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We study the scaling region spanned by all four relevant perturbations of the tricritical Ising
model in two dimensions. We analyze the spectrum of the (1 + 1)-dimensional off-critical
hamiltonian on a truncated Hilbert space, a method recently proposed by Yurov and AL
Zamolodchikov. In the phase coexistence regions the massive excitations are kink states. On the
temperature-driven two-phase coexistence line, they form bound states, which we analyze for
periodic as well as for twisted boundary conditions. We find a new asymmetric two-phase region
driven by the subleading magnetic field. There are some indications of massless states along the
crossover line to the Ising model. The effects of off-critical integrability on the spectra are also
observed and discussed.

1. Introduction

Next to the Ising model, the tricritical Ising model is the second simplest unitary
conformal field theory in two dimensions [1,2]. Its central charge is ¢ = 7/10, and
there are four relevant scaling fields. It represents the universality class of the
Landau-Ginzburg @°-theory at its tricritical point [3). Thus it describes tricritical
phenomena in a variety of microscopic models, among them the Ising model with
annealed vacancies [4, 5].

The tricritical Ising model is a theorist’s ideal playground. It is particularly
interesting due to its various infinite-dimensional symmetries: conformal symmetry,
super-conformal symmetry (the tricritical Ising model is the first member of the
series of super-conformal minimal models [6]), and the symmetries based on the
algebras su(2) and e, (related to the coset constructions su(2), ® su(2), /su(2); and
(e,), ® (e;),/(e)), [7,8D.

A generic perturbation of the critical model will destroy all of these symmetries.
But for some specific perturbations, a subset of them survives away from criticality.
In these cases, the perturbed theory remains integrable, and it has an infinite
number of conserved currents J, with spin s [9]. The set {s} is given by the
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particular integrable deformation of the critical theory. The integrability of the
off-critical theory has striking consequences for the corresponding 1+ -
dimensional quantum field theory: it allows for the exact computation of the
particle masses and the S-matrix.

The renormalization group scenario of the perturbed tricritical Ising model is
severely constrained by Zamolodchikov’s c-theorem [10]. This theorem asserts that
there exists a function ¢ on the space of two-dimensional unitary field theories that
is monotonically decreasing along renormalization group trajectories and is station-
ary only at fixed points, where it equals the central charge ¢ of the corresponding
conformal field theory. Hence any unitary deformation of the tricritical Ising
model is described in the infrared limit by either the massive fixed point (¢ = 0) or
the Ising fixed point (¢ = 3).

In the present paper, we present a detailed investigation of the scaling region
around the tricritical Ising fixed point. The method we use was recently developed
by Yurov and Al. Zamolodchikov [11]. It can be stated in the language of quantum
field theory on the strip. The conformal theory defines the basis of the Hilbert
space and the unperturbed hamiltonian H,, while the perturbation gives rise to an
interaction term V. The matrix elements of H;, and V' between the conformal
states are given in terms of the anomalous dimensions and the structure constants
of the conformal theory. One can then numerically diagonalize the off-critical
hamiltonian on a suitably truncated Hilbert space and study the spectrum as a
function of the strip width R; the behavior for large R contains the information on
the infrared theory.

This method proves to be well suited for the study of the tricritical Ising model;
being essentially nonperturbative, it avoids some difficulties that the e-expansion
incurs in this case (see subsect. 4.2). The numerical data show the existence of
various phase coexistence regions, among them one generated by the subleading
magnetic field. This is remarkable since this perturbation explicitly breaks the
spin-reversal symmetry of the conformal theory.

The mass spectra agree well with the theoretical predictions in the integrable
cases [9, 12-14]. We discuss in detail the interpretation of the massive particles as
kink states in the phase coexistence regions. Imposing antiperiodic boundary
conditions makes it possible to see also the fermionic sector of the theory. It is
more difficult, however, to observe with this method the massless states along the
crossover line to the Ising model.

