

ψ = 0a For a modern dis
ussion, see Björken and Drell (1964, Chapter 9) (eds.).



364 A. H. Comptonand further on the expression
iSα = ψ

∂ψ∗

∂xα
− ψ∗

∂ψ

∂xα
+

4πi

h

e

c
ϕαψψ

∗ ,in whi
h ψ is S
hrödinger's fun
tion, ψ∗ the 
omplex 
onjugate valueand ϕα the four-potential of the ele
tromagneti
 �eld. Given Sα, one
al
ulates the radiation from 
lassi
al ele
trodynami
s. If now in thewave equation one repla
es ϕα by the potential of an in
ident planewave, the terms that are proportional to the amplitude of this wave 
anbe 
onsidered in�nitely small in the �rst order, and one 
an apply the ap-proximation methods of perturbation theory. This now is a point whereone needs to be espe
ially 
areful. It is all-important to know what onewill take as the unperturbed �eld ψ, whi
h must 
orrespond to a solutionof the wave equation for the free parti
le (
orresponding to ϕα = 0).61One �nds that in order to agree with the observations, it is ne
essary totake two in�nitely extended mono
hromati
 wave trains as being alreadypresent in the unperturbed solution, of whi
h one 
orresponds to theinitial state, the other to the �nal state of the Compton pro
ess. In myopinion this assumption, on whi
h the theories of the Compton e�e
tby S
hrödinger, Gordon and Klein are based, is unsatisfa
tory and thisdefe
t is 
orre
ted only by Dira
's quantum ele
trodynami
s.a But ifone makes this assumption, the 
urrent distribution of the unperturbedsolution 
orresponds to that of an in�nitely extended di�ra
tion grating[un réseau in�niment étendu℄ that moves with a 
onstant speed, and thea
tion of the radiation on this grating leads to a sharp modi�ed ray.If one 
onsiders a bound ele
tron in an atom, one has to repla
e one
omponent of the solution ψ in the unperturbed 
harge and 
urrentdistribution by the eigenfun
tion of the atom in the stationary state
onsidered, and the other 
omponent by a solution 
orresponding to the�nal state of the Compton pro
ess (belonging to the 
ontinuous spe
trumof the atom), whi
h at great distan
e from the atom behaves more orless as a plane wave. One thus has a moving grating that �rst of alldepends only on the �nite extension of the atom and in the se
ond pla
ehas 
omponents no longer moving with the same speed at all. This givesrise to a la
k of sharpness of the shifted ray of the s
attered radiation.But one 
an show that, from the point of view of quantum me
hani
s,this explanation for the la
k of sharpness of the shifted ray is just anotherform of the explanation given in the �rst instan
e and whi
h relies on thedi�erent dire
tions of the initial velo
ities of the ele
trons in the atom.a Compare below S
hrödinger's 
ontribution and the ensuing dis
ussion (eds.).
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ussion 365For a

ording to quantum me
hani
s if
ψ = f(x, y, z)e2πivtis the eigenfun
tion 
orresponding to a given stationary state of theatom, the fun
tion62

ϕ(px, py, pz) =

∫ ∫ ∫

f(x, y, z)e−
2πi
λ

(pxx+pyy+pzz)dxdydz ,whi
h one obtains by de
omposing f in plane waves a

ording to Fou-rier 
an be interpreted in the sense that |ϕ(p)|2dpxdpydpz denotes theprobability that in the given stationary state the 
omponents of themomentum of the ele
tron lie between px, py, pz and px + dpx, et
.Now, if through the resulting velo
ity distribution of the ele
trons inthe atom one 
al
ulates the broadening of the shifted line a

ording tothe �rst point of view, for light of su�
iently short wavelength withrespe
t to whi
h the ele
tron 
an be 
onsidered free in the atom (andit is only under these 
onditions that the pro
edure is legitimate), one�nds exa
tly the same result as with the other method des
ribed.aMr Compton. � Jaun
ey has 
al
ulated the broadening of the mo-di�ed ray using essentially the method that Mr Pauli has just des
ribed.Jaun
ey assumed, however, that the velo
ities of the ele
tron are theones given by Bohr's theory of orbital motions. The broadening thusobtained is larger than that found experimentally.Mrs Curie.� In his very interesting report, Professor Compton hasdwelt on emphasising the reasons that lead one to adopt the theory ofa 
ollision between a quantum and a free ele
tron. Along the same lineof thought, I think it is useful to point out the following two views:First, the existen
e of 
ollision ele
trons seems to play a fundamentalrole in the biologi
al e�e
ts produ
ed on living tissues by very high-frequen
y radiation, su
h as the most penetrating γ-rays emitted byradioelements. If one assumes that the biologi
al e�e
t may be attributedto the ionisation produ
ed in the 
ells subje
ted to radiation, this e�e
t
annot depend dire
tly on the γ-rays, but is due to the emission ofse
ondary β-rays that a

ompanies the passage of the γ-rays throughmatter. Before the dis
overy of the 
ollision ele
trons, only a singlea Pauli was possibly the �rst to introdu
e the probability interpretation of the wavefun
tion in momentum spa
e, in a letter to Heisenberg of 19 O
tober 1926 (Pauli,1979, pp. 347�8). Cf. the footnote on p. 117 (eds.).
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hanism was known for the produ
tion of these se
ondary rays, that
onsisting in the total absorption of a quantum of radiation by theatom, with the emission of a photoele
tron. The absorption 
oe�
ient τrelating to this pro
ess varies with the wavelength λ of the primary
γ-radiation, as well as with the density [ρ℄ of the absorbing matterand the atomi
 number N of the atoms 
omposing it, a

ording tothe well-known relation of Bragg and Peir
e τ

ρ = ΛN3λ3, where Λ isa 
oe�
ient that has a 
onstant value for frequen
ies higher than thatof the K dis
ontinuity. If this relation valid in the domain of X-rays
an be applied to high-frequen
y γ-rays, the resulting value of τρ for thelight elements is so weak that the emission of photoele
trons appearsunable to explain the biologi
al e�e
ts of radiation on the living tissuestraversed.aThe issue appears altogether di�erent if one takes into 
onsiderationthe emission of 
ollision ele
trons in these tissues, following Compton'stheory. For a 
ollimated primary beam of γ-rays, the fra
tion of ele
tro-magneti
 energy 
onverted into kineti
 energy of the ele
trons per unitmass of the absorbing matter is given by the 
oe�
ient
σa
ρ

=
α

(1 − 2α)2
σ0

ρ
,where σ0

ρ is the s
attering 
oe�
ient per unit mass valid for mediumfrequen
y X-rays, a

ording to the theory of J. J. Thomson, and is 
loseto 0.2, while α is Compton's parameter α = hν
mc2 (h Plan
k's 
onstant, νprimary frequen
y, m rest mass of the ele
tron, c speed of light). Taking

α = 1.2, a value suitable for an important group of γ-rays (equivalentpotential 610 kilovolts), one �nds σa

ρ = 0.02, that is, 2 per 
ent of theprimary energy is 
onverted to energy of the ele
tron per unit massof absorbing matter, when
e a possibility of interpreting the observedbiologi
al e�e
ts. To this dire
t produ
tion of 
ollision ele
trons alongthe traje
tory of the primary beam is added, in an extended medium, asupplementary produ
tion, from the fa
t that to ea
h of these ele
trons
orresponds a s
attered quantum, with a smaller value than the primaryquantum, and that this s
attered quantum 
an in turn be subje
t tothe Compton e�e
t in the medium through whi
h it propagates, withprodu
tion of a new 
ollision ele
tron and of an even smaller quantum.This pro
ess, inde�nitely repeatable and 
alled the `multiple Comptone�e
t' seems in fa
t to have been observed by 
ertain authors.a Not onlya It is true that several authors have re
ently 
ontested the legitima
y of extendingthe absorption law of Bragg and Peir
e to X-rays.a [B.℄ Rajewsky, Forts
hritte auf dem Gebiet der Roentgenstrahlung, 35 (1926), 262.



Dis
ussion 367is the number of 
ollision ele
trons thereby multiplied, but, further, theprimary quantum, redu
ed by su

essive 
ollisions takes on values forwhi
h the absorption with emission of photoele
trons be
omes more andmore probable.These fa
ts have an important reper
ussion on the te
hnique of X-raytherapy. Certain authors had, in fa
t, denied the usefulness of produ
ingvery high-voltage apparatus providing X-rays of very high frequen
y andvery high penetrating power, whose use is otherwise 
onvenient owing tothe uniformity of irradiation they allow one to attain. If these rays hadbeen devoid of e�
a
y, one would have had to give up on their use. Su
his not the 
ase if one adopts the point of view of the Compton e�e
t,and it is then legitimate to dire
t the te
hnique towards the use of highvoltages.Another interesting point of view to examine is that of the emission of
β-rays by radioa
tive bodies. Professor Compton has pointed out thatamong the β-rays of se
ondary origin, some 
ould be 
ollision ele
tronsprodu
ed by the s
attering of the primary γ-rays on the ele
trons 
on-tained in the matter they traverse.It is in an e�e
t of this type that Thibaud thinks one may �nd theexplanation for the appearan
e of the magneti
 spe
tra of the se
ondary
γ-rays. These spe
tra are 
omposed of lines that may be attributed togroups of photoele
trons of the same speed, ea
h of whi
h is emitted byabsorption in a thin metalli
 envelope of a group of homogeneous γ-raysemitted by a radioelement 
ontained in this envelope. Ea
h line of photo-ele
tri
 origin is a

ompanied by a band beginning at the line itself andextending towards the region of low velo
ities. Thibaud thinks that thisband 
ould be due to photoele
trons expelled from the s
reen by those
γ-rays that, in this same s
reen, had su�ered the Compton e�e
t withredu
tion of frequen
y. This interpretation appears plausible; however,in order to prove it, it would be ne
essary to study the stru
ture of theband and �nd in the same spe
trum the band that may be attributedto the 
ollision ele
trons 
orresponding to the s
attered γ-rays.An analogous problem arises regarding the emission of β-rays byradioa
tive bodies with negligible thi
kness, so as to eliminate, as faras possible, the se
ondary e�e
ts due to the supports and envelopes.One then observes a magneti
 spe
trum that may be attributed to theradioelement alone and 
onsisting either of a 
ontinuous band, or ofthe superposition of a 
ontinuous spe
trum and a line spe
trum. Thelatter has re
eived a satisfa
tory interpretation in some re
ent papers(L. Meitner, Ellis, Thibaud, et
.).



368 A. H. ComptonA line is due to a group of photoele
trons with the same speed expelledfrom the levels of the radioa
tive atoms by a group of homogeneous
γ-rays produ
ed in their nu
lei. This e�e
t is 
alled `internal 
onversion',sin
e one assumes that the quantum emitted by an atomi
 nu
leus isreabsorbed in the ele
tron 
loud [enveloppe éle
tronique℄ of the sameatom. The great majority of observed lines �nd their explanation in thishypothesis.The interpretation of the 
ontinuous spe
trum appears to presentmore di�
ulties. Some authors attribute it only to the primary β-rays,while others 
onsider the possibility of a se
ondary origin and invokethe Compton e�e
t as a possible 
ause of its produ
tion (L. Meitner).This would be an `internal' Compton e�e
t, su
h that a γ-ray emittedfrom the nu
leus of an atom would experien
e a 
ollision with one ofthe weakly bound ele
trons at the periphery of the same atom. If thatwere the 
ase, the velo
ity distribution of the emitted 
ollision ele
tronswould not be arbitrary, but would have to 
onform to the predi
tions ofCompton's theory.I have 
losely examined this problem, whi
h has a very 
omplex appea-ran
e.a Ea
h group of homogeneous γ-rays is a

ompanied by s
attered
γ-rays, so that in the di�ra
tion spe
trum of the γ-rays, ea
h line shouldexperien
e a broadening of 0.0485 Å units. The experiments on thedi�ra
tion of γ-rays are di�
ult and not very numerous; so far thebroadening e�e
t has not been reported.Ea
h homogeneous group of γ-rays must 
orrespond to a group of
ollision ele
trons, whose velo
ity varies 
ontinuously from zero to anupper limit derived from Compton's theory and whi
h in the magneti
spe
trum 
orresponds to a band bounded sharply on the side of the largevelo
ities. The same group of γ-rays may 
orrespond to further groupsof photoele
trons expelled from the di�erent levels K, L, et
. of the atomthrough internal absorption of the s
attered γ-rays. For ea
h group ofphotoele
trons, the velo
ity of emission lies between two well-de�nedlimits. The upper limit 
orresponds to the surplus energy of the primary
γ-rays with respe
t to the extra
tion workW 
hara
teristi
 of the givenlevel; the lower limit 
orresponds to the surplus energy, with respe
t tothe same work, of the γ-rays s
attered in the dire
tion opposite to thatof the primary rays, and having experien
ed be
ause of that the highestloss of frequen
y. In the magneti
 spe
trum, ea
h group of photoele
tronswill be represented by a band equally well bounded on the side of thea [M.℄ Curie, Le Journal de Physique et le Radium, 7 (1926), 97.
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ussion 369large and of the small velo
ities, with the same di�eren
e between theextreme energies for ea
h band.It is easy to see that in the same magneti
 spe
trum the di�erent bands
orresponding to the same group of γ-rays may partially overlap, makingit di�
ult to analyse the spe
trum 
omparing the distribution of β-rayswith that predi
ted by theory. For substan
es emitting several groups of
γ-rays, the di�
ulty must be
ome 
onsiderable, unless there are largedi�eren
es in their relative e�e
tiveness in produ
ing the desired e�e
t.Let us also point out that the 
ontinuous spe
trum due to the Comptone�e
t may be superposed with a 
ontinuous spe
trum independent ofthis e�e
t (that may be attributed for instan
e to the primary β-rays).Examination of the experimental data available so far does not yetallow one to draw 
on
lusions 
onvin
ingly. Most of the spe
tra are very
omplex, and their pre
ise study with respe
t to the energy distributionsof the β-rays will require very detailed work. In 
ertain simple spe
trasu
h as that of the β-rays of RaD, one observes lines of photoele
tri
origin that may be attributed to a single group of mono
hromati
 γ-rays. These lines form the upper edge of bands extending towards lowvelo
ities and probably arising from photoele
trons produ
ed by thes
attered γ-rays. In 
ertain magneti
 spe
tra obtained from the β-raysof mesothorium 2 in the region of low velo
ities, one noti
es in the
ontinuous spe
trum a gap that might 
orrespond, for the group ofprimary γ-rays with 58 kilovolts, to the separation between the banddue to the 
ollision ele
trons and that due to the photoele
trons of thes
attered γ-rays.aMr S
hrödinger, at the invitation of Mr Ehrenfest, draws on thebla
kboard in 
oloured 
halk the system of four wave trains by whi
h hehas tried to represent the Compton e�e
t in an ans
hauli
h way [d'unefaçon intuitive℄b (Ann. d. Phys. 4th series, vol. 82 (1927), 257).cMr Bohr.�The simultaneous 
onsideration of two systems of waveshas not the aim of giving a 
ausal theory in the 
lassi
al sense, but one
an show that it leads to a symboli
 analogy. This has been studiedin parti
ular by Klein. Furthermore, it has been possible to treat thea D. K. Yovanovit
h and A. Prola, Comptes Rendus, 183 (1926), 878.b For dis
ussions of the notion of Ans
hauli
hkeit, see se
tions 3.4.7, 4.6 and 8.3(eds.).
 S
hrödinger (1928, p. x) later remarked on a mistake pointed out to him byEhrenfest in the �gure as published in the original paper (eds.).



370 A. H. Comptonproblem in more depth through the way Dira
 has formulated S
hrö-dinger's theory. We �nd here an even more advan
ed renun
iation ofAns
hauli
hkeit [intuitivité℄, a fa
t very 
hara
teristi
 of the symboli
methods in quantum theory.Mr Lorentz.� Mr S
hrödinger has shown how one 
an explain theCompton e�e
t in wave me
hani
s. In this explanation one 
onsidersthe waves asso
iated with the ele
tron (e) and the photon (ph), before(1) and after (2) the en
ounter. It is natural to think that, of thesefour systems of waves e1, ph1, e2 and ph2, the latter two are produ
edby the en
ounter. But they are not determined by e1 and ph1, be
auseone 
an for example 
hoose arbitrarily the dire
tion of e2. Thus, forthe problem to be well-de�ned, it is not su�
ient to know e1 and ph1;another pie
e of data is ne
essary, just as in the 
ase of the 
ollisionof two elasti
 balls one must know not only their initial velo
ities butalso a parameter that determines the greater or lesser e

entri
ity ofthe 
ollision, for instan
e the angle between the relative velo
ity andthe 
ommon normal at the moment of the en
ounter. Perhaps one 
ouldintrodu
e into the explanation given by Mr S
hrödinger something thatwould play the role of this a

essory parameter.Mr Born. � I think it is easy to understand why three of the fourwaves have to be given in order for the pro
ess to be determined; itsu�
es to 
onsider analogous 
ir
umstan
es in the 
lassi
al theory. Ifthe motions of the two parti
les approa
hing ea
h other are given, thee�e
t of the 
ollision is not yet determined; it 
an be made determinateby giving the position of 
losest approa
h or an equivalent pie
e of data.But in wave me
hani
s su
h mi
ros
opi
 data are not available. Thatis why it is ne
essary to pres
ribe the motion of one of the parti
lesafter the 
ollision, if one wants the motion of the se
ond parti
le afterthe 
ollision to be determined. But there is nothing surprising in this,everything being exa
tly as in 
lassi
al me
hani
s. The only di�eren
eis that in the old theory one introdu
es mi
ros
opi
 quantities, su
h asthe radii of the atoms that 
ollide, whi
h are eliminated from subsequent
al
ulations, while in the new theory one avoids the introdu
tion of thesequantities.



Notes to pp. 329�347 371Notes to the translation1 The words `réels ou apparents' are present only in the Fren
h version.2 The English version has only four headings (starting with `(1) How arethe waves produ
ed?'), and a

ordingly omits the next se
tion, on `Theproblem of the ether', and later referen
es to the ether.3 [d'après les résultats de l'étude des spe
tres℄4 The English edition distinguishes se
tions and subse
tions moresystemati
ally than the Fren
h edition, and in this and other smalldetails of layout we shall mostly follow the former.5 [rappeler qu'il existe une théorie dans laquelle℄6 The words `le professeur' are present only in the Fren
h edition.7 [`élément de radiation' ou `quantum de lumière'℄8 This se
tion is present only in the Fren
h version.9 [énergie ondulatoire℄10 The original footnote gives page `145'.11 The English edition has `213'.12 [à part une 
onstante℄13 [perfe
tionnée℄14 The se
ond part of the footnote is printed only in the English edition.15 The Fren
h edition here in
ludes the 
lause `qui a été faite'.16 Here and in several pla
es in the following, the Fren
h edition has`simple' where the English one has `single'.17 [l'a
tion dire
te du ve
teur éle
trique de l'onde, prise dans le sensordinaire℄18 [dans la dire
tion de propagation de l'onde℄19 [puisque℄20 This footnote is only present in the English edition.21 The pre
eding 
lause is only present in the Fren
h edition.22 [la période de l'éle
tron dans son mouvement orbital℄23 In the English edition this reads: `The fa
t that the photoele
tronsre
eive the momentum of the in
ident photon'.24 [sur les rayons X se
ondaires et les rayons γ℄25 This footnote appears only in the Fren
h edition.26 [ne fournirent au
une preuve de l'existen
e d'un spe
tre de raies℄27 This word is missing in the Fren
h edition.28 The English edition reads `(1 + x)'.29 [prédit℄30 [on eut quelque 
on�an
e dans les éle
trons de re
ul℄31 The Fren
h edition uses ρ instead of τ in the text, but uses τ in thedis
ussion (where ρ is used for matter density). The English edition uses
t.32 Footnote mark missing in the Fren
h edition.33 The Fren
h edition gives (4).34 The Fren
h edition gives (2).35 This footnote is present only in the English edition.36 This word is missing in the Fren
h edition.37 The Fren
h edition reads `J. Waller'.38 The page numbers for Wentzel appear only in the Fren
h edition.39 The English edition des
ribes only three experiments, omitting the



372 Notes to pp. 349�365se
tion on the 
omposite photoele
tri
 e�e
t as well as referen
es to itlater.40 This se
tion is present only in the Fren
h edition.41 This and the next se
tion are of 
ourse numbered (2) and (3) in theEnglish edition.42 [rayonnement de �uores
en
e℄43 [une expérien
e 
ru
iale entre les deux points de vue a été imaginée etbrillamment réalisée℄44 The Fren
h edition in
ludes also `en même temps'.45 [d'une façon appropriée℄46 The Fren
h edition has `θ'.47 The words `photons, 
'est-à-dire' are present only in the Fren
h edition.48 [au phénomène de la di�usion par les éle
trons individuels℄49 [ou℄50 [ave
 
ertitude℄51 [physiologique℄52 This senten
e is only printed in the Fren
h edition.53 The English edition omits referen
e to the ether and 
ontinues dire
tlywith `a�ords no adequate pi
ture'.54 The English edition 
ontinues dire
tly with: `seems powerless'.55 The English edition 
ontinues: `is also 
ontrary to'.56 In the English edition this reads simply: `A

ording to the photon theory,the produ
tion .... '.57 In the English edition: `three'.58 [pro
essus℄59 Overbars have been added.60 The Fren
h text reads `ave
 moins d'intensité sur la 
harge ayant la pluspetite masse'. This is evidently an error: the (transverse) velo
ity of the
harges stems from the ele
tri
 �eld, whi
h imparts the larger velo
ity tothe 
harge with the smaller mass, whi
h therefore experien
es the largermagneti
 for
e.61 The printed text reads `ϕαω'.62 Bra
kets in the exponent added.



The new dynami
s of quantaa
By Mr Louis de BROGLIEI. � Prin
ipal points of viewb1. First works of Mr Louis de Broglie [1℄. � In his �rst works on theDynami
s of Quanta, the author of the present report started with thefollowing idea: taking the existen
e of elementary 
orpus
les of matterand radiation as an experimental fa
t, these 
orpus
les are supposed tobe endowed with a periodi
ity. In this way of seeing things, one no longer
on
eives of the `material point' as a stati
 entity pertaining to only atiny region of spa
e, but as the 
entre of a periodi
 phenomenon spreadall around it.Let us 
onsider, then, a 
ompletely isolated material point and, ina system of referen
e atta
hed to this point, let us attribute to thepostulated periodi
 phenomenon the appearan
e of a stationary wavede�ned by the fun
tion

u(x0, y0, z0, t0) = f(x0, y0, z0) cos 2πν0t0 .In another Galilean system x, y, z, t, the material point will have are
tilinear and uniform motion with velo
ity v = βc. Simple appli
ationa Our translation of the title (`La nouvelle dynamique des quanta') re�e
ts deBroglie's frequent use of the word `quantum' to refer to a (pointlike) parti
le,an asso
iation that would be lost if the title were translated as, for example, `Thenew quantum dynami
s' (eds.).b On beginning this exposition, it seems right to underline that Mr Mar
el Brillouinwas the true pre
ursor of wave Me
hani
s, as one may realise by referring to thefollowing works: C. R. 168 (1919), 1318; 169 (1919), 48; 171 (1920), 1000. �Journ. Physique 3 (1922), 65. 373



374 L. de Broglieof the Lorentz transformation shows that, as far as the phase is 
on
er-ned, in the new system the periodi
 phenomenon has the appearan
eof a plane wave propagating in the dire
tion of motion whose frequen
yand phase velo
ity are
ν =

ν0
√

1 − β2
, V =

c2

v
=
c

β
.The appearan
e of this phase propagation with a speed superior to c,as an immediate 
onsequen
e of the theory of Relativity, is quite striking.There exists a noteworthy relation between v and V . The formulasgiving ν and V allow us in fa
t to de�ne a refra
tive index of theva
uum, for the waves of the material point of proper frequen
y ν0,by the dispersion law

n =
c

V
=

√

1 − ν2
0

ν2
.One then easily shows that

1

v
=

1

c

∂(nν)

∂ν
,that is, that the velo
ity v of the material point is equal to the groupvelo
ity 
orresponding to the dispersion law.With the free material point being thus de�ned by wave quantities,the dynami
al quantities must be related ba
k to these. Now, sin
e thefrequen
y ν transforms like an energy, the obvious thing to do is toassume the quantum relation

W = hν ,a relation that is valid in all systems, and from whi
h one derives theundulatory de�nition of the proper mass m0

m0c
2 = hν0 .Let us write the fun
tion representing the wave in the system x, y, z, tin the form

u(x, y, z, t) = f(x, y, z, t) cos
2π

h
ϕ(x, y, z, t) .Denoting by W and p the energy and momentum, one easily shows that



The new dynami
s of quanta 375one hasa,b
W =

∂ϕ

∂t
, −→p = −−−−−→

grad ϕ .The fun
tion ϕ is then none other than the Ja
obi fun
tion.a Onededu
es from this that, in the 
ase of uniform re
tilinear motion, theprin
iples of least a
tion and of Fermat are identi
al.To look for a generalisation of these results, let us now assume thatthe material point moving in a �eld derived from a potential fun
tion
F (x, y, z, t) is represented by the fun
tion

u(x, y, z, t) = f(x, y, z, t) cos
2π

h
ϕ(x, y, z, t) ,where ϕ is the Ja
obi fun
tion of the old Dynami
s. This assimilationof the phase into the Ja
obi fun
tion then leads us to assume the fol-lowing two relations, whi
h establish a general link between me
hani
alquantities and wave quantities:

W = hν =
∂ϕ

∂t
, −→p =

hν

V
= −−−−−→

grad ϕ .One then dedu
es that, for the waves of the new Me
hani
s, the spa
eo

upied by the �eld has a refra
tive index
n =

√

(

1 − F

hν

)2

− ν2
0

ν2
.Hamilton's equations show in addition that, here again, the velo
ity ofthe moving body is equal to the group velo
ity.bThese 
on
eptions lead to an interpretation of the stability 
onditionsintrodu
ed by quantum theory. If, indeed, one 
onsiders a 
losed traje
-tory, the phase must be a single-valued fun
tion along this 
urve, andas a result one is led to write the Plan
k 
ondition1

∮

(p · dl) = k · h (k integer) .The Sommerfeld 
onditions for quasi-periodi
 motions may also be de-rived. The phenomena of quantum stability thus appear to be analogousto phenomena of resonan
e, and the appearan
e of whole numbers herea These are the relativisti
 guidan
e equations of de Broglie's early pilot-wave theoryof 1923�24, for the spe
ial 
ase of a free parti
le (eds.).b The ve
tor `−−−−→grad ϕ' is the ve
tor whose 
omponents are ∂ϕ/∂x, ∂ϕ/∂y, ∂ϕ/∂z.a Usually 
alled the Hamilton-Ja
obi fun
tion (eds.).b In the 
ase of motion of a point 
harge in a magneti
 �eld, spa
e behaves like ananisotropi
 medium (see Thesis, p. 39).



376 L. de Brogliebe
omes as natural as in the theory of vibrating strings or plates. Ne-vertheless, as we shall see, the interpretation that has just been re
alledstill 
onstitutes only a �rst approximation.The appli
ation of the new 
on
eptions to 
orpus
les of light leads todi�
ulties if one 
onsiders their proper mass to be �nite. One avoidsthese di�
ulties by assuming that the properties of the 
orpus
les oflight are dedu
ed from those of ordinary material points by letting theproper mass tend to zero. The two speeds v and V then both tend to c,and in the limit one obtains the two fundamental relations of the theoryof light quanta
hν = W ,

hν

c
= p ,with the aid of whi
h one 
an a

ount for Doppler e�e
ts, radiationpressure, the photoele
tri
 e�e
t and the Compton e�e
t.The new wave 
on
eption of Me
hani
s leads to a new statisti
alMe
hani
s, whi
h allows us to unify the kineti
 theory of gases andthe theory of bla
kbody radiation into a single do
trine. This statisti
s
oin
ides with that proposed independently by Mr Bose [2℄; Mr Einstein[3℄ has shown its s
ope and 
lari�ed its signi�
an
e. Sin
e then, numerouspapers [4℄ have developed it in various dire
tions.Let us add a few remarks. First, the author of this report has alwaysassumed that the material point o

upies a well-de�ned position inspa
e. As a result, the amplitude f should 
ontain a singularity or atthe very least have abnormally high values in a very small region. But,in fa
t, the form of the amplitude plays no role in the results reviewedabove. Only the phase intervenes: hen
e the name phase waves originallygiven to the waves of the new Me
hani
s.On the other hand, the author, after having redu
ed the old formsof Dynami
s to geometri
al Opti
s, realised 
learly that this was onlya �rst stage. The existen
e of di�ra
tion phenomena appeared to himto require the 
onstru
tion of a new Me
hani
s `whi
h would be tothe old Me
hani
s (in
luding that of Einstein) what wave Opti
s is togeometri
al Opti
s'.a It is Mr S
hrödinger who has had the merit ofde�nitively 
onstru
ting the new do
trine.2. The work of Mr E. S
hrödinger [5℄. � Mr S
hrödinger's fundamentalidea seems to have been the following: the new Me
hani
s must beginfrom wave equations, these equations being 
onstru
ted in su
h a waya Revue Générale des S
ien
es, 30 November 1924, p. 633.



The new dynami
s of quanta 377that in ea
h 
ase the phase of their sinusoidal solutions should be asolution of the Ja
obi equation in the approximation of geometri
alOpti
s.Instead of 
onsidering waves whose amplitude 
ontains a singularity,Mr S
hrödinger systemati
ally looks at waves of 
lassi
al type, that is tosay, waves whose amplitude is a 
ontinuous fun
tion. For him, the wavesof the new Me
hani
s are therefore represented by fun
tions Ψ that one
an always write in the 
anoni
al form
Ψ = a cos

2π

h
ϕ ,

a being a 
ontinuous fun
tion and ϕ being in the �rst approximation asolution of the Ja
obi equation. We may understand the words `in the�rst approximation' in two di�erent ways: �rst, if the 
onditions thatlegitimate the use of geometri
al Opti
s are realised, the phase ϕ willobey the equation 
alled the equation of geometri
al Opti
s, and thisequation will have to be identi
al to that of Ja
obi; se
ond, one mustequally re
over the Ja
obi equation if one makes Plan
k's 
onstant tendto zero, be
ause we know in advan
e that the old Dynami
s must thenbe
ome valid.Let us �rst 
onsider the 
ase of the motion of a single material pointin a stati
 �eld derived from the potential fun
tion F (x, y, z). In his�rst Memoir S
hrödinger shows that the wave equation, at least in theapproximation of Newton's Me
hani
s, is in this 
ase
△Ψ +

8π2m0

h2
(E − F )Ψ = 0 .It is also just this equation that one arrives at beginning from thedispersion law noted in the �rst se
tion.Having obtained this equation, Mr S
hrödinger used it to study thequantisation of motion at the atomi
 s
ale (hydrogen atom, Plan
kos
illator, et
.). He made the following fundamental observation: in theproblems 
onsidered in mi
rome
hani
s, the approximations of geome-tri
al Opti
s are no longer valid at all. As a result, the interpretation ofthe quantum 
onditions proposed by L. de Broglie shows only that theBohr-Sommerfeld formulas 
orrespond to the approximation of the oldDynami
s. To resolve the problem of quantisation rigorously, one musttherefore 
onsider the atom as the seat of stationary waves satisfying
ertain 
onditions. S
hrödinger assumed, as is very natural, that the wa-ve fun
tions must be �nite, single-valued and 
ontinuous over all spa
e.These 
onditions de�ne a set of fundamental fun
tions (Eigenfunktionen)



378 L. de Brogliefor the amplitude, whi
h represent the various stable states of the atomi
system being 
onsidered. The results obtained have proven that this newquantisation method, to whi
h Messrs Léon Brillouin, G. Wentzel andKramers [6℄ have made important 
ontributions, is the 
orre
t one.For Mr S
hrödinger, one must look at 
ontinuous waves, that is tosay, waves whose amplitude does not have any singularities. How 
anone then represent the `material point'? Relying on the equality ofthe velo
ity of the moving body and the group velo
ity, S
hrödingersees the material point as a group of waves (Wellenpaket2) of 
loselyneighbouring frequen
ies propagating in dire
tions 
ontained within theinterior of a very narrow 
one. The material point would then not bereally pointlike; it would o

upy a region of spa
e that would be atleast of the order of magnitude of its wavelength. Sin
e, in intra-atomi
phenomena, the domain where motion takes pla
e has dimensions of theorder of the wavelengths, there the material point would no longer bede�ned at all; for Mr S
hrödinger, the ele
tron in the atom is in somesense `smeared out' [`fondu'℄, and one 
an no longer speak of its positionor velo
ity. This manner of 
on
eiving of material points seems to us toraise many di�
ulties; if, for example, the quantum of ultraviolet lighto

upies a volume whose dimensions are of the order of its wavelength,it is quite di�
ult to 
on
eive that this quantum 
ould be absorbed byan atom of dimensions a thousand times smaller.Having established the wave equation for a material point in a sta-ti
 �eld, Mr S
hrödinger then turned to the Dynami
s of many-bodysystems [la Dynamique des systèmes℄. Still limiting himself to the New-toniana approximation, and inspired by Hamilton's ideas, he arrived atthe following statement: Given an isolated system whose potential energyis F (q1, q2, ..., qn), the kineti
 energy is a homogeneous quadrati
 formin the momenta pk and one may write
2T =

∑

kl

mklpkpl ,the mkl being fun
tions of the q. If m denotes the determinant ∣∣mkl
∣

∣and if E is the 
onstant of energy in the 
lassi
al sense, then a

ordingto S
hrödinger one must begin with the wave equation
m+ 1

2

∑

kl

∂

∂qk

[

m−
1
2mkl ∂Ψ

∂ql

]

+
8π2

h2
(E − F )Ψ = 0 ,whi
h des
ribes the propagation of a wave in the 
on�guration spa
ea That is, nonrelativisti
 (eds.).
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onstru
ted by means of the variables q. Setting
Ψ = a cos

2π

h
ϕ ,and letting h tend to zero, in the limit one indeed re
overs the Ja
obiequation

1

2

∑

kl

mkl ∂ϕ

∂qk
∂ϕ

∂ql
+ F = E .To quantise an atomi
 system, one will here again determine the funda-mental fun
tions of the 
orresponding wave equation.We 
annot re
all here the su

esses obtained by this method (papersby Messrs S
hrödinger, Fues,3 Manneba
k [7℄, et
.), but we must insiston the di�
ulties of a 
on
eptual type that it raises. Indeed let us
onsider, for simpli
ity, a system of N material points ea
h possessingthree degrees of freedom. The 
on�guration spa
e is in an essential wayformed by means of the 
oordinates of the points and yet Mr S
hrödingerassumes that in atomi
 systems material points no longer have a 
learlyde�ned position. It seems a little paradoxi
al to 
onstru
t a 
on�gurationspa
e with the 
oordinates of points that do not exist. Furthermore, ifthe propagation of a wave in spa
e has a 
lear physi
al meaning, it isnot the same as the propagation of a wave in the abstra
t 
on�gurationspa
e, for whi
h the number of dimensions is determined by the numberof degrees of freedom of the system. We shall therefore have to returnlater to the exa
t meaning of the S
hrödinger equation for many-bodysystems.By a transformation of admirable ingenuity, Mr S
hrödinger has shownthat the quantum Me
hani
s invented by Mr Heisenberg and developedby Messrs Born, Jordan, Pauli, et
., 
an be translated into the languageof wave Me
hani
s. By 
omparison with Heisenberg's matrix elements,he was able to derive the expression for the mean 
harge density of theatom from the fun
tions Ψ, an expression to whi
h we shall return later.The S
hrödinger equations are not relativisti
. For the 
ase of a sin-gle material point, various authors [8℄ have given a more general waveequation that is in a

ord with the prin
iple of Relativity. Let e be theele
tri
 
harge of the point, V and −→

A the two ele
tromagneti
 potentials.