This paper is organized as follows. In sect. 2, we discuss generalities of finite-size
scaling on the strip and the truncation method. In sect. 3 we collect the necessary
information about the theory at the conformal point: the operator content of the
tricritical Ising model, its structure constants, and the partition function with
periodic or antiperiodic boundary conditions. In sect. 4 we analyze the magnetic

perturbations and in sect. 5 the energy perturbations of the tricritical Ising model.
Sect. 6 contains our conclusions.
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2. Finite-size scaling on the strip and the truncation method

Consider a euclidean conformal field theory in the plane which is perturbed by a
relevant scaling field with angular momentum A —A =0 and scaling dimension
A + A =x. The euclidean action is

oy =5ty + A [ ba s(2,2)d%z, (2.1)

with a coupling constant A having dimension y=2—x>0. The perturbation
expansion of the correlation functions suffers from infrared divergences and, for
x > 1, from ultraviolet divergences as well. Via the logarithmic mapping

R
=u+iv=—1Inz, .
o=u+iv=o—Inz (22)

the action (2.1) defines a euclidean quantum field theory on a strip of width R,
with the hamiltonian (the logarithm of the transfer matrix)

H,=H,+AV. (23)

The “unperturbed” part of the hamiltonian can be expressed in terms of the
Virasoro generators L, L,, and the central charge ¢ [15],

27 — c
H0=_R—(L0+Lo"ﬁ)a (2.4)
while the interaction term V is given by
R —
V= [ bsu05)dv. (2.5)

Since ¢, , is rotation scalar in the plane, both H, and V' commute with the
momentum operator on the strip,

2 -
K= "R—(LO_LO)- (2.6

Now one chooses a Hilbert space basis of eigenstates of H,. These “conformal
states” are labelled by their energy, their momentum, and additional quantum
numbers. The matrix elements of V' between them,

R
(d)lel(ﬁi} = 2_17_’<¢j|¢4,4(0, O)Id’,‘)sxﬁki ’ (2-7}
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can be expressed in terms of conformal three-point functions in the plane. By
virtue of the infinite-dimensional conformal symmetry, these in turn can be
computed from a finite number of (dimensionless) primary structure constants
which characterize the dynamics of the theory. The technicalities of this calcula-
tion are deferred to appendix A.

After a suitable truncation of the Hilbert space, the problem of finding the
off-critical spectrum is thus reduced to numerical matrix diagonalization. Yurov
and Al. Zamolodchikov [11] introduced this method and applied it to the inte-
grable off-critical Yang—-Lee model [17]. They showed that a space truncated to a
moderate number of states gives a spectrum which is surprisingly similar to that of
the infinite Hilbert space in the massive regime.

The energy levels E;(i =0,1,2, ...) on a strip of width R are expected to have
the scaling form

E(R.A) ==X 28

i ? - R -fl 6 > ( * )
where £(A) is the correlation length of the theory, defined as the inverse of the
lowest mass gap m,. If the massive system is integrable, £(A) can be computed

from the thermodynamic Bethe ansatz [16]. In the present context, we are

interested only in dimensionless mass ratios. The ultraviolet asymptotic spectrum is
that of H,,

27 c

Ei=— xi_E) (R<¥), (2.9)

where x;=A4; + 4, (4, and A, are eigenvalues of L, and L,, respectively). In the
infrared regime, the scaling functions f; become

1 R\> m, R
so that
E,-(R)—--::—(;R+mi (R>¢), (2.11)

where m; is the mass gap of the ith level. The dimensionless constant €, can be
interpreted as the universal contribution to the vacuum bulk energy density
(energies measured in units of m, and lengths in units of £=1 /m,). For an
integrable massive system, it can be computed from the thermodynamic Bethe
ansatz [16] as well.

Which levels are present in the spectrum depends on the boundary conditions
(see the detailed discussion in subsect. 4.3). In a disordered phase, the lowest line
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E,=¢€oR/¢&? is always present; in an ordered phase, this depends on the boundary
conditions.