380 L. de BroglieThe equation that the wave Ψ, written in 
omplex form, must satisfy isa
�Ψ +

4πi

h

e

c

[

V
c

∂Ψ

∂t
+
∑

xyz

Ax
∂Ψ

∂x

]

− 4π2

h2

[

m2
0c

2 − e2

c2
(V2 −A2)

]

Ψ = 0 .As Mr O. Klein [9℄ and then the author [10℄ have shown, the theory ofthe Universe with �ve dimensions allows one to give the wave equationa more elegant form in whi
h the imaginary terms, whose presen
e issomewhat sho
king for the physi
ist, have disappeared.We must also make a spe
ial mention of the beautiful Memoirs inwhi
h Mr De Donder [11℄ has 
onne
ted the formulas of wave Me
hani
sto his general theory of Einsteinian Gravity.3. The ideas of Mr Born [12℄. � Mr Born was stru
k by the fa
t thatthe 
ontinuous wave fun
tions Ψ do not allow us to say where theparti
le whose motion one is studying is and, reje
ting the 
on
ept ofthe Wellenpaket, he 
onsiders the waves Ψ as giving only a statisti
alrepresentation of the phenomena. Mr Born seems even to abandon theidea of the determinism of individual physi
al phenomena: the QuantumDynami
s, he wrote in his letter to Nature, `would then be a singularfusion of me
hani
s and statisti
s .... . A knowledge of Ψ enables usto follow the 
ourse of a physi
al pro
ess in so far as it is quantumme
hani
ally determinate: not in a 
ausal sense, but in a statisti
al one'.4These 
on
eptions were developed in a mathemati
al form by theirauthor, in Memoirs of fundamental interest. Here, by way of example,is how he treats the 
ollision of an ele
tron and an atom. He writes theS
hrödinger equation for the ele
tron-atom system, and he remarks thatbefore the 
ollision, the wave Ψ must be expressed by the produ
t ofthe fundamental fun
tiona representing the initial state of the atom andthe plane wave fun
tion 
orresponding to the uniform re
tilinear motionof the ele
tron. During the 
ollision, there is an intera
tion between theele
tron and the atom, an intera
tion that appears in the wave equationas the mutual potential energy term. Starting from the initial form of
Ψ, Mr Born derives by methods of su

essive approximation its �nalform after the 
ollision, in the 
ase of an elasti
 
ollision, whi
h does notmodify the internal state of the atom, as well as in the 
ase of an inelasti

ollision, where the atom passes from one stable state to another takingenergy from or yielding it to the ele
tron. A

ording to Mr Born, thea This is the 
omplex, time-dependent Klein-Gordon equation in an externalele
tromagneti
 �eld (eds.).a That is, eigenfun
tion (eds.).
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s of quanta 381�nal form of Ψ determines the probability that the 
ollision may produ
ethis or that result.The ideas of Mr Born seem to us to 
ontain a great deal of truth, andthe 
onsiderations that shall now be developed show a great analogywith them.II. � Probable meaning of the 
ontinuous waves Ψ [13℄4. Case of a single material point in a stati
 �eld. � The body ofexperimental dis
overies made over forty years seems to require the ideathat matter and radiation possess an atomi
 stru
ture. Nevertheless,
lassi
al opti
s has with immense su

ess des
ribed the propagation oflight by means of the 
on
ept of 
ontinuous waves and, sin
e the work ofMr S
hrödinger, also in wave Me
hani
s one always 
onsiders 
ontinuouswaves whi
h, not showing any singularities, do not allow us to de�nethe material point. If one does not wish to adopt the hypothesis of the`Wellenpaket', whose development seems to raise di�
ulties, how 
an onere
on
ile the existen
e of pointlike elements of energy with the su

essof theories that 
onsider the waves Ψ? What link must one establishbetween the 
orpus
les and the waves? These are the 
hief questionsthat arise in the present state of wave Me
hani
s.To try to answer this, let us begin by 
onsidering the 
ase of a single
orpus
le 
arrying a 
harge e and moving in an ele
tromagneti
 �eldade�ned by the potentials V and −→
A . Let us suppose �rst that the motionis one for whi
h the old Me
hani
s (in relativisti
 form) is su�
ient. Ifwe write the wave Ψ in the 
anoni
al form

Ψ = a cos
2π

h
ϕ ,the fun
tion ϕ is then, as we have seen, the Ja
obi fun
tion, and the ve-lo
ity of the 
orpus
le is de�ned by the formula of Einsteinian Dynami
s

−→v = −c2
−−−−→
grad ϕ+ e

c

−→
A

∂ϕ
∂t − eV

. (I)We propose to assume by indu
tion that this formula is still validwhen the old Me
hani
s is no longer su�
ient, that is to say when
ϕ is no longer a solution of the Ja
obi equation.b If one a

epts thishypothesis, whi
h appears justi�ed by its5 
onsequen
es, the formula (I)a Here we leave aside the 
ase where there also exists a gravitational �eld. Besides,the 
onsiderations that follow extend without di�
ulty to that 
ase.b Mr De Donder assumes equation (I) as we do, but denoting by ϕ not the phase of
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ompletely determines the motion of the 
orpus
le as soon as one isgiven its position at an initial instant. In other words, the fun
tion ϕ,just like the Ja
obi fun
tion of whi
h it is the generalisation, determinesa whole 
lass of motions, and to know whi
h of these motions is a
tuallydes
ribed it su�
es to know the initial position.Let us now 
onsider a whole 
loud of 
orpus
les, identi
al and withoutintera
tion, whose motions, determined by (I), 
orrespond to the samefun
tion ϕ but di�er in the initial positions. Simple reasoning shows thatif the density of the 
loud at the initial moment is equal to
Ka2

(

∂ϕ

∂t
− eV

)

,where K is a 
onstant, it will subsequently remain 
onstantly given bythis expression. We 
an state this result in another form. Let us supposethere be only a single 
orpus
le whose initial position we ignore; fromthe pre
eding, the probability for its presen
e [sa probabilité de présen
e℄at a given instant in a volume dτ of spa
e will be
π dτ = Ka2

(

∂ϕ

∂t
− eV

)

dτ . (II)In brief, in our hypotheses, ea
h wave Ψ determines a `
lass of moti-ons', and ea
h one of these motions is governed by equation (I) whenone knows the initial position of the 
orpus
le. If one ignores this initialposition, the formula (II) gives the probability for the presen
e of the
orpus
le in the element of volume dτ at the instant t. The wave Ψthen appears as both a pilot wave (Führungsfeld of Mr Born) and aprobability wave. Sin
e the motion of the 
orpus
le seems to us to bestri
tly determined by equation (I), it does not seem to us that thereis any reason to renoun
e believing in the determinism of individualphysi
al phenomena,a and it is in this that our 
on
eptions, whi
h arevery similar in other respe
ts to those of Mr Born, appear neverthelessto di�er from them markedly.Let us remark that, if one limits oneself to the Newtonian approxima-tion, in (I) and (II) one 
an repla
e: ∂ϕ∂t − eV by m0c
2, and one obtainsthe simpli�ed forms

−→v = − 1

m0

(−−−−→
grad ϕ+

e

c

−→
A
)

, (I′)the wave, but the 
lassi
al Ja
obi fun
tion. As a result his theory and ours divergeas soon as one leaves the domain where the old relativisti
 Me
hani
s is su�
ient.a Here, that is, of the motion of individual 
orpus
les.
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π = const · a2 . (II′)There is one 
ase where the appli
ation of the pre
eding ideas is donein a remarkably 
lear form: when the initial motion of the 
orpus
les isuniform and re
tilinear in a region free of all �elds. In this region, the
loud of 
orpus
les we have just imagined may be represented by thehomogeneous plane wave6

Ψ = a cos
2π

h
W
(

t− vx

c2

)

;here a is a 
onstant, and this means that a 
orpus
le has the sameprobability to be at any point of the 
loud. The question of knowinghow this homogeneous plane wave will behave when penetrating a regionwhere a �eld is present is analogous to that of determining the form ofan initially plane light wave that penetrates a refra
ting medium. Inhis Memoir `Quantenme
hanik der Stossvorgänge', Mr Born has given ageneral method of su

essive approximation to solve this problem, andMr Wentzel [14℄ has shown that one 
an thus re
over the Rutherfordformula for the de�e
tion of β-rays by a 
harged 
entre.We shall present yet another observation on the Dynami
s of thematerial point su
h as results from equation (I): for the material pointone 
an always write the equations of the Dynami
s of Relativity evenwhen the approximation of the old me
hani
s is not valid, on 
onditionthat one attributes to the body a variable proper mass M0 given by theformula
M0 =

√

m2
0 −

h2

4π2c2
�a

a
.5. The interpretation of interferen
e. � The new Dynami
s allows usto interpret the phenomena of wave Opti
s in exa
tly the way that wasforeseen, a long time ago now, by Mr Einstein.a In the 
ase of light, thewave Ψ is indeed the light wave of the 
lassi
al theories.b,c If we 
onsiderthe propagation of light in a region strewn with �xed obsta
les, thepropagation of the wave Ψ will depend on the nature and arrangementof these obsta
les, but the frequen
y 1

h
∂ϕ
∂t will not vary (no Dopplera Cf. 
hapter 9 (eds.).b We then 
onsider Ψ as the `light variable' without at all spe
ifying the physi
almeaning of this quantity.
 By `
lassi
al theories' de Broglie seems to mean s
alar wave opti
s. In the generaldis
ussion (p. 508), de Broglie states that the physi
al nature of Ψ for photons isunknown (eds.).
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t). The formulas (I) and (II) will then take the form
−→v = − c2

hν

−−−−→
grad ϕ ; π = const·a2 .The se
ond of these formulas shows immediately that the bright and darkfringes predi
ted by the new theory will 
oin
ide with those predi
ted bythe old. To re
ord the fringes, for example by photography, one 
an do anexperiment of short duration with intense irradiation, or an experimentof long duration with feeble irradiation (Taylor's experiment); in the �rst
ase one takes a mean in spa
e, in the se
ond 
ase a mean in time, butif the light quanta do not a
t on ea
h other the statisti
al result mustevidently be the same.Mr Bothe [15℄ believed he 
ould dedu
e, from 
ertain experiments onthe Compton e�e
t in a �eld of interferen
e, the inexa
titude of the �rstformula written above, the one giving the velo
ity of the quantum, butin our opinion this 
on
lusion 
an be 
ontested.6. The energy-momentum tensor of the waves Ψ. � In one of his Memoirs[16℄, Mr S
hrödinger gave the expression for the energy-momentum ten-sor in the interior of a wave Ψ.a Following the ideas expounded here, thewave Ψ represents the motion of a 
loud of 
orpus
les; examining theexpression given by S
hrödinger and taking into a

ount the relations(I) and (II), one then per
eives that it de
omposes into one part givingthe energy and momentum of the parti
les, and another that 
an beinterpreted as representing a state of stress existing in the wave aroundthe parti
les. These stresses are zero in the states of motion 
onsistentwith the old Dynami
s; they 
hara
terise the new states predi
ted bywave Me
hani
s, whi
h thus appear as `
onstrained states' of the ma-terial point and are intimately related to the variability of the propermass M0. Mr De Donder has also drawn attention to this fa
t, and hewas led to denote the amplitude of the waves that he 
onsidered by thename of `internal stress potential'.The existen
e of these stresses allows one to explain how a mirrorre�e
ting a beam of light su�ers a radiation pressure, even though a
-
ording to equation (I), be
ause of interferen
e, the 
orpus
les of lightdo not `strike' its surfa
e.b7. The dynami
s of many-body systems. � We must now examine howa Cf. S
hrödinger's report, se
tion II (eds.).b Cf. Brillouin's example in the dis
ussion at the end of de Broglie's le
ture (eds.).
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on
eptions may serve to interpret the wave equation proposed byS
hrödinger for the Dynami
s of many-body systems. We have pointedout above the two di�
ulties that this equation raises. The �rst, relatingto the meaning of the variables that serve to 
onstru
t the 
on�gurationspa
e, disappears if one assumes that the material points always havea quite de�nite position. The se
ond di�
ulty remains. It appears tous 
ertain that if one wants to physi
ally represent the evolution of asystem of N 
orpus
les, one must 
onsider the propagation of N wavesin spa
e, ea
h of the N propagations being determined by the a
tionof the N − 1 
orpus
les 
onne
ted to the other waves.a Nevertheless, ifone fo
usses one's attention only on the 
orpus
les, one 
an representtheir states by a point in 
on�guration spa
e, and one 
an try to relatethe motion of this representative point to the propagation of a �
titiouswave Ψ in 
on�guration spa
e. It appears to us very probable that thewaveb
Ψ = a(q1, q2, ..., qn) cos

2π

h
ϕ(t, q1, ..., qn) ,a solution of the S
hrödinger equation, is only a �
titious wave whi
h,in the Newtonian approximation, plays for the representative point ofthe system in 
on�guration spa
e the same role of pilot wave and ofprobability wave that the wave Ψ plays in ordinary spa
e in the 
ase ofa single material point.Let us suppose the system to be formed of N points having for re
-tangular 
oordinates

x1
1, x

1
2, x

1
3, ..., x

N
1 , x

N
2 , x

N
3 .In the 
on�guration spa
e formed by means of these 
oordinates, therepresentative point of the system has for [velo
ity℄ 
omponents alongthe axis xki

vxk
i

= − 1

mk

∂ϕ

∂xki
,

mk being the mass of the kth 
orpus
le. This is the relation that repla
es(I′) for many-body systems. From this, one dedu
es that the probabilityfor the presen
e of the representative point in the element of volume dτa Cf. se
tion 2.4 (eds.).b The amplitude a is time-independent be
ause de Broglie is assuming thetime-independent S
hrödinger equation. Later in his report, de Broglie applieshis dynami
s to a non-stationary wave fun
tion as well, for the 
ase of an atomi
transition (eds.).
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on�guration spa
e is
π dτ = const·a2 dτ .This new relation repla
es relation (II′) for many-body systems. Itfully a

ords, it seems to us, with the results obtained by Mr Born forthe 
ollision of an ele
tron and an atom, and by Mr Fermi [17℄ for the
ollision of an ele
tron and a rotator.aContrary to what happens for a single material point, it does notappear easy to �nd a wave Ψ that would de�ne the motion of the systemtaking Relativity into a

ount.8. The waves Ψ in mi
rome
hani
s. � Many authors think it is illusoryto wonder what the position or the velo
ity of an ele
tron in the atom isat a given instant. We are, on the 
ontrary, in
lined to believe that it ispossible to attribute to the 
orpus
les a position and a velo
ity even inatomi
 systems, in a way that gives a pre
ise meaning to the variablesof 
on�guration spa
e.This leads to 
on
lusions that deserve to be emphasised. Let us 
onsi-der a hydrogen atom in one of its stable states. A

ording to S
hrödinger,in spheri
al 
oordinatesb the 
orresponding fun
tion Ψn is of the form

Ψn = F (r, θ)[A cosmα+B sinmα]
sin

cos

2π

h
Wnt (m integer)with

Wn = m0c
2 − 2π2m0e

4

n2h2
.If we then apply our formula (I′), we 
on
lude that the ele
tron is mo-tionless in the atom, a 
on
lusion whi
h would evidently be inadmissiblein the old Me
hani
s. However, the examination of various questionsand notably of the Zeeman e�e
t has led us to believe that, in its stablestates, the H atom must rather be represented by the fun
tion

Ψn = F (r, θ) cos
2π

h

(

Wnt−
mh

2π
α

)

,whi
h, being a linear 
ombination of expressions of the type writtena Cf. the remarks by Born and Brillouin in the dis
ussion at the end of de Broglie'sle
ture, and the de Broglie-Pauli en
ounter in the general dis
ussion at the end ofthe 
onferen
e (pp. 509 �.) (eds.).b r, radius ve
tor; θ, latitude; α, longitude.



The new dynami
s of quanta 387above, is equally a

eptable.a If this is true the ele
tron will have, from(I′), a uniform 
ir
ular motion of speed
v =

1

m0r

mh

2π
.It will then be motionless only in states where m = 0.Generally speaking, the states of the atom at a given instant 
analways be represented by a fun
tion

Ψ =
∑

n

cnΨn ,the Ψn being S
hrödinger's Eigenfunktionen. In parti
ular, the state oftransition i → j during whi
h the atom emits the frequen
y νij wouldbe given by (this appears to be in keeping with S
hrödinger's ideas)
Ψ = ciΨi + cjΨj ,

ci and cj being two fun
tions of time that 
hange very slowly 
omparedwith the trigonometri
 fa
tors of the Ψn, the �rst varying from 1 to 0and the se
ond from 0 to 1 during the transition. Writing the fun
tion
Ψ in the 
anoni
al form a cos 2π

h ϕ, whi
h is always possible, formula (I′)will give the velo
ity of the ele
tron during the transition, if one assumesthe initial position to be given. So it does not seem to be impossible toarrive in this way at a visual representation of the transition.aLet us now 
onsider an ensemble of hydrogen atoms that are all in thesame state represented by the same fun
tion
Ψ =

∑

n

cnΨn .The position of the ele
tron in ea
h atom is unknown to us, but if, in ourimagination, we superpose all these atoms, we obtain amean atom wherethe probability for the presen
e of one of the ele
trons in an element ofvolume dτ will be given by the formula (II),b K being determined bythe fa
t that the total probability for all the possible positions must bea In his memoir, `Les moments de rotation et le magnétisme dans la mé
aniqueondulatoire' (Journal de Physique 8 (1927), 74), Mr Léon Brillouin has impli
itlyassumed the hypothesis that we formulate in the text.a In this example, de Broglie is applying his dynami
s to a 
ase where the wavefun
tion Ψ has a time-dependent amplitude a (eds.).b In this se
tion on atomi
 physi
s (`mi
rome
hani
s') de Broglie 
onsiders thenon-relativisti
 approximation, using the limiting formula (I′) � ex
ept in thisparagraph where he reverts to the relativisti
 formulas (I) and (II), for the purposeof 
omparison with the relativisti
 formulas for 
harge and 
urrent density obtainedby other authors (eds.).



388 L. de Broglieequal to unity. The 
harge density ρ and the 
urrent density −→
J = ρ−→vin the mean atom are then, from (I) and (II),

ρ = Kea2

(

∂ϕ

∂t
− eV

)

,

−→
J = −Kec2a2

(−−−−→
grad ϕ+

e

c

−→
A
)and these formulas 
oin
ide, apart from notation, with those of MessrsGordon, S
hrödinger and O. Klein [18℄.Limiting ourselves to the Newtonian approximation, and for a momentdenoting by Ψ the wave written in 
omplex form, and by Ψ̄ the 
onjugatefun
tion, it follows that

ρ = const·a2 = const·ΨΨ̄ .This is the formula to whi
h Mr S
hrödinger was led in reformulatingthe matrix theory; it shows that the ele
tri
 dipole moment of the meanatom during the transition i → j 
ontains a term of frequen
y νij , andthus allows us to interpret Bohr's frequen
y relation.Today it appears 
ertain that one 
an predi
t the mean energy radia-ted by an atom by using the Maxwell-Lorentz equations, on 
onditionthat one introdu
es in these equations the mean quantities ρ and ρ−→vwhi
h have just been de�ned.a One 
an thus give the 
orresponden
eprin
iple an entirely pre
ise meaning, as Mr Debye [19℄ has in fa
t shownin the parti
ular 
ase of motion with one degree of freedom. It seemsindeed that 
lassi
al ele
tromagnetism 
an from now on retain only astatisti
al value; this is an important fa
t, whose meaning one will haveto try to explore more deeply.To study the intera
tion of radiation with an ensemble of atoms, itis rather natural to 
onsider a `mean atom', immersed in a `mean light'whi
h one de�nes by a homogeneous plane wave of the ve
tor potential.The density ρ of the mean atom is perturbed by the a
tion of thelight and one dedu
es from this the s
attered radiation. This method,whi
h gives good mean predi
tions, is related more or less dire
tly tothe theories of s
attering by Messrs S
hrödinger and Klein [20℄, to thetheory of the Compton e�e
t by Messrs Gordon and S
hrödinger [21℄,and to the Memoirs of Mr Wentzel [22℄ on the photoele
tri
 e�e
t andthe Compton e�e
t, et
. The s
ope of this report does not permit us todwell any further on this interesting work.a Cf. S
hrödinger's report, p. 454, and the ensuing dis
ussion, and se
tion 4.5 (eds.).
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lusions and remarks. � So far we have 
onsidered the 
orpus
lesas `exterior' to the wave Ψ, their motion being only determined by thepropagation of the wave. This is, no doubt, only a provisional pointof view: a true theory of the atomi
 stru
ture of matter and radiationshould, it seems to us, in
orporate the 
orpus
les in the wave phenome-non by 
onsidering singular solutions of the wave equations. One shouldthen show that there exists a 
orresponden
e between the singular wavesand the waves Ψ, su
h that the motion of the singularities is 
onne
tedto the propagation of the waves Ψ by the relation (I).a In the 
ase of no[external℄ �eld, this 
orresponden
e is easily established, but it is not soin the general 
ase.We have seen that the quantities ρ and ρ−→v appearing in the Maxwell-Lorentz equations must be 
al
ulated in terms of the fun
tions Ψ, butthat does not su�
e to establish a deep link between the ele
tromagneti
quantities and those of wave Me
hani
s. To establish this link,a oneshould probably begin with singular waves, for Mr S
hrödinger has veryrightly remarked that the potentials appearing in the wave equations arethose that result from the dis
ontinuous stru
ture of ele
tri
ity and notthose that 
ould be dedu
ed from the fun
tions Ψ.Finally, we point out that Messrs Uhlenbe
k and Goudsmit's hypothe-sis of the magneti
 ele
tron, so ne
essary to explain a great number ofphenomena, has not yet found its pla
e in the s
ope of wave Me
hani
s.III. � Experiments showing preliminary dire
t eviden
e forthe new Dynami
s of the ele
tron10. Phenomena whose existen
e is suggested by the new 
on
eptions. �The ideas that have just been presented lead one to 
onsider the motionof an ele
tron as guided by the propagation of a 
ertain wave. In ma-ny usual 
ases, the old Me
hani
s remains entirely adequate as a �rstapproximation; but our new point of view, as Elsasser7 [23℄ pointed outalready in 1925, ne
essarily raises the following question: `Could one notobserve ele
tron motions that the old Me
hani
s would be in
apable ofpredi
ting, and whi
h would therefore be 
hara
teristi
 of wave Me
ha-ni
s? In other words, for ele
trons, 
ould one not �nd the analogue ofthe phenomena of di�ra
tion and interferen
e?'ba Cf. se
tion 2.3.1 (eds.).a The few attempts made till now in this dire
tion, notably by Mr Bateman (Nature118 (1926), 839) and by the author (Ondes et mouvements, Chap. VIII, and C. R.184 (1927), 81) 
an hardly be regarded as satisfa
tory.b This is not a quotation: these words do not appear in the 
ited 1925 paper by



390 L. de BroglieThese new phenomena, if they exist, must depend on the wavelengthof the wave asso
iated with the ele
tron motion. For an ele
tron of speed
v, the fundamental formula

p =
hν

Vgives
λ =

V

ν
=
h

p
=
h
√

1 − β2

m0v
.If β is not too 
lose to 1, it su�
es to write

λ =
h

m0v
.Let V be the potential di�eren
e, expressed in volts, that is 
apable ofimparting the speed v to the ele
tron; numeri
ally, for the wavelengthin 
entimetres, one will havea

λ =
7.28

v
=

12.25√
V

× 10−8 .To do pre
ise experiments, it is ne
essary to use ele
trons of at leasta few volts: from whi
h one has an upper limit for λ of a few angstroms.One then sees that, even for slow ele
trons, the phenomena being soughtare analogous to those shown by X-rays and not to those of ordinarylight. As a result, it will be di�
ult to observe the di�ra
tion of abeam of ele
trons by a small opening, and if one wishes to have some
han
e of obtaining di�ra
tion by a grating, one must either 
onsiderthose natural three-dimensional gratings, the 
rystals, or use ordinarygratings under a very grazing in
iden
e, as has been done re
ently forX-rays. On making slow ele
trons pass through a 
rystalline powder oran amorphous substan
e, one 
ould also hope to noti
e the appearan
e ofrings analogous to those that have been obtained and interpreted in theX-ray domain by Messrs Hull, Debye and S
herrer, Debierne, Keesomand De Smedt, et
.The exa
t theoreti
al predi
tion of the phenomena to be observedElsasser. Further, it was de Broglie who �rst suggested ele
tron di�ra
tion, in apaper of 1923 (see se
tion 2.2.1) (eds.).a Here we have adopted the following values:
h = 6.55 × 10−27 erg-se
onds ,

m0 = 9 × 10−28 gr ,

e = 4.77 × 10−10 e.s.u. .
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s of quanta 391along these lines is still not very advan
ed. Let us 
onsider the di�ra
tionof a beam of ele
trons with the same velo
ity by a 
rystal; the wave Ψwill propagate following the general equation, in whi
h one has to insertthe potentials 
reated by the atoms of the 
rystal 
onsidered as 
entres offor
e. One does not know the exa
t expression for these potentials but,be
ause of the regular distribution of atoms in the 
rystal, one easilyrealises that the s
attered amplitude will show maxima in the dire
tionspredi
ted by Mr von Laue's theory. Be
ause of the role of pilot waveplayed by the wave Ψ, one must then observe a sele
tive s
attering ofthe ele
trons in these dire
tions.Using his methods, Mr Born has studied another problem: that of the
ollision of a narrow beam of ele
trons with an atom. A

ording to him,the 
urve giving the number of ele
trons that have su�ered an inelasti

ollision as a fun
tion of the s
attering angle must show maxima andminima; in other words, these ele
trons will display rings on a s
reenpla
ed normally to the 
ontinuation of the in
ident beam.It would still be premature to speak of agreement between theoryand experiment; nevertheless, we shall present experiments that haverevealed phenomena showing at least broadly the predi
ted 
hara
ter.11. Experiments by Mr E.G. Dymond [24℄. � Without feeling obligedto follow the 
hronologi
al order, we shall �rst present Mr Dymond'sexperiments:A �ask of puri�ed helium 
ontained an `ele
tron gun', whi
h 
onsistedof a brass tube 
ontaining an in
andes
ent �lament of tungsten and inwhose end a slit was 
ut. This gun dis
harged a well-
ollimated beamof ele
trons into the gas, with a speed determined by the potentialdi�eren
e (50 to 400 volts) established between the �lament and the wallof the tube. The wall of the �ask had a slit through whi
h the ele
trons
ould enter a 
hamber where the pressure was kept low by pumping andwhere, by 
urving their traje
tories, a magneti
 �eld brought them ontoa Faraday 
ylinder.Mr Dymond �rst kept the orientation of the gun �xed and measuredthe speed of the ele
trons thus s
attered by a given angle. He noti
edthat most of the s
attered ele
trons have the same energy as the primaryele
trons; they have therefore su�ered an elasti
 
ollision. Quite a largenumber of ele
trons have a lower speed 
orresponding to an energy lossfrom about 20 to 55 volts: this shows that they made the He atom passfrom the normal state 11S to the ex
ited state 21S. One also observes alower proportion of other values for the energy of the s
attered ele
trons;



392 L. de Brogliewe shall not dis
uss the interpretation that Mr Dymond has given them,be
ause what interests us most here is the variation of the number ofs
attered parti
les with the s
attering angle θ. To determine this number,Mr Dymond varied the orientation of the gun inside the �ask, and fordi�erent s
attering angles 
olle
ted the ele
trons that su�ered an energyloss equivalent to 20 to 55 volts; he 
onstru
ted a series of 
urves of theangular distribution of these ele
trons for di�erent values of the tension
V applied to the ele
tron gun. The angular distribution 
urve showsa very pronoun
ed maximum for a low value of θ, and this maximumappears to approa
h θ = 0 for in
reasing values of V .Another, less important, maximum appears towards θ = 50◦ for aprimary energy of about a hundred volts, and then moves for in
reasingvalues of V towards in
reasing θ. Finally, a very sharp maximum appearsfor a primary energy of about 200 volts at θ = 30◦, and then seemsindependent of V . These fa
ts are summarised in the following tablegiven by Dymond:8

V (volts) Positions of the maxima (◦)48.972.397.5195294400
........................

24 � �8 � �5 � 50
< 2.5 30 59
< 2.5 30 69
< 2.5 30 70The above results must very probably be interpreted with the aidof the new Me
hani
s and are to be related to Mr Born's predi
tions.Nevertheless, as Mr Dymond very rightly says, `the theoreti
al side ofthe problem is however not yet su�
iently advan
ed to give detailedinformation on the phenomena to be expe
ted, so that the results abovereported 
annot be said to substantiate the wave me
hani
s ex
ept inthe most general way'.912. Experiments by Messrs C. Davisson and L. H. Germer. � In 1923,Messrs Davisson and Kunsman [25℄ published pe
uliar results on thes
attering of ele
trons at low speed. They dire
ted a beam of ele
trons,a

elerated by a potential di�eren
e of less than 1000 volts, onto a blo
kof platinum at an in
iden
e of 45◦ and determined the distributionof s
attered ele
trons by 
olle
ting them in a Faraday 
ylinder. Forpotentials above 200 volts, one observed a steady de
rease in s
atteringfor in
reasing values of the deviation angle, but for smaller voltages
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s of quanta 393the 
urve of angular variation showed two maxima. By 
overing theplatinum with a deposit of magnesium, one obtained a single smallmaximum for ele
trons of less than 150 volts. Messrs Davisson andKunsman attributed the observed phenomena to the a
tion of variouslayers of intra-atomi
 ele
trons on the in
ident ele
trons, but it seemsrather, a

ording to Elsasser's opinion, that the interpretation of thesephenomena is a matter for the new Me
hani
s.Resuming analogous experiments with Mr Germer [26℄, Mr Davissonobtained very important results this year, whi
h appear to 
on�rm thegeneral predi
tions and even the formulas of Wave Me
hani
s.The two Ameri
an physi
ists sent homogeneous beams of ele
tronsonto a 
rystal of ni
kel, 
ut following one of the 111 fa
es of the regularo
tahedron (ni
kel is a 
ubi
 
rystal). The in
iden
e being normal, thephenomenon ne
essarily had to show the ternary symmetry around thedire
tion of the in
ident beam. In a 
ubi
 
rystal 
ut in this manner,the fa
e of entry is 
ut obliquely by three series of 111 planes, threeseries of 100 planes, and six series of 110 planes. If one takes as positiveorientation of the normals to these series of planes the one forming ana
ute angle with the fa
e of entry, then these normals, together with thedire
tion of in
iden
e, determine distinguished azimuths, whi
h MessrsDavisson and Germer 
all azimuths (111), (100), (110), and for whi
hthey studied the s
attering; be
ause of the ternary symmetry, it evidentlysu�
es to explore a single azimuth of ea
h type.Let us pla
e ourselves at one of the distinguished azimuths and letus 
onsider only the distribution of Ni atoms on the fa
e of entry ofthe 
rystal, whi
h we assume to be perfe
t. These atoms form lines per-pendi
ular to the azimuth being 
onsidered and whose equidistan
e d isknown from 
rystallographi
 data. The di�erent dire
tions of s
atteringbeing identi�ed in the azimuthal plane by the angle θ of 
o-latitude, thewaves s
attered by the atoms in the fa
e of entry must be in phase indire
tions su
h that one has
θ = arcsin

(

nλ

d

)

= arcsin

(

n

d

12.25√
V

· 10−8

)

(n integer) .One must then expe
t to observe maxima in these dire
tions, for thes
attering of the ele
trons by the 
rystal.Now here is what Messrs Davisson and Germer observed. By graduallyvarying the voltage V that a

elerates the ele
trons one observes, in theneighbourhood of 
ertain values of V , very distin
t s
attering maximain dire
tions whose 
o-latitude is a

urately given by the above formula



394 L. de Broglie(provided one sets in general n = 1, and sometimes n = 2). There isdire
t numeri
al 
on�rmation of the formulas of the new Dynami
s; thisis evidently a result of the highest importan
e.However, the explanation of the phenomenon is not 
omplete: onemust explain why the s
attering maxima are observed only in the neigh-bourhood of 
ertain parti
ular values of V , and not for all values of V .One interpretation naturally 
omes to mind: we assumed above that onlythe fa
e of entry of the 
rystal played a role, but one 
an assume thatthe ele
tron wave penetrates somewhat into the 
rystal and, further,in reality the fa
e of entry will never be perfe
t and will be formed byseveral parallel 111 planes forming steps. In these 
onditions, it is notsu�
ient to 
onsider the interferen
e of the waves s
attered by a singlereti
ular plane at the surfa
e, one must take into a

ount the interferen
eof the waves s
attered by several parallel reti
ular planes. In order forthere to be a strong s
attering in a dire
tion θ, θ and V must then satisfynot only the relation written above, but also another relation whi
h iseasy to �nd; the s
attering must then be sele
tive, that is to say, o

urwith [signi�
ant℄ intensity only for 
ertain values of V , as experimentshows. Of 
ourse, the theory that has just been outlined is a spe
ial 
aseof Laue's general theory.Unfortunately, as Messrs Davisson and Germer have themselves re-marked, in order to obtain an exa
t predi
tion of the fa
ts in this way,it is ne
essary to attribute to the separation of the 111 planes next tothe fa
e of entry a smaller value (of about 30%) than that provided byCrystallography and by dire
t measurements by means of X-rays. It ismoreover not unreasonable to assume that the very super�
ial reti
ularplanes have a spa
ing di�erent from those of the deeper planes, and one
an even try to 
onne
t this idea to our 
urrent 
on
eptions 
on
erningthe equilibrium of 
rystalline gratings.If one a

epts the pre
eding hypothesis, the s
attering must be produ-
ed by a very small number of reti
ular planes in the entirely super�
iallayer of the 
rystal; the 
on
entration of ele
trons in preferred dire
tionsmust then be mu
h less pronoun
ed than in the 
ase of s
attering by awhole unlimited spatial grating. Is it nevertheless su�
ient in order toexplain the `peaks' observed by Davisson and Germer? To this question,Mr Patterson has re
ently provided an a�rmative answer, by showingthat the involvement of just two super�
ial reti
ular planes alreadysu�
es to predi
t exa
tly the variations of the sele
tive re�e
tion of
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trons observed in the neighbourhood of
θ = 50◦ , V = 54 volts .To 
on
lude, we 
an do no better than quote the 
on
lusion of MrPatterson [27℄: `The agreement of these results with 
al
ulation seemsto indi
ate that the phenomenon 
an be explained as a di�ra
tion ofwaves in the outermost layers of the 
rystal surfa
e. It also appears[....℄ that a 
omplete analysis of the results of su
h experiments will givevaluable information as to the 
onditions prevailing in the a
tual surfa
e,and that a new method has been made available for the investigation ofthe stru
ture of 
rystals in a region whi
h has up to the present almost
ompletely es
aped observation'.1013. Experiments by Messrs G. P. Thomson and A. Reid [28℄. � Veryre
ently, Messrs Thomson and Reid have made the following resultsknown: if a narrow pen
il of homogeneous 
athode rays passes normallythrough a 
elluloid �lm, and is then re
eived on a photographi
 platepla
ed parallel to the �lm at 10 
m behind it, one observes rings aroundthe 
entral spot. With rays of 13 000 volts, a photometri
 examinationhas revealed the existen
e of three rings. By gradually in
reasing theenergy of the ele
trons, one sees the rings appear around 2500 volts,and they have been observed up to 16 500 volts. The radii of the ringsde
rease when the energy in
reases and, it seems, approximately ininverse proportion to the speed, that is, to our wavelength λ.These observations are very interesting, and again 
on�rm the new
on
eptions in broad outline. Is it a question here of an atomi
 pheno-menon analogous to those observed by Dymond, or else of a phenomenonof mutual interferen
e falling into one of the 
ategories studied by Debyeand S
herrer, Hull, Debierne, Keesom and De Smedt? We are unable tosay, and we limit ourselves to remarking that here the ele
trons used arerelatively fast; this is interesting from the experimental point of view,be
ause it is mu
h easier to study ele
trons of a few thousand volts thanele
trons of about a hundred volts.
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398 L. de BroglieDis
ussion of Mr de Broglie's reportMr Lorentz. � I should like to see 
learly how, in the �rst form ofyour theory, you re
overed Sommerfeld's quantisation 
onditions. Youobtained a single 
ondition, appli
able only to the 
ase where the orbitis 
losed: the wave must, after travelling along the orbit, �nish in phasewhen it 
omes ba
k to the initial point. But in most 
ases the traje
toryis not 
losed; this happens, for example, for the hydrogen atom whenone takes relativity into a

ount; the traje
tory is then a rosette, andnever 
omes ba
k to its initial point.How did you �nd the quantisation 
onditions appli
able to these mul-tiperiodi
 problems?Mr de Broglie.� The di�
ulty is resolved by 
onsidering pseudo-periods, as I pointed out in my Thesis (
hap. III, p. 41). When a systemis multiperiodi
, with partial periods τ1, τ2, ..., τn, one 
an prove thatone 
an �nd quasi-periods τ that are nearly exa
tly whole multiples ofthe partial periods:
τ = m1τ1 + ε1 = m2τ2 + ε2... = mnτn + εn ,the m1, m2, ..., mn being integers and the ε1, ε2, ..., εn as small asone likes. The traje
tory then never 
omes ba
k to its initial point, butat the end of a quasi-period τ it 
omes ba
k as 
losely as one likes tothe initial position. One will then be led to write that, at the end of aquasi-period, the wave �nishes in phase; now, there is an in�nite numberof quasi-periods, 
orresponding to all kinds of systems of values of theintegers m1, m2, ..., mn. In order that the wave �nishes in phase afterany one of these quasi-periods, it is ne
essary that one have11

∫

τ1

p1dq1 = n1h ,

∫

τ2

p2dq2 = n2h , ... ,

∫

τn

pndqn = nnh ,whi
h gives exa
tly Sommerfeld's 
onditions.aMr Born. � The de�nition of the traje
tory of a parti
le that Mrde Broglie has given seems to me to present di�
ulties in the 
ase ofa 
ollision between an ele
tron and an atom. In an elasti
 
ollision, thespeed of the parti
le must be the same after the 
ollision as before. Ia Darrigol (1993, pp. 342�3, 364�5) shows that this derivation is faulty: the 
onditionthat the wave should �nish in phase after any quasi-period does not imply the nseparate 
onditions listed above.
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ussion 399should like to ask Mr de Broglie if that follows from his formula.Mr de Broglie. � That follows from it, indeed.Mr Brillouin. � It seems to me that no serious obje
tion 
an bemade to the point of view of L. de Broglie. Mr Born 
an doubt thereal existen
e of the traje
tories 
al
ulated by L. de Broglie, and assertthat one will never be able to observe them, but he 
annot prove to usthat these traje
tories do not exist. There is no 
ontradi
tion betweenthe point of view of L. de Broglie and that of other authors, sin
e, inhis report (�8, p. 38812) L. de Broglie shows us that his formulasa arein exa
t agreement with those of Gordon, at present a

epted by allphysi
ists.Mr Pauli.� I should like to make a small remark on what seems tome to be the mathemati
al basis of Mr de Broglie's viewpoint 
on
erningparti
les in motion on de�nite traje
tories. His 
on
eption is based onthe prin
iple of 
onservation of 
harge:
∂ρ

∂t
+
∂s1
∂x

+
∂s2
∂y

+
∂s3
∂z

= 0 or
4
∑

k=1

∂sk
∂xk

= 0 , (a)whi
h is a 
onsequen
e of the wave equation, when one sets
isk = ψ

∂ψ∗

∂xk
− ψ∗

∂ψ

∂xk
+

4πi

h

e

c
Φkψψ

∗ .Mr de Broglie introdu
es, in pla
e of the 
omplex fun
tion ψ, the tworeal fun
tions a and ϕ de�ned by
ψ = ae

2πi
h
ϕ , ψ∗ = ae−

2πi
h
ϕ .Substituting these expressions into the expression for sk yields:

sk =
4π

h
a2

(

∂ϕ

∂xk
+
e

c
Φk

)

.From this follow the expressions given by Mr de Broglie for the velo
ityve
tor, de�ned by
v1 =

s1
ρ
, v2 =

s2
ρ
, v3 =

s3
ρ
. (b)Now if in a �eld theory there exists a 
onservation prin
iple of thea That is, de Broglie's equations for the mean 
harge and 
urrent density to be usedin semi
lassi
al radiation theory (eds.).



400 L. de Broglieform (a), it is always formally possible to introdu
e a velo
ity ve
tor(b), depending on spa
e and time, and to imagine furthermore 
orpus
lesthat move following the 
urrent lines of this ve
tor. Something similarwas already proposed in opti
s by Slater; a

ording to him, light quantashould always move following the lines of the Poynting ve
tor. Mr deBroglie now introdu
es an analogous representation for material par-ti
les.In any 
ase, I do not believe that this representation may be developedin a satisfa
tory manner; I intend to return to this during the generaldis
ussion.aMr S
hrödinger. � If I have properly understood Mr de Broglie,the velo
ity of the parti
les must have its analogue in a ve
tor �eld
omposed of the three spatial 
omponents of the 
urrent in a four-dimensional spa
e, after division of these by the 
omponent with respe
tto time (that is, the 
harge density). I should like simply to re
all nowthat there exist still other ve
tor quantities of a �eld, whi
h 
an be madeto 
orrespond with the velo
ity of the parti
les, su
h as the 
omponentsof the momentum density (see Ann. d. Phys.13 82, 265). Whi
h of thetwo analogies is the more 
onvin
ing?Mr Kramers.� The fa
t that with independent parti
les in motionone 
annot 
onstru
t an energy-momentum tensor having the propertiesrequired by Maxwell's theory 
onstitutes nevertheless a di�
ulty.Mr Pauli. � The quotient of the momentum by the energy densi-ty whi
h Mr S
hrödinger 
onsiders would in fa
t lead in a relativisti

al
ulation to other parti
le traje
tories than would the quotient of thedensities of 
urrent and of 
harge.Mr Lorentz.� In using his formulas for the velo
ity of the ele
tron,has Mr de Broglie not 
al
ulated this velo
ity in parti
ular 
ases, forexample for the hydrogen atom?Mr de Broglie. � When one applies the formula for the velo
ityto a wave fun
tion representing a stable state of the hydrogen atoma

ording to Mr S
hrödinger, one �nds 
ir
ular orbits. One does nota See pp. 509 �. (eds.).
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ussion 401re
over the ellipti
al orbits of the old theory (see my report, �8).Mr Ehrenfest.� Can the speed of an ele
tron in a stationary orbitbe zero?Mr de Broglie. � Yes, the speed of the ele
tron 
an be zero.Mr S
hrödinger. � Mr de Broglie says that in the 
ase of thehydrogen atom his hypothesis leads to 
ir
ular orbits. That is true forthe parti
ular solutions of the wave equation that one obtains when oneseparates the problem in polar 
oordinates in spa
e; perhaps it is stilltrue for the solutions that one obtains by making use of paraboli
 orellipti
al 
oordinates. But in the 
ase of a degenera
y (as he 
onsidersit here) it is, in reality, not at all the parti
ular solutions whi
h havea signi�
an
e, but only an arbitrary linear 
ombination, with 
onstant
oe�
ients, of all the parti
ular solutions belonging to the same eigenva-lue, be
ause there is no means of distinguishing between them, all linear
ombinations being equally justi�ed in prin
iple. In these 
onditions,mu
h more 
ompli
ated types of orbit will 
ertainly appear. But I donot believe that in the atomi
 domain one may still speak of `orbits'.Mr Lorentz. � Does one know of su
h more 
ompli
ated orbits?Mr S
hrödinger. � No, one does not know of them; but I simplywanted to say that if one �nds 
ir
ular orbits, that is due to a fortuitous
hoi
e of parti
ular solutions that one 
onsiders, and this 
hoi
e 
annotbe motivated in a way that has no arbitrariness.Mr Brillouin.� Perhaps it is not super�uous to give some examp-les that illustrate well the meaning of Mr L. de Broglie's formulas, andthat allow one to follow the motion of the parti
les guided by the phasewave. If the wave is plane and propagates freely, the traje
tories of theparti
les are the rays normal to the wave surfa
e. Let us suppose that thewave is re�e
ted by a plane mirror, and let θ be the angle of in
iden
e;the wave motion in front of the mirror is given by a superposition of thein
ident wave
ψ1 = a1 cos 2π

(

t

T
− x sin θ − z cos θ

λ

)
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Fig. 1.and the re�e
ted wave
ψ2 = a1 cos 2π

(

t

T
− x sin θ + z cos θ

λ

)

,whi
h gives
ψ = 2a1 cos

2πz cos θ

λ
cos 2π

(

t

T
− x sin θ

λ

)

.This wave is put in L. de Broglie's 
anoni
al form
ψ = a cos

2π

h
ϕwith

a = 2a1 cos
2πz cos θ

λ
and ϕ = h

(

t

T
− x sin θ

λ

)

.Let us then apply L. de Broglie's formulas, in the simpli�ed form givenon page 384 (�5);14 and let us suppose that it is a light wave guiding thephotons; the velo
ity of these is
−→v = − c2

hν

−−−−→
gradϕ .We see that the proje
tiles move parallel to the mirror, with a speed

vx = c sin θ, less than c. Their energy remains equal to hν, be
ausetheir mass has undergone a variation, a

ording to the following formula(report by L. de Broglie, p. 383):15
M0 =

√

m2
0 −

h2

4π2c2
�a

a
=

h

2πc

√

−�a

a
=
hν

c2
cos θ .
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Fig. 2.The mass of the photons, whi
h is zero in the 
ase where the wavepropagates freely, is then assumed to take a non-zero value in the wholeregion where there is interferen
e or deviation of the wave.Let us draw a diagram for the 
ase of a limited beam of light falling ona plane mirror; the interferen
e is produ
ed in the region of overlap of twobeams. The traje
tory of a photon will be as follows: at �rst a re
tilinearpath in the in
ident beam, then a bending at the edge of the interferen
ezone, then a re
tilinear path parallel to the mirror, with the photontravelling in a bright fringe and avoiding the dark interferen
e fringes;then, when it 
omes out, the photon retreats following the dire
tion ofthe re�e
ted light beam.No photon a
tually strikes the mirror, nevertheless the mirror su�ers
lassi
al radiation pressure; it is in order to explain this fa
t that L. deBroglie assumes the existen
e of spe
ial stresses in the interferen
e zone;these stresses, when added to the tensor of momentum �ux transportedby the photons, reprodu
e the 
lassi
al Maxwell tensor; there is thenno di�eren
e in the me
hani
al e�e
ts produ
ed by the wave during itsre�e
tion by the mirror.These remarks show how L. de Broglie's system of hypotheses pre-serves the 
lassi
al formulas, and avoids a 
ertain number of awkwardparadoxes. One thus obtains, for example, the solution to a 
uriousproblem posed by G. N. Lewis (Pro
. Nat. A
ad. 12 (1926), 22 and439), whi
h was the subje
t of dis
ussions between this author and R.C. Tolman and S. Smith (Pro
. Nat. A
ad. 12 (1926), 343 and 508).Lewis assumed that the photons always follow the path of a light
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Fig. 3.ray of geometri
al opti
s, but that they 
hoose, among the di�erentrays, only those that lead from the luminous sour
e to a bright fringesituated on an absorbing body. He then 
onsidered a sour
e S whoselight is re�e
ted by two mirrors AA� and BB�; the light beams overlap,produ
ing interferen
e [zones℄ in whi
h one pla
es a s
reen CD; thedimensions are assumed to be su
h that there is a bright fringe on oneof the edges D of the s
reen and a dark fringe on the other edge C.Following the hypothesis of Lewis, the photons would follow only thepaths SBD and SAD, whi
h end at the bright fringe D; no photon willtake the path SA�C or SB�C. All the photons 
ome to strike the mirrorAA� on the edge A, so one 
ould predi
t that this mirror would su�er atorque; if one made it movable around an axis O, it would tend to turnin the dire
tion of the arrow.This paradoxi
al 
on
lusion is entirely avoided by L. de Broglie, sin
ehis system of hypotheses preserves the values of radiation pressure.This example shows 
learly that there is a 
ontradi
tion between thehypothesis of re
tilinear paths for the photons (following the light rays)and the ne
essity of �nding photons only where a bright interferen
efringe is produ
ed, no photon going through the regions of dark fringes.Mr Lorentz draws attention to a 
ase where the 
lassi
al theoryand the photon hypothesis lead to di�erent results 
on
erning the pon-deromotive for
es produ
ed by light. Let us 
onsider re�e
tion by thehypotenuse fa
e of a glass prism, the angle of in
iden
e being larger thanthe angle of total re�e
tion. Let us pla
e a16 se
ond prism behind the�rst, at a distan
e of the order of magnitude of the wavelength, or only
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tion of this length. Then, the re�e
tion will no longer be total.The light waves that penetrate the layer of air rea
h the se
ond prismbefore their intensity is too mu
h weakened, and there give rise to abeam transmitted in the dire
tion of the in
ident rays.If, now, one 
al
ulates the Maxwell stresses on a plane situated inthe layer of air and parallel to its surfa
es, one �nds that, if the angleof in
iden
e ex
eeds a 
ertain value (60◦ for example), there will be anattra
tion between the two prisms. Su
h an e�e
t 
an never be produ
edby the motion of 
orpus
les, this motion always giving rise to a [positive℄pressure as in the kineti
 theory of gases.What is more, in the 
lassi
al theory one easily sees the origin of the`negative pressure'. One 
an distinguish two 
ases, that where the ele
tri
os
illations are in the plane of in
iden
e and that where this is so for themagneti
 os
illations. If the in
iden
e is very oblique, the os
illations ofthe in
ident beam that I have just mentioned are only slightly in
linedwith respe
t to the normal to the hypotenuse fa
e, and the same is truefor the 
orresponding os
illations in the layer of air.One then has approximately, in the �rst 
ase an ele
tri
 �eld su
h asone �nds between the ele
trodes of a 
apa
itor, and in the se
ond 
asea magneti
 �eld su
h as exists between two opposite magneti
 poles.The e�e
t would still remain if the se
ond prism were repla
ed by aglass plate, but it must be very di�
ult to demonstrate this experimen-tally.