The scaling form (2.8) of the energies is somewhat modified by the truncation of
the Hilbert space. In the full Hilbert space, the matrix elements of H, are
unbounded from above; hence for any finite A, the eigenstates of H, are nontrivial
combinations of the eigenstates of H, and those of V. The truncation imposes an
upper bound to the matrix elements of H,. This introduces an additional scale p
and leads to the scaling form for the energies

2 R R
E'(R) = %f.—"(? ;) . (2.12)

For large A (or equivalently, for R>> p), the mairix elements of H, become
negligible against those of AV; the asymptotic eigenstates are those of V. In this
unphysical regime the energies scale like

EF~AR"'" (R>p). (2.13)

The correlation length ¢ characterizes the crossover from the ultraviolet regime
to the infrared regime, while the scale p governs the onset of truncation effects. To
extract reliable information about the infrared region, a sufficient number of states
has to be included in order that p > £. In this case, the R-dependence of the
levels shows the three distinct scaling regimes (2.9), (2.11) and (2.13), separated by
two crossover regions at R~ & and R ~p.

An interesting situation occurs when the deformation of the conformal theory
happens to be integrable. In this case, there exists a set of conserved currents
(T,,,,0,_,) satisfying

a?.T:\'+l =az@s—l - (2'14)
The set {s} is given by the particular integrable deformation. By transforming onto
the strip and integrating over a surface of equal time, we obtain integrals of motion

1 . i
€= 5= [ (T3P +617) (W) do. (2.15)

The Hilbert space and the dynamics decompose into sectors according to different
values of the charges (2.15). This may be observed in the R-dependence of the
spectrum [11]: two levels from different sectors of the Hilbert space may cross each
other, while generic lines (in the absence of any symmetry) do not cross. For the
integrable deformations of the tricritical Ising model, we find level crossings which
we attribute to the higher conserved charges; this is discussed in subsect. 4.2.
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TasLE 1
Kac table of the tricritical Ising model

3
3 i® 0
& 3 £
i) S0 10
1 3 K3

1o 80 0
7 3

0 16 2

3. The tricritical Ising model

The tricritical Ising model is the second menber .#, of the unitary series of
minimal models .#,, (m=3,4,...). It represents the universality class of the
Landau-Ginzburg theory

f_@d) exp{ - j [("/'<1>)2 + AP + A, D+ ;D% + 2,02 + A,tD] dzr} (3.1)

at its tricritical point A, =A,=A;=2A,=0. Its operator algebra has a basis of
spinless scaling fields ¢, 5, labellec by the conformal dimensions A, A. The six
primary fields appearing in the Kac table (table 1) can be identified with normal-
ordered composite Landau-Ginzburg fields [3]. According to their transformation
properties under the Z, spin-reversal transformation Q: @ — —®, we have:

(i) Four even fields: the identity 1 = ¢, ,, the leading energy density e = ¢, . =

: @, the subleading energy density* z'=¢. «=:0%, and the irrelevant field
g"=¢; ;= :®°:. These fields form a subalgebra of the operator algebra. In this
subalgebra Kramers—Wannier duality acts as a second Z, symmetry under which &

and £” are odd and &’ is even:
D7 'eD= —¢, D e'D=¢’. (3.2)

(ii) Two odd fields: the leading magnetization o = ¢ =, and the subleading
magnetization ¢’ =¢: . =:P%:.

The composite field ‘5 is redundant in the sense of the renormalization group
and is not a primary field of the operator algebra.

In the supersymmetric formulation of the theory [6], the energy densities build
up the superfield in the Neveu—Schwarz sector,

H(2,2,0,0) =e(z,2) +0y(z,2) +09(z,2) + 00e'(2,2),  (3.3)

while the magnetic fields are representations in the Ramond sector.