406 Notes to pp. 375�404Notes to the translation1 The integral sign is printed as `R
0
' in the original.2 The Fren
h uses `Wellenpa
ket' throughout.3 Mis-spelt as `Fuess'.4 We follow the original English, whi
h is a translation by Oppenheimer,from Born (1927, p. 355). De Broglie translates 'me
hani
s' as`dynamique' and in
ludes the words `La Dynamique des Quanta' in thequotation, where Born has `it' (referring to `quantum me
hani
s').5 The Fren
h reads `
es' [these℄ rather than `ses' [its℄.6 `v' is misprinted as `V'.7 Consistently mis-spelt throughout the text as `Elsaesser'.8 For 
larity, the presentation of the table has been slightly altered.9 We have used the original English (Dymond 1927, p. 441).10 We use here the original English text (Patterson 1927, p. 47). De Broglie
hanges `of these results' to `des résultats expérimentaux', omits theitali
s and translates `valuable' by `exa
ts'.11 The last equality is misprinted as `R

τn
pndq = nnhn'.12 The original reads `p. 18', whi
h is presumably in referen
e to deBroglie's Gauthier-Villars `preprint', in all likelihood 
ir
ulated before the
onferen
e (preprints of other le
tures were 
ir
ulated as mimeographs).Cf. 
hapter 1, p. 1913 `Ann. de Phys.' in the original.14 This is `p. 117' in the original.15 Again, `p. 117' in the original.16 Misprinted as `au' instead of `un'.



Quantum me
hani
sa
by Messrs Max BORN and Werner HEISENBERGIntrodu
tionQuantumme
hani
s is based on the intuition that the essential di�eren
ebetween atomi
 physi
s and 
lassi
al physi
s is the o

urren
e of dis
on-tinuities (see in parti
ular [1,4,58�63℄).b Quantum me
hani
s should thusbe 
onsidered a dire
t 
ontinuation of the quantum theory founded byPlan
k, Einstein and Bohr. Bohr in parti
ular stressed repeatedly, alrea-dy before the birth of quantum me
hani
s, that the dis
ontinuities mustlead to the introdu
tion of new kinemati
al and me
hani
al 
on
epts, sothat indeed 
lassi
al me
hani
s and its 
orresponding 
on
eptual s
hemeshould be abandoned [1,4℄. Quantum me
hani
s tries to introdu
e thenew 
on
epts through a pre
ise analysis of what is `observable in prin
i-ple'. In fa
t, this does not mean setting up the prin
iple that a sharp di-vision between `observable' and `unobservable' quantities is possible andne
essary. As soon as a 
on
eptual s
heme is given, one 
an infer fromthe observations to other fa
ts that are a
tually not observable dire
tly,and the boundary between `observable' and `unobservable'1 quantitiesbe
omes altogether indeterminate. But if the 
on
eptual s
heme itself isstill unknown, it will be expedient to enquire only about the observationsthemselves, without drawing 
on
lusions from them, be
ause otherwisewrong 
on
epts and prejudi
es taken over from before will blo
k the waya Our translation follows the German types
ript in AHQP-RDN, do
ument M-0309.Dis
repan
ies between the types
ript and the published version are reported in theendnotes. The published version is reprinted in Heisenberg (1984, ser. B, vol. 2,pp. 58�99) (eds.).b Numbers in square bra
kets refer to the bibliography at the end.407



408 M. Born and W. Heisenbergto re
ognising the physi
al relationships [Zusammenhänge℄. At the sametime the new 
on
eptual s
heme provides the ans
hauli
h 
ontent of thenew theory.a From a theory that is ans
hauli
h in this sense, one 
anthus demand only that it is 
onsistent in itself and that it allows one topredi
t unambiguously the results for all experiments 
on
eivable in itsdomain. Quantum me
hani
s is meant as a theory that is in this senseans
hauli
h and 
omplete for the mi
rome
hani
al pro
esses [46℄.2Two kinds of dis
ontinuities are 
hara
teristi
 of atomi
 physi
s: theexisten
e of 
orpus
les (ele
trons, light quanta) on the one hand, andthe o

urren
e of dis
rete stationary states (dis
rete3 energy values,momentum values et
.) on the other. Both kinds of dis
ontinuities 
anbe introdu
ed in the 
lassi
al theory only through arti�
ial auxiliary as-sumptions. For quantum me
hani
s, the existen
e of dis
rete stationarystates and energy values is just as natural as the existen
e of dis
reteeigenos
illations in a 
lassi
al os
illation problem [4℄. The existen
e of
orpus
les will perhaps later turn out to be redu
ible just as easily todis
rete stationary states of the wave pro
esses (quantisation of theele
tromagneti
 waves on the one hand, and of the de Broglie waveson the other) [4℄, [54℄.The dis
ontinuities, as the notion of `transition probabilities' alreadyshows, introdu
e a statisti
al element into atomi
 physi
s. This stati-sti
al element forms an essential part of the foundations of quantumme
hani
s (see in parti
ular [4,30,38,39,46,60,61,62℄);4 a

ording to thelatter, for instan
e, in many 
ases the 
ourse of an experiment is de-terminable from the initial 
onditions only statisti
ally, at least if in�xing the initial 
onditions one takes into a

ount only the experiments
on
eivable in prin
iple up to now. This 
onsequen
e of quantum me
ha-ni
s is empiri
ally testable. Despite its statisti
al 
hara
ter, the theorynevertheless a

ounts for the apparently fully 
ausal determination ofma
ros
opi
5 pro
esses. In parti
ular, the prin
iples of 
onservation ofenergy and momentum hold exa
tly also in quantum me
hani
s. Thereseems thus to be no empiri
al argument against a

epting fundamentalindeterminism for the mi
ro
osm.
a For the notion of Ans
hauli
hkeit, see the 
omments in se
tions 3.4.7, 4.6 and 8.3(eds.).



Quantum me
hani
s 409I. � The mathemati
al methods of quantum me
hani
saThe phenomenon for whose study the mathemati
al formalism of quantumme
hani
s was �rst developed is the spontaneous radiation of an ex
itedatom. After innumerable attempts to explain the stru
ture of the linespe
tra with 
lassi
al me
hani
al models had proved inadequate, onereturned to the dire
t des
ription of the phenomenon on the basis ofits simplest empiri
al laws (Heisenberg [1℄). First among these is Ritz's
ombination prin
iple, a

ording to whi
h the frequen
y of ea
h spe
tralline of an atom appears as the di�eren
e of two terms νik = Ti − Tk;thus the set of all lines of the atom will be best des
ribed by spe
ifyinga quadrati
 array [S
hema℄, and sin
e ea
h line possesses besides itsfrequen
y also an intensity and a phase, one will write in ea
h positionof the array an elementary os
illation fun
tion with 
omplex amplitude:




q11e
2πiν11t q12e

2πiν12t . . .

q21e
2πiν21t q22e

2πiν22t . . .

. . . . . . . . . . . . . . . . . . . . .



 . (1)This array is understood as representing a 
oordinate q as a fun
tion oftime in a similar way as the totality of terms of the Fourier series
q(t) =

∑

n

qne
2πiνnt, νn = nν0in the 
lassi
al theory; ex
ept that now be
ause of the two indi
es thesum no longer makes sense. The question arises of whi
h expressions
orrespond to fun
tions of the 
lassi
al 
oordinate, for instan
e to thesquare q2. Now, su
h arrays ordered by two indi
es o

ur as matri
es inmathemati
s in the theory of quadrati
 forms and of linear transforma-tions; the 
omposition of two linear transformations,

xk =
∑

l

aklyl , yl =
∑

j

bljzj ,to form a new one,
xk =

∑

j

ckjzj ,then 
orresponds to the 
omposition or multipli
ation of the matri
es
ab = c, that is, ∑

l

aklblj = ckj . (2)a Se
tion 3.3 
ontains additional material on the less familiar aspe
ts of theformalisms presented here (eds.).



410 M. Born and W. HeisenbergThis multipli
ation in general is not 
ommutative. It is natural to applythis re
ipe to the array of the atomi
 os
illations (Born and Jordan[2℄, Dira
 [3℄); it is immediately evident that be
ause of Ritz's formula
νik = Ti − Tk no new frequen
ies appear, just as in the 
lassi
al theoryin the multipli
ation of two Fourier series, and herein lies the �rst ju-sti�
ation for the pro
edure. By repeated appli
ation of additions andmultipli
ations one 
an de�ne arbitrary matrix fun
tions.The analogy with the 
lassi
al theory leads further to allowing asrepresentatives of real quantities only those matri
es that are `Hermiti-an', that is, whose elements go over to the 
omplex 
onjugate numbersunder permutation of the indi
es. The dis
ontinuous nature of the ato-mi
 pro
esses here is put into the theory from the start as empiri
allyestablished. However, this does not establish yet the 
onne
tion withquantum theory and its 
hara
teristi
 
onstant h. This is also a
hieved,by 
arrying over the 
ontent6 of the Bohr-Sommerfeld quantum 
ondi-tions in a form given by Kuhn and Thomas, in whi
h they are writtenas relations between the Fourier 
oe�
ients of the 
oordinates q andmomenta p. In this way one obtains the matrix equation

pq − qp =
h

2πi
· 1 , (3)where 1 means the unit matrix. The matrix p thus does not `
ommute'with q. For several degrees of freedom the 
ommutation relation (3) holdsfor every pair of 
onjugate quantities, while the qk 
ommute with ea
hother, the pk with ea
h other, and also the pk with the non-
orresponding

qk.In order to 
onstru
t the new me
hani
s (Born, Heisenberg and Jordan[4℄), one 
arries over as far as possible the notions of the 
lassi
al theory.It is possible to de�ne the di�erentiation of a matrix with respe
t totime and that of a matrix fun
tion with respe
t to an argument matrix.One 
an thus 
arry over to the matrix theory the 
anoni
al equations
dq

dt
=
∂H

∂p
,

dp

dt
= −∂H

∂q
,where one should understand H(p, q) as the same fun
tion of the matri-
es p, q that o

urs in the 
lassi
al theory as a fun
tion of the numbers

p, q. (To be sure,7 ambiguity 
an o

ur be
ause of the non
ommutati-vity of the multipli
ation; for example, p2q is di�erent from pqp.) Thispro
edure was tested in simple examples (harmoni
 and anharmoni
os
illator). Further, one 
an prove the theorem of 
onservation of ener-gy, whi
h for non-degenerate systems (all terms Tk di�erent from ea
h
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s 411other, or: all frequen
ies νik di�erent from zero) here takes the form: forthe solutions p, q of the 
anoni
al equations the Hamiltonian fun
tion
H(p, q) be
omes a diagonal matrix W . It follows immediately that theelements of this diagonal matrix represent the terms Tn of Ritz's formulamultiplied by h (Bohr's frequen
y 
ondition). It is parti
ularly importantto realise that 
onversely the requirement

H(p, q) = W (diagonal matrix)is a 
omplete substitute for the 
anoni
al equations of motion, and leadsto unambiguously determined solutions even if one allows for degenera-
ies (equality of terms, vanishing frequen
ies).By a matrix with elements that are harmoni
 fun
tions of time, one
an of 
ourse represent only quantities (
oordinates) that 
orrespond totime-periodi
 quantities of the 
lassi
al theory. Therefore 
y
li
 
oordi-nates (angles), whi
h in
rease proportionally to time, 
annot be treatedat present.a Nevertheless, one easily manages to subje
t rotating systemsto the matrix method by representing the Cartesian 
omponents of theangular momentum with matri
es [4℄.8 One obtains thereby expressionsfor the energyb that di�er 
hara
teristi
ally from the 
orresponding
lassi
al ones; for instan
e the modulus9 of the total angular momentumis not equal to h
2π j (j = 0, 1, 2, . . .), but to h

2π

√

j(j + 1), in a

ordan
ewith empiri
al rules that Landé and others had derived from the termsplitting in the Zeeman e�e
t.c Further, one obtains for the 
hangesin the angular quantum numbers [Rotationsquantenzahlen℄ the 
orre
tsele
tion rules and intensity formulas, as had already been arrived atearlier by 
orresponden
e arguments and 
on�rmed by the Utre
ht ob-servations.dPauli [6℄, avoiding angular variables, even managed to work out thehydrogen atom with matrix me
hani
s, at least with regard to the energyvalues and some aspe
ts of the intensities.Asking for the most general 
oordinates for whi
h the quantum me-
hani
al laws are valid leads to the generalisation of the notions of 
ano-ni
al variables and 
anoni
al transformations known from the 
lassi
altheory. Dira
 [3℄ has noted that the 
ontent of the expressions su
h asa This point is taken up again shortly after eq. (10). (eds.).b Angular momentum is of 
ourse responsible for a 
hara
teristi
 splitting of theenergy terms (eds.).
 For Landé's work on the anomalous Zeeman e�e
t, see Mehra and Re
henberg(1982a, se
. IV.4, esp. pp. 467�76 and 482�5) (eds.).d For the `Utre
ht observations' see Mehra and Re
henberg (1982a, se
. VI.6,pp. 647�8) and Mehra and Re
henberg (1982b, se
. III.4, esp. pp. 154�61) (eds.).
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2πi
h (pkql− qlpk)− δkl, whi
h appear in the 
ommutation relations of thetype (3) 
orresponds10 to that of the Poisson bra
kets, whose vanishingin 
lassi
al me
hani
s 
hara
terises a system of variables as 
anoni
al.Therefore also in quantum me
hani
s one will denote as 
anoni
al everysystem of matrix pairs p, q that satisfy the 
ommutation relations, andas a 
anoni
al transformation every transformation that leaves theserelations invariant. One 
an write these with the help of an arbitrarymatrix S in the forma

P = S−1pS, Q = S−1qS , (4)and in a 
ertain sense this is the most general 
anoni
al transformation.Then for an arbitrary fun
tion one has
f(P,Q) = S−1f(p, q)S .Now one 
an also 
arry over the main idea of the Hamilton-Ja
obi theory[4℄. Indeed, if the Hamiltonian fun
tion H is given as a fun
tion of anyknown 
anoni
al matri
es p0, q0, then the solution of the me
hani
alproblem de�ned by H redu
es to �nding a matrix S that satis�es theequation
S−1H(p0, q0)S = W . (5)This is an analogue of the Hamilton-Ja
obi di�erential equation of 
las-si
al me
hani
s.Exa
tly as there, also here perturbation theory 
an be treated most
learly with the help of equation (5). If H is given as a power series insome small parameter

H = H0 + λH1 + λ2H2 + . . .and the me
hani
al problem is solved for λ = 0, that is, H0 = W0 isknown as a diagonal matrix, then the solution to (5) 
an be obtainedeasily as a power series
S = 1 + λS1 + λ2S2 + . . .by su

essive approximations. Among the numerous appli
ations of thispro
edure, only the derivation of Kramers' dispersion formula shall bementioned here, whi
h results if one assumes that the light-emittingand the s
attering systems are weakly 
oupled and if one 
al
ulates theperturbation on the latter ignoring the ba
krea
tion [4℄.aa Cf. p. 99 above (eds.).a In other words, one 
onsiders just the s
attering system under an external
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hani
s 413The theory of the 
anoni
al transformations leads to a deeper 
on
ep-tion, whi
h later be
ame essential in understanding the physi
al meaningof the formalism.To ea
h matrix a = (anm) one 
an asso
iate a quadrati
 (more pre
i-sely: Hermitian) forma

∑

nm

anmϕnϕ̄mof a sequen
e of variables ϕ1, ϕ2 . . ., or also a linear transformation ofthe sequen
e of variables ϕ1, ϕ2 . . ., into another one ψ1, ψ2 . . .
11

ψn =
∑

m

anmϕm , (6)where provisionally the meaning of the variables ϕn and ψn shall be leftunspe
i�ed; we shall return to this.A transformation (6) is 
alled `orthogonal' if it maps the identity forminto itself
∑

n

ϕnϕ̄n =
∑

n

ψnψ̄n . (7)Now these orthogonal transformations of the auxiliary variables ϕn im-mediately turn out to be essentially identi
al to the 
anoni
al trans-formations of the q and p matri
es; the Hermitian 
hara
ter and the
ommutation relations are preserved. Further, one 
an repla
e the matrixequation (5) by the equivalent requirement [4℄: the form
∑

nm

Hnm(q0, p0)ϕnϕ̄mis to be transformed orthogonally into a sum of squares
∑

n

wnψnψ̄n . (8)The fundamental problem of me
hani
s is thus none other than theprin
ipal axes problem for surfa
es of se
ond order in in�nite-dimensionalspa
e, o

urring everywhere in pure and applied mathemati
s and va-riously studied. As is well known, this is equivalent to asking for thevalues of the parameter W for whi
h the linear equations
Wϕn =

∑

m

Hnmϕm (9)perturbation (Born, Heisenberg and Jotrdan [4℄, se
tion 2.4, in parti
ular eq. (32)).See also Mehra and Re
henberg (1982
, 
h. III, esp. pp. 93�4 and 103�9) (eds.).a ϕ̄ denotes the 
omplex number 
onjugate to ϕ.



414 M. Born and W. Heisenberghave a non-identi
ally vanishing solution. The values W = W1,W2, . . .are 
alled eigenvalues of the form H ; they are the energy values (terms)of the me
hani
al system. To ea
h eigenvalueWn 
orresponds an eigenso-lution ϕk = ϕkn.a The set of these eigensolutions evidently again forms amatrix and it is easy to see that this is identi
al with the transformationmatrix S appearing in (5).bThe eigenvalues, as is well known, are invariant under orthogonaltransformations of the ϕk,12 and sin
e these 
orrespond to the 
anoni
alsubstitutions of the p and q matri
es, one re
ognises immediately the
anoni
al invarian
e of the energy values Wn.While the quantum theoreti
al matri
es do not belong to the 
lass ofmatri
es (�nite and bounded in�nite13) investigated by the mathemati-
ians (espe
ially by Hilbert and his s
hool), one 
an nevertheless 
arryover the main aspe
ts of the known theory to the more general 
ase.The pre
ise formulation of these theorems14 has been re
ently given byJ. von Neumann [42℄ in a paper to whi
h we shall have to return.15The most important result that is a
hieved in this way is the theoremthat a form 
annot always be de
omposed into a sum of squares (8), butthat there also o

ur invariant integral 
omponents
∫

Wψ(W )ψ(W )dW , (10)where the sequen
e of variables ψ1, ψ2, . . . has to be 
omplemented bythe 
ontinuous distribution ψ(W ).In this way the 
ontinuous spe
tra appear in the theory in the mostnatural way. But this implies by no means that in this domain the
lassi
al theory 
omes again into its own. Also here the 
hara
teristi
 dis-
ontinuities of quantum theory remain; also in the 
ontinuous spe
truma (spontaneous) state transition 
onsists of a `jump' of the system froma point W ′ to another one W ′′ with emission of a wave q(W,W ′)e2πiνtwith the frequen
y ν = 1
h(W ′ −W ′′).The main defe
t of matrix me
hani
s 
onsists in its 
lumsiness, evenhelplessness, in the treatment of non-periodi
 quantities, su
h as angularvariables or 
oordinates that attain in�nitely large values (e.g. hyperboli
traje
tories). To over
ome this di�
ulty two essentially di�erent routeshave been taken, the operator 
al
ulus of Born and Wiener [21℄, and theso-
alled16 q-number theory of Dira
 [7℄.a This is the notation used by Born and Heisenberg: the nth eigensolution isrepresented by an in�nite ve
tor with 
omponents labelled by k (eds.).b This point is made more expli
it after eq. (17). See also the relevant 
ontributionsby Dira
 and by Kramers in the general dis
ussion, pp. 491 and 495 (eds.).



Quantum me
hani
s 415The latter starts from the idea that a great part of the matrix relati-ons 
an be obtained without an expli
it representation of the matri
es,simply on the basis of the rules for operating with the matrix symbols.These depart from the rules for numbers only in that the multipli
ation isgenerally not 
ommutative. Dira
 therefore 
onsiders abstra
t quantities,whi
h he 
alls q-numbers (as opposed to the ordinary 
-numbers) andwith whi
h he operates a

ording to the rules of the non
ommutativealgebra. It is therefore a kind of hyper
omplex number system. The
ommutation relations are of 
ourse preserved. The theory a
quires anextraordinary resemblan
e to the 
lassi
al one; for instan
e, one 
anintrodu
e angle and a
tion variables w, J and expand any q-number intoa Fourier series with respe
t to the w; the 
oe�
ients are fun
tions of the
J and turn out to be identi
al to the matrix elements if one repla
es the Jby integer multiples of h. By his method Dira
 has a
hieved importantresults, for instan
e worked out the hydrogen atom independently ofPauli [7℄ and determined the intensity of radiation in the Compton e�e
t[12℄. A drawba
k of this formalism � apart from the quite tiresomedealing with the non
ommutative algebra � is the ne
essity to repla
eat a 
ertain point of the 
al
ulation 
ertain q-numbers with ordinarynumbers (e.g. J = hn), in order to obtain results 
omparable withexperiment. Spe
ial `quantum 
onditions' whi
h had disappeared frommatrix me
hani
s are thus needed again.The operator 
al
ulus di�ers from the q-number method in that it doesnot introdu
e abstra
t hyper
omplex numbers, but 
on
rete, 
onstru
-tible mathemati
al obje
ts that obey the same laws, namely operatorsor fun
tions in the spa
e of in�nitely many variables. The method is byE
kart [22℄ and was then developed further by many others following onfrom S
hrödinger's wave me
hani
s, espe
ially by Dira
 [38℄ and Jordan[39℄ and in an impe

able mathemati
al form by J. von Neumann [42℄;it rests roughly on the following idea.A sequen
e of variables ϕ1, ϕ2, . . . 
an be interpreted as a point inan in�nite-dimensional spa
e. If the sum of squares∑n |ϕn|2 
onverges,then it represents a measure of distan
e, a Eu
lidean metri
 [Massbe-stimmung℄, in this spa
e; this metri
 spa
e of in�nitely many dimensionsis 
alled for short a Hilbert spa
e. The 
anoni
al transformations ofmatrix me
hani
s 
orrespond thus to the rotations of the Hilbert spa
e.Now, however, one 
an also �x a point in this spa
e other than bythe spe
i�
ation of dis
rete 
oordinates ϕ1, ϕ2, . . . . Take for instan
ea 
omplete, normalised orthogonal system of fun
tions f1(q), f2(q), . . . ,
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h17

∫

fn(q)fm(q)dq = δnm =

{

1 for n = m

0 for n 6= m ; (11)the variable q 
an range here over an arbitrary, also multi-dimensionaldomain. If one then sets (Lan
zos [23℄)18
{

ϕ(q) =
∑

n ϕnfn(q)

H(q′, q′′) =
∑

nmHnmfn(q
′)fm(q′′) ,

(12)the linear equations (9)19 turn into the integral equation20

Wϕ(q′) =

∫

H(q′, q′′)ϕ(q′′)dq′′ . (13)This relation established through (12) means thus nothing but a 
hangeof the 
oordinate system in the Hilbert spa
e, given by the orthogonaltransformation matrix fn(q) with one dis
rete and one 
ontinuous index.One sees thus that the preferen
e for `dis
rete' 
oordinate systemsin the original version of the matrix theory is by no means somethingessential. One 
an just as well use `
ontinuous matri
es' su
h asH(q′, q′′).Indeed, the spe
i�
 representation of a point in the Hilbert spa
e byproje
tion onto 
ertain orthogonal 
oordinate axes does not matter atall; rather, one 
an summarise equations (9) and (13) in the more generalequation
Wϕ = Hϕ , (14)where H denotes a linear operator whi
h transforms the point ϕ of theHilbert spa
e into another. The equation requires to �nd those points

ϕ whi
h under the operation H only su�er a displa
ement along theline joining them to the origin.21 The points satisfying this 
onditiondetermine an orthogonal system of axes, the prin
ipal axes frame ofthe operator H ; the number of axes is �nite or in�nite, in the latter
ase distributed dis
retely or 
ontinuously, and the eigenvalues W arethe lengths of the prin
ipal axes. The linear operators in the Hilbertspa
e are thus the general 
on
ept that 
an serve to represent a physi
alquantity mathemati
ally. The 
al
ulus with operators pro
eeds obvious-ly a

ording to the same rules as the one with Dira
's q-numbers; they22
onstitute a realisation of this abstra
t notion. So far we have analysedthe situation with the example of the Hamiltonian fun
tion, but thesame holds for any quantum me
hani
al quantity. Any 
oordinate q
an be written, instead of as a matrix with dis
rete indi
es qnm, also
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tion of two 
ontinuous variables q(q′, q′′) by proje
tion onto anorthogonal system of fun
tions, or, more generally, 
an also be 
onsideredas a linear operator in the Hilbert spa
e; then it has eigenvalues that areinvariant, and eigensolutions with respe
t to ea
h orthogonal 
oordinatesystem. The same holds for a momentum p and every fun
tion of qand p, indeed for every quantum me
hani
al `quantity'. While in the
lassi
al theory physi
al quantities are represented by variables that 
antake numeri
al values from an arbitrary value range, a physi
al quantityin quantum theory is represented by a linear operator and the sto
k ofvalues that it 
an take by the eigenvalues of the 
orresponding prin
ipalaxes problem in the Hilbert spa
e.In this view, S
hrödinger's wave me
hani
s [24℄ appears formally as aspe
ial 
ase. The simplest operator whose 
hara
teristi
 values are all thereal numbers, is in fa
t the multipli
ation of a fun
tion F (q) by the realnumber q; one writes it simply q. Then, however, the eigenfun
tions are`improper' fun
tions; for a

ording to (14) they must have the propertyof being everywhere zero ex
ept if W = q. Dira
 [38℄ has introdu
ed forthe representation of su
h improper fun
tions the `unit fun
tion' δ(s),whi
h should always be zero when s 6= 0, but for whi
h nonetheless
∫ +∞

−∞
δ(s)ds = 1 should hold. Then one 
an write down the (normalised)eigenfun
tions

ϕ(q,W ) = qδ(W − q) (15)belonging to the operator q.The 
onjugate to the operator q is the di�erential operator
p =

h

2πi

∂

∂q
; (16)indeed, the 
ommutation relation (3) holds, whi
h means just the trivialidentity

(pq − qp)F(q) =
h

2πi

{

d

dq
(qF) − q

dF
dq

}

=
h

2πi
F(q) .If one now 
onstru
ts a Hamiltonian fun
tion out of p, q (or out ofseveral su
h 
onjugate pairs), then equation (14) be
omes a di�erentialequation for the quantity ϕ(q):

H(q,
h

2πi

∂

∂q
)ϕ(q) = Wϕ(q) . (17)This is S
hrödinger's wave equation, whi
h appears here as a spe
ial 
aseof the operator theory. The most important point about this formulation
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onne
tingto known mathemati
al methods) is the repla
ement of all `quantum
onditions', su
h as were still ne
essary in Dira
's theory of q-numbers,by the simple requirement that the eigenfun
tion ϕ(q) = ϕ(q,W ) shouldbe everywhere �nite in the domain of de�nition of the variables q;from this, in the event, a dis
ontinuous spe
trum of eigenvalues Wn(along with 
ontinuous ones) arises automati
ally. But S
hrödinger'seigenfun
tion ϕ(q,W ) is a
tually nothing but the transformation matrix
S of equation (5), whi
h one 
an indeed also write in the form

HS = SW ,analogous to (17).Dira
 [38℄ has made this state of a�airs even 
learer by writing theoperators q and p and thereby also H as integral operators, as in (13);then one has to set
qF(q′) =

∫

q′′δ(q′ − q′′)F(q′′)dq′′ = q′F(q′) ,

pF(q′) =

∫

h

2πi
δ′(q′ − q′′)F(q′′)dq′′ =

h

2πi

dF
dq′

,
(18)where, however, the o

urren
e of the derivative of the singular fun
tion

δ has to be taken into the bargain. Then S
hrödinger's equation (17)takes the form (13).The dire
t passage to the matrix representation in the stri
t sensetakes pla
e by inverting the formulas (12), in whi
h one identi�es theorthogonal system fn(q) with the eigenfun
tions ϕ(q,Wn) belonging tothe dis
rete spe
trum. If T is an arbitrary operator (
onstru
ted from qand p = h
2πi

∂
∂q ), de�ne the 
orresponding matrix Tnm by the 
oe�
ientsof the expansion

Tϕn(q) =
∑

m

Tnmϕm(q) (19)or
Tnm =

∫

ϕm(q)Tϕn(q)dq ; (19a)then one easily sees that equation (17) is equivalent to (9).The further development of the formal theory has taken pla
e in 
lose
onne
tion with its physi
al interpretation, to whi
h we therefore turn�rst.



Quantum me
hani
s 419II. � Physi
al interpretationThe most noti
eable defe
t of the original matrix me
hani
s 
onsists inthe fa
t that at �rst it appears to give information not about a
tualphenomena, but rather only about possible states and pro
esses. Itallows one to 
al
ulate the possible stationary states of a system; furtherit makes a statement about the nature of the harmoni
 os
illation that
an manifest itself as a light wave in a quantum jump. But it says nothingabout when a given state is present, or when a 
hange is to be expe
ted.The reason for this is 
lear: matrix me
hani
s deals only with 
losedperiodi
 systems, and in these there are indeed no 
hanges. In order tohave true pro
esses,23 as long as one remains in the domain of matrixme
hani
s, one must dire
t one's attention to a part of the system; this isno longer 
losed and enters into intera
tion with the rest of the system.The question is what matrix me
hani
s 
an tell us about this.Imagine, for instan
e, two systems 1 and 2 weakly 
oupled to ea
hother (Heisenberg [35℄, Jordan [36℄).a For the total system 
onservationof energy then holds; that is,H is a diagonal matrix. But for a subsystem,for instan
e 1, H(1) is not 
onstant, the matrix has elements o� thediagonal.24 The energy ex
hange 
an now be interpreted in two ways: forone, the periodi
 elements of the matrix of H(1) (or of H(2)) representa slow beating, a 
ontinuous os
illation of the energy to and fro; butat the same time, one 
an also des
ribe the pro
ess with the 
on
eptsof the dis
ontinuum theory and say that system 1 performs quantumjumps and 
arries over the energy that is thereby freed to system 2 asquanta, and vi
e versa. But one 
an now show that these two apparentlyvery di�erent views do not 
ontradi
t ea
h other at all. This rests on amathemati
al theorem that states the following:Let f(W
(1)
n ) be any fun
tion of the energy values W (1)

n of the isolatedsubsystem 1; if one forms the same fun
tion of the matrix H(1) thatrepresents the energy of system 1 in the presen
e of the 
oupling tosystem 2, then f(H(1)) is a matrix that does not 
onsist only of diagonalelements f(H(1))nn. But these represent the time-averaged value of thequantity f(H(1)). The e�e
t of the 
oupling is thus measured by thedi�eren
e25
δfn = f(H(1))nn − f(W (1)

n ) .The �rst part of the said theorem now states that δfn 
an be broughta The form of the result as given here is similar to that in Heisenberg [35℄. Forfurther details, see the dis
ussion in se
tion 3.4.4 (eds.).
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δfn =
∑

m

{f(Wm) − f(Wn)}Φnm . (20)This 
an be interpreted thus: the time average of the 
hange in f dueto the 
oupling is the arithmeti
 mean, with 
ertain weightings Φnm, ofall possible jumps of f for the isolated system.These Φnm will have to be 
alled `transition probabilities'. The se
ondpart of the theorem determines the Φnm through the features of the
oupling. Namely, if p0
1, q

0
1 , p

0
2, q

0
2 are 
oordinates satisfying the evolutionequations of the un
oupled systems, for whi
h therefore H(1) and H(2)on their own are diagonal matri
es, one 
an then think of the energy,in
luding the intera
tion, as expressed as a fun
tion of these quantities.Then the solution of the me
hani
al problem a

ording to (5)27 redu
esto 
onstru
ting a matrix S that satis�es the equation

S−1H(p0
1, q

0
1 , p

0
2, q

0
2)S = W .Denoting the states of system 1 by n1, those of system 2 by n2, a state ofthe total system is given by n1n2,28 and to ea
h transition n1n2 → m1m2
orresponds an element of S, Sn1n2,m1m2
. Then the result is:29

Φn1m1
=
∑

n2m2

|Sn1n2,m1m2
|2 . (21)The squares of the elements of the S-matrix thus determine the tran-sition probabilities. The individual sum term |Sn1n2,m1m2

|2 in (21) ob-viously means that 
omponent of the transition probability for the jump
n1 → m1 of system 1 that is indu
ed by the jump n2 → m2 of system 2.By means of these results the 
ontradi
tion between the two viewsfrom whi
h we started is removed. Indeed, for the mean values, whi
halone may be observed, the 
on
eption of 
ontinuous beating alwaysleads to the same result as the 
on
eption of quantum jumps.If one asks the question when a quantum jump o

urs, the theoryprovides no answer. At �rst it seemed as if there were a gap here whi
hmight be �lled with further probing. But soon it be
ame apparent thatthis is not so, rather, that it is a failure of prin
iple, whi
h is deeplyan
hored in the nature of the possibility of physi
al knowledge [physi-kalis
hes Erkenntnisvermögen℄.One sees that quantum me
hani
s yields mean values 
orre
tly, but
annot predi
t the o

urren
e of an individual event. Thus determinism,held so far to be the foundation of the exa
t natural s
ien
es, appears
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hallenged. Ea
h further advan
e in the interpre-tation of the formulas has shown that the system of quantum me
hani
alformulas 
an be interpreted 
onsistently only from the point of view of afundamental indeterminism, but also, at the same time, that the totalityof empiri
ally as
ertainable fa
ts 
an be reprodu
ed by the system of thetheory.In fa
t, almost all observations in the �eld of atomi
 physi
s have astatisti
al 
hara
ter; they are 
ountings, for instan
e of atoms in a 
ertainstate. While the determinateness of an individual pro
ess is assumedby 
lassi
al physi
s, in fa
t it plays pra
ti
ally no role, be
ause themi
ro
oordinates that exa
tly determine an atomi
 pro
ess 
an never allbe given; therefore by averaging they are eliminated from the formulas,whi
h thereby be
ome statisti
al statements. It has be
ome apparentthat quantum me
hani
s represents a merging of me
hani
s and stati-sti
s, in whi
h the unobservable mi
ro
oordinates are eliminated.The 
lumsiness of the matrix theory in the des
ription of pro
essesdeveloping in time 
an be avoided by making use of the more generalformalisms30 we have des
ribed above. In the general equation (14)one 
an easily introdu
e time expli
itly by invoking the theorem of
lassi
al me
hani
s that energy W and time t behave as 
anoni
ally
onjugate quantities; in quantum me
hani
s it 
orresponds to having a
ommutation relation
Wt− tW =

h

2πi
.Thus for W one 
an posit the operator h

2πi
∂
∂t . Equation (14) then reads

h

2πi

∂ϕ

∂t
= Hϕ , (22)and here one 
an 
onsider H as depending expli
itly on time. A spe
ial
ase of this is the equation

{

H(q,
h

2πi

∂

∂q
) − h

2πi

∂

∂t

}

ϕ(q) = 0 , (22a)given by S
hrödinger [24℄,31 whi
h stands to (17) in the same relationas (22) to (14), as well as the form:
h

2πi

∂ϕ(q′)

∂t
=

∫

H(q′, q′′)ϕ(q′′)dq′′ , (22b)mu
h used by Dira
, whi
h relates to the integral formula (13). Essential-ly, the introdu
tion of time as a numeri
al variable redu
es to thinking ofthe system under 
onsideration as 
oupled to another one and negle
ting
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tion on the latter. But this formalism is very 
onvenient and leadsto a further development of the statisti
al view,a namely, if one 
onsidersthe 
ase where an expli
itly time-dependent perturbation V (t) is addedto a time-independent energy fun
tion H0, so that one has the equation
h

2πi

∂ϕ

∂t
=
{

H0 + V (t)
}

ϕ (23)(Dira
 [37℄, Born [34℄).32 Now if ϕ0
n are the eigenfun
tions of the operator

H0, whi
h for the sake of simpli
ity we assume to be dis
rete, the desiredquantity ϕ 
an be expanded in terms of these:
ϕ(t) =

∑

n

cn(t)ϕ
0
n . (24)The cn(t) are then the 
oordinates of ϕ in the Hilbert spa
e with respe
tto the orthogonal system ϕ0

n; they 
an be 
al
ulated from the di�erentialequation (23), if their initial values cn(0) are given. The result 
an beexpressed as:
cn(t) =

∑

m

Snm(t)cm(0) , (25)where Snm(t) is an orthogonal matrix depending33 on t and determinedby V (t).The temporal pro
ess is thus represented by a rotation of the Hilbertspa
e or by a 
anoni
al transformation (4) with the time-dependentmatrix S.Now how is one to interpret this?From the point of view of Bohr's theory a system 
an always bein only one quantum state. To ea
h of these belongs an eigensolution
ϕ0
n of the unperturbed system. If now one wishes to 
al
ulate whathappens to a system that is initially in a 
ertain state, say the kth,one has to 
hoose ϕ = ϕ0

k as the initial 
ondition for equation (23), i.e.
cn(0) = 0 for n 6= k, and ck(0) = 1. But then, after the perturbation isover, cn(t) will have be
ome equal to Snk(t), and the solution 
onsistsof a superposition of eigensolutions. A

ording to Bohr's prin
iples itmakes no sense to say a system is simultaneously in several states. Theonly possible interpretation seems to be statisti
al: the superpositionof several eigensolutions expresses that through the perturbation theinitial state 
an go over to any other quantum state, and it is 
lear thatas measure for the transition probability one has to take the quantity

Φnk = |Snk(t)|2 ;a See the dis
ussion in se
tion 3.4 (eds.).
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ause then one obtains again equation (20) for the average 
hange ofany state fun
tion.This interpretation is supported by the fa
t that one establishes thevalidity of Ehrenfest's adiabati
 theorem (Born [34℄); one 
an show thatunder an in�nitely slow a
tion, one has
Φnn → 1, Φnk → 0 (n 6= k) ,that is, the probability of a jump tends to zero.But this assumption also leads immediately to an interpretation of the

cn(t) themselves: the |cn(t)|2 must be the state probabilities [Zustands-wahrs
heinli
hkeiten℄.Here, however, one runs into a di�
ulty of prin
iple that is of greatimportan
e, as soon as one starts from an initial state for whi
h not allthe cn(0) ex
ept one vanish. Physi
ally, this 
ase o

urs if a system isgiven for whi
h one does not know exa
tly the quantum state in whi
hit is, but knows only the probability |cn(0)|2 for ea
h quantum state.As a matter of fa
t, the phases [Ar
us℄ of the 
omplex quantities cn(0)still remain inde�nite; if one sets cn(0) = |cn(0)|eiγn , then the γn denotesome phases whose meaning needs to be established. The probabilitydistribution at the end of the perturbation a

ording to (25) is then
|cn(t)|2 =

∣

∣

∣

∑

m

Snm(t)cm(0)
∣

∣

∣

2 (26)and not
∑

m

|Snm(t)|2|cm(0)|2 , (27)as one might suppose from the usual probability 
al
ulus.Formula (26), following Pauli, 
an be 
alled the theorem of the in-terferen
e of probabilities; its deeper meaning has be
ome 
lear onlythrough the wave me
hani
s of de Broglie and S
hrödinger, whi
h weshall presently dis
uss. Before this, however, it should be noted thatthis `interferen
e' does not represent a 
ontradi
tion with the rules ofthe probability 
al
ulus, that is, with the assumption that the |Snk|2are quite usual probabilities.a In fa
t, the 
omposition rule (27) followsfrom the 
on
ept of probability for the problem treated here when andonly when the relative number, that is, the probability |cn|2 of the atomsin the state n, has been established beforehand experimentally.34 In thisa The notation |Snm|2 would probably be 
learer, at least a

ording to the readingof this passage proposed in se
tion 3.4.6 (eds.).
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ase the phases γn are unknown in prin
iple,35 so that (26) then naturallygoes over to (27) [46℄.It should be noted further that the formula (26) goes over to theexpression (27) if the perturbation fun
tion pro
eeds totally irregularlyas a fun
tion of time. That is for instan
e the 
ase when the perturbationis produ
ed by `white light'.a Then, on average, the surplus terms in(26) drop out and one obtains (27). In this way it is easy to derivethe Einstein 
oe�
ient Bnm for the probability per unit radiation of thequantum jumps indu
ed by light absorption (Dira
 [37℄, Born [30℄). But,in general, a

ording to (26) the knowledge of the probabilities |cn(0)|2is by no means su�
ient to 
al
ulate the 
ourse of the perturbation,rather one has to know also the phases γn.This 
ir
umstan
e re
alls vividly the behaviour of light in interferen
ephenomena. The intensity of illumination on a s
reen is by no meansalways equal to the sum of the light intensities of the individual beamsof rays that impinge on the s
reen, or, as one 
an well say, it is by nomeans equal to the sum of the light quanta that move in the individualbeams; instead it depends essentially on the phases of the waves. Thusat this point an analogy between the quantum me
hani
s of 
orpus
lesand the wave theory of light be
omes apparent.As a matter of fa
t this 
onne
tion was found by de Broglie in aquite di�erent way. It is not our purpose to dis
uss this. It is enoughto formulate the result of de Broglie's 
onsiderations, and their furtherdevelopment by S
hrödinger, and to put it in relation to quantum me-
hani
s.The dual nature of light � waves, light quanta � 
orresponds tothe analogous dual nature of material parti
les; these also behave in a
ertain respe
t like waves. S
hrödinger has set up the laws of propagationof these waves [24℄ and has arrived at equation [(17)℄,36 here derived in adi�erent way. His view, however, that these waves exhaust the essen
e ofmatter and that parti
les are nothing but wave pa
kets, not only standsin 
ontradi
tion with the prin
iples of Bohr's empiri
ally very well-founded theory, but also leads to impossible 
on
lusions; here thereforeit shall be left to one side. Instead we attribute a dual nature to matteralso: its des
ription requires both 
orpus
les (dis
ontinuities) and waves(
ontinuous pro
esses). From the viewpoint of the statisti
al approa
h toquantumme
hani
s it is now 
lear why these 
an be re
on
iled: the wavesare probability waves. Indeed, it is not the probabilities themselves,a Compare also Born's dis
ussion in Born (1926
 [34℄) (eds.).
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s 425rather 
ertain `probability amplitudes' that propagate 
ontinuously andobey di�erential or integral equations, as in 
lassi
al 
ontinuum physi
s;but additionally there are dis
ontinuities, 
orpus
les whose frequen
y isgoverned by the square of these amplitudes.The most de�nite support for this 
on
eption is given by 
ollision phe-nomena for material parti
les (Born [30℄). Already Einstein [16℄, when hededu
ed from de Broglie's daring theory the possibility of `di�ra
tion'of material parti
les,a ta
itly assumed that it is the parti
le numberthat is determined by the intensity of the waves. The same o

urs inthe interpretation given by Elsasser [17℄ of the experiments by Davissonand Kunsman [18,19℄ on the re�e
tion of ele
trons by 
rystals; also hereone assumes dire
tly that the number of ele
trons is a maximum in thedi�ra
tion maxima. The same holds for Dymond's [20℄ experiments onthe di�ra
tion of ele
trons by helium atoms.The appli
ation of wave me
hani
s to the 
al
ulation of 
ollision pro-
esses takes a form quite analogous to the theory of di�ra
tion of lightby small parti
les. One has to �nd the solution to S
hrödinger's waveequation (17) that goes over at in�nity to a given in
ident plane wave;this solution behaves everywhere at in�nity like an outgoing37 spheri
alwave. The intensity of this spheri
al wave in any dire
tion 
ompared tothe intensity of the in
oming wave determines the relative number ofparti
les de�e
ted in this dire
tion from a parallel ray. As a measure ofthe intensity one has to take a `
urrent ve
tor'38 whi
h 
an be 
onstru
-ted from the solution ϕ(q,W ), and whi
h is formed quite analogouslyto the Poynting ve
tor of the ele
tromagneti
 theory of light, and whi
hmeasures the number of parti
les 
rossing a unit surfa
e in unit time.In this way Wentzel [31℄ and Oppenheimer [32℄ have derived waveme
hani
ally the famous Rutherford law for the s
attering of α-parti
lesby heavy nu
lei.bIf one wishes to 
al
ulate the probabilities of ex
itation and ionisationof atoms [30℄, then one must introdu
e the 
oordinates of the atomi
ele
trons as variables on an equal footing with those of the 
ollidingele
tron. The waves then propagate no longer in three-dimensional spa
ebut in multi-dimensional 
on�guration spa
e. From this one sees that thequantum me
hani
al waves are indeed something quite di�erent from thelight waves of the 
lassi
al theory.a Note that the �rst predi
tion of su
h di�ra
tion appears in fa
t to have been madeby de Broglie in 1923; 
f. se
tion 2.2.1 (eds.).b Cf. Born (1969, Appendix XX). The 
urrent ve
tor, as de�ned there, is the usual
j = h

2πi
1

2m
(ψ∗∇ψ − ψ∇ψ) (eds.).
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onstru
ts the 
urrent ve
tor just de�ned for a solution of thegeneralised S
hrödinger equation (22), whi
h des
ribes time evolution,one sees that the time derivative of the integral
∫

|ϕ|2dq′ ,ranging over an arbitrary domain of the independent numeri
al variables
q′, 
an be transformed into the surfa
e integral of the 
urrent ve
tor overthe boundary of that domain. From this it emerges that

|ϕ|2has to be interpreted as parti
le density or, better, as probability density.The solution ϕ itself is 
alled `probability amplitude'.The amplitude ϕ(q′,W ′) belonging to a stationary state thus yields via
|ϕ(q′,W ′)|2 the probability that for given energyW ′ the 
oordinate q′ isin some given element dq′.39 But this 
an be generalised immediately. Infa
t, ϕ(q′,W ′) is the proje
tion of the prin
ipal axis W ′ of the operator
H onto the prin
ipal axis q′ of the operator q. One 
an therefore sayin general (Jordan [39℄): if two physi
al quantities are given by theoperators q and Q and if one knows the prin
ipal axes of the former, forinstan
e, a

ording to magnitude and dire
tion,40 then from the equation

Qϕ(q′, Q′) = Q′ϕ(q′, Q′)one 
an determine the prin
ipal axes Q′ of Q41 and their proje
tions
ϕ(q′, Q′) on the axes of q. Then |ϕ(q′, Q′)|2dq′ is the probability that forgiven Q′ the value of q′ falls in a given interval dq′.If 
onversely one imagines the prin
ipal axes of Q as given, thenthose of q are obtained42 through the inverse rotation; from this oneeasily re
ognises that ϕ(Q′, q′) is the 
orresponding amplitude,43 so that
|ϕ(Q′, q′)|2dQ′ means the probability, given q′, to �nd the value of Q′in dQ′. If for instan
e one takes for Q the operator p = h

2πi
∂
∂q , then onehas the equation

h

2πi

∂ϕ

∂q′
= p′ϕ ,thus

ϕ = Ce
2πi
h
q′p′ . (28)This is therefore the probability amplitude for a pair of 
onjugate quan-tities. For the probability density one obtains |ϕ|2 = C, that is, for given

q′ every value p′ is equally probable.



Quantum me
hani
s 427This is an important result, sin
e it allows one to retain the 
on
eptof `
onjugate quantity' even in the 
ase where the di�erential de�nitionfails, namely when the quantity q has only a dis
rete spe
trum or evenwhen it is only 
apable of taking �nitely many values. The latter forinstan
e is the 
ase for angles with quantised dire
tion [ri
htungsgequan-telte Winkel℄,a say for the magneti
 ele
tron, or in the Stern-Gerla
hexperiments. One 
an then, as Jordan does, 
all by de�nition a quantity
p 
onjugate to q, if the 
orresponding probability amplitude has theexpression (28).As the amplitudes are the elements of the rotation matrix of oneorthogonal system into another, they are 
omposed a

ording to thematrix rule:

ϕ(q′, Q′) =

∫

ψ(q′, β′)χ(β′, Q′)dβ′ ; (29)in the 
ase of dis
rete spe
tra, instead of the integral one has �niteor in�nite sums. This is the general formulation of the theorem of theinterferen
e of probabilities. As an appli
ation, let us look again atformula (24). Here cn(t) was the amplitude for the probability thatthe system at time t has energy Wn; ϕ0
n(q

′) is the amplitude for theprobability that for given energyWn the 
oordinate q′ has a given value.Thus
ϕ(q′, t) =

∑

n

cn(t)ϕ
0
n(q′)expresses the amplitude for the probability that q′ at time t has a givenvalue.Alongside the 
on
ept of the relative state probability |ϕ(q′, Q′)|2, the-re also o

urs the 
on
ept of the transition probability,44 namely, everytime one 
onsiders a system as depending on an external parameter,be it time or any property of a weakly 
oupled external system. Thenthe system of prin
ipal axes of any quantity be
omes dependent on thisparameter; it experien
es a rotation, represented by an orthogonal trans-formation S(q′, q′′), in whi
h the parameter enters (as in formula (25)).The quantities |S(q′, q′′)|2 are the `transition probabilities';45 in general,however, they are not independent, instead the `transition amplitudes'are 
omposed a

ording to the interferen
e rule.a This was a standard term referring to the fa
t that in the presen
e of an externalmagneti
 �eld, the proje
tion of the angular momentum in the dire
tion of the�eld has to be quantised (quantum number m). Therefore, the dire
tion of theangular momentum with respe
t to the magneti
 �eld 
an be said to be quantised.Cf. Born (1969, p. 121) (eds.).



428 M. Born and W. HeisenbergIII. � Formulation of the prin
iples and delimitation oftheir s
opeAfter the general 
on
epts of the theory have been developed throughanalysis of empiri
al �ndings, the dual task arises, �rst of giving asystem of prin
iples as simple as possible and 
onne
ted dire
tly tothe observations, from whi
h the entire theory 
an be dedu
ed as froma mathemati
al system of axioms, and se
ond of 
riti
ally s
rutinisingexperien
e to assure oneself that no observation 
on
eivable by today'smeans stands in 
ontradi
tion to the prin
iples.Jordan [39℄ has formulated su
h a `system of axioms', whi
h takes thefollowing statements as fundamental:461) One requires for ea
h pair of quantum me
hani
al quantities q,Q theexisten
e of a probability amplitude ϕ(q′, Q′), su
h that |ϕ|2 gives theprobability47 that for given Q′ the value of q′ falls in a given in�nitesimalinterval.2) Upon permutation of q and Q, the 
orresponding amplitude shouldbe ϕ(Q′, q′).3) The theorem (29) of the 
omposition of probability amplitudes.4) To ea
h quantity q there should belong a 
anoni
ally 
onjugate one p,de�ned by the amplitude (28). This is the only pla
e where the quantum
onstant h appears.48Finally one also takes as obvious that, if the quantities q and Q areidenti
al, the amplitude ϕ(q′, q′′) be
omes equal to the `unit matrix'
δ(q′− q′′), that is, always to zero, ex
ept when q′ = q′′. This assumptionand the multipli
ation theorem 3) together 
hara
terise the amplitudesthus de�ned as the 
oe�
ients of an orthogonal transformation; oneobtains the orthogonality 
onditions simply by stating that the 
ompo-sition of the amplitude belonging to q,Q with that belonging to Q, qmust yield the identity.One 
an then redu
e all given quantities, in
luding the operators, toamplitudes by writing them as integral operators as in formula (13).The non
ommutative operator multipli
ation is then a 
onsequen
e of



Quantum me
hani
s 429the axioms and loses all the strangeness atta
hed to it in the originalmatrix theory.Dira
's method [38℄ is 
ompletely equivalent to Jordan's formulation,ex
ept in that he does not arrange the prin
iples in axiomati
 form.aThis theory now indeed summarises all of quantum me
hani
s in asystem in whi
h the simple 
on
ept of the 
al
ulable probability [bere-
henbare Wahrs
heinli
hkeit℄49 for a given event plays the main role.50It also has some short
omings, however. One formal short
oming is theo

urren
e of improper fun
tions, like the Dira
 δ, whi
h one needs forthe representation of the unit matrix for 
ontinuous ranges of variables.More serious is the 
ir
umstan
e that the amplitudes are not dire
tlymeasurable quantities, rather, only the squares of their moduli; the phasefa
tors are indeed essential for how di�erent phenomena are 
onne
ted[für den Zusammenhang der vers
hiedenen Ers
heinungen wesentli
h℄,but are only indire
tly determinable, exa
tly as phases in opti
s arededu
ed indire
tly by 
ombining measurements of intensity. It is, howe-ver, a tried and proven prin
iple, parti
ularly in quantum me
hani
s,that one should introdu
e as far as possible only dire
tly observablequantities as fundamental 
on
epts of a theory. This defe
t51 is relatedmathemati
ally to the fa
t that the de�nition of probability in termsof the amplitudes does not express the invarian
e under orthogonaltransformations of the Hilbert spa
e (
anoni
al transformations).These gaps in the theory have been �lled by von Neumann [41,42℄.There is52 an invariant de�nition of the eigenvalue spe
trum for arbitraryoperators, and of the relative probabilities, without presupposing theexisten
e of eigenfun
tions or indeed using improper fun
tions. Eventhough this theory has not yet been elaborated in all dire
tions, one
an however say with 
ertainty that a mathemati
ally irreproa
hablegrounding of quantum me
hani
s is possible.Now the se
ond question has to be answered: is this theory in a

ordwith the totality of our experien
e? In parti
ular, given that the indivi-dual pro
ess is only statisti
ally determined, how 
an the usual determi-nisti
 order be preserved in the 
omposite ma
ros
opi
 phenomena?53The most important step in testing the new 
on
eptual system inthis dire
tion 
onsists in the determination of the boundaries withinwhi
h the appli
ation of the old (
lassi
al) words and 
on
epts is allowed,su
h as `position, velo
ity, momentum, energy of a parti
le (ele
tron)'(Heisenberg [46℄). It now turns out that all these quantities 
an bea There are nevertheless some di�eren
es between the approa
hes of Dira
 andJordan. Cf. Darrigol (1992, pp. 343�4) (eds.).



430 M. Born and W. Heisenbergindividually exa
tly measured and de�ned, as in the 
lassi
al theory, butthat for simultaneous measurements of 
anoni
ally 
onjugate quantities(more generally: quantities whose operators do not 
ommute) one 
annotget below a 
hara
teristi
 limit of indetermina
y [Unbestimmtheit℄.a Todetermine this, a

ording to Bohr [47℄54 one 
an start quite generallyfrom the empiri
ally given dualism between waves and 
orpus
les. Onehas essentially the same phenomenon already in every di�ra
tion of lightby a slit. If a wave impinges perpendi
ularly on an (in�nitely long) slitof width q1, then the light distribution as a fun
tion of the deviationangle ϕ is given a

ording to Kir
hho� by the square of the modulus ofthe quantity
a

∫ +
q1
2

−
q1
2

e
2πi
λ

sinϕqdq = 2a
sin
(πq1
λ

sinϕ
)

πq1
λ

sinϕ
,and thus ranges over a domain whose order of magnitude is given by55

sinϕ1 = λ
q1

and gets ever larger with de
reasing slit width q1. If one
onsiders this pro
ess from the point of view of the 
orpus
ular theory,and if the asso
iation given by de Broglie of frequen
y and wavelengthwith energy and momentum of the light quantum is valid,
hν = W,

h

λ
= P ,then the momentum 
omponent perpendi
ular to the dire
tion of theslit is

p = P sinϕ =
h

λ
sinϕ .One sees thus that after the passage through the slit the light quantahave a distribution whose amplitude is given by

e
2πi
λ

sinϕ·q = e
2πi
h
p·q ,pre
isely as quantum me
hani
s requires for two 
anoni
ally 
onjugatevariables; further, the width of the domain of the variable p that 
ontainsthe greatest number of light quanta is

p1 = P sinϕ1 =
Pλ

q1
=

h

q1
.a Here and in the following, the 
hoi
e of translation re�e
ts the 
hara
teristi
terminology of the original. Born and Heisenberg use the terms `Unbestimmtheit'(indetermina
y) and `Ungenauigkeit' (impre
ision), while the standard Germanterms today are `Unbestimmtheit' and `Uns
härfe' (unsharpness) (eds.).
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hani
s 431By general 
onsiderations of this kind one arrives at the insight thatthe impre
isions (average errors) of two 
anoni
ally 
onjugate variables
p and q always stand in the relation

p1q1 ≥ h . (30)The narrowing of the range of one variable, whi
h forms the essen
e of ameasurement, widens unfailingly the range of the other. The same followsimmediately from the mathemati
al formalism of quantum me
hani
s onthe basis of formula (28). The a
tual meaning of Plan
k's 
onstant h isthus that it is the universal measure of the indetermina
y that entersthe laws of nature through the dualism of waves and 
orpus
les.That quantum me
hani
s is a mixture of stri
tly me
hani
al and stati-sti
al prin
iples 
an be 
onsidered a 
onsequen
e of this indetermina
y.Indeed, in the 
lassi
al theory one may �x the state of a me
hani
alsystem by, for instan
e, measuring the initial values of p and q at a
ertain instant. In quantum me
hani
s su
h a measurement of the initialstate is possible only with the a

ura
y (30). Thus the values of p and qare known also at later times only statisti
ally.The relation between the old and the new theory 
an therefore bedes
ribed thus:In 
lassi
al me
hani
s one assumes the possibility of determining ex-a
tly the initial state; the further development is then determined bythe laws themselves.In quantum me
hani
s, be
ause of the impre
ision relation, the resultof ea
h measurement 
an be expressed by the 
hoi
e of appropriate initialvalues for probability fun
tions; the quantum me
hani
al laws determinethe 
hange (wave-like propagation) of these probability fun
tions. Theresult of future experiments however remains in general indeterminateand only the expe
tation56 of the result is statisti
ally 
onstrained. Ea
hnew experiment repla
es the probability fun
tions valid until now withnew ones, whi
h 
orrespond to the result of the observation; it separatesthe physi
al quantities into known and unknown (more pre
isely and lesspre
isely known) quantities in a way 
hara
teristi
 of the experiment.That in this view 
ertain laws, like the prin
iples of 
onservation ofenergy and momentum, are stri
tly valid, follows from the fa
t that theyare relations between 
ommuting quantities (all quantities of the kind qor all quantities of the kind p).aa A similar but more expli
it phrasing is used by Born (1926e, le
ture 15): assumingthat H(p, q) = H(p) + H(q), the time derivatives not only of H but also of all
omponents of momentum and of angular momentum have the form f(q) + g(p)



432 M. Born and W. HeisenbergThe transition from mi
ro- to ma
rome
hani
s results naturally fromthe impre
ision relation be
ause of the smallness of Plan
k's 
onstant h.The fa
t of the propagation,57 the `melting away' of a `wave or probabi-lity pa
ket' is 
ru
ial to this. For some simple me
hani
al systems (freeele
tron in a magneti
 or ele
tri
 �eld (Kennard [50℄), harmoni
 os
illator(S
hrödinger [25℄)), the quantum me
hani
al propagation of the wavepa
ket agrees with the propagation of the system traje
tories that wouldo

ur in the 
lassi
al theory if the initial 
onditions were known only withthe pre
ision restri
tion (30). Here the purely 
lassi
al treatment of αand β parti
les, for instan
e in the dis
ussion of Wilson's photographs,immediately �nds its justi�
ation. But in general the statisti
al laws ofthe propagation of a `pa
ket' for the 
lassi
al and the quantum theoryare di�erent; one has parti
ularly extreme examples of this in the 
ases of`di�ra
tion' or `interferen
e' of material rays, as in the already mentionedexperiments of Davisson, Kunsman and Germer [18,19℄ on the re�e
tionof ele
trons by metalli
 
rystals.That the totality of experien
e 
an be �tted into the system of thistheory 
an of 
ourse be established only by 
al
ulation and dis
ussion ofall the experimentally a

essible 
ases. Individual experimental setups,58in whi
h the suspi
ion of a 
ontradi
tion with the pre
ision limit (30)might arise, have been dis
ussed [46,47℄; every time the reason for theimpossibility of �xing exa
tly all determining data 
ould be exhibitedintuitively [ans
hauli
h aufgewiesen℄.There remains only to survey the most important 
onsequen
es of thetheory and their experimental veri�
ation.IV. � Appli
ations of quantum me
hani
sIn this se
tion we shall brie�y dis
uss those appli
ations of quantumme
hani
s that stand in 
lose relation to questions of prin
iple. Here theUhlenbe
k-Goudsmit theory of the magneti
 ele
tron shall be mentio-ned �rst. Its formulation and the treatment of the anomalous Zeemane�e
ts with the matrix 
al
ulus raise no di�
ulties [11℄; the treatmentwith the method of eigenos
illations su

eeds only with the help of thegeneral Dira
-Jordan theory (Pauli [45℄). Here, two three-dimensionalwave fun
tions are asso
iated with ea
h ele
tron. It be
omes naturalthereby to look for an analogy between matter waves and polarisedwith suitable fun
tions f and g. Born states that sin
e all q 
ommute with oneanother and all p 
ommute with one another, the expressions f(q)+g(p) will vanishunder the same 
ir
umstan
es as in 
lassi
al me
hani
s (eds.).



Quantum me
hani
s 433light waves, whi
h in fa
t 
an be 
arried through to a 
ertain extent(Darwin [49℄, Jordan [53℄). What is 
ommon to both phenomena is thatthe number of terms is �nite, so the representative matrix is also �nite(two arrangements [Einstellungen℄ for the ele
tron, two dire
tions ofpolarisation for light). Here the de�nition of the 
onjugate quantity bymeans of di�erentiation thus fails; one must resort to Jordan's de�nitionby means of the probability amplitudes (formula (28)).From among the other appli
ations, the quantum me
hani
s of many-body problems shall be mentioned [28,29,40℄. In a system that 
ontainsa number of similar parti
les [glei
her Partikel℄,59 there o

urs betweenthem a kind of `resonan
e' and from that results a de
omposition ofthe system of terms into subsystems that do not 
ombine (Heisenberg,Dira
 [28,37℄). Wigner has systemati
ally investigated this phenomenonby resorting to group theoreti
 methods, and has set up the totality ofthe non-
ombining systems of terms [40℄; Hund has managed to derivethe majority of these results by 
omparatively elementary means [48℄. Aspe
ial role is played by the `symmetri
' and `antisymmetri
' subsystemsof terms; in the former every eigenfun
tion remains un
hanged underpermutation of arbitrary similar parti
les, in the latter it 
hanges signunder permutation of any two parti
les. In applying this theory to thespe
tra of atoms with several ele
trons it turns out that the Pauli equi-valen
e rulea allows only the antisymmetri
 subsystem.60 On the basisof this insight one 
an establish quantum me
hani
ally the systemati
sof the line spe
tra and of the ele
tron grouping throughout the wholeperiodi
 system of elements.If one has a large number of similar parti
les, whi
h are to be gi-ven a statisti
al treatment (gas theory), one obtains di�erent statisti
sdepending on whether one 
hooses the 
orresponding wave fun
tiona

ording to the one or the other subsystem. The symmetri
 system is
hara
terised by the fa
t that no new state arises under permutation ofthe parti
les from61 a state des
ribed by a symmetri
 eigenfun
tion; thusall permutations that belong to the same set of quantum numbers (lie inthe same `
ell') together always have the weight 1. This 
orresponds tothe Bose-Einstein statisti
s [56,16℄. In the antisymmetri
 term systemtwo quantum numbers may never be
ome equal, be
ause otherwise theeigenfun
tion vanishes; a set of quantum numbers 
orresponds thereforeeither to no proper fun
tion at all or at most to one, thus the weight ofa state is 0 or 1. This is the Fermi-Dira
 statisti
s [57,37℄.a That is, the Pauli prin
iple applied to ele
trons that are `equivalent' in the senseof having the same quantum numbers n and l; 
f. Born (1969, p. 178). (eds.).



434 M. Born and W. HeisenbergBose-Einstein statisti
s holds for light quanta, as emerges from thevalidity of Plan
k's radiation formula. Fermi-Dira
 statisti
s 
ertainlyholds for (negative) ele
trons, as emerges from the above-mentionedsystemati
s of the spe
tra on the basis of Pauli's equivalen
e rule, andwith great likelihood also for the positive elementary parti
les (protons);one 
an infer this from observations of band spe
tra [28,43℄ and inparti
ular from the spe
i�
 heat of hydrogen at low temperatures [55℄.62The assumption of Fermi-Dira
 statisti
s for the positive and negativeelementary parti
les of matter has the 
onsequen
e that Bose-Einsteinstatisti
s holds for all neutral stru
tures, e.g. mole
ules (symmetry ofthe eigenfun
tions under permutation of an even number63 of parti
lesof matter). Within quantum me
hani
s, in whi
h a many-body problemis treated in 
on�guration spa
e, the new statisti
s of Bose-Einstein andFermi-Dira
 has a perfe
tly legitimate pla
e, unlike in the 
lassi
al theo-ry, where an arbitrary modi�
ation of the usual statisti
s is impossible;nevertheless the restri
tions made on the form of the eigenfun
tionsappear as an arbitrary additional assumption. In parti
ular, the exampleof light quanta indi
ates that the new statisti
s is related in an essentialway to the wave-like properties of matter and light. If one de
omposesthe ele
tromagneti
 os
illations of a 
avity into spatial harmoni
 
om-ponents, ea
h of these behaves like a harmoni
 os
illator as regards timeevolution; it now turns out that under quantisation of this system ofos
illators a solution results that behaves exa
tly like a system of lightquanta obeying Bose-Einstein statisti
s [4℄. Dira
 has used this fa
t fora 
onsistent treatment of ele
trodynami
al problems [51,52℄, to whi
hwe shall return brie�y.The 
orpus
ular stru
ture of light thus appears here as quantisationof light waves, su
h as vi
e versa the wave nature of matter manifestsitself in the `quantisation' of the 
orpus
ular motion. Jordan has shown[54℄ that one 
an pro
eed analogously with ele
trons; one has then tode
ompose the S
hrödinger fun
tion of a 
avity into fundamental andharmoni
s and to quantise ea
h of these as a harmoni
 os
illator, insu
h a way in fa
t that Fermi-Dira
 statisti
s is obtained. The newquantum numbers, whi
h express the `weights' in the usual many-bodytheory, have thus only the values 0 and 1. Therefore one has again here a
ase of �nite matri
es, whi
h 
an be treated only with Jordan's generaltheory. The existen
e of ele
trons thus plays the same role in the formalelaboration of the theory as that of light quanta; both are dis
ontinuitiesno di�erent in kind from the stationary states of a quantised system.
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hani
s 435However, if the material parti
les stand in intera
tion with ea
h other,the development of this idea might run into di�
ulties of a deep nature.The results of Dira
's investigations [51,52℄ of quantum ele
trodyna-mi
s 
onsist above all in a rigorous derivation of Einstein's transitionprobabilities for spontaneous emission.a Here the ele
tromagneti
 �eld(resolved into quantised harmoni
 os
illations) and the atom are 
onsi-dered as a 
oupled system and quantum me
hani
s is applied in the formof the integral equation (13). The intera
tion energy appearing thereinis obtained by 
arrying over 
lassi
al formulas. In this 
onne
tion, thenature of absorption and s
attering of light by atoms is 
lari�ed. Finally,Dira
 [52℄ has managed to derive a dispersion formula with dampingterm; this in
ludes also the quantum me
hani
al interpretation of Wien'sexperiments on the de
ay in lumines
en
e of 
anal rays.b His method
onsists in 
onsidering the pro
ess of the s
attering of light by atomsas a 
ollision of light quanta. However, sin
e one 
an indeed attributeenergy and momentum to the light quantum but not easily a spatialposition, there is a failure of the wave me
hani
al 
ollision theory (Born[30℄), in whi
h one presupposes knowledge of the intera
tion betweenthe 
ollision partners as a fun
tion of the relative position. It is thusne
essary to use the momenta as independent variables, and an operatorequation of matrix 
hara
ter instead of S
hrödinger's wave equation.Here one has a 
ase where the use of the general points of view whi
hwe have emphasised in this report 
annot be avoided. At the same time,the theory of Dira
 reveals anew the deep analogy between ele
trons andlight quanta. Con
lusionBy way of summary, we wish to emphasise that while we 
onsider thelast-mentioned enquiries, whi
h relate to a quantum me
hani
al treat-ment of the ele
tromagneti
 �eld, as not yet 
ompleted [unabges
hlos-sen℄, we 
onsider quantum me
hani
s to be a 
losed theory [ges
hlosseneTheorie℄, whose fundamental physi
al and mathemati
al assumptionsare no longer sus
eptible of any modi�
ation. Assumptions about thephysi
al meaning of quantum me
hani
al quantities that 
ontradi
t Jor-dan's or equivalent postulates will in our opinion also 
ontradi
t ex-perien
e. (Su
h 
ontradi
tions 
an arise for example if the square ofa As opposed to the indu
ed emission dis
ussed on p. 424 (eds.).b See above, p. 143 (eds.).



436 M. Born and W. Heisenbergthe modulus of the eigenfun
tion is interpreted as 
harge density.a)On the question of the `validity of the law of 
ausality' we have thisopinion: as long as one takes into a

ount only experiments that lie inthe domain of our 
urrently a
quired physi
al and quantum me
hani
alexperien
e, the assumption of indeterminism in prin
iple, here taken asfundamental, agrees with experien
e. The further development of thetheory of radiation will 
hange nothing in this state of a�airs, be
ausethe dualism between 
orpus
les and waves, whi
h in quantum me
hani
sappears as part of a 
ontradi
tion-free, 
losed theory [abges
hlosseneTheorie℄, holds in quite a similar way for radiation. The relation betweenlight quanta and ele
tromagneti
 waves must be just as statisti
al as thatbetween de Broglie waves and ele
trons. The di�
ulties still standing atpresent in the way of a 
omplete theory of radiation thus do not liein the dualism between light quanta and waves � whi
h is entirelyintelligible � instead they appear only when one attempts to arriveat a relativisti
ally invariant, 
losed formulation of the ele
tromagneti
laws; all questions for whi
h su
h a formulation is unne
essary 
an betreated by Dira
's method [51,52℄. However, the �rst steps also towardsover
oming these relativisti
 di�
ulties have already been made.

a See S
hrödinger's report, espe
ially his se
tion I, and se
tion 4.4 above (eds.).
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Dis
ussion 441Dis
ussion of Messrs Born and Heisenberg's reportaMr Dira
. � I should like to point out the exa
t nature of the 
orre-sponden
e between the matrix me
hani
s and the 
lassi
al me
hani
s. In
lassi
al me
hani
s one 
an work out a problem by two methods: (1) bytaking all the variables to be numbers and working out the motion, e.g.by Newton's laws, whi
h means one is 
al
ulating the motion resultingfrom one parti
ular set of numeri
al values for the initial 
oordinatesand momenta, and (2) by 
onsidering the variables to be fun
tions ofthe J 's (a
tion variables)74 and using the general transformation theoryof dynami
s and thus determining simultaneously the motion resultingfrom all possible initial 
onditions.75 The matrix theory 
orresponds tothis se
ond 
lassi
al method. It gives information about all the statesof the system simultaneously. A di�eren
e between the matrix methodand the se
ond 
lassi
al method arises sin
e in the latter one requires totreat simultaneously only states having nearly the same J 's (one uses,for instan
e, the operators ∂
∂J ), while in the matrix theory one musttreat simultaneously states whose J 's di�er by �nite amounts.To get results 
omparable with experiment when one uses the se
ond
lassi
al method,76 one must substitute numeri
al values for the J 's inthe fun
tions of the J 's obtained from the general treatment. One has todo the same in the matrix theory. This gives rise to a di�
ulty sin
e theresults of the general treatment are now matrix elements, ea
h referringin general to two di�erent sets of J 's. It is only the diagonal elements,for whi
h these two sets of J 's 
oin
ide, that have a dire
t physi
alinterpretation.Mr Lorentz.� I was very surprised to see that the matri
es satisfyequations of motion. In theory that is very beautiful, but to me itis a great mystery, whi
h, I hope, will be 
lari�ed. I am told thatby all these 
onsiderations one has 
ome to 
onstru
t matri
es thatrepresent what one 
an observe in the atom, for instan
e the frequen
iesof the emitted radiation. Nevertheless, the fa
t that the 
oordinates, thepotential energy, and so on, are now represented by matri
es indi
atesthat the quantities have lost their original meaning and that one hasmade a huge step in the dire
tion of abstra
tion.Allow me to draw attention to another point that has stru
k me. Leta The two dis
ussion 
ontributions by Dira
 follow his manus
ript in AHQP,mi
ro�lm 36, se
tion 10. Deviations in the Fren
h edition (whi
h may or maynot be due to Dira
) are reported in endnote, as well as interesting variants or
an
ellations in the manus
ript, and pun
tuation has been slightly altered (eds.).



442 M. Born and W. Heisenbergus 
onsider the elements of the matri
es representing the 
oordinates ofa parti
le in an atom, a hydrogen atom for instan
e, and satisfying theequations of motion. One 
an then 
hange the phase of ea
h element ofthe matri
es without these 
easing to satisfy the equations of motion;one 
an, for instan
e, 
hange the time. But one 
an go even further and
hange the phases, not arbitrarily, but by multiplying ea
h element bya fa
tor of the form ei(δm−δn), and this is quite di�erent from a 
hangeof time origin.aNow these matrix elements ought to represent emitted radiation. Ifthe emitted radiation were what is at the basis of all this, one 
ouldexpe
t to be able to 
hange all phases in an arbitrary way. The above-mentioned fa
t then leads us very naturally to the idea that it is not theradiation that is the fundamental thing: it leads us to think that behindthe emitted os
illations are hidden some true os
illations, of whi
h theemitted os
illations are di�eren
e os
illations.In this way then, in the end there would be os
illations of whi
h theemitted os
illations are di�eren
es, as in S
hrödinger's theory,a and itseems to me that this is 
ontained in the matri
es. This 
ir
umstan
eindi
ates the existen
e of a simpler wave substrate.Mr Born. � Mr Lorentz is surprised that the matri
es satisfy theequations of motion; with regard to this I would like to note the analogywith 
omplex numbers. Also here we have a 
ase where in an extensionof the number system the formal laws are preserved almost 
ompletely.Matri
es are some kind of hyper
omplex numbers, whi
h are distinguis-hed from the ordinary numbers by the fa
t that the law of 
ommutativityno longer holds.Mr Dira
. � The arbitrary phases o

urring in the matrix method
orrespond exa
tly77 to the arbitrary phases in the se
ond 
lassi
almethod, where the variables are fun
tions of the J 's and w's (a
tionand angle variables). There are arbitrary78 phases in the w's, whi
h mayhave di�erent values for ea
h di�erent set of values for the J 's. This is
ompletely analogous79 to the matrix theory, in whi
h ea
h arbitraryphase is asso
iated with a row and 
olumn, and therefore with a set ofa This 
orresponds of 
ourse to the 
hoi
e of a phase fa
tor eiδn for ea
h stationarystate. This point (among others) had been raised in the 
orresponden
e betweenLorentz and Ehrenfest in the months pre
eding the 
onferen
e. See Lorentz toEhrenfest, 4 July 1927, AHQP-EHR-23 (in Dut
h) (eds.).a See se
tion 4.4 (eds.).



Dis
ussion 443values for the J 's.Mr Born. � The phases αn whi
h Mr Lorentz has just mentionedare asso
iated with the di�erent energy levels, quite like in 
lassi
alme
hani
s. I do not think there is anything mysterious hiding behindthis.Mr Bohr.� The issue of the meaning of the arbitrary phases, raisedby Mr Lorentz, is of very great importan
e, I think, in the dis
ussionof the 
onsisten
y of the methods of quantum theory. Although the
on
ept of phase is indispensable in the 
al
ulations, it hardly entersthe interpretation of the observations.



444 Notes to pp. 407�424Notes to the translation1 Here and in a number of pla
es in the following, the Fren
h edition omitsquotation marks present in the German types
ript. They are ta
itlyrestored in this edition.2 The Fren
h edition gives `[47℄'.3 [diskrete℄ � [déterminées℄4 The Fren
h edition omits `[60℄'.5 [makroskopis
he℄ � [mi
ros
opiques℄6 [dur
h sinngemässe Übertragung℄ � [par une extension logique℄7 In the Fren
h edition, the parentheti
al remark is given as a footnote.8 The types
ript does not give the referen
e number, only the bra
kets.The Fren
h edition omits the referen
e entirely. The mentioned resultsare to be found in se
tion 4.1 of Born, Heisenberg and Jordan (1926 [4℄).9 Word omitted in the Fren
h edition.10 [sind sinngemässe Übertragungen℄ � [sont des extensions logiques℄11 Misprint in the Fren
h edition: summation index `n' in the equation.12 [orthogonale Transformationen der ϕk℄ � [transformations orthogonales
ϕk℄13 [bes
hränkte unendli
he℄ � [partiellement in�nies℄14 [Sätze℄ � [prin
ipes℄15 [no
h zurü
kzukommen haben℄ � [n'avons pas à revenir℄16 Word omitted in the Fren
h edition.17 The overbar is missing in the original types
ript (only here), but isin
luded in the Fren
h edition.18 The types
ript reads: `Lan
zos [ ℄', the referen
e number is added in theFren
h edition.19 The types
ript 
onsistently gives this referen
e as `(q)', the Fren
hedition as `(9)'.20 Equation number missing in the Fren
h edition.21 [eine Vers
hiebung längs ihrer Verbindungslinie mit dem Nullpunkt℄ �[un dépla
ement de leur droite de jon
tion ave
 l'origine℄22 [sie℄ � [
es règles℄23 [Vorgänge℄ � [phénomènes℄24 Both the manus
ript and the Fren
h edition read `H1' and `H2' in thisparagraph and two paragraphs later, and `H(1)' in the interveningparagraph. We have uniformised the notation.25 The Fren
h edition 
onsistently reads `δfn'.26 The right-hand side of this equation reads `Pm{f(Wn) − f(Wm)}Φnm'in both the types
ript and the Fren
h edition, but it should be as shown(see above, p. 115).27 The Fren
h edition gives `(2)'.28 Both the types
ript and the Fren
h edition read (only here) `n1, n2'.29 Both the types
ript and the Fren
h edition read `Φnm'.30 Singular in the Fren
h edition.31 The types
ript in
ludes the square bra
kets but no referen
e number.The Fren
h edition omits the referen
e entirely.32 Only bra
kets in the types
ript, referen
es omitted in the Fren
h edition.33 [abhängige℄ � [indépendante℄34 The Fren
h edition reads `(cnk)2' instead of `|cn|2' and `nk' instead of `n'.35 The Fren
h edition reads `pnk' instead of `γn'.