*In the site-diluted Ising model, this field couples to the density of vacancies.
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TABLE 2
Operator content of the tricritical Ising model with periodic boundary conditions

o =[a.sl=@ magnetization
e=[w, Hl=:0% energy
o' =l wl=:0% sub-magnetization
e =[5, pl=:0% vacancy density
e"=[3, 3]=:0" (irrelevant)

The operator content of the theory on the strip depends on the boundary
conditions imposed [15]. For periodic boundary conditions, the partition function
of the tricritical Ising model is given by the diagonal solution of the modular
equations [24]

Zp p=Tre o= |yol® + Ixzl* + Ixo* + Izl + x>+ x>, (34)

leading to the operator content listed in table 2. The states have momenta that are
integer multiples of 27 /R, and we refer to them as bosonic states.

The partition function Z, , with Z,-twisted boundary conditions in the space
direction Re @ may be obtained as follows [15]. First, insertion of the Z,-charge O
into (3.4) yields the partition function Z, , with twisted boundary conditions in
the time direction Im w,

Zp a=TrQe Moo= |xol> = ysl” + Il = Ixzl + Ixsl* + xdl*,  (3.5)
which is related to Z, , by the modular transformation S. Hence we obtain
Z, p(a) = xal® + Ix2l + [xdx: +xixs +ccl, (36)

and from this expression we can read off which operators appear with twisted
boundary conditions. The primary operators are (see table 3):
(i) The disorder operators

p=D"'¢eD=é.:, w=D'o'D=¢; ;. (3.7)

LT

TaBLE 3
Operator content of the tricritical Ising model with twisted boundary conditions

r =[5 ) disorder field

p =l % subleading disorder field
=15, % fermion

o=l % anti-fermion
G=1[%,0] susy generator
G=Io,:2 susy generator
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They are dual to the magnetic operators o and o' and have the same scaling
dimensions. The elementary disorder field u describes a string of reversed bonds
on the lattice; the subleading disorder operator u’ is the composite field :pe:. The
states in this sector are bosonic. The appearance of the disorder fields may also be
seen from the superconformal symmetry of the tricritical Ising model. The zero-
modes of the supercurrent in the Ramond sector are given by

c c

G(7;=L0—-2—4, (_;%=Zo—§; (3.8)

they commute with the conformal hamiltonian (2.4). Since the tricritical Ising
model does not have a primary operator with dimension A =c/24, eq. (3.8)
implies the existence of the two degenerate ground states |o') and |u) = G,G,lo)
in the Ramond sector.

(ii) The fermion ¢ = d;% 1, the antifermion o= d;ﬁ +, and the supersymmetry
generators G =q‘;;,0 and G = q;o, ;. Particles and antiparticles are related by
duality: )

$=D"YD, G=-D"'GD. (3.9)

In this sector, the momenta are half-integer multiples of 27 /R.

The operator algebra (which is given for the bosonic sector in table 4 and for the
fermionic sector in table 5) reflects the mentioned symmetries of the scaling fields.
This structure leads to symmetries and selection rules for the off-critical theories
as well. In the following, we discuss the deformations of the tricritical Ising model

TABLE 4
Fusion rules and structure constants for the scalar fields of the tricritical Ising model

even*even
exe=[1]+c,[e’]

g xe'=[1]+c,[e'] r()ri)
exe'=ci[e] +c;5[e”] €173 I’_(-%)T(%)

EMxg" = [1]

]
[N

W

o
N

I
-

2]
N
I
— B NIW N Qe O

even*odd c3
ex0' =cylo]
exo=cyla']+cs[o]
e'+x0' =cylo]

g’ *cr=c6[¢7'] +cq[o]

2}
w

I
2

3]
o
I

€7=3C1
odd *odd 7
o' xa'=[1]+cy[e"] cg—glcl
a"*0'=c4[£]+c(,[s’] €9= 56

o*o=[1]+csle]+cs[e'] +cyle"]
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TABLE 5
Fusion rules and structure constants for the fermion fields of the tricritical Ising model

bxp=y¢=g=[1)+c/le')