Notes to pp. 425�433 44536 Both the types
ript and the Fren
h edition give `(11)', but this shouldevidently be either `(17)' or `(22a)'.37 The adje
tive is omitted in the Fren
h edition.38 [`Strahlvektor'℄ � [`ve
teur radiant'℄39 The absolute square is missing in the German types
ript, but is added inthe Fren
h edition.40 [des einen, etwa, na
h Grösse und Ri
htung℄ � [de l'un, par exemple engrandeur et en dire
tion℄41 [von Q℄ � [et Q℄42 The Fren
h edition has a prime on `q'.43 The overbar is missing in the German types
ript, but is added in theFren
h edition.44 Throughout this paragraph, the Fren
h edition translates `Übergang' as`transformation' instead of `transition'.45 `S' missing in the Fren
h edition.46 [das folgende Sätze zugrunde legt℄ � [qui est à la base des théorèmessuivants℄. Note that `Satz' 
an indeed mean both `statement' and`theorem'.47 The Fren
h edition omits absolute bars.48 The `h' is present in the Fren
h edition but not in the types
ript.49 In the types
ript, this is typed over an (illegible) previous alternative.Jordan in his habilitation le
ture (1927f [62℄) uses the term `angebbareWahrs
heinli
hkeit' (`assignable probability' in Oppenheimer'stranslation (Jordan 1927g)).50 [in dem der einfa
he Begri� der bere
henbaren Wahrs
heinli
hkeit für einbestimmtes Ereignis die Hauptrolle spielt℄ � [dans lequel la simplenotion de la probabilité 
al
ulable joue le r�le prin
ipale pour unévénement déterminé℄51 [Überstand℄ � [défaut℄. The word `Überstand' may be 
hara
terising thephases as some kind of surplus stru
ture, but it is quite likely a mistypingof `Übelstand', whi
h 
an indeed be translated as `defe
t', as in theFren
h version.52 [Es gibt℄ � [Cet auteur donne℄53 [Wie kann insbesondere bei der nur statistis
hen Bestimmtheit desEinzelvorgangs in den zusammengesetzten makroskopis
henErs
heinungen die gewohnte deterministis
he Ordnung aufre
ht erhaltenwerden?℄ � [En parti
ulier 
omment, vu la détermination uniquementstatistique des pro
essus individuels dans les phénomènes ma
ros
opiques
ompliqués, l'ordre déterministe auquel nous sommes a

outumés peut-ilêtre 
onservé?℄54 This referen
e is to a supposedly forth
oming `Über den begri�i
henAufbau der Quantentheorie'. Yet, no su
h published or unpublished workby Bohr is extant. Some pages titled `Zur Frage des begri�i
hen Aufbausder Quantentheorie' are 
ontained in the folder `Como le
ture II' in theNiels Bohr ar
hive, mi
ro�lmed in AHQP-BMSS-11, se
tion 4. See alsoBohr (1985, p. 478). We wish to thank Feli
ity Pors, of the Niels Bohrar
hive, for 
orresponden
e on this point.55 The Fren
h edition in
orre
tly reads `sinϕ1 = q1
λ
'.56 [Erwartung℄ � [attente℄57 [Ausbreitung℄ � [extension℄58 [einzelne Versu
hsanordnungen℄ � [des essais isolés℄



446 Notes to pp. 433�44259 Again, the terminology has 
hanged both in German and in English. Theterm `similar parti
les' for `identi
al parti
les' is used for instan
e byDira
 (1927a [37℄).60 [nur das antisymmetris
he Teilsystem zulässt℄ � [ne permet pas lesystème antisymétrique℄61 [aus℄ � [dans℄62 The Fren
h edition gives `[56℄'.63 Both the German version followed here and the Fren
h version (`a wholenumber of parti
les') seem rather infeli
itous.64 Both the types
ript and the Fren
h edition add `(Magnetelektron)'. TheFren
h edition reads `Nature'.65 Both the types
ript and the Fren
h edition read `p. 5'.66 Types
ript and published volume read `Pt' and `Mg', as well as `243'.67 In the Fren
h edition: `409'.68 This is indeed the (abridged) published version of Elsasser's Göttingendissertation.69 In the Fren
h edition: `Das Adiabatenprinzip in den Quanten', as well as`1927' (the latter as in the types
ript).70 In both the types
ript and the Fren
h edition the title of the paper isgiven as `Über den ans
hauli
hen Inhalt der Quantenme
hanik'.71 Date given as `1927' in types
ript and volume.72 In the Fren
h edition: `288'.73 The Fren
h edition omits `614'.74 The manus
ript in
ludes also `and w's' and `and angle', both 
an
elled.75 The Fren
h edition breaks up and rearranges this senten
e.76 The Fren
h edition omits the temporal 
lause.77 The Fren
h edition reads `trouvent une analogie'.78 In the manus
ript this repla
es the 
an
elled word `unknown'.79 In the manus
ript this repla
es `
orresponds exa
tly'.



Wave me
hani
sa
By Mr E. SCHRÖDINGERIntrodu
tionUnder this name at present two theories are being 
arried on, whi
hare indeed 
losely related but not identi
al. The �rst, whi
h follows ondire
tly from the famous do
toral thesis by L. de Broglie, 
on
erns wavesin three-dimensional spa
e. Be
ause of the stri
tly relativisti
 treatmentthat is adopted in this version from the outset, we shall refer to it as thefour-dimensional wave me
hani
s. The other theory is more remote fromMr de Broglie's original ideas, insofar as it is based on a wave-like pro
essin the spa
e of position 
oordinates (q-spa
e) of an arbitrary me
hani
alsystem.1 We shall therefore 
all it themulti-dimensional wave me
hani
s.Of 
ourse this use of the q-spa
e is to be seen only as a mathemati
al tool,as it is often applied also in the old me
hani
s; ultimately, in this versionalso, the pro
ess to be des
ribed is one in spa
e and time. In truth,however, a 
omplete uni�
ation of the two 
on
eptions has not yet beena
hieved. Anything over and above the motion of a single ele
tron 
ouldbe treated so far only in the multi-dimensional version; also, this is theone that provides the mathemati
al solution to the problems posed bythe Heisenberg-Born matrix me
hani
s. For these reasons I shall pla
ea Our translation follows S
hrödinger's German types
ript in AHQP-RDN,do
ument M-1354. Dis
repan
ies between the types
ript and the Fren
h editionare endnoted. Interspersed in the German text, S
hrödinger provided his ownsummary of the paper (in Fren
h). We translate this in the footnotes. The Fren
hversion of this report is also reprinted in S
hrödinger (1984, vol. 3, pp. 302�23)(eds.). 447



448 E. S
hrödingerit �rst, hoping in this way also to illustrate better the 
hara
teristi
di�
ulties of the as su
h more beautiful four-dimensional version.aI. � Multi-dimensional theoryGiven a system whose 
on�guration is des
ribed by the generalisedposition 
oordinates q1, q2, . . . , qn, 
lassi
al me
hani
s 
onsiders its taskas being that of determining the qk as fun
tions of time, that is, ofexhibiting all systems of fun
tions q1(t), q2(t), . . . , qn(t) that 
orrespondto a dynami
ally possible motion of the system. Instead, a

ording towave me
hani
s the solution to the problem of motion is not given by asystem of n fun
tions of the single variable t, but by a single fun
tion
ψ of the n variables q1, q2, . . . , qn and perhaps of time (see below).This is determined by a partial di�erential equation with q1, q2, . . . , qn(and perhaps t) as independent variables. This 
hange of role of the
qk, whi
h from dependent be
ome independent variables, appears to bethe 
ru
ial point. More later on the meaning of the fun
tion ψ, whi
his still 
ontroversial. We �rst des
ribe how it is determined, thus what
orresponds to the equations of motion of the old me
hani
s.First let the system be a 
onservative one. We start from its Hamil-tonian fun
tion

H = T + V ,that is, from the total energy expressed as a fun
tion of the qk andthe 
anoni
ally-
onjugate momenta pk. We take H to be a homogeneousquadrati
 fun
tion of the qk and of unity and repla
e in it ea
h pk by
h
2π

∂ψ
∂qk

and unity by ψ. We 
all the fun
tion of the qk, ∂ψ
∂qk

and ψ thusobtained L (be
ause in wave me
hani
s it plays the role of a Lagrangefun
tion). Thus
L = T

(

qk,
h

2π

∂ψ

∂qk

)

+ V ψ2 . (1)Now we determine ψ(q1, q2, . . . , qn) by the requirement that under va-riation of ψ,
δ

∫

Ldτ = 0 with ∫

ψ2dτ = 1 . (2)a Summary of the introdu
tion: Currently there are in fa
t two [theories of℄wave me
hani
s, very 
losely related to ea
h other but not identi
al, that is,the relativisti
 or four-dimensional theory, whi
h 
on
erns waves in ordinaryspa
e, and the multi-dimensional theory, whi
h originally 
on
erns waves in the
on�guration spa
e of an arbitrary system. The former, until now, is able to dealonly with the 
ase of a single ele
tron, while the latter, whi
h provides the solutionto the matrix problems of Heisenberg-Born, 
omes up against the di�
ulty of beingput in relativisti
 form. We start with the latter.



Wave me
hani
s 449The integration is to be performed over the whole of q-spa
e (on whoseperhaps in�nitely distant boundary, ∂ψ must disappear). However, dτis not simply the produ
t of the dqk, rather the `rationally measured'volume element in q-spa
e:
dτ = dq1dq2 . . . dqn

∣

∣

∣± ∂2T

∂p1 . . . ∂pk

∣

∣

∣

−
1
2 (3)(it is the volume element of a Riemannian q-spa
e, whose metri
, asfor instan
e also in Hertz's me
hani
s,a is determined by the kineti
energy). � Performing the variation, taking the normalisation 
onstraintwith the multiplier [Fa
tor℄ −E, yields the Euler equation

∆ψ +
8π2

h2
(E − V )ψ = 0 (4)(∆ stands for the analogue of the Lapla
e operator in the generalisedRiemannian sense). As is well known,

∫

Ldτ = Efor a fun
tion that satis�es the Euler equation (4) and the 
onstraint in(2).Now, it turns out that equation (4) in general does not have, forevery E-value, a solution ψ that is single-valued and always �nite and
ontinuous together with its �rst and se
ond derivatives; instead, in allspe
ial 
ases examined so far, this is the 
ase pre
isely for the E-valuesthat Bohr's theory would des
ribe as stationary energy levels of thesystem (in the 
ase of dis
repan
ies, the re
al
ulated values explain thefa
ts of experien
e better than the old ones). The word `stationary' usedby Bohr is thus given a very pregnant meaning by the variation problem(4).We shall refer to these values as eigenvalues, Ek, and to the 
orre-sponding solutions ψk as eigenfun
tions.b We shall number the eigenva-lues always in in
reasing order and shall number repeatedly those withmultiple eigensolutions. The ψk form a normalised 
omplete orthogonalsystem in the q-spa
e, with respe
t to whi
h every well-behaved fun
tionof the qk 
an be expanded in a series. Of 
ourse this does not mean thatevery well-behaved fun
tion solves the homogeneous equation (4) anda For S
hrödinger's interest in Hertz's work on me
hani
s, see Mehra and Re
henberg(1987, pp. 522�32) (eds.).b As a rule, in 
ertain domains of the energy axis2 the eigenvalue spe
trum is
ontinuous, so that the index k is repla
ed by a 
ontinuous parameter. In thenotation we shall generally not take this into a

ount.
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hrödingerthus the variation problem, be
ause (4) is indeed an equation system,ea
h single eigensolution ψk satisfying a di�erent element of the system,namely the one with E = Ek.aOne 
an take the view that one should be 
ontent in prin
iple withwhat has been said so far and its very diverse spe
ial appli
ations.The single stationary states of Bohr's theory would then in a way bedes
ribed by the eigenfun
tions ψk, whi
h do not 
ontain time at all .aOne would �nd that one 
an derive mu
h more from them that is worthknowing, in parti
ular, one 
an form from them, by �xed general rules,quantities that 
an be aptly taken to be jump probabilities between thesingle stationary states. Indeed, it 
an be shown for instan
e that theintegral
∫

qiψkψk′dτ , (5)extended to the whole of q-spa
e, yields pre
isely the matrix elementbearing the indi
es k and k′ of the `matrix q' in the Heisenberg-Borntheory; similarly, the elements of all matri
es o

urring there 
an be
al
ulated from the wave me
hani
al eigenfun
tions.The theory as it stands, restri
ted to 
onservative systems, 
ould treatalready even the intera
tion between two or more systems, by 
onside-ring these as one single system, with the addition of a suitable termin the potential energy depending on the 
oordinates of all subsystems.Even the intera
tion of a material system with the radiation �eld isnot out of rea
h, if one imagines the system together with 
ertain etheros
illators (eigenos
illations of a 
avity) as a single 
onservative system,positing suitable intera
tion terms.On this view the time variable would play absolutely no role in anisolated system � a possibility to whi
h N. Campbell (Phil. Mag., [1℄(1926), [1106℄) has re
ently pointed. Limiting our attention to an isolatedsystem, we would not per
eive the passage of time in it any more thana Summary of the above: Wave me
hani
s demands that events in a me
hani
alsystem that is in motion be des
ribed not by giving n generalised 
oordinates
q1, q2 . . . qn as fun
tions of the time t, but by giving a single fun
tion [ψ℄ of the nvariables q1, q2 . . . qn and maybe of the time t. The system of equations of motionof 
lassi
al me
hani
s 
orresponds in wave me
hani
s to a single partial di�erentialequation, eq. (4), whi
h 
an be obtained by a 
ertain variational pro
edure. E isa Lagrange multiplier, V is the potential energy, a fun
tion of the 
oordinates;
h is Plan
k's 
onstant, ∆ denotes the Lapla
ian in q-spa
e, generalised in thesense of Riemann. One �nds in spe
i�
 
ases that �nite and 
ontinuous solutions,`eigenfun
tions' ψk of eq. (4), exist only for 
ertain `eigenvalues' Ek of E. The setof these fun
tions forms a 
omplete orthogonal system in the 
oordinate spa
e.The eigenvalues are pre
isely the `stationary energy levels' of Bohr's theory.a Cf. se
tion 8.1 (eds.).
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s 451we 
an noti
e its possible progress in spa
e, an assimilation of timeto the spatial 
oordinates that is very mu
h in the spirit of relativity.What we would noti
e would be merely a sequen
e of dis
ontinuoustransitions, so to speak a 
inemati
 image, but without the possibility of
omparing the time intervals between the transitions. Only se
ondarily,and in fa
t with in
reasing pre
ision the more extended the system,would a statisti
al de�nition of time result from 
ounting the transitionstaking pla
e (Campbell's `radioa
tive 
lo
k'). Of 
ourse then one 
annotunderstand the jump probability in the usual way as the probabilityof a transition 
al
ulated relative to unit time. Rather, a single jumpprobability is then utterly meaningless; only with two possibilities forjumps, the probability that the one may happen before the other is equalto its jump probability divided by the sum of the two.I 
onsider this view the only one that would make it possible to holdon to `quantum jumps' in a 
oherent way. Either all 
hanges in natureare dis
ontinuous or not a single one. The �rst view may have manyattra
tions; for the time being however, it still poses great di�
ulties.If one does not wish to be so radi
al and give up in prin
iple the useof the time variable also for the single atomisti
 system, then it is verynatural to assume that it is 
ontained hidden also in equation (4). Onewill 
onje
ture that equation system (4) is the amplitude equation of anos
illation equation, from whi
h time has been eliminated by settinga

ψ ∼ e2πiνt . (6)
E must then be proportional to a power of ν, and it is natural to set
E = hν. Then the following is the os
illation equation that leads to (4)with the ansatz (6):b

∆ψ − 8π2

h2
V ψ − 4πi

h

∂ψ

∂t
= 0 . (7)Now this is satis�ed not just by a single3

ψke
2πiνkt (νk =

Ek
h

) ,a S
hrödinger introdu
es the time-dependent equation in his fourth paper onquatisation (1926g). There (p. 112), S
hrödinger leaves the sign of timeundetermined, settling on the same 
onvention as in (6) � the opposite of today's
onvention � on pp. 114-15. As late as S
hrödinger (1926h, p. 1065), one readsthat `the most general solution of the wave-problem will be (the real part of)[eq. (27) of that paper℄'. Instead the wave fun
tion is 
hara
terised as `essentially
omplex' in S
hrödinger (1927
, fn. 3 on p. 957) (eds.).b Re
all that S
hrödinger does not in fa
t set m = 1, but absorbs the mass in thede�nition of ∆ (eds.).
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hrödingerbut by an arbitrary linear 
ombination
ψ =

∞
∑

k=1

ckψke
2πiνkt (8)with arbitrary (even 
omplex) 
onstants ck . If one 
onsiders this ψ asthe des
ription4 of a 
ertain sequen
e of phenomena in the system, thenthis is now given by a (
omplex) fun
tion of the q1, q2, . . . , qn and oftime, a fun
tion whi
h 
an even be given arbitrarily at t = 0 (be
ause ofthe 
ompleteness5 and orthogonality of the ψk); the os
illation equation(7), or its solution (8) with suitably 
hosen ck, then governs the temporaldevelopment. Bohr's stationary states 
orrespond to the eigenos
illationsof the stru
ture (one ck = 1, all others = 0).There now seems to be no obsta
le to assuming that equation (7) isvalid immediately also for non-
onservative systems (that is, V may
ontain time expli
itly). Then, however,6 the solution no longer hasthe simple form (8). A parti
ularly interesting appli
ation hereof is theperturbation of an atomi
 system by an ele
tri
 alternating �eld. Thisleads to a theory of dispersion, but we must forgo here a more detaileddes
ription of the same. � From (7) there always follows

d

dt

∫

dτψψ∗ = 0 . (9)(An asterisk shall always denote the 
omplex 
onjugate.7) Instead of theearlier normalisation 
ondition (2), one 
an thus require
∫

dτψψ∗ = 1 , (10)whi
h in the 
onservative 
ase, equation (8), means
∞
∑

k=1

ckc
∗

k = 1 .a (11)a Summary of the above: Even limiting oneself to what has been said up to now, itwould be possible to derive mu
h of interest from these results, for instan
e thetransition probabilities, formula (5) yielding pre
isely the matrix element qi(k, k′)for the same me
hani
al problem formulated a

ording to the Heisenberg-Borntheory. Although we have restri
ted ourselves so far to 
onservative systems, itwould be possible to treat in this way also the mutual a
tion between severalsystems and even between a material system and the radiation �eld; one wouldonly have to add all relevant systems to the system under 
onsideration. Timedoes not appear at all in our 
onsiderations and one 
ould imagine that the onlyevents that o

ur are sudden transitions from one quantum state of the totalsystem to another quantum state, as Mr N. Campbell has re
ently thought. Timewould be de�ned only statisti
ally by 
ounting the quantum jumps (Mr Campbell's



Wave me
hani
s 453What does the ψ-fun
tion mean now, that is, how does the systemdes
ribed by it really look like in three dimensions? Many physi
iststoday are of the opinion that it does not des
ribe8 the o

urren
es in anindividual system,9 but only the pro
esses in an ensemble of very manylike 
onstituted systems that do not sensibly in�uen
e one another10and are all under the very same 
onditions. I shall skip this point ofview, sin
e others are presenting it.a I myself have so far found usefulthe following perhaps somewhat naive but quite 
on
rete idea [dafürre
ht greifbare Vorstellung℄. The 
lassi
al system of material points doesnot really exist, instead there exists something that 
ontinuously �llsthe entire spa
e and of whi
h one would obtain a `snapshot' if onedragged the 
lassi
al system, with the 
amera shutter open, throughall its 
on�gurations, the representative point in q-spa
e spending inea
h volume element dτ a time that is proportional to the instantaneousvalue of ψψ∗. (The value of ψψ∗ for only one value of the argument t isthus in question.) Otherwise stated: the real system is a superposition ofthe 
lassi
al one in all its possible states, using ψψ∗ as `weight fun
tion'.The systems to whi
h the theory is applied 
onsist 
lassi
ally of several12
harged point masses. In the interpretation just dis
ussed13 the 
hargeof every single one of these is distributed 
ontinuously a
ross spa
e,the individual point mass with 
harge e yielding to the 
harge in thethree-dimensional volume element dx dy dz the 
ontribution14

e

∫

′

ψψ∗dτ . (12)The prime on the integration sign means: one has to integrate only overthe part of the q-spa
e 
orresponding to a position of the distinguishedpoint mass within dxdydz. � Sin
e ψψ∗ in general depends on time,these 
harges �u
tuate; only in the spe
ial 
ase of a 
onservative system`radioa
tive 
lo
k'). � Another, less radi
al, point of view is to assume that timeis hidden already in the family of equations (4) parametrised by E, this familybeing the amplitude equation of an os
illation equation, from whi
h time has beeneliminated by the ansatz (6). Assuming hν = E one arrives at eq. (7), whi
h,be
ause it no longer 
ontains the frequen
y ν, is solved by the series (8), wherethe ck are arbitrary, generally 
omplex, 
onstants. Now ψ is a fun
tion of the
q1, q2 . . . qn as well as of time t and, by a suitable 
hoi
e of the ck, it 
an be adjustedto an arbitrary initial state. Nothing prevents us now from making the time appearalso in the fun
tion V � this is the theory of non-
onservative systems, one ofwhose most important appli
ations is the theory of dispersion. � The importantrelation (9), whi
h follows from eq. (7), allows one in all 
ases to normalise ψa

ording to eq. (10).a See the report by Messrs Born and Heisenberg.11
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hrödingeros
illating with a single eigenos
illation are they distributed permanent-ly, so to speak stati
ally.It must now be emphasised that by the 
laim that there are15 these
harge densities (and the 
urrent densities arising from their �u
tuation),we 
an mean at best half of what 
lassi
al ele
trodynami
s would meanby that. Classi
ally, 
harge and 
urrent densities are (1) appli
ationpoints, (2) sour
e points of the ele
tromagneti
 �eld. As appli
ationpoints they are 
ompletely out of the question here; the assumptionthat these 
harges and 
urrents a
t, say, a

ording to Coulomb's orBiot-Savart's law dire
tly on one another, or are dire
tly a�e
ted insu
h a way by external �elds, this assumption is either super�uous orwrong (N.B. de fa
to wrong), be
ause the 
hanges in the ψ fun
tionand thereby in the 
harges are indeed to be determined through theos
illation equation (7) � thus we must not think of them as determinedalso in another way, by for
es a
ting on them. An external ele
tri
 �eldis to be taken a

ount of in (7) in the potential fun
tion V , an externalmagneti
 �eld in a similar way to be dis
ussed below, � this is the waytheir appli
ation to the 
harge distribution is expressed in the presenttheory.Instead, our spatially distributed 
harges prove themselves ex
ellentlyas sour
e points of the �eld, at least for the external a
tion of thesystem, in parti
ular with respe
t to its radiation. Considered as sour
epoints in the sense of the usual ele
trodynami
s, they yield largely16
orre
t information about its frequen
y, intensity and polarisation.a Inmost 
ases, the 
harge is in pra
ti
e 
on�ned to a region that is small
ompared to the wavelengths of the emitted light. The radiation is thendetermined by the resulting dipole moment [elektris
hes Moment ℄ of the
harge distribution. A

ording to the prin
iples determined above, this is
al
ulated from the 
lassi
al dipole moment of an arbitrary 
on�gurationby performing an average using ψψ∗

Mqu =

∫

M
lψψ∗dτ . (13)A glan
e at (8) shows that inMqu the di�eren
es of the νk will appear asemission frequen
ies; sin
e the νk are the spe
tros
opi
 term values, ourpi
ture provides an understanding17 of Bohr's frequen
y 
ondition. Theintegrals that appear as amplitudes of the di�erent partial os
illationsof the dipole moment represent a

ording to the remarks on (5) theelements of Born and Heisenberg's `dipole moment matrix'. By evalua-a See the dis
ussion after the report, as well as se
tion 4.4 (eds.).



Wave me
hani
s 455ting these integrals one obtained the 
orre
t polarisations and intensitiesof the emitted light in many spe
ial 
ases, in parti
ular intensity zeroin all 
ases where a line allowed by the frequen
y 
ondition is missinga

ording to experien
e (understanding18 of the sele
tion prin
iple). �Even though all these results, if one so wishes, 
an be deta
hed from thepi
ture of the �u
tuating 
harges and be represented in a more abstra
tform, yet they put quite beyond doubt that the pi
ture is tremendouslyuseful for one who has the need for Ans
hauli
hkeit!19,aIn no way should one 
laim that the provisional attempt of a 
lassi
al-ele
trodynami
 
oupling of the �eld to the 
harges generating the �eldis already the last word on this issue. There are internal20 reasons fordoubting this. First, there is a serious di�
ulty in the question of therea
tion of the emitted radiation on the emitting system, whi
h is not yetexpressed by the wave equation (7), a

ording to whi
h also su
h waveforms of the system that 
ontinuously emit radiation 
ould and would infa
t always persist unabated. Further, one should 
onsider the following.We always observe the radiation emitted by an atom only through itsa
tion on another atom or mole
ule. Now, from the wave me
hani
alstandpoint we 
an 
onsider two 
harged point masses that belong to thesame atom, neither as a
ting dire
tly on ea
h other in their pointlikeform (standpoint of 
lassi
al me
hani
s), nor are we allowed to think thisof their `smeared out' wave me
hani
al 
harge distributions (the wrongmove taunted above). Rather, we have to take a

ount of their 
lassi
alpotential energy, 
onsidered as a fun
tion in q-spa
e, in the 
oe�
ient Vof the wave equation (7). But then, when we have two di�erent atoms,it will surely not be 
orre
t in prin
iple to insert the �elds generated bythe spread-out 
harges of the �rst at the position of the se
ond in thea Summary of the above: The physi
al meaning of the fun
tion ψ appears to be thatthe system of 
harged point parti
les imagined by 
lassi
al me
hani
s does notin fa
t exist, but that there is a 
ontinuous distribution of ele
tri
 
harge, whosedensity 
an be 
al
ulated at ea
h point of ordinary spa
e using ψ or rather ψψ∗,the square of the absolute value of ψ. A

ording to this idea, the quantum (or: real)system is a superposition of all the possible 
on�gurations of the 
lassi
al system,the real fun
tion ψψ∗ in q-spa
e o

urring as `weighting fun
tion'. Sin
e ψψ∗ ingeneral 
ontains time, �u
tuations of 
harge must o

ur. What we mean by theexisten
e of these 
ontinuous and �u
tuating 
harges is not at all that they shoulda
t on ea
h other a

ording to Coulomb's or Biot-Savart's law � the motion ofthese 
harges is already 
ompletely governed by eq. (7). But what we mean isthat they are the sour
es of the ele
tri
 �elds and magneti
 �elds pro
eeding fromthe atom, above all the sour
es of the observed radiation. In many a 
ase onehas obtained wonderful agreement with experiment by 
al
ulating the radiationof these �u
tuating 
harges using 
lassi
al ele
trodynami
s. In parti
ular, theyyield a 
omplete and general explanation of Bohr's `frequen
y 
ondition' and ofthe spe
tral `polarisation and sele
tion rules'.
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hrödingerwave equation for the latter. And yet we do this when we 
al
ulate theradiation of an atom in the way des
ribed above and now treat waveme
hani
ally the behaviour of another atom in this radiation �eld. I saythis way of 
al
ulating the intera
tion between the 
harges of di�erentatoms 
an be at most approximate, but not 
orre
t in prin
iple. Forwithin one system it is 
ertainly wrong. But if we bring the two atoms
loser together, then the distin
tion between the 
harges of one andthose of the other gradually disappears, it is a
tually never a distin
tionof prin
iple.21 � The 
oherent wave me
hani
al route would surely beto 
ombine both the emitting and the re
eiving system into a single oneand to des
ribe them through a single wave equation with appropriate
oupling terms, however large the distan
e between emitter and re
eivermay be. Then one 
ould be 
ompletely silent about the pro
esses inthe radiation �eld. But what would be the 
orre
t 
oupling terms? Of
ourse not the usual Coulomb potentials, as soon as the distan
e is equalto several wavelengths!22 (One realises from here that without importantamendments the entire theory in reality 
an only be applied to very smallsystems.) Perhaps one should use the retarded potentials. But these arenot fun
tions in the (
ommon) q-spa
e, instead they are something mu
hmore 
ompli
ated. Evidently we en
ounter here the provisional limits ofthe theory and must be happy to possess in the pro
edure depi
ted abovean approximate treatment that appears to be very useful.aII. � Four-dimensional theoryIf one applies themulti-dimensional version of wave me
hani
s to a singleele
tron of mass m and 
harge e moving in a spa
e with the ele
trostati
potential ϕ and to be des
ribed by the three re
tangular 
oordinatesa Summary of the above: However, there are reasons to believe that our �u
tuatingand purely 
lassi
ally radiating 
harges do not provide the last word on thisquestion. Sin
e we observe the radiation of an atom only by its e�e
t on anotheratom or mole
ule (whi
h we shall thus also treat quite naturally by the methods ofwave me
hani
s), our pro
edure redu
es to substituting into the wave equation ofone system the potentials that would be produ
ed a

ording to the 
lassi
al lawsby the extended 
harges of another system. This way of a

ounting for the mutuala
tion of the 
harges belonging to two di�erent systems 
annot be absolutely
orre
t, sin
e for the 
harges belonging to the same system it is not. The 
orre
tmethod of 
al
ulating the in�uen
e of a radiating atom on another atom wouldbe perhaps to treat them as one total system a

ording to the methods of waveme
hani
s. But that does not seem at all possible, sin
e the retarded potentials,whi
h should no doubt o

ur, are not simply fun
tions of the 
on�guration of thesystems, but something mu
h more 
ompli
ated. Evidently, at present these arethe limits of the method!



Wave me
hani
s 457
x, y, z, then the wave equation (7) be
omes

1

m

(

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2

)

− 8π2

h2
eϕψ − 4πi

h

∂ψ

∂t
= 0 . (14)(N.B. The fa
tor 1

m derives from the fa
t that, given the way of determi-ning the metri
 of the q-spa
e through the kineti
 energy, x√m, y√m,
z
√
m should be used as 
oordinates rather than x, y, z.23) It now turnsout that the present equation is nothing else but the ordinary three-dimensional wave equation for de Broglie's `phase waves' of the ele
tron,ex
ept that the equation in the above form is shortened or trun
ated ina way that one 
an 
all `negle
ting the in�uen
e of relativity'.In fa
t, in the ele
trostati
 �eld de Broglie gives the following ex-pressiona for the wave velo
ity u of his phase waves, depending on thepotential ϕ (i.e. on position) and on the frequen
y ν:24

u = c
hν

√

(hν − eϕ)2 − h2ν2
0

(

ν0 =
mc2

h

)

. (15)If one inserts this into the ordinary three-dimensional wave equation
∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
− 1

u2

∂2ψ

∂t2
= 0 ,and uses (6) to eliminate the frequen
y ν from the equation, one has25(∆ = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 )
∆ψ − 1

c2
∂2ψ

∂t2
+

4πieϕ

hc2
∂ψ

∂t
+

4π2

c2

(

e2ϕ2

h2
− ν2

0

)

ψ = 0 . (16)Now if one 
onsiders that in the 
ase of `slow ele
tron motion' (a) theo

urring frequen
ies are always very nearly equal to the rest frequen
y
ν0, so that in order of magnitude the derivative with respe
t to time in(16) is equal to a multipli
ation by 2πiν0, and that (b) eϕ

h in this 
ase26is always small with respe
t to ν0; and if one then sets in equation (16)
ψ = e2πiν0tψ̃ , (17)and disregarding squares of small quantities, one obtains for ψ̃ exa
tlyequation (14) derived from the multi-dimensional version of wave me
ha-ni
s. As 
laimed, this is thus indeed the `
lassi
al approximation' of thewave equation holding for de Broglie's phase waves.b The transformation(17) here shows us that, 
onsidered from de Broglie's point of view, thea Cf. the formula for the refra
tive index on p. 375 of de Broglie's report (eds.).b That is, the nonrelativisti
 approximation (eds.).
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hrödingermulti-dimensional theory is 
ommitted to a so to speak trun
ated viewof the frequen
y, in that it subtra
ts on
e and for all from all frequen
iesthe rest frequen
y ν0 (N.B. In 
al
ulating the 
harge density from ψψ∗,27the additional fa
tor is of 
ourse irrelevant sin
e it has modulus28 1.29)aLet us now keep to the form (16) of the wave equation. It still requiresan important generalisation. In order to be truly relativisti
 it mustbe invariant with respe
t to Lorentz transformations. But if we performsu
h a transformation on our ele
tri
 �eld, hitherto assumed to be stati
,then it loses this feature and a magneti
 �eld appears by itself next toit. In this way one derives almost unavoidably the form of the waveequation in an arbitrary ele
tromagneti
 �eld. The result 
an be put inthe following transparent form, whi
h makes the 
omplete equivalen
e[Glei
hbere
htigung℄ of time and the three spatial 
oordinates fully ex-pli
it :
[

(

∂

∂x
+

2πie

hc
ax

)2

+

(

∂

∂y
+

2πie

hc
ay

)2

+

(

∂

∂z
+

2πie

hc
az

)2

+

(

1

ic

∂

∂t
+

2πie

hc
iϕ

)2

− 4π2ν2
0

c2

]

ψ = 0 .

(18)(N.B. a is the ve
tor potential.30 In evaluating the squares one hasto take a

ount of the order of the fa
tors, sin
e one is dealing withoperators, and further of Maxwell's relation:
∂ax
∂x

+
∂ay
∂y

+
∂az
∂z

+
1

ic

∂(iϕ)

∂t
= 0 .) (19)This wave equation is of very manifold interest. First, as shown byGordon,a it 
an be derived in a way very similar to what we haveseen above for the amplitude equation of 
onservative systems, from avariational prin
iple, whi
h now obtains in four dimensions, and wheretime plays a perfe
tly symmetri
al role with respe
t to the three spatial
oordinates. Further: if one adds to the Lagrange fun
tion of Gordon'svariational prin
iple the well-known Lagrange fun
tion of the Maxwella Summary of the above: The three-dimensional wave equation, eq. (14), obtainedby applying the multi-dimensional theory to a single ele
tron in an ele
trostati
potential �eld ϕ, is none other than the nonrelativisti
 approximation of thewave equation that results from Mr L. [d℄e Broglie's ideas for his `phase waves'.The latter, eq. (16), is obtained by substituting into the ordinary wave equationexpression (15), whi
h Mr [d℄e Broglie has derived for the phase velo
ity u as afun
tion of the frequen
y ν and of the potential ϕ (that is, of the 
oordinates

x, y, z, on whi
h ϕ will depend) and by eliminating from the resulting formula thefrequen
y ν by means of (6).a W. Gordon, Zeits
hr. f. Phys., 40 (1926), 117.
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s 459�eld in va
uo (that is, the half-di�eren
e of the squares of the magneti
and the ele
tri
 �eld strenghts) and varies in the spa
etime integral of thenew Lagrange fun
tion thus obtained not only ψ, but also the potential
omponents ϕ, ax, ay, az, one obtains as the �ve Euler equations alongwith the wave equation (18) also the four retarded potential equationsfor ϕ, ax, ay, az.a (One 
ould also say: Maxwell's se
ond quadruple ofequations, while the �rst, as is well-known, holds identi
ally in thepotentials.32) It 
ontains as 
harge and 
urrent density quadrati
 formsin ψ and its �rst derivatives33 that agree 
ompletely with the rule whi
hwe had given in the multi-dimensional theory for 
al
ulating the true
harge distribution from the ψ-fun
tion. Se
ond, one 
an further de�neba stress-energy-momentum tensor of the 
harges, whose ten 
omponentsare also quadrati
 forms of ψ and its �rst derivatives, and whi
h togetherwith the well-known Maxwell tensor obeys the laws of 
onservation ofenergy and of momentum (that is, the sum of the two tensors has avanishing divergen
e).cBut I shall not bother you here with the rather 
omplex mathema-ti
al development of these issues, sin
e the view still 
ontains a seriousin
onsisten
y. Indeed, a

ording to it, it would be the same potential
omponents ϕ, ax, ay, az whi
h on the one hand a
t to modify the waveequation (18) (one 
ould say: they a
t on the 
harges as movers35)and whi
h on the other hand are determined in turn, via the retardedpotential equations, by these same 
harges, whi
h o

ur as sour
es inthe latter equations. (That is: the wave equation (18) determines the ψfun
tion, from the latter one derives the 
harge and 
urrent densities,whi
h as sour
es determine the potential 
omponents.) � In reality,however, one operates otherwise in the appli
ation of the wave equation(18) to the hydrogen ele
tron, and one must operate otherwise to obtainthe 
orre
t result: one substitutes in the wave equation (18) the alreadya E. S
hrödinger, Ann. d. Phys., 82 (1927), [265℄.31b E. S
hrödinger, lo
. 
it.34
 Summary of the above: In order to generalise equation (16) so that it may applyto an arbitrary ele
tromagneti
 �eld, one subje
ts it to a Lorentz transformation,whi
h automati
ally makes a magneti
 �eld appear. One arrives at eq. (18), inwhi
h time enters in a perfe
tly symmetri
al way with the spatial 
oordinates.Gordon has shown that this equation derives from a four-dimensional variationalprin
iple. By adding to Gordon's Lagrangian the well-known Lagrangian of thefree �eld and by varying along with ψ also the four 
omponents of the potential,one derives from a single variational prin
iple besides eq. (18) also the laws ofele
tromagnetism with 
ertain homogeneous quadrati
 fun
tions of ψ and its �rstderivatives as 
harge and 
urrent densities. These agree well with what was saidin the previous 
hapter regarding the 
al
ulation of the �u
tuating 
harges usingthe ψ fun
tion. � One �nds a de�nition of the stress-energy-momentum tensor,whi
h, added to Maxwell's tensor, satis�es the 
onservation laws.
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hrödingergiven potentials of the nu
leus and of possible external �elds (Stark andZeeman e�e
t). From the solution for ψ thus obtained one derives the�u
tuating 
harge densities dis
ussed above, whi
h one in fa
t36 has touse for the determination from sour
es of the emitted radiation; but onemust not add a posteriori to the �eld of the nu
leus and the possibleexternal �elds also the �elds produ
ed by these 
harges at the positionof the atom itself in equation (18) �37 something totally wrong wouldresult.Clearly this is a painful la
una. The pure �eld theory is not enough,it has to be supplemented by performing a kind of individualisationof the 
harge densities 
oming from the single point 
harges of the
lassi
al model, where however ea
h single `individual' may be spreadover the whole of spa
e, so that they overlap. In the wave equationfor the single individual one would have to take into a

ount only the�elds produ
ed by the other individuals but not its self-�eld. Theseremarks, however, are only meant to 
hara
terise the general natureof the required supplement, not to 
onstitute a programme to be taken
ompletely literally.aWe wish to present also the remarkable spe
ial result yielded by therelativisti
 form (18) of the wave equation for the hydrogen atom. Onewould at �rst expe
t and hope to �nd the well-known Sommerfeld for-mula for the �ne stru
ture of terms. Indeed one does obtain a �nestru
ture and one does obtain Sommerfeld's formula, however the result
ontradi
ts experien
e, be
ause it is exa
tly what one would �nd inthe Bohr-Sommerfeld theory, if one were to posit the radial as well asthe azimuthal quantum number as half-integers [halbzahlig℄, that is,half of an odd integer. � Today this result is not as disquieting aswhen it was �rst en
ountered.b In fa
t, it is well-known that the ex-tension of Bohr's theory through the Uhlenbe
k-Goudsmit ele
tron spin[Elektronendrall℄, required by many other fa
ts of experien
e, has to besupplemented in turn by the move to se
ondary quantum `half'-numbers[`halbe' Nebenquantenzahlen℄ in order to obtain good results. How thea Summary of the above: However, these last developments run into a great di�
ulty.From their dire
t appli
ation would follow the logi
al ne
essity of taking intoa

ount in the wave equation, for instan
e in the 
ase of the hydrogen atom,not only the potential arising from the nu
leus, but also the potentials arisingfrom the �u
tuating 
harges; whi
h, apart from the enormous mathemati
al
ompli
ations that would arise, would give 
ompletely wrong results. The �eldtheory (`Feldtheorie') appears thus inadequate; it should be supplemented by akind of individualisation of the ele
trons, despite these being extended over thewhole of spa
e.b E. S
hrödinger, Ann. d. Phys., 79 (1926), [361℄, p. 372.
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s 461spin is represented in wave me
hani
s is still un
ertain. Very promisingsuggestionsa point in the dire
tion that instead of the s
alar ψ a ve
torshould be introdu
ed. We 
annot dis
uss here this latest turn in thetheory.b III. � The many-ele
tron problemThe attemptsa to derive numeri
al results by means of approximationmethods for the atom with several ele
trons, whose amplitude equa-tion (4) or wave equation (7) 
annot be solved dire
tly, have led tothe remarkable result that a
tually, despite the multi-dimensionality ofthe original equation, in this pro
edure one always needs to 
al
ulateonly with the well-known three-dimensional eigenfun
tions of hydrogen;indeed one has to 
al
ulate 
ertain three-dimensional 
harge distributionsthat result from the hydrogen eigenfun
tions a

ording to the prin
iplespresented above, and one has to 
al
ulate a

ording the prin
iples of
lassi
al ele
trostati
s the self-potentials and intera
tion potentials ofthese 
harge distributions; these 
onstants then enter as 
oe�
ients ina system of equations that in a simple way determines in prin
iple thebehaviour of the many-ele
tron atom. Herein, I think, lies a hint thatwith the furthering of our understanding `in the end everything willindeed be
ome intelligible in three dimensions again'.38 For this reasonI want to elaborate a little on what has just been said.Let
ψk(x, y, z) and Ek ; (k = 1, 2, 3, . . .)be the normalised eigenfun
tions (for simpli
ity assumed as real) and
orresponding eigenvalues of the one-ele
tron atom with Z-fold positivenu
leus, whi
h for brevity we shall 
all the hydrogen problem. They sa-a C. G. Darwin, Nature, 119 (1927), 282, Pro
. Roy. So
. A, 116 (1927), 227.b Summary of the above: For the hydrogen atom the relativisti
 equation (18) yieldsa result that, although disagreeing with experien
e, is rather remarkable, thatis: one obtains the same �ne stru
ture as the one that would result from theBohr-Sommerfeld theory by assuming the radial and azimuthal quantum numbersto be `integral and a half', that is, half an odd integer. The theory has evidentlyto be 
ompleted by taking into a

ount what in Bohr's theory is 
alled the spinof the ele
tron. In wave me
hani
s this is perhaps expressed (C. G. Darwin) by apolarisation of the ψ waves, this quantity having to be modi�ed from a s
alar toa ve
tor.a See in parti
ular A. Unsold, Ann. d. Phys., 82 (1927), 355.
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ompare equation (4)):














1

m

(

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2

)

+
8π2

h2

(

E +
Ze2

r

)

ψ = 0

(r =
√

x2 + y2 + z2) .

(20)If only one eigenos
illation is present, one has the stati
 
harge distribu-tion39

ρkk = −eψ2
k . (21)If one imagines two being ex
ited with maximal strength, one adds to

ρkk + ρll a 
harge distribution os
illating with frequen
y |Ek − El|/h,whose amplitude distribution is given by
2ρlk = −2eψkψl . (22)The spatial integral of ρkl vanishes when k 6= l (be
ause of the orthogo-nality of the ψk) and it is −e for k = l. The 
harge distribution resultingfrom the presen
e of two eigenos
illations together has thus at everyinstant the sum zero. � One 
an now form the ele
trostati
 potentialenergies

pk,l;k′,l′ =

∫

. . .

∫

dx dy dz dx′ dy′ dz′
ρkl(x, y, z)ρk′l′(x

′, y′, z′)

r′
, (23)where r′ =

√

(x− x′)2 + (y − y′)2 + (z − z′)2 and the indi
es k, l, k′, l′may exhibit arbitrary degenera
ies (to be sure, in the 
ase k = k′, l = l′,
p is twi
e the potential self-energy of the 
harge distribution ρkl; butthat is of no importan
e). It is the 
onstants p that 
ontrol also themany-ele
tron atom.Let us sket
h this. Let the 
lassi
al model now 
onsist of n ele
tronsand a Z-fold positively 
harged nu
leus at the origin. We shall use thewave equation in the form (7). It be
omes 3n-dimensional,40 say thus

1

m
(∆1 + ∆2 + . . .+ ∆n)ψ − 8π2

h2
(Vn + Ve)ψ − 4πi

h

∂ψ

∂t
= 0 . (24)Here

∆σ =
∂2

∂x2
σ

+
∂2

∂y2
σ

+
∂2

∂z2
σ

; σ = 1, 2, 3, . . . , n . (25)We have 
onsidered the potential energy fun
tion as de
omposed in twoparts, Vn+Ve; Vn should 
orrespond to the intera
tion of all n ele
trons
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leus, Ve to their intera
tion with one another, thereforea
Vn = −Ze2

n
∑

σ=1

1

rσ
, (26)

Ve = +e2
∑′

(σ,τ)

1

rστ
(27)

[

rσ =
√

x2
σ + y2

σ + z2
σ, rστ =

√

(xσ − xτ )2 + (yσ − yτ )2 + (zσ − zτ )2
]

.As the starting point for an approximation pro
edure we 
hoose now theeigensolutions of equation (24) with Ve = 0, that is with the intera
tionbetween the ele
trons disregarded. The eigenfun
tions are then produ
tsof hydrogen eigenfun
tions, and the eigenvalues are sums of the 
orre-sponding eigenvalues of hydrogen. As a matter of fa
t, one easily showsthat41
ψk1...kn

= ψk1(x1 y1 z1) . . . ψkn
(xn yn zn)e

2πit
h

(Ek1
+...+Ekn ) (28)always satis�es equation (24) (with Ve = 0). And if one takes all possiblesequen
es of numbers [Zahlenkombinationen℄ for the k1, k2, . . . , kn, thenthese produ
ts of ψk form a 
omplete orthogonal system in the 3n-dimensional q-spa
e� one has thus integrated the approximate equation
ompletely.One now aims to solve the full42 equation (24) (with Ve 6= 0) byexpansion with respe
t to this 
omplete orthogonal system, that is onemakes this ansatz:

ψ =

∞
∑

k1=1

. . .

∞
∑

kn=1

ak1...kn
ψk1...kn

. (29)But of 
ourse the 
oe�
ients a 
annot be 
onstants, otherwise the abovesum would again be only a solution of the trun
ated equation with Ve =

0. It turns out, however, that it is enough to 
onsider the a as fun
tionsof time alone (`method of the variation of 
onstants').a Substituting (29)into (24) one �nds that the following 
onditions on the time dependen
ea Analogously to eq. (12), the prime on the summation sign should be interpretedas meaning that the sum is to be taken over all pairs with σ 6= τ (eds.).a P. A. M. Dira
, Pro
. Roy. So
. A, 112 (1926), [661℄ p. 674.
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dak1...kn

dt
=

2πi

h

∞
∑

l1=1

. . .

∞
∑

ln=1

vk1...kn,l1...lnal1...lne
2πit

h
(El1...ln−Ek1...kn )

[k1 . . . kn = 1, 2, 3 . . . ]. (30)Here we have set for brevity
Ek1 + . . .+ Ekn

= Ek1...kn
. (31)The v are 
onstants, indeed they are prima fa
ie 3n-tuple integralsranging over the whole of q-spa
e (Additional explanation:45 Where dothese 3n-tuple integrals 
ome from? They derive from the fa
t thatafter substituting (29) into (24) one repla
es the latter equation bythe mathemati
ally equivalent 
ondition that its left-hand side shall beorthogonal to all fun
tions of the 
omplete orthogonal system in R3n.The system (30) expresses this 
ondition.) Writing this out one has

vk1...kn,l1...ln =

∫ 3n-fold
. . .

∫

dx1 . . . dznVeψk1(x1, y1, z1) . . . ψkn
(xn, yn, zn)

ψl1(x1, y1, z1) . . . ψln(xn, yn, zn) .

(32)If one now 
onsiders the simple stru
ture of Ve given in (27), one re
og-nises that the v 
an be redu
ed to sextuple integrals, in fa
t ea
h of themis a �nite sum of some of the Coulomb potential energies de�ned in (23).Indeed, if in the �nite sum representing Ve, we fo
us on an individualterm, for example e2/rστ , this 
ontains only the six variables xσ, . . . , zτ .One 
an thus immediately perform in (32) pre
isely 3n− 6 integrationson this term, yielding (be
ause of the orthogonality and normalisationof the ψk) the fa
tor 1, if kρ = lρ for all indi
es ρ that 
oin
ide neitherwith σ nor with τ , and yielding instead the fa
tor 0 if even just for asingle ρ di�erent from σ and τ one has: kρ 6= lρ. (One sees thus thatvery many terms disappear.) For the non-vanishing terms, it is easy tosee that they 
oin
ide with one of the p de�ned in (23). QEDaa Summary of the above: Calling ψk and Ek the eigenfun
tions and eigenvaluesof the problem for one ele
tron, 
harge −e, in the �eld of a nu
leus +Ze(hydrogen problem), let us form the 
harge distributions (21) and (22), theformer 
orresponding to the existen
e of a single normal mode, the latter to the
ooperation of two of them. Taken as 
harge densities in ordinary ele
trostati
s,ea
h of these would have a 
ertain potential energy and there would even be a
ertain mutual potential energy between two of them, assumed to 
oexist. Theseare the 
onstants pkl;k′l′ in (23). � With these givens, let us atta
k the problemof the n-ele
tron atom. Dividing the potential energy in the wave equation (24)
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s 465Let us now have a somewhat 
loser look at the equation system(30), whose 
oe�
ients, as we have just seen, have su
h a relativelysimple stru
ture, and whi
h determines the varying amplitudes of ouransatz46 (29) as fun
tions of time. We 
an allow ourselves to introdu
ea somewhat simpler symboli
 notation, by letting the string of indi-
es k1, k2, . . . , kn be represented by the single index k, and similarly
l1, l2, . . . , ln by l. One then has

dak
dt

=
2πi

h

∞
∑

l=1

vklale
2πit

h
(El−Ek) . (33)(One must not 
onfuse, however, El, Ek with the single47 eigenvalues ofthe hydrogen problem, whi
h were earlier denoted in the same way.48)This is now a system of in�nitely many di�erential equations, whi
hwe 
annot solve dire
tly: so, pra
ti
ally nothing seems to have beengained. In turn, however, we have as yet also negle
ted nothing: withexa
t solutions ak of (33), (29) would be an exa
t solution of (24).This is pre
isely where I want to pla
e the main emphasis, greater thanon the pra
ti
al implementation of the approximation pro
edure, whi
hshall be sket
hed below only for the sake of 
ompleteness. In prin
iplethe equations (33) determine the solution of the many-ele
tron problemexa
tly;49 � and they no longer 
ontain anything multi-dimensional;their 
oe�
ients are simple Coulomb energies of 
harge distributionsthat already o

ur in the hydrogen problem. Further, the equations(33) determine the solutions of the many-ele
tron problem a

ordingto (29) as a 
ombination of produ
ts of the hydrogen eigenfun
tions.While these produ
ts (denoted above by ψk1k2...kn

)50 are still fun
tionson the 3n-dimensional q-spa
e, any two of them yield in the 
al
ulationof the three-dimensional 
harge distributions in the many-ele
tron atom,as is easily seen, a 
harge distribution whi
h if it is not identi
ally zero
orresponds again to a hydrogen distribution (denoted above by ρkk or
ρkl).These 
onsiderations are the analogue of the 
onstru
tion of the higheratoms from hydrogen traje
tories in Bohr's theory. They reinfor
e thefor this problem into two terms and negle
ting at �rst the term Ve, due to themutual a
tion between the ele
trons, the eigensolutions would be given by (28),that is, by the produ
ts of n hydrogen fun
tions. From these produ
ts, taken in all
ombinations, form the series (29), whi
h will yield the exa
t solution of equation(24), provided that the 
oe�
ients ak1k2...kn

are fun
tions of time satisfying theequations (30); (see the abbreviation (31)). The 
oe�
ients v in (30) are 
onstants,de�ned originally by the 3n-tuple integrals (32), whi
h however, thanks to thesimple form of Ve (see (27)), redu
e to sextuple integrals, namely pre
isely to the
onstants pk,l;k′,l′ (see (23)).
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hrödingerhope that by delving more deeply one will be able to interpret and under-stand the results of the multi-dimensional theory in three dimensions.aNow, as far as the approximation method is 
on
erned, it 
onsistsin fa
t of 
onsidering the 
ontribution Ve made to the potential energyfun
tion V by the intera
tion of the ele
trons with one another, to be asfar as possible small as 
ompared to the a
tion of the nu
leus. The vklare then 
onsidered small 
ompared to the eigenvalue di�eren
es El−Ek,ex
ept if El = Ek. The al will then vary slowly by 
omparison to thepowers of e appearing on the right-hand side of equation (33), as long asthe latter are not equal to 1, and all those terms on the right-hand side forwhi
h this is not the 
ase will yield only small �u
tuations of short periodof the ak and 
an be negle
ted in the approximation.51 Thereby, �rst,the sums on the right be
ome �nite, be
ause in fa
t always only a �nitenumber of eigenvalues 
oin
ide. Se
ond, the in�nitely many equationsseparate into groups; ea
h group 
ontains only a �nite number of al and
an be integrated very easily.52 This is the �rst step of the approximationpro
edure, whi
h in theory 
an be 
ontinued inde�nitely, but be
omesmore and more 
umbersome. We shall not enter into details.One 
an also transform the untrun
ated system of di�erential equa-tions (33) at a single stroke into a system of ordinary linear equations(with in�nitely many unknowns!) by setting
al = cle

2πit
h

(E−El) , (34)where the quantity E and the quantities cl are unknown 
onstants.Substituting into (33) one �nds
(E − Ek)ck =

∞
∑

l=1

vklcl ; (k = 1, 2, 3, . . .) . (35)This equation system 
oin
ides with the Heisenberg-Born `prin
ipal axesproblem'. If the vkl are very small quantities, then, if not all cl are tobe very small, E must be 
lose to one of the El, let us say to Ek.In the �rst approximation then only ck, and all those cl for whi
ha Summary of the above: Although the system of eqs. (30) (abbreviated to (33))does not admit a dire
t solution, the number of equations as well as the number ofunknown fun
tions being in�nite, it seems to me very interesting that the solutionto the multi-dimensional problem is provided in prin
iple by a system of equationswhose 
oe�
ients have su
h simple meanings in three dimensions. Further, onerealises that the 
harge distribution that 
orresponds to the solution (29) of the
n-ele
tron problem turns out to be the superposition of the distributions ρkkand ρkl that o

ur already in the hydrogen problem. The hope of interpretingand of understanding the multi-dimensional theory in three dimensions is thusstrengthened.
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El = Ek, are di�erent from zero. The problem thus separates in the �rstapproximation into a denumerable set of �nite prin
ipal axes problems.a

a Summary of the above: One 
an embark on the solution of the system of equations(33) by an approximation method. Positing (34), the 
onstants E and cl have tosatisfy the system (35) of ordinary linear homogeneous equations, whose number aswell as that of the unknown 
onstants, however, is in�nite. It is only by assumingall 
oe�
ients vkl to be small that one 
an 
on
lude that E has to be very 
loseto one of the values El, for instan
e Ek, and that [cl℄ approximately vanishes,unless El is equal to Ek. Sin
e there is only a �nite number of El that 
oin
idewith Ek, the problem redu
es in the �rst approximation to a problem of a �nitenumber of `prin
ipal axes', or rather to an in�nity of su
h �nite problems. � As amatter of fa
t, the equations (35) 
oin
ide with the problem of an in�nite numberof prin
ipal axes, whi
h the Heisenberg-Born me
hani
s redu
es to.
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hrödingerDis
ussion of Mr S
hrödinger's reportMr S
hrödinger. � It would seem that my des
ription in terms ofa snapshot was not very fortunate, sin
e it has been misunderstood.Perhaps the following explanation is 
learer. The interpretation of Bornis well-known, who takes ψψ∗dτ to be the probability for the systembeing in the volume element dτ of the 
on�guration spa
e. Distributea very large number N of systems in the 
on�guration spa
e, takingthe above probability as `frequen
y fun
tion'. Imagine these systems assuperposed in real spa
e, dividing however by N the 
harge of ea
h pointmass in ea
h system. In this way, in the limiting 
ase where N = ∞ oneobtains the wave me
hani
al pi
ture of the system.Mr Bohr.� You have said that from the 
harge distribution ψψ∗dτand the 
lassi
al laws you obtain the frequen
y and intensity of light,but do the remarks about di�
ulties you made later indi
ate that whatyou had obtained was not 
orre
t?Mr S
hrödinger. � The di�
ulty I mentioned is the following.If one expands the general solution as a series with respe
t to theeigenfun
tions
ψ =

∑

k

ckψkand if one 
al
ulates the intensity of the radiation resulting from ψk and
ψl together, one �nds that it be
omes proportional to c2kc2l . However,a

ording to the old theory, only the square of the amplitude 
orrespon-ding to the `initial level' should appear here; that of the `�nal level'should be repla
ed by 1.Mr Bohr. � Has Dira
 not found the solution to the di�
ulty?Mr S
hrödinger. � Dira
's results are 
ertainly very interestingand point the way toward a solution, if they do not 
ontain it already.Only, we should �rst 
ome to an understanding in physi
al terms [nousdevrions d'abord nous entendre en langage physique℄. I �nd it still im-possible, for the time being, to see an answer to a physi
al question inthe assertion that 
ertain quantities obey a non
ommutative algebra,espe
ially when these quantities are meant to represent numbers ofatoms. The relation between the 
ontinuous spatial densities, des
ribedearlier, and the observed intensities and polarisations of the spe
tral



Dis
ussion 469rays is [too natural℄a for me to deny all meaning to these densities onlybe
ause some di�
ulties appear that are not yet resolved.Mr Born. � It seems to me that interpreting the quantity ψψ∗ asa 
harge density leads to di�
ulties in the 
ase of quadrupole moments.The latter in fa
t need to be taken into a

ount in order to obtain theradiation, not only for theoreti
al reasons, but also for experimentalreasons.For brevity let us set
e2ψψ∗ = e2|ψ|2 = Ψand let us 
onsider, for example, the 
ase of two parti
les; Ψ be
omes afun
tion of x1 and x2, where for brevity x1 stands for all the 
oordinatesof the �rst parti
le; x2 has a similar meaning. The ele
tri
 density isthen, a

ording to S
hrödinger,

ρ(x) =

∫

Ψ(x, x2)dx2 +

∫

Ψ(x1, x)dx1 .In wave me
hani
s the quadrupole moment
∫ ∫

x1x2Ψ(x1, x2)dx1dx2
annot, as far as I 
an tell, be expressed using the fun
tion ρ(x). Iwould like to know how one 
an, in this 
ase, redu
e the radiation ofthe quadrupole to the motion of a 
harge distribution ρ(x) in the usualthree-dimensional spa
e.Mr S
hrödinger. � I 
an assure you that the 
al
ulation of thedipole moments is perfe
ly 
orre
t and rigorous and that this obje
tionby Mr Born is unfounded. Does the agreement between wave me
hani
sand matrix me
hani
s extend to the possible radiation of a quadrupole?That is a question I have not examined. Besides, we do not possess obser-vations on this point that 
ould allow us to use a possible disagreementbetween the two approa
hes to de
ide between them.Mr Fowler asks for explanations regarding the method for solvingthe equations in the 
ase of the many-ele
tron problem.Mr De Donder.� Equation (24) of Mr S
hrödinger's report 
an bea The Fren
h here reads `trop peu naturelle', whi
h has the exa
t opposite meaning.The 
ontext would seem, however, to justify the amendment (eds.).



470 E. S
hrödingerextended to the 
ase in whi
h the n 
harged parti
les are di�erent andwhere the external a
tions as well as the intera
tions 
an be des
ribed,in spa
etime, by a gravitational �eld [
hamp gravi�que℄.a The quantumequation thus obtained is the sum of the quantum equations for the
n parti
les taken separately, ea
h of the equations being divided bythe (rest) mass of the 
orresponding parti
le. Thus, for instan
e, thequantum equation for the nu
leus will not enter if one assumes, as a�rst approximation, that the mass of the nu
leus is in�nitely large withrespe
t to that of an ele
tron.When there is intera
tion, the problem is mu
h more 
omplex. One
an, as Mr S
hrödinger indi
ates, 
onsider the a
tion of the nu
leus asan external a
tion a
ting on the ele
trons of the 
loud [
ouronne℄, andthe (ele
trostati
) a
tions between the ele
trons in this 
loud as a per-turbation; but that is only a �rst approximation. In order to a

ount forrelativisti
 and ele
tromagneti
 e�e
ts I have assumed that the mole
ularsystems have an additive 
hara
ter.a One 
an thus re
over, as a spe
ial
ase, the above-mentioned method of quantisation by S
hrödinger.Mr Born.� In Göttingen we have embarked on a systemati
 
al
u-lation of the matrix elements that appear in perturbation theory, withthe aim of 
olle
ting them in tables up to the prin
ipal quantum number
10. Part of these 
al
ulations, whi
h are very extended, has already beendone. My 
oworker Mr Biemüller has used them to 
al
ulate the lowerterms of the helium atom a

ording to the usual perturbation methodup to perturbations of the se
ond order. The agreement of the groundterm with the empiri
al value, despite the defe
ts of the pro
edure, ishardly worse than in the re
ently published paper by Kellner [Zeits
hr.f. Phys., 44 (1927), 91℄, who has applied a more pre
ise method (Ritz'spro
edure).Mr Lorentz. � Do you see the out
ome of this long labour assatisfa
tory?Mr Born. � The 
al
ulation has not attained yet the pre
ision ofthe measurements. The 
al
ulations we have done applying the ordinarya Th. De Donder, L'équation fondamentale de la Chimie quantique, Comptes RendusA
ad. S
i. Paris, session of 10 O
tober 1927, pp. 698�700. See esp. eq. (10).a For more details, one 
an 
onsult our note: `L'équation de quanti�
ation desmolé
ules 
omprenant n parti
ules éle
trisées', published after this meeting, inthe Bull. A
. R. Belg., Cl. des S
ien
es, session of 5 November 1927.



Dis
ussion 471perturbation method [méthode des perturbations ordinaires℄ 
onsist ofa series expansion with respe
t to the inverse of the nu
lear 
harge Z,of the form
E = Z

(

a+
b

Z
+

c

Z2
+ . . .

)

.The three terms shown have been 
al
ulated. Nevertheless, in the 
aseof helium (Z = 2) the pre
ision is not yet as good as in the 
al
ulationsdone by Kellner using Ritz's approximation method.Mr Lorentz. � But you hope however to improve your results.Mr Born. � Yes, only the 
onvergen
e of the series is very slow.Mr Heisenberg. � On the subje
t of this approximation method,Mr S
hrödinger says at the end of his report that the dis
ussion hehas given reinfor
es the hope that when our knowledge will be deeperit will be possible to explain and to understand in three dimensionsthe results provided by the multi-dimensional theory. I see nothing inMr S
hrödinger's 
al
ulations that would justify this hope. What MrS
hrödinger does in his very beautiful approximation method, is torepla
e the n-dimensional di�erential equations by an in�nity of linearequations. That redu
es the problem, as Mr S
hrödinger himself states,to a problem with ordinary matri
es, in whi
h the 
oe�
ients 
an beinterpreted in three-dimensional spa
e. The equations are thus `three-dimensional' exa
tly in the same sense as in the usual matrix theory.It thus seems to me that, in the 
lassi
al sense, we are just as far fromunderstanding the theory in three dimensions as we are in the matrixtheory.Mr S
hrödinger.� I would not know how to express more pre
iselymy hope of a possible formulation in a three-dimensional spa
e. Besides,I do not believe that one would obtain simpler 
al
ulational methods inthis way, and it is probable that one will always do 
al
ulations usingthe multi-dimensional wave equation. But then one will be able to graspits physi
al meaning better. I am not pre
isely sear
hing for a three-dimensional partial di�erential equation. Su
h a simple formulation issurely impossible. If I am not satis�ed with the 
urrent state of theproblem, it is be
ause I do not understand yet the physi
al meaning ofits solution.



472 E. S
hrödingerWhat Mr Heisenberg has said is mathemati
ally unex
eptionable,but the point in question is that of the physi
al interpretation. Thisis indispensable for the further development of the theory. Now, thisdevelopment is ne
essary. For one must agree that all 
urrent ways offormulating the results of the new quantum me
hani
s only 
orrespondto the 
lassi
al me
hani
s of a
tions at a distan
e. As soon as light
rossing times be
ome relevant in the system, the new me
hani
s fails,be
ause the 
lassi
al potential energy fun
tion no longer exists.Allow me, to show that my hope of a
hieving a three-dimensional
on
eption is not quite utopian, to re
all what Mr Fowler has toldus on the topi
 of Mr Hartree's approximation method.a It is truethat this method abstra
ts from what one 
alls the `ex
hange terms'(whi
h 
orrespond, for instan
e, to the distan
e between the ortho andpara terms of neutral helium). But, abstra
ting from that, it alreadya
hieves the three-dimensional aim I tend to. Should one de
lare a prioriimpossible that Hartree's method might be modi�ed or developed in su
ha way as to take into a

ount the ex
hange terms while working with asatisfa
tory three-dimensional model?Mr Born.�Regarding the question of knowing whether it is possibleto des
ribe a many-ele
tron problem by a �eld equation in three dimen-sions, I would like to point out the following. The number of quantumnumbers of an atom rises by three with ea
h additional ele
tron; it is thusequal to 3n for n ele
trons. It seems doubtful that there should be anordinary, three-dimensional eigenvalue problem, whose eigenvalues havea range of size ∞3n [dont la valeur 
ara
téristique ait une multitude de
∞3n dimensions℄.b Instead, it follows from re
ent papers by Dira
 andJordanc that one 
an build on a three-dimensional os
illation equation ifone 
onsiders the eigenfun
tion itself not as an ordinary number, but asone of Dira
's q-numbers, that is, if one quantises again its amplitude as afun
tion of time. An n-quanta os
illation with this amplitude then yieldstogether with the three spatial quantum numbers the ne
essary range[multitude℄ of quantum numbers. From this point of view the number ofele
trons in a system appears itself as a quantum number, that is, theele
trons themselves appear as dis
ontinuities of the same nature as thea See the dis
ussion after Bragg's report, p. 318 (eds.).b The Fren
h text here appears to make little sense, but Born is possibly referringto the dimension of the spa
e of solutions (eds.).
 Cf. se
tion IV of Born and Heisenberg's report (eds.).



Dis
ussion 473stationary states.Mr S
hrödinger. � Pre
isely the stru
ture of the periodi
 systemis already 
ontained in the physi
s [mé
anique℄ of the three-dimensionalhydrogen problem. The degrees of degenera
y 1, 4, 9, 16, et
., multipliedby 2, yield pre
isely the periodi
 numbers [nombres de périodes℄. Thefa
tor 2 that I have just mentioned derives from the spin [giration (spin)℄.From the point of view of wave me
hani
s, the apparently mysterious`Pauli a
tion' of the �rst two ele
trons on the third (whi
h they preventfrom also following an orbit with quantum number 1) means stri
tlyspeaking nothing other than the non-existen
e of a third eigenfun
tionwith prin
ipal quantum number 1. This non-existen
e is pre
isely aproperty of the three-dimensional model, or of the three-dimensionalequation. The multi-dimensional equation has too many eigenfun
tions;it is this [elle℄ that makes the `Pauli ex
lusion' (Pauliverbot) ne
essaryto eliminate this defe
t.a

a The Fren
h text refers to the four-dimensional equation (`l'équation à quatredimensions') as having too many solutions. This reading 
ould be 
orre
t, inthe sense that the ex
lusion prin
iple was �rst introdu
ed in the 
ontext of therelativisti
 (four-dimensional) Bohr-Sommerfeld theory of the atom, but the abovereading seems mu
h more natural in 
ontext. Note that S
hrödinger throughout hisreport uses `vierdimensional' and `vieldimensional', whi
h 
ould be easily 
onfused,for `four-dimensional' and `many-dimensional', respe
tively (eds.).



474 Notes to pp. 447�463Notes to the translation1 Here and in the following, the Fren
h edition omits some itali
s, whi
hare quite 
hara
teristi
 of S
hrödinger's writing style and whi
h weta
itly restore.2 [Energiegerade℄ � [série des énergies℄3 Bra
ket added in the Fren
h edition.4 [als Bes
hreibung℄ � [
omme la dé�nition℄5 [Vollständigkeit℄ � [perfe
tion℄6 [freili
h℄ � [évidemment℄7 Printed as a footnote in the Fren
h edition.8 [sie ni
ht .... bes
hreibe℄ � [qu'ils ne dé
rivent pas℄9 [Einzelsystem℄ � [système déterminé℄10 This 
lause is omitted in the Fren
h edition.11 [von anderer Seite vertreten℄ � [défendue par d'autres℄. Footnote only inthe Fren
h edition.12 [aus einer Anzahl℄ � [d'un grand nombre℄13 [Dur
h die eben bespro
hene Deutung℄ � [Ainsi que nous venons de levoir℄14 The equation number is missing in the Fren
h edition, and the followingsenten
e is printed as a footnote.15 [es gebe℄ � [sont données℄16 [weitgehend℄ � [tout à fait℄17 [Verständnis℄ � [interprétation℄18 [Verständnis℄ � [signi�
ation℄19 No ex
lamation mark in the Fren
h edition.20 [innere℄ � [intimes℄21 [eine prinzipielle℄ � [essentielle℄22 No ex
lamation mark in the Fren
h edition.23 Printed as a footnote in the Fren
h edition.24 In the Fren
h edition this equation number is given to the followingequation (unnumbered in the types
ript).25 Bra
ket printed as a footnote in the Fren
h edition, with the addition: `∆stands for the Lapla
ian'.26 [ eϕ
h
℄ � [e eϕ

h
℄27 [die Ladungsdi
hte aus ψψ∗℄ � [la densité de 
harge ψψ∗℄28 [Betrag℄ � [valeur℄29 Bra
ket printed as a footnote in the Fren
h edition.30 The rest of the bra
ket is printed as a footnote in the Fren
h edition.31 Both types
ript and Fren
h edition give `365' as page number.32 The Fren
h edition adds this to the footnote.33 [treten darin in ψ und seinen ersten Ableitungen quadratis
he Formenauf℄ � [y �gurent dans ψ et ses premières dérivées des formesquadratiques℄34 Footnote only in the Fren
h edition.35 [bewegend℄ � [par le mouvement℄36 [allerdings℄ � [
ertainement℄37 [(18)℄ � [(8)℄38 The Fren
h edition omits the inverted 
ommas.39 The equation number is missing in the printed volume.40 [3n-dimensional℄ � [tridimensionelle℄



Notes to pp. 463�466 47541 Misprint in the Fren
h edition: the Ek are not in the exponent.42 [komplet[t℄e℄ � [
omplexe℄43 [dass für die Abhängigkeit der a von der Zeit folgende Forderungenbestehen℄ � [que pour que a dépende du temps les 
onditions suivantesdoivent être satisfaites℄44 Two misprints in the Fren
h edition: the Ek are not in the exponent, andthe ki run to n.45 Printed as a footnote in the Fren
h edition.46 [unseres Ansatzes℄ � [de notre expression fondamentale℄47 [den einzelnen℄ � [les diverses℄48 Bra
ket printed as footnote in the Fren
h edition.49 [bestimmen die Lösung exa
t℄ � [déterminent la solution℄50 Misprint in the Fren
h edition: `ψ(k1, k2, . . . , kn)'.51 Both the types
ript and the Fren
h edition read `cl' and `ck' instead of`al' and `ak'.52 Again, both the types
ript and the Fren
h edition read `ck' instead of`ak'.



General dis
ussion of the new ideaspresenteda
Causality, determinism, probabilityMr Lorentz. � I should like to draw attention to the di�
ulties oneen
ounters in the old theories.We wish to make a representation of the phenomena, to form an imageof them in our minds. Until now, we have always wanted to form theseimages by means of the ordinary notions of time and spa
e. These notionsare perhaps innate; in any 
ase, they have developed from our personalexperien
e, by our daily observations. For me, these notions are 
learand I 
onfess that I should be unable to imagine physi
s without thesenotions. The image that I wish to form of phenomena must be absolutelysharp and de�nite, and it seems to me that we 
an form su
h an imageonly in the framework of spa
e and time.For me, an ele
tron is a 
orpus
le that, at a given instant, is present ata de�nite point in spa
e, and if I had the idea that at a following momentthe 
orpus
le is present somewhere else, I must think of its traje
tory,whi
h is a line in spa
e. And if the ele
tron en
ounters an atom andpenetrates it, and after several in
idents leaves the atom, I make up atheory in whi
h the ele
tron preserves its individuality; that is to say,I imagine a line following whi
h the ele
tron passes through the atom.a As mentioned in se
tion 1.6, the Bohr ar
hives 
ontain a 
opy of the galleyproofs of the general dis
ussion, dated 1 June 1928.1A few of the 
ontributionsin these proofs seem to have been still largely unedited: they 
ontain some gapsand in
omplete senten
es, some more 
olloquial formulations, and in at least one
ase a senten
e that was dropped from the published volume. We reprodu
e inendnotes the most substantial examples of these alternative versions. For most ofthe dis
ussion 
ontributions by Dira
, we have followed his manus
ript version.2ForBohr's dis
ussion 
ontributions, we have used material from Bohr (1985) and fromnotes taken by Ri
hardson3(also mentioned in se
tion 1.6). See our notes for furtherdetails (eds.). 476



Causality, determinism, probability 477Obviously, su
h a theory may be very di�
ult to develop, but a prioriit does not seem to me impossible.I imagine that, in the new theory, one still has ele
trons. It is of 
oursepossible that in the new theory, on
e it is well-developed, one will have tosuppose that the ele
trons undergo transformations. I happily 
on
edethat the ele
tron may dissolve into a 
loud. But then I would try todis
over on whi
h o

asion this transformation o

urs. If one wished toforbid me su
h an enquiry by invoking a prin
iple, that would troubleme very mu
h. It seems to me that one may always hope one will do laterthat whi
h we 
annot yet do at the moment. Even if one abandons the oldideas, one may always preserve the old 
lassi�
ations [dénominations℄. Ishould like to preserve this ideal of the past, to des
ribe everything thathappens in the world with distin
t images. I am ready to a

ept othertheories, on 
ondition that one is able to re-express them in terms of
lear and distin
t images.For my part, despite not having yet be
ome familiar with the newideas that I now hear expressed,a I 
ould visualise these ideas thus. Letus take the 
ase of an ele
tron that en
ounters an atom; let us supposethat the ele
tron leaves the atom and that at the same time there isemission of a light quantum. One must 
onsider, in the �rst pla
e, thesystems of waves that 
orrespond to the ele
tron and to the atom beforethe 
ollision. After the 
ollision, we will have new systems of waves.These systems of waves 
an be des
ribed by a fun
tion ψ de�ned in aspa
e with a large number of dimensions and satisfying a di�erentialequation. The new wave me
hani
s will work with this equation and willdetermine the fun
tion ψ before and after the 
ollision.Now, there are phenomena that tea
h us that there is somethingelse in addition to the waves, namely 
orpus
les; one 
an, for example,perform an experiment with a Faraday 
ylinder; one must then takeinto a

ount the individuality of the ele
trons and also of the photons. Ithink I would �nd that, to explain the phenomena, it su�
es to assumethat the expression ψψ∗ gives the probability that the ele
trons andthe photons exist in a given volume; that would su�
e to explain theexperiments. But the examples given by Mr Heisenberg tea
h me that Iwill have thus attained everything that experiment allows me to attain.However, I think that this notion of probability should be pla
ed ata In fa
t, Lorentz had followed the re
ent developments rather 
losely. In parti
ular,he had 
orresponded extensively with Ehrenfest and with S
hrödinger, and hadeven delivered seminars and le
tures on wave me
hani
s and on matrix me
hani
sat Leiden, Cornell and Calte
h. See se
tion 1.3 (eds.).



478 General dis
ussionthe end, and as a 
on
lusion, of theoreti
al 
onsiderations, and not asan a priori axiom, though I may well admit that this indetermina
y
orresponds to experimental possibilities. I would always be able to keepmy deterministi
 faith for the fundamental phenomena, of whi
h I havenot spoken. Could a deeper mind not be aware of the motions of theseele
trons? Could one not keep determinism by making it an obje
t ofbelief? Must one ne
essarily elevate indeterminism to a prin
iple?Mr Bohr expounds his point of view with respe
t to the problemsof quantum theory.The original published pro
eedings add `(see the pre
eding arti
le)'. In thepro
eedings, the arti
le pre
eding the general dis
ussion is a Fren
h translationof the German version of Bohr's Como le
ture (Bohr 1928) (published inNaturwissens
haften). As des
ribed in se
tion 1.6, this arti
le was in
ludedat Bohr's request, to repla
e his remarks made at this point in the generaldis
ussion. (In our translation of the pro
eedings, we have omitted this well-known arti
le.)The extant notes relating to Bohr's remarks at this point are parti
ularlyfragmentary. Kal
kar's introdu
tion to volume 6 of Bohr's Colle
ted Works(Bohr 1985) des
ribes the 
orresponding part of notes (taken by Kramers andby Vers
ha�elt) in the Bohr ar
hives as too in
omplete to warrant reprodu
tionin that volume, but provides the following summary and 
omparison with theprinted versions of the Como le
ture: `The notes 
over the wave-
orpus
leaspe
ts of light and matter (
orresponding to the �rst se
tions of the printedle
ture). The γ-ray mi
ros
ope is analysed, although the notes are somewhatin
omplete here (as in many other pla
es), and the r�le of the �nite wavetrains is dis
ussed in 
onne
tion with the momentum measurement throughthe Doppler e�e
t (as in the printed versions). After some questions .... Bohr
ontinues by dis
ussing the signi�
an
e of the phase and 
omments on theStern-Gerla
h experiment and the inobservability of the phase in a stationarystate .... ' (Bohr 1985, p. 37).Further details of what Bohr said at this point may be obtained from noteson the general dis
ussion taken by Ri
hardson.4 Below, we reprodu
e therelevant parts of these notes, and 
omment on their relation to Bohr's papertranslated in the pro
eedings.The �rst part of Ri
hardson's notes relating to Bohr reads as follows:
E = hν ei2π(τxx+τyy+τzz−νt)

p = hτInt[er℄f[eren℄
e. ?h→ ∞ [?℄
∆x∆τx ∼ 1

∆t∆ν ∼ 1

}

∆x∆px ∼ h

∆t∆E ∼ h
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Fig. A.This 
orresponds to part of se
tion 2 of Bohr's paper translated in the pro
eed-ings. There Bohr introdu
es the 
on
epts of energy and momentum for planewaves, and the idea that waves of limited extent in spa
etime are obtainedthrough the `interferen
e' (that is, superposition) of di�erent plane waves, theresulting waves satisfying (at best) the given relations. (As a 
onsequen
e, agroup of waves has no well-de�ned phase, a point Bohr takes up again below.)This is used to justify Bohr's idea of 
omplementarity between a 
ausal pi
ture(in the sense of energy-momentum 
onservation for elementary pro
esses) anda spa
etime pi
ture.Ri
hardson's notes then 
ontinue as shown in Fig. A. The γ-ray mi
ros
opeis dis
ussed in se
tion 3 of Bohr (1928) (the se
tion on measurement, whi
halso dis
usses momentum measurements based on the Doppler e�e
t). Bohrappears to have inserted a dis
ussion of these experiments as an illustrationof the un
ertainty-type relations above.The next part of Ri
hardson's notes returns to se
tion 2 of the paper, and isreprodu
ed in Fig. B. This 
orresponds in fa
t to the subsequent paragraphsof se
tion 2, in whi
h Bohr applies the notion of 
omplementarity to resolvethe per
eived paradoxes related to the s
attering of radiation by free ele
trons(note the extended � as opposed to pointlike � region of s
attering in thediagram, and see Bohr's 
ontribution to the dis
ussion of Compton's report,p. 60) as well as the per
eived paradoxes related to 
ollisions (
f. se
tion 3.4.2).
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ussion

Fig. B.Possibly, I stands for `Impuls' (that is, momentum), R for radiation, q for
harge.The next part of Ri
hardson's notes, shown in Fig. C, instead relates to partof se
tion 6 of Bohr's paper (se
tions 4 and 5 of the paper are, respe
tively,a review of the 
orresponden
e prin
iple and of matrix me
hani
s, and adis
ussion and 
ritique of wave me
hani
s). In se
tion 6 of the publishedpaper, Bohr raises the following puzzle. A

ording to Bohr, in any observationthat distinguishes between di�erent stationary states one has to disregard thepast history of the atom, but, paradoxi
ally, the theory assigns a phase to astationary state. However, sin
e the system will not be stri
tly isolated, onewill work with a group of waves, whi
h (as mentioned in se
tion 2) has nowell-de�ned phase. Bohr then illustrates this with the Stern-Gerla
h experi-ment. The 
ondition for distinguishability of the eigenstates of the hydrogenatom is that the angular spreading of the beam should be greater than thatgiven by di�ra
tion at the slit (ε > α), whi
h translates into the time-energyun
ertainty relation. As Bohr mentions, Heisenberg (1927) uses this as anillustration of the un
ertainty relation, while Bohr uses it as an illustration ofhow knowledge of the phase is lost. (This se
tion also dis
usses the limit ofhigh quantum numbers.)The �nal se
tion 7 of the paper (`The problem of elementary parti
les') hasno parallel in Ri
hardson's notes. The part of the notes relating to Bohr'sremarks at this point 
on
ludes instead with the following (expli
itly labelled`Bohr'):
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Fig. C.1. [blank℄2. Stationary states, past lost ∵ [be
ause℄ phase indetermination � Stern& Gerla
h's Exp[erimen℄t.3. S
hroedinger's ψ, prob[abilit℄y of ele
tron at a given pla
e at a giventime [?℄, un
ertainty ∆ν∆t ∼ 1

γ × v

cMr Brillouin. � Mr Bohr insists on the un
ertainty of simultaneousmeasurements of position and momentum; his point of view is 
losely
onne
ted to the notion of 
ells in phase spa
e introdu
ed by Plan
k avery long time ago. Plan
k assumed that if the representative point ofa system is in a 
ell (of size ∆p∆q = h) one 
annot distinguish it fromanother point in the same 
ell. The examples brought by Mr Bohr aptlymake pre
ise the physi
al meaning of this quite abstra
t notion.Mr De Donder. � The 
onsiderations that Mr Bohr has just de-veloped are, I think, in 
lose relation with the following fa
t: in the



482 General dis
ussionEinsteinian Gravitationa of a 
ontinuous system or of a pointlike system,there appear not the masses and 
harges of the parti
les, but entities
τ (m) and τ (e) in four dimensions; note that these generalised masses and
harges, lo
alised in spa
etime, are 
onserved along their worldlines.Mr Born. � Mr Einstein has 
onsidered the following problem: Aradioa
tive sample emits α-parti
les in all dire
tions; these are made vi-sible by the method of the Wilson 
loud [
hamber℄. Now, if one asso
iatesa spheri
al wave with ea
h emission pro
ess, how 
an one understandthat the tra
k of ea
h α parti
le appears as a (very nearly) straight line?In other words: how 
an the 
orpus
ular 
hara
ter of the phenomenonbe re
on
iled here with the representation by waves?To do this, one must appeal to the notion of `redu
tion of the proba-bility pa
ket' developed by Heisenberg.a The des
ription of the emissionby a spheri
al wave is valid only for as long as one does not observeionisation; as soon as su
h ionisation is shown by the appearan
e of
loud droplets, in order to des
ribe what happens afterwards one must`redu
e' the wave pa
ket in the immediate vi
inity of the drops. Onethus obtains a wave pa
ket in the form of a ray, whi
h 
orresponds tothe 
orpus
ular 
hara
ter of the phenomenon.Mr Paulib has asked me if it is not possible to des
ribe the pro
ess wi-thout the redu
tion of wave pa
kets, by resorting to a multi-dimensionalspa
e, whose number of dimensions is three times the number of all theparti
les present (α-parti
les and atoms hit by the radiation).This is in fa
t possible and 
an even be represented in a very ans
hau-li
h manner [d'une manière fort intuitive℄ by means of an appropriatesimpli�
ation, but this does not lead us further as regards the fundamen-tal questions. Nevertheless, I should like to present this 
ase here as anexample of the multi-dimensional treatment of su
h problems. I assume,for simpli
ity, that there are only two atoms that may be hit. One thenhas to distinguish two 
ases: either the two atoms 1 and 2 lie on thesame ray starting from the origin (the pla
e where the preparation is),a Th. De Donder, Théorie des 
hamps gravi�ques (Mémorial des s
ien
esmathématiques, part 14, Paris, 1926). See esp. equations (184), (184�) and(188), (188�). One 
an also 
onsult our le
tures: The Mathemati
al Theory ofRelativity (Massa
husetts Institute of Te
hnology), Cambridge, Mass., 1927. Seeesp. equations (23), (24) and (28), (29).a Born is referring here in parti
ular to Heisenberg's un
ertainty paper (Heisenberg1927) (eds.).b Cf. Pauli's letter to Bohr, 17 O
tober 1927, dis
ussed in se
tion 6.2.1 (eds.).
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Fig. 1.or they do not lie on the same ray. If we represent by ε the probabilitythat an atom will be hit, we have the following probability diagram:aI. The points 1 and 2 are lo
ated on the same ray starting from theorigin. Number of parti
les hit Probability
0 1 − ε