Uxd=—¢ ¢ =icle] +icye"] €1=3 TOIE6)
U*+G=—-G*y=icyel c3=3
V(@) V@) vie)
@ / ® I @
(a) (b) (c)
V(@) V(@) vie)
U NNy
@ (e) (f) I
V(d)
AAA[J
(q)

Fig. 1. Effective Landau-Ginzburg potentials for the @®°theory: (a) at the tricritical point and
perturbed by (b) the leading magnetic field, (c) the subleading magnetic field, the leading energy
density with (d) A, > 0 or (e) A, < 0, the subleading energy density with (f) A, > 0 or (g) A, < 0.

by its relevant scaling fields in order of an increasing number of selection rules.
The Landau-Ginzburg potentials for the perturbed theories are shown in fig. 1. Of
course, the Landau-Ginzburg picture should not be taken literally since it does
not properly take into account the anomalous dimensions of the fields, nor all the
fusion rules of the two-dimensional theory.

4. Magnetic perturbations of the tricritical Ising model

Under the Z, spin-reversal transformation, any magnetic operator ¢ changes
sign: Q7 '¢0 = —¢. Hence the hamiltonians H +a=Hy+ AV are related by a
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Fig. 2. Leading magnetic perturbation (A; = +1), K =0 sector: the lowest six levels in the massive
regime.

similarity transformation
H_,=Q7'H,Q, (4.1)

and the off-critical spectrum does not depend on the sign of the coupling con-
stant A.

4.1. LEADING MAGNETIC PERTURBATION

The field ¢ . 2 is the most relevant scaling field of the tricritical Ising model,
and it breaks all known symmetries of the critical theory. Fig. 2 shows the low-lying
spectrum in the K = 0 sector as a function of the strip width R. We obtained these
data from a truncated Hilbert space of 228 states, which includes all conformal
states up to level 5 in the Verma modules. The lines show a clear massive infrared
pattern as given by eq. (2.11). The effective scaling exponent

dln E,
= dmR

(4.2)

of the ground-state energy is shown in fig. 3 for a wider range of R. In this graph,
one can distinguish the ultraviolet regime (2.9), the infrared regime (2.11), and the
truncation-dominated regime (2.13).

The operator ¢ . . is degenerate at level 4, and Zamolodchikov’s counting
argument [9] does not suggest that this deformation of the tricritical Ising model is
integrable. We have checked explicitly that there are no conserved currents of spin
5 or spin 7. Of course, all this does not exclude the existence of conserved currents
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log,o R

1

Fig. 3. Leading magnetic perturbation (A, = +1), K = 0 sector: the effective scaling exponent a of the
ground-state energy, as defined in eq. (4.2).

with higher spin. But a plot of the crossover region (fig. 4) does not give any
numerical evidence of integrability either; the lines repel each other.

In the infrared region, we extract the following masses below threshold (with a
numerical accuracy of the order of one percent):

m,, m,=1.6(2)m,, m;=19(8)m,. (4.3)

Fig. 4. Leading magnetic perturbation (A, = +1), K =0 sector: the lowest ten levels in the crossover
region.
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TasBLE 6
Mass spectrum of the Eg Toda system

m, 1

m, = 2m;, cos(w/5) 1.6180
my=2m, cos(z/30) 1.9890
m, = 4m, cos(zr /5)cos(77 /30) 2.4049
mg = 4m, cos(w/5)cos(27 /15) 2.9563
mg = 4m, cos(r /5)cos(7 /30) 3.2183
m,, = 8m, cos*(ar /5)cos(7m /30) 3.8911
mg = 8m, cos*(zr/5)cos(27/15) 47834