1 0

2 ε

a In the following tables, the probability for the number of parti
les hit to equal 1should be read as the probability for ea
h 
ase in whi
h the number of parti
leshit equals 1 (eds.).
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ussionII. The points 1 and 2 are not on the same ray.Number of parti
les hit Probability
0 1 − 2ε

1 ε

2 0This is how one should express the probability of events in the 
ase ofre
tilinear propagation.To make possible a graphi
al representation of the phenomenon, wewill simplify it further by assuming that all the motions take pla
efollowing only a single straight line, the axis x. We must then distinguishthe two 
ases where the atoms lie on the same side and on either side ofthe origin. The 
orresponding probabilities are the following:I. The points 1 and 2 are lo
ated on the same side.Number of parti
les hit Probability
0 1

2

1 0

2 1
2II. The points 1 and 2 are lo
ated on di�erent sides.Number of parti
les hit Probability

0 0

1 1
2

2 0Now, these relations 
an be represented by the motion of a wave pa
ketin a spa
e with three dimensions x0, x1, x2. To the initial state there
orresponds:In 
ase I, the point x0 = 0, x1 = a x2 = bIn 
ase II, the point x0 = 0, x1 = a x2 = −bwhere a and b are positive numbers. The wave pa
ket at �rst �lls thespa
e surrounding these points and subsequently moves parallel to theaxis x0, dividing itself into two pa
kets of the same size going in oppositedire
tions. Collisions are produ
ed when x0 = x1 or x0 = x2, that is tosay, on two planes of whi
h one, P1, is parallel to the axis x2 and 
utsthe plane x0x1 following the bise
tor of the positive quadrant, while these
ond, P2, is parallel to the axis x1 and 
uts the plane x0x2 followingthe bise
tor of the positive quadrant. As soon as the wave pa
ket strikes
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tory re
eives a small kink in the dire
tion x1; assoon as it strikes P2 the traje
tory re
eives a kink in the dire
tion x2(Fig. 1).Now, one immediately sees in the �gure that the upper part of thewave pa
ket, whi
h 
orresponds to 
ase I, strikes the planes P1, P2 onthe same side of the plane x1x2, while the lower part strikes them5on di�erent sides. The �gure then gives an ans
hauli
h representationof the 
ases indi
ated in the above diagram. It allows us to re
ogniseimmediately whether, for a given size of wave pa
ket, a given state, thatis to say a given point x0, x1, x2, 
an be hit or not.To the `redu
tion' of the wave pa
ket 
orresponds the 
hoi
e of oneof the two dire
tions of propagation +x0, −x0, whi
h one must take assoon as it is established that one of the two points 1 and 2 is hit, thatis to say, that the traje
tory of the pa
ket has re
eived a kink.This example serves only to make 
lear that a 
omplete des
ription ofthe pro
esses taking pla
e in a system 
omposed of several mole
ules ispossible only in a spa
e of several dimensions.Mr Einstein.a � Despite being 
ons
ious of the fa
t that I have notentered deeply enough into the essen
e of quantum me
hani
s, nevert-heless I want to present here some general remarks.bOne 
an take two positions towards the theory with respe
t to itspostulated domain of validity, whi
h I wish to 
hara
terise with the aidof a simple example.Let S be a s
reen provided with a small opening O (Fig. 2), and P ahemispheri
al photographi
 �lm of large radius. Ele
trons impinge on Sin the dire
tion of the arrows. Some of these go through O, and be
ause ofthe smallness of O and the speed of the parti
les, are dispersed uniformlyover the dire
tions of the hemisphere, and a
t on the �lm.Both ways of 
on
eiving the theory now have the following in 
ommon.There are de Broglie waves, whi
h impinge approximately normally on Sand are di�ra
ted at O. Behind S there are spheri
al waves, whi
h rea
hthe s
reen P and whose intensity at P is responsible [massgebend℄ forwhat happens at P.ca The extant manus
ript in the Einstein ar
hives6
onsists of the �rst four paragraphsonly, whi
h we have translated here (footnoting signi�
ant di�eren
es from thepublished Fren
h) (eds.).b The published Fren
h has: `I must apologise for not having gone deeply intoquantum me
hani
s. I should nevertheless want to make some general remarks'(eds.).
 In the published Fren
h, the German expression `ist massgebend' is misrendered
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Fig. 2.We 
an now 
hara
terise the two points of view as follows.1. Con
eption I. � The de Broglie-S
hrödinger waves do not 
orrespondto a single ele
tron, but to a 
loud of ele
trons extended in spa
e. Thetheory gives no information about individual pro
esses, but only aboutthe ensemble of an in�nity of elementary pro
esses.2. Con
eption II. � The theory 
laims to be a 
omplete theory ofindividual pro
esses. Ea
h parti
le dire
ted towards the s
reen, as faras 
an be determined by its position and speed, is des
ribed by a pa
ketof de Broglie-S
hrödinger waves of short wavelength and small angularwidth. This wave pa
ket is di�ra
ted and, after di�ra
tion, partly rea
hesthe �lm P in a state of resolution [un état de résolution℄.A

ording to the �rst, purely statisti
al, point of view |ψ|2 expressesthe probability that there exists at the point 
onsidered a parti
ularparti
le of the 
loud, for example at a given point on the s
reen.A

ording to the se
ond, |ψ|2 expresses the probability that at a giveninstant the same parti
le is present at a given point (for example on thes
reen). Here, the theory refers to an individual pro
ess and 
laims todes
ribe everything that is governed by laws.as `donne la mesure' [gives the measure℄ instead of as `is responsible'. This is ofsome signi�
an
e for the interpretation of Einstein's remarks as a form of the laterEPR argument; see se
tion 7.1 (eds.).
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ond 
on
eption goes further than the �rst, in the sense that allthe information resulting from I results also from the theory by virtueof II, but the 
onverse is not true.a It is only by virtue of II that thetheory 
ontains the 
onsequen
e that the 
onservation laws are valid forthe elementary pro
ess; it is only from II that the theory 
an derivethe result of the experiment of Geiger and Bothe, and 
an explain thefa
t that in the Wilson [
loud℄ 
hamber the droplets stemming from an
α-parti
le are situated very nearly on 
ontinuous lines.But on the other hand, I have obje
tions to make to 
on
eption II.The s
attered wave dire
ted towards P does not show any privilegeddire
tion. If |ψ|2 were simply regarded as the probability that at a 
ertainpoint a given parti
le is found at a given time, it 
ould happen that thesame elementary pro
ess produ
es an a
tion in two or several pla
eson the s
reen. But the interpretation, a

ording to whi
h |ψ|2 expressesthe probability that this parti
le is found at a given point, assumes anentirely pe
uliar me
hanism of a
tion at a distan
e, whi
h prevents thewave 
ontinuously distributed in spa
e from produ
ing an a
tion in twopla
es on the s
reen.In my opinion, one 
an remove this obje
tion only in the followingway, that one does not des
ribe the pro
ess solely by the S
hrödingerwave, but that at the same time one lo
alises the parti
le during thepropagation. I think that Mr de Broglie is right to sear
h in this dire
ti-on. If one works solely with the S
hrödinger waves, interpretation II of
|ψ|2 implies to my mind a 
ontradi
tion with the postulate of relativity.I should also like to point out brie�y two arguments whi
h seem to meto speak against the point of view II. This [view℄ is essentially tied to amulti-dimensional representation (
on�guration spa
e), sin
e only thismode of representation makes possible the interpretation of |ψ|2 pe
uliarto 
on
eption II. Now, it seems to me that obje
tions of prin
iple areopposed to this multi-dimensional representation. In this representation,indeed, two 
on�gurations of a system that are distinguished only by thepermutation of two parti
les of the same spe
ies are represented by twodi�erent points (in 
on�guration spa
e), whi
h is not in a

ord with thenew results in statisti
s. Furthermore, the feature of for
es of a
ting onlyat small spatial distan
es �nds a less natural expression in 
on�gurationspa
e than in the spa
e of three or four dimensions.Mr Bohr.a � I feel myself in a very di�
ult position be
ause I don'ta The Fren
h has `I' and `II' ex
hanged in this senten
e, whi
h is illogi
al (eds.).a These remarks by Bohr do not appear in the published Fren
h. We have reprodu
ed
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ussionunderstand what pre
isely is the point whi
h Einstein wants to [make℄.No doubt it is my fault.....As regards general problem I feel its di�
ulties. I would put problemin other way. I do not know what quantum me
hani
s is. I think weare dealing with some mathemati
al methods whi
h are adequate fordes
ription of our experiments. Using a rigorous wave theory we are
laiming something whi
h the theory 
annot possibly give. [We mustrealise℄ that we are away from that state where we 
ould hope of de-s
ribing things on 
lassi
al theories. Understand same view is held byBorn and Heisenberg. I think that we a
tually just try to meet, as inall other theories, some requirements of nature, but di�
ulty is that wemust use words whi
h remind of older theories. The whole foundation for
ausal spa
etime des
ription is taken away by quantum theory, for it isbased on assumption of observations without interferen
e. .... ex
ludinginterferen
e means ex
lusion of experiment and the whole meaning ofspa
e and time observation .... be
ause we [have℄ intera
tion [betweenobje
t and measuring instrument℄ and thereby we put us on a quitedi�erent standpoint than we thought we 
ould take in 
lassi
al theories.If we speak of observations we play with a statisti
al problem. Thereare 
ertain features 
omplementary to the wave pi
tures (existen
e ofindividuals). ........The saying that spa
etime is an abstra
tion might seem a philosophi-
al triviality but nature reminds us that we are dealing with somethingof pra
ti
al interest. Depends on how I 
onsider theory. I may not haveunderstood, but I think the whole thing lies [therein that the℄ theoryis nothing else [but℄ a tool for meeting our requirements and I think itdoes.Mr Lorentz. � To represent the motion of a system of n materialpoints, one 
an of 
ourse make use of a spa
e of 3 dimensions with
n points or of a spa
e of 3n dimensions where the systems will berepresented by a single point. This must amount to exa
tly the samething; there 
an be no fundamental di�eren
e. It is merely a question ofthem from Bohr's Colle
ted Works, vol. 6 (Bohr 1985, p. 103), whi
h 
ontains are
onstru
tion of Bohr's remarks from notes by Vers
ha�elt (held in the Bohrar
hive). The tentative interpolations in square bra
kets are by the editor of Bohr(1985), J. Kal
kar (eds.).
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h of the two representations is the most suitable, whi
h isthe most 
onvenient.But I understand that there are 
ases where the matter is di�
ult. Ifone has a representation in a spa
e of 3n dimensions, one will be able toreturn to a spa
e of 3 dimensions only if one 
an reasonably separate the
3n 
oordinates into n groups of 3, ea
h 
orresponding to a point, and I
ould imagine that there may be 
ases where that is neither natural norsimple. But, after all, it 
ertainly seems to me that all this 
on
erns theform rather than the substan
e of the theory.Mr Pauli. � I am wholly of the same opinion as Mr Bohr, whenhe says that the introdu
tion of a spa
e with several dimensions is onlya te
hni
al means of formulating mathemati
ally the laws of mutuala
tion between several parti
les, a
tions whi
h 
ertainly do not allowthemselves to be des
ribed simply, in the ordinary way, in spa
e andtime. It may perfe
tly well be that this te
hni
al means may one daybe repla
ed by another, in the following fashion. By Dira
's method one
an, for example, quantise the 
hara
teristi
 vibrations of a 
avity �lledwith bla
kbody radiation, and introdu
e a fun
tion ψ depending on theamplitudes of these 
hara
teristi
 vibrations of unlimited number. One
an similarly use, as do Jordan and Klein, the amplitudes of ordinaryfour-dimensional material waves as arguments of a multi-dimensionalfun
tion φ. This gives, in the language of the 
orpus
ular pi
ture, theprobability that at a given instant the numbers of parti
les of ea
h spe-
ies present, whi
h have 
ertain kinemati
al properties (given position ormomentum), take 
ertain values. This pro
edure also has the advantagethat the defe
t of the ordinary multi-dimensional method, of whi
h MrEinstein has spoken and whi
h appears when one permutes two parti
lesof the same spe
ies, no longer exists. As Jordan and Klein have shown,making suitable assumptions 
on
erning the equations that this fun
tion
φ of the amplitudes of material waves in ordinary spa
e must satisfy,7 onearrives exa
tly at the same results as by basing oneself on S
hrödinger'smulti-dimensional theory.To sum up, I wish then to say that Bohr's point of view, a

ordingto whi
h the properties of physi
al obje
ts of being de�ned and of beingdes
ribable in spa
e and time are 
omplementary, seems to be moregeneral than a spe
ial te
hni
al means. But, independently of su
h ameans, one 
an, a

ording to this idea, de
lare in any 
ase that themutual a
tions of several parti
les 
ertainly 
annot be des
ribed in theordinary manner in spa
e and time.
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ussionTo make 
lear the state of things of whi
h I have just spoken, allow meto give a spe
ial example. Imagine two hydrogen atoms in their groundstate at a great distan
e from ea
h other, and suppose one asks for theirenergy of mutual a
tion. Ea
h of the two atoms has a perfe
tly isotropi
distribution of 
harge, is neutral as a whole, and does not yet emitradiation. A

ording to the ordinary des
ription of the mutual a
tionof the atoms in spa
e and time, one should then expe
t that su
h amutual a
tion does not exist when the distan
e between the two neutralspheres is so great that no notable interpenetration takes pla
e betweentheir 
harge 
louds. But when one treats the same question by the multi-dimensional method, the result is quite di�erent, and in a

ordan
e withexperiment.The 
lassi
al analogy to this last result would be the following: Imagineinside ea
h atom a 
lassi
al os
illator whose moment p varies periodi
al-ly. This moment produ
es a �eld at the lo
ation of the other atom whoseperiodi
ally variable intensity is of order E ∼ p
r3 , where r is the distan
ebetween the two atoms. When two of these os
illators a
t on ea
h other,a polarisation o

urs with the following potential energy, 
orrespondingto an attra
tive for
e between the atoms,

−1

2
αE2 ∼ 1

2
αp2 1

r6
,where α represents the polarisability of the atom.In speaking of these os
illators, I only wanted to point out a 
lassi
alanalogy with the e�e
t that one obtains as a result of multi-dimensionalwave me
hani
s. I had found this result by means of matri
es, but Wanghas derived it dire
tly from the wave equation in several dimensions. Ina paper by Heitler and London, whi
h is likewise 
on
erned with thisproblem, the authors have lost sight of the fa
t that, pre
isely for a largedistan
e between the atoms, the 
ontribution of polarisation e�e
ts tothe energy of mutual a
tion, a 
ontribution whi
h they have negle
ted,outweighs in order of magnitude the e�e
ts they have 
al
ulated.Mr Dira
.a � I should like to express my ideas on a few questions.The �rst is the one that has just been dis
ussed and I have not mu
hto add to this dis
ussion. I shall just mention the explanation that thea Here we mostly follow the English version from Dira
's manus
ript.8(The Fren
htranslation may have been done from a types
ript or fairer 
opy.) We generallyfollow the Fren
h paragraphing, and we uniformise Dira
's notation. Interestingvariants, 
an
ellations and additions will be noted, as will signi�
ant deviationsfrom the published Fren
h (eds.).
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ulty arisesfrom10 the inadequa
y of the 3-dimensional wave pi
ture. This pi
ture
annot distinguish between the 
ase when there is a probability p of alight-quant being in a 
ertain small volume, and the 
ase when there isa probability 1
2p of two light-quanta being in the volume, and no pro-bability for only one. But the wave fun
tion in many-dimensional spa
edoes distinguish between these 
ases. The theory of Bothe's experimentin many-dimensional spa
e would show that, while there is a 
ertain pro-bability for a light-quantum appearing in one or the other of the 
ounting
hambers, there is no probability of two appearing simultaneously.At present the general theory of the wave fun
tion in many-dimensionalspa
e ne
essarily involves the abandonment of relativity.11 One might,perhaps, be able to bring relativity into the general quantum theory inthe way Pauli has mentioned of quantising 3-dimensional waves, but thiswould not lead to greater Ans
hauli
hkeit12 in the explanation of resultssu
h as Bothe's.I shall now show how S
hrödinger's expression for the ele
tri
 densityappears naturally in the matrix theory. This will show the exa
t signi-�
ation of this density and the limitations whi
h must be imposed onits use. Consider an ele
tron moving in an arbitrary �eld, su
h as thatof an H atom. Its 
oordinates x, y, z will be matri
es. Divide the spa
eup into a number of 
ells, and form that fun
tion of x, y, z that is equalto 1 when the ele
tron is in a given 
ell and 0 otherwise. This fun
tionof the matri
es x, y, z will also be a matrix.a There is one su
h matrixfor ea
h 
ell whose matrix elements will be fun
tions of the 
oordinates

a, b, c of the 
ell, so that it 
an be written A(a, b, c).Ea
h of these matri
es represents a quantity that if measured experi-mentally must have either the value 0 or 1. Hen
e ea
h of these matri
eshas the 
hara
teristi
 values 0 and 1 and no others. If one takes the twomatri
es A(a, b, c) and A(a′, b′, c′), one sees that they must 
ommute,13sin
e one 
an give a numeri
al value to both simultaneously; for example,if the ele
tron is known to be in the 
ell a, b, c, it will 
ertainly not be inthe 
ell a′, b′, c′, so that if one gives the numeri
al value 1 to A(a, b, c),one must at the same time give the numeri
al value 0 to A(a′, b′, c′).We 
an transform ea
h of the matri
es A into a diagonal matrix A∗a The published version has: `Divide the spa
e up into a large number of small 
ells,and 
onsider the fun
tion of three variables ξ, η, ζ that is equal to 1 when thepoint ξ, η, ζ is in a given 
ell and equal to 0 when the point is elsewhere. Thisfun
tion, applied to the matri
es x, y, z, gives another matrix' (eds.).
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ussionby a transformation14 of the type
A∗ = BAB−1.Sin
e all the matri
es A(a, b, c) 
ommute,15 they 
an be transformedsimultaneously into diagonal matri
es by a transformation of this type.The diagonal elements of ea
h matrix A∗(a, b, c) are its 
hara
teristi
values, whi
h are the same as the 
hara
teristi
 values of A(a, b, c), thatis, 0 and 1.Further, no two A∗ matri
es, su
h as A∗(a, b, c) [and℄ A∗(a′, b′, c′),
an both have 1 for the same diagonal element, as a simple argumentshows that A∗(a, b, c)+A∗(a′, b′, c′) must also have only the 
hara
teristi
values 0 and 1. We 
an without loss of generality assume that ea
h A∗has just one diagonal element equal to 1 and all the others zero. Bytransforming ba
k, by means of the formula

A(a, b, c) = B−1A∗(a, b, c)B ,we now �nd that the matrix elements of A(a, b, c) are of the form
A(a, b, c)mn = B−1

m Bn ,i.e. a fun
tion of the row multiplied by a fun
tion of the 
olumn.It should be observed that the proof of this result is quite indepen-dent of equations of motion and quantum 
onditions. If we take theseinto a

ount, we �nd that B−1
m and Bn are apart from 
onstants justS
hrödinger's eigenfun
tions ψ̄m and ψn at the point a, b, c.Thus S
hrödinger's density fun
tion ψ̄m(x, y, z)ψm(x, y, z) is a16 dia-gonal element of the matrix A referring to a 
ell about the point x, y, z.The true quantum expression for the density is the whole matrix. Itsdiagonal elements give only the average density, and must not be usedwhen the density is to be multiplied by a dynami
al variable representedby a matrix.I should now like to express my views on determinism and the nature ofthe numbers appearing in the 
al
ulations of the quantum theory, as theyappear to me after thinking over Mr Bohr's remarks of yesterday.17 In the
lassi
al theory one starts from 
ertain numbers des
ribing 
ompletelythe initial state of the system, and dedu
es other numbers that des
ribe
ompletely the �nal state. This deterministi
 theory applies only to anisolated system.But, as Professor Bohr has pointed out, an isolated system is byde�nition unobservable. One 
an observe the system only by disturbingit and observing its rea
tion to the disturban
e. Now sin
e physi
s is
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on
erned only with observable quantities the deterministi
 
lassi
altheory is untenable.18In the quantum theory one also begins with 
ertain numbers anddedu
es others from them. Let us inquire into the distinguishing 
ha-ra
teristi
s19 of these two sets of numbers. The disturban
es that anexperimenter applies to a system to observe it are dire
tly under his
ontrol, and are a
ts of freewill by him. It is only the numbers thatdes
ribe these a
ts of freewill that 
an be taken as initial numbers for a
al
ulation in the quantum theory. Other numbers des
ribing the initialstate of the system are inherently unobservable, and do20 not appear inthe quantum theoreti
al treatment.Let us now 
onsider the �nal numbers obtained as the result of anexperiment. It is essential that the result of an experiment shall be apermanent re
ord. The numbers that des
ribe su
h a result must help tonot only des
ribe the state of the world at the instant the experiment isended, but also help to des
ribe the state of the world at any subsequenttime. These numbers des
ribe what is 
ommon to all the events in a
ertain 
hain of 
ausally 
onne
ted events, extending inde�nitely intothe future.Take as an example a Wilson 
loud expansion experiment. The 
ausal
hain here 
onsists of the formation of drops of water round ions, thes
attering of light by these drops of water, and the a
tion of this light ona photographi
 plate, where it leaves a permanent re
ord. The numbersthat form the result of the experiment des
ribe all of the events in this
hain equally well and help to des
ribe the state of the world at any timeafter the 
hain began.One 
ould perhaps extend the 
hain further into the past.21 In theexample one 
ould, perhaps, as
ribe the formation of the ions to a
β-parti
le, so that the result of the experiment would be numbers de-s
ribing the tra
k of a β-parti
le. In general one tries with the helpof theoreti
al 
onsiderations to extend the 
hain as far ba
k into thepast as possible, in order that the numbers obtained as the result ofthe experiment may apply as dire
tly as possible to the pro
ess underinvestigation.22This view of the nature of the results of experiments �ts in very wellwith the new quantum me
hani
s. A

ording to quantum me
hani
s thestate of the world at any time is des
ribable by a wave fun
tion ψ,whi
h normally varies a

ording to a 
ausal law, so that its initial valuedetermines its value at any later time. It may however happen that at a
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ertain time t1, ψ 
an be expanded in the form
ψ =

∑

n

cnψn ,where the ψn's are wave fun
tions of su
h a nature that they 
annotinterfere with one another at any time subsequent to t1. If su
h is the
ase, then the world at times later than t1 will be des
ribed not by ψ butby one of the ψn's. The parti
ular ψn that it shall be must be regardedas 
hosen by nature.23 One may say that nature 
hooses whi
h ψn it isto be, as the only information given by the theory is that the probabilityof any ψn being 
hosen is |cn|2.24 The value of the su�x n that labelsthe parti
ular ψn 
hosen may be the result of an experiment, and theresult of an experiment must always be su
h a number. It is a numberdes
ribing an irrevo
able 
hoi
e of nature, whi
h must a�e
t the wholeof the future 
ourse of events.aAs an example take the 
ase of a simple 
ollision problem. The wavepa
ket representing the in
ident ele
tron gets s
attered in all dire
tions.One must take for the wave fun
tion after the pro
ess not the wholes
attered wave, but on
e again a wave pa
ket moving in a de�nitedire
tion. From the results of an experiment, by tra
ing ba
k a 
hainof 
ausally 
onne
ted events one 
ould determine in whi
h dire
tion theele
tron was s
attered and one would thus infer that nature had 
hosenthis dire
tion. If, now, one arranged a mirror to re�e
t the ele
tronwave s
attered in one dire
tion d1 so as to make it interfere with theele
tron wave s
attered in another dire
tion d2, one would not be ableto distinguish between the 
ase when the ele
tron is s
attered in thedire
tion d2 and when it is s
attered in the dire
tion d1 and re�e
tedba
k into d2. One would then not be able to tra
e ba
k the 
hain of 
ausalevents so far, and one would not be able to say that nature had 
hosena dire
tion as soon as the 
ollision o

urred, but only [that℄ at a latertime nature 
hose where the ele
tron should appear. The25 interferen
ebetween the ψn's 
ompels nature to postpone her 
hoi
e.a The last two senten
es appear di�erently in the published version: `The 
hoi
e,on
e made, is irrevo
able and will a�e
t the whole future state of the world. Thevalue of n 
hosen by nature 
an be determined by experiment and the results ofall experiments are numbers des
ribing su
h 
hoi
es of nature'.Dira
's notes 
ontain a similar variant written in the margin: `The value of n
hosen by nature may be determined by experiment. The result of every experiment
onsists of numbers determining one of these 
hoi
es of nature, and is permanentsin
e su
h a 
hoi
e is irrevo
able and a�e
ts the whole future state of the world'(eds.).



Causality, determinism, probability 495Mr Bohr.a � Quite see that one must go into details of pi
tures,if one wants to 
ontrol or illustrate general statements. I think stillthat you may simpler put it in my way. Just this distin
tion betweenobservation and de�nition allows to let the quantum me
hani
s appearas generalisation. What does mean: get re
ords whi
h do not allow towork ba
kwards. Even if we took all mole
ules in photographi
 plate onewould have 
losed system. If we tell of a re
ord we give up de�nition ofplate. Whole point lies in that by observation we introdu
e somethingwhi
h does not allow to go on.....Mr Born. � I should like to point out, with regard to the 
onsidera-tions of Mr Dira
, that they seem 
losely related to the ideas expressedin a paper by my 
ollaborator J.26 von Neumann, whi
h will appearshortly. The author of this paper shows that quantum me
hani
s 
an bebuilt up using the ordinary probability 
al
ulus, starting from a smallnumber of formal hypotheses; the probability amplitudes and the law oftheir 
omposition do not really play a role there.Mr Kramers. � I think the most elegant way to arrive at the resultsof Mr Dira
's 
onsiderations is given to us by the methods he presentedin his memoir in the Pro
. Roy. So
., ser. A, vol. 113, p. 621. Let us
onsider a fun
tion of the 
oordinates q1, q2, q3 of an ele
tron, that isequal to 1 when the point 
onsidered is situated in the interior of a
ertain volume V of spa
e and equal to zero for every exterior point, andlet us represent by ψ(q, α) and ψ(α, q) the transformation fun
tions thatallow us to transform a physi
al quantity F , whose form is known as amatrix (q′, q′′), into a matrix (α′, α′′), α1, α2, α3 being the �rst integralsof the equation of motion. The fun
tion f , written as a matrix (q′, q′′),will then take the form f(q′)δ(q′ − q′′ ), where δ(q′ − q′′ ) representsDira
's unit matrix. As a matrix (α′, α′′), f will then take the form
f(α′, α′′) =

∫

ψ̄(α′, q′)dq′f(q′)δ(q′ − q′′)dq′′ψ(q′′, α′′)

=

∫

V

ψ̄(α′, q′)dq′ψ(q′, α′′) ,the integral having to be extended over the whole of the 
onsideredvolume. The diagonal terms of f(α′, α′′), whi
h may be written in thea Again, these remarks do not appear in the published Fren
h and we havereprodu
ed them from Bohr's Colle
ted Works (Bohr 1985, p. 105) (eds.).
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ussionform
f(α) =

∫

ψψ̄dq ,will dire
tly represent, in a

ordan
e with Dira
's interpretation of thematri
es, the probability that, for a state of the system 
hara
terised bygiven values of α, the 
oordinates of the ele
tron are those of a pointsituated in the interior of V . As ψ is nothing other than the solution ofS
hrödinger's wave equation, we arrive at on
e at the interpretation ofthe expression ψψ̄ under dis
ussion.Mr Heisenberg. � I do not agree with Mr Dira
 when he saysthat, in the des
ribed experiment, nature makes a 
hoi
e. Even if youpla
e yourself very far away from your s
attering material, and if youmeasure after a very long time, you are able to obtain interferen
e bytaking two mirrors. If nature had made a 
hoi
e, it would be di�
ultto imagine how the interferen
e is produ
ed. Evidently, we say that this
hoi
e of nature 
an never be known before the de
isive experimenthas been done; for this reason, we 
an make no real obje
tion to this
hoi
e, be
ause the expression `nature makes a 
hoi
e' then implies nophysi
al observation. I should rather say, as I did in my last paper,that the observer himself makes the 
hoi
e,a be
ause it is only at themoment where the observation is made that the `
hoi
e' has be
ome aphysi
al reality and that the phase relationship in the waves, the powerof interferen
e, is destroyed.Mr Lorentz. � There is then, it seems to me, a fundamental di�e-ren
e of opinion on the subje
t of the meaning of these 
hoi
es made bynature.To admit the possibility that nature makes a 
hoi
e means, I think,that it is impossible for us to know in advan
e how phenomena willtake pla
e in the future. It is then indeterminism that you wish toere
t as a prin
iple. A

ording to you there are events that we 
annotpredi
t, whereas until now we have always assumed the possibility ofthese predi
tions.a From Heisenberg's publi
ation re
ord, it is 
lear that he is here referring to hisun
ertainty paper, whi
h had appeared in May 1927. There we �nd the statementthat `all per
eiving is a 
hoi
e from a plenitude of possibilities' (Heisenberg 1927,p. 197). When Heisenberg says, in his above 
omment on Dira
, that the observer`makes' the 
hoi
e, he seems to mean this in the sense of the observer bringingabout the 
hoi
e (eds.).



Photons 497PhotonsMr Kramers. � During the dis
ussion of Mr de Broglie's report, MrBrillouin explained to us how radiation pressure is exerted in the 
aseof interferen
e and that one must assume an auxiliary stress. But howis radiation pressure exerted in the 
ase where it is so weak that thereis only one photon in the interferen
e zone? And how does one obtainthe auxiliary tensor in this 
ase?Mr de Broglie. � The proof of the existen
e of these stresses 
anbe made only if one 
onsiders a 
loud of photons.Mr Kramers. � And if there is only one photon, how 
an onea

ount for the sudden 
hange of momentum su�ered by the re�e
tingobje
t?Mr Brillouin. � No theory 
urrently gives the answer to Mr Kra-mers' question.Mr Kramers. � No doubt one would have to imagine a 
ompli
atedme
hanism, that 
annot be derived from the ele
tromagneti
 theory ofwaves?Mr de Broglie. � The dualist representation by 
orpus
les and as-so
iated waves does not 
onstitute a de�nitive pi
ture of the phenomena.It does not allow one to predi
t the pressures exerted on the di�erentpoints of a mirror during the re�e
tion of a single photon. It gives onlythe mean value of the pressure during the re�e
tion of a 
loud of photons.Mr Kramers. �What advantage do you see in giving a pre
ise valueto the velo
ity v of the photons?Mr de Broglie. � This allows one to imagine the traje
tory followedby the photons and to spe
ify the meaning of these entities; one 
an thus
onsider the photon as a material point having a position and a velo
ity.Mr Kramers. � I do not very well see, for my part, the advantagethat there is, for the des
ription of experiments, in making a pi
turewhere the photons travel along well-de�ned traje
tories.
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ussionMr Einstein. � During re�e
tion on a mirror, Mr L. de Broglieassumes that the photons move parallel to the mirror with a speed c sin θ;but what happens if the in
iden
e is normal? Do the photons then havezero speed, as required by the formula (θ = 0)?Mr Pi

ard. � Yes. In the 
ase of re�e
tion, one must assume thatthe 
omponent of the velo
ity of the photons parallel to the mirror is
onstant. In the interferen
e zone, the 
omponent normal to the mirrordisappears. The more the in
iden
e in
reases, the more the photonsare slowed down. One thus indeed arrives at stationary photons in thelimiting 
ase of normal in
iden
e.aMr Langevin. � In this way then, in the interferen
e zone, thephotons no longer have the speed of light; they do not then always havethe speed c?Mr de Broglie. � No, in my theory the speed of photons is equalto c only outside any interferen
e zone, when the radiation propagatesfreely in the va
uum. As soon as there are interferen
e phenomena, thespeed of the photons be
omes smaller than c.Mr De Donder. � I should like to show how the resear
h of Mr L.de Broglie is related to mine on some points.By identifying the ten equations of the gravitational �eld and thefour equations of the ele
tromagneti
 �eld with the fourteen equationsof the wave me
hani
s of L. Rosenfeld, I have obtainedb a prin
iple of
orresponden
e that 
lari�es and generalises that of O. Klein.cIn my prin
iple of 
orresponden
e, there appear the quantum 
urrentand the quantum tensor. I will give the formulas for them later on; letit su�
e to remark now that the example of 
orresponden
e that Mr deBroglie has expounded is in harmony with my prin
iple.Mr L. Rosenfeldd has given another example. Here, the mass is 
on-served and, moreover, one resorts to the quantum 
urrent. We add thata Note that here the wave train is ta
itly assumed to be limited longitudinally. Cf.our dis
ussion of the de Broglie-Pauli en
ounter, se
tion 10.2 (eds.).b Bull. A
. Roy. de Belgique, Cl. des S
. (5) XIII, ns. 8�9, session of 2 August1927, 504�9. See esp. equations (5) and (8).
 Zeits
hr. f. Phys. 41, n. 617 (1927). See esp. equations (18), p. 414.d L. Rosenfeld, `L'univers à 
inq dimensions et la mé
anique ondulatoire (quatrième
ommuni
ation)', Bull. A
. Roy. Belg., Cl. des S
., O
tober 1927. See esp.paragraphs 4 and 5.



Photons 499this model of quantisation is also in
luded, as a parti
ular 
ase, in ourprin
iple of 
orresponden
e.Mr Lorentz has remarked, with some surprise, that the 
ontinuityequation for 
harge is preserved in Mr de Broglie's example. Thanksto our prin
iple of 
orresponden
e, and to Rosenfeld's 
ompatibility27theorem, one 
an show that it will always be so for the total 
urrent(in
luding the quantum 
urrent) and for the theorem of energy andmomentum. The four equations that express this last theorem are satis-�ed by virtue of the two generalised quantum equations of de Broglie-S
hrödinger.One further small remark, to end with. Mr de Broglie said that rela-tivisti
 systems do not exist yet. I have given the theory of 
ontinuousor holonomi
 systems.a But Mr de Broglie gives another meaning tothe word system; he has in mind intera
ting systems, su
h as the Bohratom, the system of three bodies, et
. I have remarked re
entlyb that thequantisation of these systems should be done by means of a (ds)2 takenin a 
on�guration spa
e with 4n dimensions, n denoting the number ofparti
les. In a paper not yet published, I have studied parti
ular systems
alled additive.Mr Lorentz. � The stresses of whi
h you speak and whi
h you 
allquantum, are they those of Maxwell?Mr De Donder. � Our quantum stresses must 
ontain the Maxwellstresses as a parti
ular 
ase; this results from the fa
t that our prin
ipleof 
orresponden
e is derived (in part, at least) from Maxwell's equations,and from the fa
t that these quantum stresses here formally play thesame role as the stresses of ele
trostri
tionc in Einsteinian Gravity. Letus re
all, on this subje
t, that our prin
iple of 
orresponden
e is alsoderived from the fundamental equations of Einsteinian Gravity. Mr deBroglie has, by means of his 
al
ulations, thus re
overed the stresses ofradiation.a C. R. A
ad. S
. Paris, 21 February 1927, and Bull. A
. Roy. Belgique, Cl. desS
., 7 Mar
h 1927.b Bull. A
. Roy. Belgique, Cl. des S
., 2 August 1927. See esp. form. (22).
 For more details, see our Note: `L'éle
trostri
tion déduite de la gravi�queeinsteinienne', Bull. A
. Roy. Belgique, Cl. des S
., session of 9 O
tober 1926,673�8.



500 General dis
ussionPhotons and ele
tronsMr Langevin makes a 
omparison between the old and modern stati-sti
s.Formerly, one de
omposed the phase spa
e into 
ells, and one evalua-ted the number of representative points attributing an individuality toea
h 
onstituent of the system.It seems today that one must modify this method by suppressing theindividuality of the 
onstituents of the system, and substituting insteadthe individuality of the states of motion. By assuming that any numberof 
onstituents of the system 
an have the same state of motion, oneobtains the statisti
s of Bose-Einstein.One obtains a third statisti
s, that of Pauli-Fermi-Dira
,28 by assu-ming that there 
an be only a single representative point in ea
h 
ell ofphase spa
e.The new type of representation seems more appropriate to the 
on-
eption of photons and parti
les: sin
e one attributes a 
omplete identityof nature to them, it appears appropriate to not insist on their indivi-duality, but to attribute an individuality to the states of motion.In the report of Messrs Born and Heisenberg, I see that it resultsfrom quantum me
hani
s that the statisti
s of Bose-Einstein is suitablefor mole
ules, that of Pauli-Dira
 for ele
trons and protons. This meansthat for photons29 and mole
ules there is superposition, while for pro-tons and ele
trons there is impenetrability. Material parti
les are thendistinguished from photons30 by their impenetrability.31Mr Heisenberg. � There is no reason, in quantum me
hani
s, toprefer one statisti
s to another. One may always use di�erent statisti
s,whi
h 
an be 
onsidered as 
omplete solutions of the problem of quantumme
hani
s. In the 
urrent state of the theory, the question of intera
tionhas nothing to do with the question of statisti
s.We feel nevertheless that Einstein-Bose statisti
s 
ould be the moresuitable for light quanta, Fermi-Dira
 statisti
s for positive and negativeele
trons.a The statisti
s 
ould be 
onne
ted with the di�eren
e betweenradiation and matter, as Mr Bohr has pointed out. But it is di�
ult toestablish a link between this question and the problem of intera
tion. Ishall simply mention the di�
ulty 
reated by ele
tron spin.Mr Kramers reminds us of Dira
's resear
h on statisti
s, whi
ha That is, for protons and ele
trons (eds.).
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trons 501has shown that Bose-Einstein statisti
s 
an be expressed in an entirelydi�erent manner. The statisti
s of photons, for example, is obtained by
onsidering a 
avity �lled with bla
kbody radiation as a system havingan in�nity of degrees of freedom. If one quantises this system a

ordingto the rules of quantum me
hani
s and applies Boltzmann statisti
s,one arrives at Plan
k's formula, whi
h is equivalent to Bose-Einsteinstatisti
s applied to photons.Jordan has shown that a formal modi�
ation of Dira
's method allowsone to arrive equally at a statisti
al distribution that is equivalent toFermi statisti
s. This method is suggested by Pauli's ex
lusion prin
iple.Mr Dira
a points out that this modi�
ation, 
onsidered from ageneral point of view, is quite arti�
ial. Fermi statisti
s is not establishedon exa
tly the same basis as Einstein-Bose statisti
s, sin
e the naturalmethod of quantisation for waves leads pre
isely to the latter statisti
sfor the parti
les asso
iated with the waves. To obtain Fermi statisti
s,Jordan had to use an unusual method of quantisation for waves, 
hosenspe
ially so as to give the desired result. There are mathemati
al errorsin the work of Jordan that have not yet been redressed.Mr Kramers. � I willingly grant that Jordan's treatment does notseem as natural as the manner by whi
h Mr Dira
 quantises the solutionof the S
hrödinger equation. However, we do not yet understand whynature requires this quantisation, and we 
an hope that one day we will�nd the deeper reason for why it is ne
essary to quantise in one way inone 
ase and in another way in the other.Mr Born. � An essential di�eren
e between Debye's old theory, inwhi
h the 
hara
teristi
 vibrations of the bla
kbody 
avity are treatedlike Plan
k os
illators, and the new theory is this, that both yield quiteexa
tly Plan
k's radiation formula (for the mean density of radiation),but that the old theory leads to inexa
t values for the lo
al �u
tuationsof radiation, while the new theory gives these values exa
tly.Mr Heisenberg. � A

ording to the experiments, protons and ele
-trons both have an angular momentum and obey the laws of the stati-sti
s of Fermi-Dira
; these two points seem to be related. If one takestwo parti
les together, if one asks, for example, whi
h statisti
s onea On this 
riti
ism by Dira
, 
f. Kragh (1990, pp. 128�30) (eds.).



502 General dis
ussionmust apply to a gas made up of atoms of hydrogen, one �nds that thestatisti
s of Bose-Einstein is the right one, be
ause by permuting twoH atoms, we permute one positive ele
tron and one negative ele
tron,aso that we 
hange the sign of the S
hrödinger fun
tion twi
e. In otherwords, Bose-Einstein statisti
s is valid for all gases made up of neutralmole
ules, or more generally, 
omposed of systems whose 
harge is aneven multiple of e. If the 
harge of the system is an odd multiple of e,the statisti
s of Fermi-Dira
 applies to a 
olle
tion of these systems.The He nu
leus does not rotate and a 
olle
tion of He nu
lei obeysthe laws of Bose-Einstein statisti
s.Mr Fowler asks if the �ne details of the stru
ture of the bands ofhelium agree better with the idea that we have only symmetri
 statesof rotation of the nu
lei of helium than with the idea that we have onlyantisymmetri
 states.Mr Heisenberg. � In the bands of helium, the fa
t that ea
h se
ondline disappears tea
hes us that the He nu
leus is not endowed with aspinning motion. But it is not yet possible to de
ide experimentally,on the basis of these bands, if the statisti
s of Bose-Einstein or that ofFermi-Dira
 must be applied to the nu
leus of He.Mr S
hrödinger. � You have spoken of experimental eviden
e infavour of the hypothesis that the proton is endowed with a spinningmotion just like the ele
tron, and that protons obey the statisti
al lawof Fermi-Dira
. What eviden
e are you alluding to?Mr Heisenberg. � The experimental eviden
e is provided by thework of Dennisona on the spe
i�
 heat of the hydrogen mole
ule, workwhi
h is based on Hund's resear
h 
on
erning the band spe
tra of hy-drogen.Hund found good agreement between his theoreti
al s
heme and theexperimental work of Dilke, Hop�eld and Ri
hardson, by means of thehypotheses mentioned by Mr S
hrödinger. But for the spe
i�
 heat, hefound a 
urve very di�erent from the experimental 
urve. The experi-mental 
urve of the spe
i�
 heat seemed rather to speak in favour ofBose-Einstein statisti
s. But the di�
ulty was elu
idated in the paperby Dennison, who showed that the systems of `symmetri
' and `anti-a That is, we permute the two protons, and also the two ele
trons (eds.).a Pro
. Roy. So
. A 114 (1927), 483.



Photons and ele
trons 503symmetri
' terms (with regard to protons) do not 
ombine in the timene
essary to 
arry out the experiment. At low temperature, a transitiontakes pla
e about every three months. The ratio of statisti
al weightsof the systems of symmetri
 and antisymmetri
 terms is 1 : 3, as inthe helium atom. But at low temperatures the spe
i�
 heat must be
al
ulated as if one had a mixture of two gases, an `ortho' gas and a`para' gas. If one wished to perform experiments on the spe
i�
 heatwith a gas of hydrogen, kept at low temperature for several months, theresult would be totally di�erent from the ordinary result.Mr Ehrenfest wishes to formulate a question that has some relationto the re
ent experiments by Mr Langmuir on the disordered motion ofele
trons in the �ow of ele
tri
ity through a gas.In the well-known Pauli ex
lusion (Pauliverbot), one introdu
es (atleast in the language of the old quantum theory) a parti
ular in
ompati-bility relation between the quantum motions of the di�erent parti
les ofa single system, without speaking expli
itly of the role possibly playedby the for
es a
ting between these parti
les. Now, suppose that througha small opening one allows parti
les that, so to speak, do not exert for
eson ea
h other, to pass from a large spa
e into a small box bounded by qui-te rigid walls with a 
ompli
ated shape, so that the parti
les en
ounterthe opening and leave the box only at the end of a su�
iently long time.Before entering the box, if the parti
les have almost no motion relativeto one another, the Pauli ex
lusion intervenes. After their exit, will theyhave very di�erent energies, independently of the weakness of the mutuala
tion between the parti
les? Or else what role do these for
es play in theprodu
tion of Pauli's in
ompatibility (
hoi
e of antisymmetri
 solutionsof the wave equation)?Mr Heisenberg. � The di�
ulty with Mr Ehrenfest's experiment isthe following: the two ele
trons must have di�erent energies. If the energyof intera
tion of the two ele
trons is very small, the time τ1 required forthe ele
trons to ex
hange an appre
iable amount of energy is very long.But to �nd experimentally whi
h state, symmetri
 or antisymmetri
,the system of the two ele
trons in the box is in, we need a 
ertain time
τ2 whi
h is at least ∼ 1/ν, if hν is the [energy℄ di�eren
e between thesymmetri
 and antisymmetri
 states. Consequently, τ1 ∼ τ2 and thedi�
ulty disappears.Mr Ri
hardson. � The eviden
e for a nu
lear spin is mu
h more
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ussion
omplete than Mr Heisenberg has just said. I have re
ently had o

asionto 
lassify a large number of lines in the visible bands of the spe
trumof the H2 mole
ule. One of the 
hara
teristi
 features of this spe
trum isa rather pronoun
ed alternation in the intensity of the su

essive lines.The intensities of the lines of this spe
trum were re
ently measured byMa
Lennan, Grayson-Smith and Collins. Unfortunately, a large numberof these lines overlap with ea
h other, so that the intensity measurementsmust be a

epted only with reservations.But nevertheless, I think one 
an say, without fear of being mistaken,that all the bands that are su�
iently well-formed and su�
iently free ofin�uen
es of the lines on ea
h other (so that one 
an have 
on�den
e inthe intensity measurements) have lines, generally numbered 1, 3, 5, ...,that are intrinsi
ally three times more intense than the intermediatelines, generally numbered 2, 4, 6, ... . By intrinsi
 intensity, I mean thatwhi
h one obtains after having taken into a

ount the e�e
ts on theintensity of temperature and quantum number (and also, of 
ourse, thee�e
ts of overlap with other lines, where it is possible to take this intoa

ount). In other words, I wish to say that the 
onstant c of the intensityformula
J = c

(

m+
1

2

)

e
−(m+1

2 )
2

h2

8πKkT ,where m is the number of the line and K the moment of inertia of themole
ule, is three times bigger for the odd-numbered lines than for theeven-numbered ones. This means that the ratio 3 : 1 applies, with ana

ura
y of about 5%, for at least �ve di�erent vibration states of athree-ele
tron state of ex
itation. It also applies to another state, whi
his probably 31P if the others are 33P . It is also shown, but in a lesspre
ise way, that it applies to two di�erent vibration states of a state ofex
itation with four ele
trons.At present, then, there is a great deal of experimental eviden
e thatthis nu
lear spin persists through the di�erent states of ex
itation of thehydrogen mole
ule.Mr Langmuir. � The question has often been raised of a similarityin the relation between light waves and photons on the one hand, and deBroglie waves and ele
trons on the other. How far 
an this analogy bedeveloped? There are many remarkable parallels, but also I should liketo see examined if there are no fundamental di�eren
es between theserelations. Thus, for example, an ele
tron is 
hara
terised by a 
onstant
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harge. Is there a 
onstant property of the photon that may be 
omparedwith the 
harge of the ele
tron? The speed of the ele
tron is variable;is that of the photon also? The ele
tromagneti
 theory of light hassuggested a multitude of experiments, whi
h have added 
onsiderably toour knowledge. The wave theory of the ele
tron explains the beautifulresults of Davisson and Germer. Can one hope that this theory will beas fertile in experimental suggestions as the wave theory of light hasbeen?32Mr Ehrenfest. � When one examines a system of plane waves ofellipti
ally polarised light, pla
ing oneself in di�erently moving 
oordi-nate systems, these waves show the same degree of ellipti
ity whateversystem one pla
es oneself in. Passing from the language of waves tothat of photons, I should like to ask if one must attribute an ellipti
alpolarisation (linear or 
ir
ular in the limiting 
ases) to ea
h photon?If the reply is a�rmative, in view of the invarian
e of the degree ofellipti
ity in relativity, one must distinguish as many spe
ies of photonsas there are degrees of ellipti
ity. That would yield, it seems to me, anew di�eren
e between the photon and the spinning ele
tron. If, on theother hand, one wishes above all to retain the analogy with the ele
tron,as far as I 
an see one 
omes up against two di�
ulties:1. How then must one des
ribe linearly polarised light in the language ofphotons? (It is instru
tive, in this respe
t, to 
onsider the way in whi
hthe two linearly polarised 
omponents, emitted perpendi
ularly to themagneti
 �eld by a �ame showing the Zeeman e�e
t, are absorbed by ase
ond �ame pla
ed in a magneti
 �eld with antiparallel orientation.)Mr Zeeman, to whom I posed the question, was kind enough to per-form the experiment about a year ago, and he was able to noti
e thatthe absorption is the same in parallel and antiparallel �elds, as one 
ouldhave predi
ted, in fa
t, by 
onsiderations of 
ontinuity.2. For ele
trons, whi
h move always with a speed less than that oflight, the universality of the spin may be expressed as follows, thatone transforms the 
orresponding antisymmetri
 tensor into a systemof 
oordinates 
arried with the ele
tron in its translational motion (`atrest'). But photons always move with the speed of light!Mr Compton. � Can light be ellipti
ally polarised when the photonhas an angular momentum?



506 General dis
ussionMr Ehrenfest. � Be
ause the photons move with the speed oflight, I do not really understand what it means when one says that ea
hphoton has a universal angular momentum just like an ele
tron.Allow me to remind you of yet another property of photons. Whentwo photons move in dire
tions that are not exa
tly the same, one 
ansay quite arbitrarily that one of the photons is a radio-photon and theother a γ-ray photon, or inversely. That depends quite simply on themoving system of 
oordinates to whi
h one refers the pair of photons.Mr Lorentz. � Can you make them identi
al by su
h a transfor-mation?Mr Ehrenfest. � Perfe
tly. If they move in di�erent dire
tions.One 
an then give them the same 
olour by adopting a suitable frame ofreferen
e. It is only in the 
ase where their worldlines are exa
tly parallelthat the ratio of their frequen
ies remains invariant.Mr Pauli. � The fa
t that the spinning ele
tron 
an take two ori-entations in the �eld allowed by the quanta seems to invite us at �rst to
ompare it to the fa
t that there are, for a given dire
tion of propagationof the light quanta, two 
hara
teristi
 vibrations of bla
kbody radiation,distinguished by their polarisation. Nevertheless there remain essentialdi�eren
es between the two 
ases. While in relativity one des
ribes wavesby a (real) sextuple ve
tor Fix = −Fxi, for the spinning ele
tron one hasproposed the following two modes of des
ription for the asso
iated deBroglie waves: 1. One des
ribes these waves by two 
omplex fun
tions
ψα, ψβ (and so by four real fun
tions); but these fun
tions transformin a way that is hardly intuitive during the 
hange from one systemof 
oordinates to another. That is the route I followed myself. Or else:2. Following the example of Darwin, one introdu
es a quadruple ve
torwith generally 
omplex 
omponents (and so eight real fun
tions in total).But this pro
edure has the in
onvenien
e that the ve
tor involves aredundan
y [indétermination℄, be
ause all the veri�able results dependon only two 
omplex fun
tions.These two modes of des
ription are mathemati
ally equivalent, butindependently of whether one de
ides in favour of one or the other, itseems to me that one 
annot speak of a simple analogy between thepolarisation of light waves and the polarisation of de Broglie wavesasso
iated with the spinning ele
tron.
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trons 507Another essential di�eren
e between ele
trons and light quanta is this,that between light quanta there does not exist dire
t (immediate) mutuala
tion, whereas ele
trons, as a result of their 
arrying an ele
tri
 
harge,exert dire
t mutual a
tions on ea
h other.Mr Dira
.a � I should like to point out an important failure in theanalogy between the spin of ele
trons and the polarisation of photons.In the present theory of the spinning ele
tron one assumes that one 
anspe
ify the dire
tion of the spin axis of an ele
tron at the same time as itsposition, or at the same time as its momentum. Thus the spin variableof an ele
tron 
ommutes33 with its 
oordinate and with its momentumvariables. The 
ase is di�erent for photons. One 
an spe
ify a dire
tion ofpolarisation for plane mono
hromati
 light waves, representing photonsof given momentum, so that the polarisation variable 
ommutes withthe momentum variables. On the other hand, if the position of a photonis spe
i�ed, it means one has an ele
tromagneti
 disturban
e 
on�ned toa very small volume,34 and one 
annot give a de�nite polarisation, i.e.a de�nite dire
tion for the ele
tri
 ve
tor, to this disturban
e. Thus thepolarisation variable of a photon does not 
ommute with its 
oordinates.Mr Lorentz. � In these di�erent theories, one deals with the pro-bability ψψ∗. I should like to see quite 
learly how this probability 
anexist when parti
les move in a well-de�ned manner following 
ertainlaws. In the 
ase of ele
trons, this leads to the question of motions inthe �eld ψ (de Broglie). But the same question arises for light quanta.Do photons allow us to re
over all the 
lassi
al properties of waves? Canone represent the energy, momentum and Poynting ve
tor by photons?One sees immediately that, when one has an energy density and energy�ow, if one wishes to explain this by photons then the number of photonsper unit volume gives the density, and the number of photons per se
ondthat move a
ross a unit surfa
e gives the Poynting ve
tor.The photons will then have to move with a speed di�erent from that oflight. If one wished to assign always the same speed c to the photons, insome 
ases one would have to assume a superposition of several photon
urrents. Or else one would have to assume that the photons 
annot beused to represent all the 
omponents of the energy-momentum tensor.Some of the terms must be 
ontinuous in the �eld. Or else the photonsare smeared out [fondus℄.a Again, here we follow Dira
's original English (eds.).
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ussionA related question is to know whether the photons 
an have a speeddi�erent from that of light and whether they 
an even be at rest. Thatwould altogether displease me. Could we speak of these photons and oftheir motion in a �eld of radiation?Mr de Broglie. � When I tried to relate the motion of the photonsto the propagation of the waves ψ of the new me
hani
s, I did not worryabout putting this point of view in a

ord with the ele
tromagneti
 
on-
eption of light waves, and I 
onsidered only waves ψ of s
alar 
hara
ter,whi
h one has normally used until now.Mr Lorentz. � One will need these waves for photons also. Arethey of a di�erent nature than light waves? It would please me less tohave to introdu
e two types of waves.Mr de Broglie. � At present one does not know at all the physi
alnature of the ψ-wave of the photons. Can one try to identify it with theele
tromagneti
 wave? That is a question that remains open. In any 
ase,one 
an provisionally try to develop a theory of photons by asso
iatingthem with waves ψ.Mr Lorentz. � Is the speed of the wave equal to that of light?Mr de Broglie. � In my theory, the speed of photons is equal to
c, ex
ept in interfering �elds. In general, I �nd that one must assign toa moving 
orpus
le a proper mass M0 given by the formula

M0 =

√

m2
0 −

h2

4π2c2
�a

a
,the fun
tion �a

a being 
al
ulated at the point where the moving bodyis lo
ated at the given moment (a is the amplitude of the wave ψ). Forphotons, one has
m0 = 0 .Thus, when a photon moves freely, that is to say, is asso
iated with anordinary plane wave,M0 is zero and, to have a �nite energy, the photonmust have speed c. But, when there is interferen
e, �a

a be
omes di�erentfrom zero, M0 is no longer zero and the photon, to maintain the sameenergy, must have a speed less than c, a speed that 
an even be zero.
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trons 509Mr Lorentz. � The term �a
a must be negative, otherwise the masswould be
ome imaginary.Mr de Broglie. � In the 
orpus
ular 
on
eption of light, the exi-sten
e of di�ra
tion phenomena o

uring at the edge of a s
reen requiresus to assume that, in this 
ase, the traje
tory of the photons is 
urved.The supporters of the emission theory said that the edge of the s
reenexerts a for
e on the 
orpus
le. Now, if in the new me
hani
s as I developit, one writes the Lagrange equations for the photon, one sees appearon the right-hand side of these equations a term proportional to thegradient of M0.This term represents a sort of for
e of a new kind, whi
h exists onlywhen the proper mass varies, that is to say, where there is interferen
e.It is this for
e that will 
urve the traje
tory of the photon when its wave

ψ is di�ra
ted by the edge of a s
reen.Furthermore, for a 
loud of photons the same Lagrange equations leadone to re
over the internal stresses pointed out by Messrs S
hrödingerand De Donder.a One �nds, indeed, the relations
∂

∂xk
[

T ik + Πik
]

= 0 ,where the tensor T ik is the energy-momentum tensor of the 
orpus
les
T ik = ρ0u

iuk .The tensor Πik, whi
h depends on derivatives of the amplitude of thewave ψ and is zero when this amplitude is 
onstant, represents stressesexisting in the 
loud of 
orpus
les, and these stresses allow us to re
overthe value of the radiation pressure in the 
ase of re�e
tion of light by amirror.The tensor T ik + Πik is 
ertainly related to the Maxwell tensor but,to see 
learly how, one would have to be able to 
larify the relationshipexisting between the wave ψ of the photons and the ele
tromagneti
light wave.Mr Pauli.b � It seems to me that, 
on
erning the statisti
al resultsof s
attering experiments, the 
on
eption of Mr de Broglie is in fullagreement with Born's theory in the 
ase of elasti
 
ollisions, but thatit is no longer so when one also 
onsiders inelasti
 
ollisions. I shoulda Cf. S
hrödinger (1927b) and De Donder's 
omments above (eds.).b Cf. se
tion 10.2 (eds.).
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ussionlike to illustrate this by the example of the rotator, whi
h was alreadymentioned by Mr de Broglie himself. As Fermia has shown, the treatmentby wave me
hani
s of the problem of the 
ollision of a parti
le that movesin the (x, y) plane and of a rotator situated in the same plane, may bemade 
lear in the following manner.b One introdu
es a 
on�gurationspa
e of three dimensions, of whi
h two 
oordinates 
orrespond to the
x and y of the 
olliding parti
le, while as third 
oordinate one 
hoosesthe angle ϕ of the rotator. In the 
ase where there is no mutual a
tionbetween the rotator and the parti
le, the fun
tion ψ of the total systemis given by35

ψ(x, y, ϕ) = Ae2πi[
1
h
(pxx+pyy+pϕϕ)−νt] ,where one has put

pϕ = m
h

2π
(m = 0, 1, 2, ...) .In parti
ular, the sinusoidal os
illation of the 
oordinate ϕ 
orrespondsto a stationary state of the rotator. A

ording to Born, the superpositionof several partial waves of this type, 
orresponding to di�erent values of

m and by 
onsequen
e of pϕ,36 means that there is a probability di�erentfrom zero for several stationary states of the rotator, while a

ording tothe point of view of Mr de Broglie, in this 
ase the rotator no longer hasa 
onstant angular velo
ity and 
an also exe
ute os
illations in 
ertain
ir
umstan
es.Now, in the 
ase of a �nite energy of intera
tion between the 
ollidingparti
le and the rotator, if we study the phenomenon of the 
ollision bymeans of the wave equation in the spa
e (x, y, ϕ), a

ording to Fermithe result 
an be interpreted very simply. Indeed, sin
e the energy ofintera
tion depends on the angle ϕ in a periodi
 manner and vanishesat large distan
es from the rotator, that is to say from the axis ϕ, inthe spa
e (x, y, ϕ) we are dealing simply with a wave that falls on agrating and, in parti
ular, on a grating that is unlimited in the dire
tionof the axis ϕ. At large distan
es from the grating, waves 
ome out only in�xed dire
tions in 
on�guration spa
e, 
hara
terised by integral valuesof the di�eren
e m′ −m′′. Fermi has shown that the di�erent spe
tralorders 
orrespond simply to the di�erent possible ways of transferringthe energy of the 
olliding parti
le to the rotator, or 
onversely. Thus toa Zeits
hr. f. Phys. 40 (1926), 399.b See se
tion 10.2 for a dis
ussion of Fermi's argument (eds.).
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h spe
tral order of the grating 
orresponds a given stationary stateof the rotator after the 
ollision.It is, however, an essential point that, in the 
ase where the rotator isin a stationary state before the 
ollision, the in
ident wave is unlimitedin the dire
tion of the axis. For this reason, the di�erent spe
tral ordersof the grating will always be superposed at ea
h point of 
on�gurationspa
e. If we then 
al
ulate, a

ording to the pre
epts of Mr de Broglie,the angular velo
ity of the rotator after the 
ollision, we must �nd thatthis velo
ity is not 
onstant. If one had assumed that the in
ident waveis limiteda in the dire
tion of the axis ϕ, it would have been the samebefore the 
ollision. Mr de Broglie's point of view does not then seemto me 
ompatible with the requirement of the postulate of the quantumtheory, that the rotator is in a stationary state both before and after the
ollision.To me this di�
ulty does not appear at all fortuitous or inherent in theparti
ular example of the rotator; in my opinion, it is due dire
tly to the
ondition assumed by Mr de Broglie, that in the individual 
ollision pro-
ess the behaviour of the parti
les should be 
ompletely determined andmay at the same time be des
ribed 
ompletely by ordinary kinemati
sin spa
etime. In Born's theory, agreement with the quantum postulateis realised thus, that the di�erent partial waves in 
on�guration spa
e,of whi
h the general solution of the wave equation after the 
ollisionis 
omposed, are appli
able [indiquées℄ separately in a statisti
al way.But this is no longer possible in a theory that, in prin
iple, 
onsiders itpossible to avoid the appli
ation of notions of probability to individual
ollision pro
esses.Mr de Broglie. � Fermi's problem is not of the same type as thatwhi
h I treated earlier; indeed, he makes 
on�guration spa
e play a part,and not ordinary spa
e.The di�
ulty pointed out by Mr Pauli has an analogue in 
lassi
alopti
s. One 
an speak of the beam di�ra
ted by a grating in a givendire
tion only if the grating and the in
ident wave are laterally limited,be
ause otherwise all the di�ra
ted beams will overlap and be bathed inthe in
ident wave. In Fermi's problem, one must also assume the wave
ψ to be limited laterally in 
on�guration spa
e.a The Fren
h reads `illimitée' [unlimited℄, whi
h we interpret as a misprint. Pauliseems to be saying that if, on the other hand, the in
ident wave had been taken aslimited, then before the 
ollision the rotator 
ould not have been in a stationarystate and its angular velo
ity 
ould not have been 
onstant (eds.).
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ussionMr Lorentz. � The question is to know what a parti
le should dowhen it is immersed in two waves at the same time.Mr de Broglie. � The whole question is to know if one has the rightto assume the wave ψ to be limited laterally in 
on�guration spa
e. Ifone has this right, the velo
ity of the representative point of the systemwill have a 
onstant value, and will 
orrespond to a stationary stateof the rotator, as soon as the waves di�ra
ted by the ϕ-axis will haveseparated from the in
ident beam.One 
an say that it is not possible to assume the in
ident beam tobe limited laterally, be
ause Fermi's 
on�guration spa
e is formed bythe superposition of identi
al layers of height 2π in the dire
tion of the
ϕ-axis; in other words, two points of 
on�guration spa
e lying on thesame parallel to the ϕ-axis and separated by a whole multiple of 2πrepresent the same state of the system. In my opinion, this proves aboveall the arti�
ial 
hara
ter of 
on�guration spa
es, and in parti
ular ofthat whi
h one obtains here by rolling out along a line the 
y
li
 variable
ϕ.Mr De Donder. � In the 
ourse of the dis
ussion of Mr L. deBroglie's report, we explained how we obtained our Prin
iple of Corre-sponden
e; thanks to this prin
iple, one will havea

ρ(e)u
a + Λa =

√−gK2 c

e

∑

n

−h
2iπ

gan
(

ψψ̄.n − ψ̄ψ.n
)

− 2
e

c
Φaψψ̄ ,

ρ(m)u
aub + Πab =

√
−g
∑

α

∑

β

γaαγbβ
(

ψ.αψ̄.β + ψ̄.αψ.β
)

− γabL

(a, b, n = 1, ..., 4; α, β = 0, 1, ..., 4) .The �rst relation represents the total 
urrent (≡ ele
troni
 
urrent
+ quantum 
urrent) as a fun
tion of ψ and of the potentials gan, Φa.a I adopt here L. Rosenfeld's notation, so as to fa
ilitate the 
omparison with hisformulas, given later.
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all that one has set
L ≡

∑

α

∑

β

γαβψ.αψ.β + k2

(

µ2 − 1

2χ

)

ψψ ,

γab ≡ gab , γ0a ≡ −αΦa , γ00 ≡ α2ΦaΦa −
1

ξ
,

ξα2 ≡ 2χ , χ ≡ 8πG

c2
, G ≡ 6.7 × 10−8 c.g.s.

We have already mentioned the examples (or models) of 
orrespon-den
e found respe
tively by L. de Broglie and L. Rosenfeld. To be ableto show 
learly a new solution to the problem relating to photons thatMr L. de Broglie has just posed, I am going to display the formulas
on
erning the two above-mentioned models.a
a L. Rosenfeld, `L'univers à 
inq dimensions et la mé
anique ondulatoire', Bull. A
.Roy. Belgique, Cl. des S
., O
tober 1927. See respe
tively the formulas (*38�),(*31), (*27), (21), (1), (8), (35), (28), (29), (*35).
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ussionModel of L. de Broglie.Quantum 
urrent Λa ≡ 0.

Charge density ρ(e) = 2K2A′2µ′,where we have put
µ′2 = µ2 +

�A′

K2A′
,whi
h, retaining the 
harge e,redu
es to substituting for themass m0 the modi�ed mass ofL. de Broglie:

M0 ≡
√

m2
0 +

h2

4π2c2
�A′

A′
.

Model of L. Rosenfeld.Quantum 
urrent Λa = 2K2A′2C.a,where A′ is the modulus of ψand where the potential C ≡
S′ − S. The fun
tion S satis�esthe 
lassi
al Ja
obi equation; thefun
tion S′ satis�es the modi�edJa
obi equation; one then has
γαβS.αS.β = µ2 − 1

2χ
,

γαβS′

.αS
′

.β = µ2 − 1

2χ
+

�A′

K2A′
.The quantum potential C produ
esthe di�eren
e between physi
alquantisation and geometri
al quan-tisation.Re
all that µ ≡ m0c

2

e , wherem0 and
e are respe
tively the mass (at rest)and 
harge of the parti
le under
onsideration. We have also put

k ≡ iK ≡ i
2π

h

e

c
.Charge density ρ(e) = 2K2A′2µ.Here then one retains, at the sametime, the mass m0 and the 
harge e.

Let us respe
tively apply these formulas to the problem of the photonpointed out by Mr L. de Broglie. The proper mass m0 of the photon iszero; in the model of Mr L. de Broglie, this mass must be repla
ed by themodi�ed massM0; on the 
ontrary, in the model of Mr L. Rosenfeld, one



Photons and ele
trons 515uses only the proper mass m0 ≡ 0. In the two models, the 
harge density
ρ(e) is zero. Finally, in the �rst model, the speed of the photon mustvary; in 
ontrast, in the se
ond model, one 
an assume that this speed isalways that of light. These 
on
lusions obviously speak in favour of themodel of L. Rosenfeld, and, in 
onsequen
e, also in favour of the physi
alexisten
e of our quantum 
urrent Λa (a = 1, 2, 3, 4). This 
urrent willprobably play a dominant role in still unexplained opti
al phenomena.aMr Lorentz. � Let us take an atom of hydrogen and let us formthe S
hrödinger fun
tion ψ.37 We 
onsider ψψ∗ as the probability for thepresen
e of the ele
tron in a volume element. Mr Born has mentioned allthe traje
tories in the 
lassi
al theory: let us take them with all possiblephases,a but let us now take the ψ 
orresponding to a single valueWn ofenergy and then let us form ψψ∗. Can one say that this produ
t ψnψ∗

nrepresents the probability that the ele
trons move with the given energy
Wn? We think that the ele
tron 
annot es
ape from a 
ertain sphere. Theatom is limited, whereas ψ extends to in�nity. That is disagreeable.38Mr Born. � The idea that ψψ∗ represents a probability density hasgreat importan
e in appli
ations. If, for example, in the 
lassi
al theoryan ele
tron had two equilibrium positions separated by a 
onsiderablepotential energy, then 
lassi
ally, for a su�
iently weak total energy onlyone os
illation 
ould ever take pla
e, around one of the two equilibriumpositions. But a

ording to quantum me
hani
s, ea
h eigenfun
tion ex-tends from one domain into the other; for this reason there always existsa probability that a parti
le, whi
h at �rst vibrates in the neighbourhoodof one of the equilibrium positions, jumps to the other. Hund has madeimportant appli
ations of this to mole
ular stru
ture. This phenomenonprobably also plays a role in the explanation of metalli
 
ondu
tion.Mr de Broglie. � In the old theory of the motion of an ele
tron inthe hydrogen atom, an ele
tron of total energy

W =
m0c

2

√

1 − β2
− e2

ra On this subje
t, Mr L. Brillouin has kindly drawn my attention to the experimentsby Mr F. Wolfers: `Sur un nouveau phénomène en optique: interféren
es pardi�usion' (Le Journal de Physique et le Radium (VI) 6, n. 11, November 1925,354�68).a The `phases' of 
lassi
al traje
tories seems to be meant in the sense of a
tion-anglevariables (eds.).
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ussion
annot es
ape from a sphere of radius
R = − e2

W −m0c2be
ause the value of the term m0c
2√

1−β2
has m0c

2 as a lower limit.In my 
on
eption one must take
W =

M0c
2

√

1 − β2
− e2

r
,as the expression for the energy, where M0 is the variable proper masswhi
h I have already de�ned. Cal
ulation shows that the proper mass

M0 diminishes when r in
reases, in su
h a way that an ele
tron of energy
W is no longer at all 
onstrained to be in the interior of a sphere of radius
R.Mr Born. � Contrary to Mr S
hrödinger's opinion, that it is non-sense to speak of the lo
ation and motion of an ele
tron in the atom, MrBohr and I are of the opinion that this manner of speaking always hasa meaning when one 
an spe
ify an experiment allowing us to measurethe 
oordinates and the velo
ities with a 
ertain approximation.Again in Ri
hardson's notes on the general dis
ussion (
f. p. 478), the followingtext together with Fig. D (both labelled `Bohr'), and a similar �gure with theshaded region labelled `B', appear immediately after notes on De Donder'slengthy exposition just above, and 
learly refer to remarks Bohr made on thetopi
 being addressed here:B[ohr℄ says it has no point to worry about the paradox that the ele
-tron in the atom is in a �xed path (ellipse or 
ir
le) and the probabilitythat it should be found in a given pla
e is given by the produ
t ψψ̄ whi
his a 
ontinuous fun
tion of spa
e extending from zero to ∞. He says ifwe take a region su
h as B a long way from the atom in order to �ndif the ele
tron is there we must illuminate it with long light waves andthe frequen
y of these is so low that the ele
tron is out of the region byreason of its motion in the stationary state before it has been illuminatedlong enough for the photoele
tri
 a
t to o

ur. I am really not sure ifthis is right. But, anyway, it is no obje
tion to pulling it out with anintense stati
 ele
tri
 �eld & this appears to be what is happening inthe W experiments.



Photons and ele
trons 517

Fig. D.Mr Pauli. � One 
an indeed determine the lo
ation of the ele
tronoutside the sphere, but without modifying its energy to the point wherean ionisation of the atom o

urs.Mr Lorentz. � I should like to make a remark on the subje
t ofwave pa
kets.aWhen Mr S
hrödinger drew attention to the analogy between me-
hani
s and opti
s, he suggested the idea of passing from 
orpus
ularme
hani
s to wave me
hani
s by making a modi�
ation analogous tothat whi
h is made in the passage from geometri
al opti
s to waveopti
s.39 The wave pa
ket gave a quite striking pi
ture of the ele
tron,but in the atom the ele
tron had to be 
ompletely smeared out [fondu℄,the pa
ket having the dimensions of the atom. When the dimensions ofthe wave pa
ket be
ome 
omparable to those of the traje
tories of the
lassi
al theory, the material point would start to spread; having passedthis stage, the ele
tron will be 
ompletely smeared out.The mathemati
al di�
ulty of 
onstru
ting wave pa
kets in the atomis due to the fa
t that we do not have at our disposal wavelengthssu�
iently small or su�
iently 
lose together. The frequen
ies of stablewaves in the atom (eigenvalues) are more or less separated from ea
hother; one 
annot have frequen
ies very 
lose together 
orresponding tostates di�ering by very little, be
ause the 
onditions at in�nity would nota Cf. also the dis
ussion of the Lorentz-S
hrödinger 
orresponden
e in se
tion 4.3(eds.).
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ussionbe satis�ed. To 
onstru
t a pa
ket, one must superpose waves of slightlydi�erent wavelengths; now, one 
an use only eigenfun
tions ψn, whi
hare sharply di�erent from ea
h other. In atoms, then, one 
annot havewave pa
kets. But there is a di�
ulty also for free ele
trons, be
ause inreality a wave pa
ket does not, in general, retain its shape in a lastingmanner. Lo
alised [limités℄ wave pa
kets do not seem able to maintainthemselves; spreading takes pla
e. The pi
ture of the ele
tron given bya wave pa
ket is therefore not satisfying, ex
ept perhaps during a shortenough time.What Mr Bohr does is this: after an observation he again lo
alises[limite℄ the wave pa
ket so as to make it represent what this observationhas told us about the position and motion of the ele
tron; a new periodthen starts during whi
h the pa
ket spreads again, until the momentwhen a new observation allows us to 
arry out the redu
tion again. ButI should like to have a pi
ture of all that during an unlimited time.40Mr S
hrödinger. � I see no di�
ulty at all in the fa
t that on orbitsof small quantum number one 
ertainly 
annot 
onstru
t wave pa
ketsthat move in the manner of the point ele
trons of the old me
hani
s.The fa
t that this is impossible is pre
isely the salient point of thewave me
hani
al view, the basis of the absolute powerlessness of the oldme
hani
s in the domain of atomi
 dimensions. The original pi
ture wasthis, that what moves is in reality not a point but a domain of ex
itationof �nite dimensions, in parti
ular at least of the order of magnitude of afew wavelengths. When su
h a domain of ex
itation propagates along atraje
tory whose dimensions and radii of 
urvature are large 
omparedwith the dimensions of the domain itself, one 
an abstra
t away thedetails of its stru
ture and 
onsider only its progress along the traje
tory.This progress takes pla
e following exa
tly the laws of the old me
hani
s.But if the traje
tory shrinks until it be
omes of the order of magnitudeof a few wavelengths, as is the 
ase for orbits of small quantum number,all its points will be 
ontinually inside the domain of ex
itation and one
an no longer reasonably speak of the propagation of an ex
itation alonga traje
tory, whi
h implies that the old me
hani
s loses all meaning.That is the original idea. One has sin
e found that the naive iden-ti�
ation of an ele
tron, moving on a ma
ros
opi
 orbit, with a wavepa
ket en
ounters di�
ulties and so 
annot be a

epted to the letter.The main di�
ulty is this, that with 
ertainty the wave pa
ket spreadsin all dire
tions when it strikes an obsta
le, an atom for example. Weknow today, from the interferen
e experiments with 
athode rays by



Photons and ele
trons 519Davisson and Germer, that this is part of the truth, while on the otherhand the Wilson 
loud 
hamber experiments have shown that there mustbe something that 
ontinues to des
ribe a well-de�ned traje
tory afterthe 
ollision with the obsta
le. I regard the 
ompromise proposed fromdi�erent sides, whi
h 
onsists of assuming a 
ombination of waves andpoint ele
trons, as simply a provisional manner of resolving the di�
ulty.Mr Born. � Also in the 
lassi
al theory, the pre
ision with whi
h thefuture lo
ation of a parti
le 
an be predi
ted depends on the a

ura
yof the measurement of the initial lo
ation. It is then not in this thatthe manner of des
ription of quantum me
hani
s, by wave pa
kets, isdi�erent from 
lassi
al me
hani
s. It is di�erent be
ause the laws ofpropagation of pa
kets are slightly di�erent in the two 
ases.



520 Notes to pp. 476�500Notes to the translation1 Mi
ro�lmed in AHQP-BMSS-11, se
tion 5.2 AHQP-36, se
tion 10.3 These notes are to be found in the Ri
hardson 
olle
tion in Houston,in
luded with the 
opy of Born and Heisenberg's report (mi
ro�lmed inAHQP-RDN, do
ument M-0309).4 In
luded in AHQP-RDN, do
ument M-0309.5 Fren
h edition: `les' is misprinted as `le'.6 AEA 16-617.00 (in German, with trans
ription and ar
hival 
omments).7 The Fren
h text has `ψ' instead of `φ', and `doit satisfaire dans l'espa
eordinaire' instead of the other way round. Note that φ is a fun
tional of`material' waves whi
h themselves propagate in ordinary spa
e.8 AHQP-36, se
tion 10.9 The Fren
h adds: `dé
rite par M. Compton'.10 The Fren
h reads: `provient uniquement de'.11 Dira
's manus
ript omits `At present'.12 The Fren
h reads `intuitivité'.13 Instead of `
ommute' the Fren
h has `permuter leurs valeurs'.14 The Fren
h reads: `transformation 
anonique'.15 Instead of `
ommute' the Fren
h has `
hangent de valeur'.16 Dira
's manus
ript reads `the'.17 In Dira
's manus
ript, the words `determinism and' are 
an
elled andpossibly reinstated. They appear in the Fren
h, whi
h also omits `ofyesterday'.18 <therefore unsatisfa
tory> <untenable>, the latter seems reinstated.The Fren
h has `indéfendable'.19 Instead of `the distinguishing 
hara
teristi
s' the Fren
h has `l'essen
ephysique'.20 <do>, {would} appears above the line, {
an} below. The Fren
h reads`ne �gurent pas'.21 This senten
e does not appear in the Fren
h.22 In the Fren
h, this senten
e appears at the beginning of the paragraph.23 This senten
e does not appear in the Fren
h.24 Dira
's manus
ript has `c2n'.25 <Thus <a possibility> {the existen
e} of> .26 The Fren
h has `F.'.27 Misprinted as `
omptabilité', despite having been 
orre
ted in the galleyproofs.28 In the printed text, the word `Dira
' is mispla
ed to later in theparagraph.29 Misprinted as `protons'.30 Again misprinted as `protons'.31 The version of this 
ontribution in the galley proofs reads as follows:Mr Langevin makes a 
omparison between the old and modernstatisti
s.Formerly, one de
omposed the phase spa
e, into 
ells and one evaluatedthe representative points.



Notes to pp. 504�518 521It seems that one must modify this method by suppressing theindividuality of the representative points and [blank℄Third method: that of Pauli.This type of representation seems more appropriate to the 
on
eption ofphotons and parti
les [blank℄ attribute identity of nature, attribute at thesame time individuality representing a state.In the report of Messrs Born and Heisenberg, I see that it results fromquantum me
hani
s that the statisti
s of Bose-Einstein is suitable formole
ules, that of Pauli-Dira
, instead, is suitable for ele
trons. Thismeans that for [blank℄ there is superposition, while for photons andele
trons there is impenetrability.32 The galley proofs 
ontain the following version of this 
ontribution:Mr Langmuir would like to see established 
learly a parallel betweenele
trons and photons. What 
hara
terises an ele
tron? A well-de�ned
harge. What 
hara
terises the photon? Its velo
ity, perhaps? What isthe analogy, what are the di�eren
es? Ele
tron: de Broglie waves; photon:ele
tromagneti
 waves. For 
ertain respe
ts, this parallelism is 
lear, butperhaps it 
an be pursued to the end? What are the suggestions in theway of experiments?33 The Fren
h renders `
ommute' throughout with `
hanger'.34 The Fren
h adds: `à un instant donné'.35 `h' misprinted as `λ'.36 `pϕ' misprinted as `ϕ'.37 `ψ' missing in the original, with a spa
e instead.38 Here the galley proofs in
lude an additional senten
e:If one took the integral extended over the whole of this spa
e, theexterior part would be 
omparable.39 The original mistakenly reads `geometri
al me
hani
s' and `
orpus
ularopti
s'.40 The version in the galley proofs reads as follows. (Note that in the 
ase ofthis and the pre
eding 
ontribution by Lorentz in the galley proofs, thepublished version was 
learly not edited by him, sin
e he had died at thebeginning of February.)Mr Lorentz. � I should like to make a remark on the subje
t of wavepa
kets.When Mr S
hrödinger drew attention to the analogy between me
hani
sand opti
s, he suggested the idea of passing from geometri
al me
hani
sto wave me
hani
s by making a modi�
ation analogous to that whi
h ismade in the passage from 
orpus
ular opti
s to wave opti
s. The wavepa
ket was a quite striking pi
ture, but in the atom the ele
tron is
ompletely smeared out, the pa
ket being of the dimensions of the



522 Notes to pp. 518�518atom [blank℄, material point that would start to spread [blank℄, passed,these ele
trons are 
ompletely smeared out.Mathemati
al di�
ulty, wave pa
kets in the atom, more or lessdistinguished frequen
ies (eigenvalues), but you 
ould not havefrequen
ies very 
lose together by states di�ering by mu
h or little [pardes états tant soit peu di�érants℄, be
ause one would not have the
onditions at in�nity. To 
onstru
t a pa
ket, one must superpose waves ofslightly di�erent wavelengths; now, one 
an use only eigenfun
tions ψn,whi
h are sharply di�erent from ea
h other. Thus one does not have thewaves with whi
h one 
ould build a pa
ket. In atoms, then, one 
annothave the wave pa
kets; it is the same for free ele
trons. All these wavepa
kets will end up dissolving.In reality a wave pa
ket does not last; wave pa
kets that would remainlo
alised [limités℄ do not seem to maintain themselves; spreading takespla
e; the pi
ture is therefore not satisfying [blank℄, short enough timeperhaps [blank℄.What Mr Bohr does is this [small blank℄ after an observation we haveagain lo
alised [limité℄ [blank℄; a new period starts [blank℄. But I shouldlike to have a pi
ture of all that during an inde�nite time.
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