These values are very close to those of the Ising model in a magnetic field at
T=T, given in table 6 [9]. Henkel [25] recently found the same result using
another numerical approach. It indicates that the effective dynamics of the two
systems at length scales of the order of ¢ are rather similar. However, we cannot
conclude that the tricritical Ising model in a magnetic field is described by the
same factorizable and elastic S-matrix as the Ising model in a magnetic field. The
closure of the boot strags implies the existence of stable particles above threshold
with fixed mass ratios m,/m, [9,26,18], and this requires fine-tuning of the
coupling constants to the integrable renormalization group trajectory. As shown in
ref. [18], an arbitrarily small generic perturbation destroys the elasticity of the
S-matrix: the particles above threshold decay into those below threshold (which
cannot decay). Indeed, suppose that the hamiltonian (2.3) for R ~ ¢ is equivalent
to the integrable hamiltonian of the Ising model in a magnetic field with a small
amount of nonintegrability added. In the integrable system, the levels cross. The
perturbation lifts the degeneracy at the crossing points and causes a splitting of the
levels proportional to its matrix element between the two states. From fig. 2 we can
read off the order of magnitude of such matrix elements to be M ~ 10~ !'m,. But
the same perturbation also induces a shift of the (nondegenerate) levels E; below
threshold which is of the order

AE;~ Y} M*/(E;—E;) ~1072m,. (4.4)

J#i

So it should not be surprising that the masses (4.3) are indistinguishable from those
of the integrable system within our numerical accuracy.

4.2. SUBLEADING MAGNETIC PERTURBATION

The perturbation by ¢ - - drives the tricritical Ising model into another massive
regime (fig. 5). There is a single excitation m, below the threshold at about 2m,.
The lowest two lines of the spectrum are interpretea as degenerate ground states.
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0.8]
0.6
0.4

0.2]

\ . . ; = R

-0.2

Fig. 5. Subleading magnetic perturbation (A;= +0.1), K=0 sector: the lowest five levels in the
massive regime.

In the crossover region, these two levels approach each other exponentially,
(see fig. 6 which should be compared with fig. 11). The scale £ equals (up to a few
percent within our accuracy) the inverse of the lowest mass m,, as predicted in ref.

[22]. In the usual three-dimensional phase diagram of the spin-1 Ising model in a
magnetic field (see e.g. ref. [5], there exist two “wings” of two-phase coexistence.

log (E,-E,)

R

2 a4 ~6_ 8
Fig. 6. Subleading magnetic perturbation (A; = +0.1), K =0 sector: exponential splitting of the two
lowest states in the crossover region, modified by truncation effects for R > 3.
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At zero temperature, these phases correspond to the states s=0,10r s=0, — 1,
depending on the sign of the magnetic field. However, we should not identify the
perturbation ¢ - - as generating precisely these wings of phase coexistence. In
fact, the thermodynamic state space of the theory (3.1) is four-dimensional. Hence
its two-phase coexistence manifold is three-dimensional, and ¢ . generates a
one-dimensional section of it.

One may speculate about the algebraic origin of the ground-state degeneracy. In
the case of energy perturbations of the tricritical Ising model (which are discussed
in sect. 5) or the Ising model, this degeneracy signals the spontaneous breakdown
of the Z, spin-reversal symmetry. The present case is more interesting, since the
spin-reversal symmetry is explicitly broken. In the Landau-Ginzburg picture, this
corresponds to the potential shown in fig. 1c. The field ¢ . - is algebraically
distinguished in another way: together with the identity and ¢ ;, it belongs to a
subalgebra of the operator algebra (leading to a decomposition of the Hilbert
space into two sectors which persists away from criticality), and it defines an
integrable deformation of the tricritical Ising model. It is degenerate at level 2, and
the counting argument shows that there are conserved currents with spins

s=1,5,7,11,13. (4.6)

In the crossover region, we observe crossing lines, even within a sector of the
Hilbert space (see fig. 7). Furthermore, we checked that these crossings are

specific to the integrable trajectory; the addition of a small ¢ . s-term removes all
crossings.

R*E
:
4T ==z -——
~— ~
L S~ ~
i e — —— ~
<= —— ~o
‘*“\ ~< ~ N
S < - —— 23— - Ny
b= \\\ ~ S~ —~
2 T~ \\\\ \\\\\ T~
\\\\ N ~ o ~ \\ \\\
S T~ ~ "~ o \\ >
— — — -~ ey ~ ~ ™ ~
>~ ~ \\ ~ s
~~ ~ ~ ~ N -
>~ \\\ ~ ~ ~
————— - ~~ ~ ~ ~ X ~
~ ~ ~ ~
~
i~ 2 NN S ~ IRFGAN R
S I~ ~ ~ 5
N \\ < ~ §
~ I ~ N N
~ <~ > N X
~ ~ 0 ~ X
~ \\ NN RN
~ ~ XN ~ X
_2» ~ Ny Ny \\
S NN ~ NG
~ ~
~ ~ N N
\ N \\\ N S
N \\ N
N ~ ~ N
~ ~ N
~ ~
N N\
~ \\ ~N
-4+ N R~
~ ~N
N NN
\ ~N

Fig. 7. Sub.leading magnetic perturbation (A; = +0.1), K = 0 sector: levels of the Hilbert space sector
corresponding to the conformal subalgebra (long-dashed lines) and of the orthogonal sector (short-
dashed lines) in the crossover region.
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In the massive regime, the spectrum of excited states is quite different from that
of the low-temperature Ising model, or the low-temperature tricritical Ising model.
Since the ground state is degenerate, we expect to find a continuum of unbound
kink-antikink pairs k,,k_ with different relative momentum. In the finite-size
system, the continuum will be replaced by a series of discrete lines approaching
each other algebraically. We interpret the upper two states shown in fig. 5 as being
part of this series. The isolated single line must therefore represent a bound state
of a kink and an antikink. In the case of a spontaneously broken Z, symmetry, one
would expect two such degenerate bound states |k k_) and |k_k ) (where the
order indicates ordering on the line). However, in this case, there is no Z,
symmetry to enforce equality of the k,—k_ and k_—k_ interactions. In the
Landau-Ginzburg picture (fig. 1c), the potential well between the two vacua is
indeed asymmetric. Thus it is possible that only one of the configurations k ,k _
and k_,k, can form a bound state, consistent with our findings. Interestingly
enough, the mass of this bound state scems to be roughly degenerate with that of a
single kink.

It would be interesting to consider this model further since it gives perhaps the
simplest example of a system with two ground states that are not related by
symmetry. Unfortunately, however, the perturbative approach is inflicted with
difficulties. Using the methods of ref. [20,21], one can show that in an e-expansion
about ¢ = —2 (where the perturbing ficld becomes marginal) at least the first
three nontrivial terms of the B-function vanish.

5. Energy perturbations of the tricritical Ising model

These perturbations are even under spin reversal; the (off-critical) Hilbert space
always decomposes into an even and an odd sector. Then it also makes sense to
distinguish between periodic and Z ,-twisted boundary conditions.

5.1. LEADING ENERGY PERTURBATION

5.1.1. Periodic boundary conditions. For A,> 0, the perturbation ¢ . 1 drives
the system into the Z,-symmetric high-temperature phase. The massive theory is
integrable and related to the Toda field theory based on the exceptional algebra e
[12, 13, 18]. The conserved currents have spin

s=1,5,7,9,11,13,17  (mod18) (5.1)

(these numbers are just the Coxeter exponents of e,). The particle masses (table 7)
and the S-matrix are known exactly [12,13]. The Z, spin-reversal symmetry is
manifest in the dynamics of the massive theory: the mass eigenstates can be
classified into even and odd states (this corresponds to the Z, symmetry of the
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TaBLE 7
The E, Toda system: mass spectrum and Z, transformation of the states

m, 1 odd
my=2m, cos(57/18) 1.2856 even
my = 2m, cos(w/9) 1.8794 odd
my=2m, cos(=/18) 1.9696 even
ms = 4m, cos(=/18)cos(= /9) 25321 even
mg = 4m, cos(27 /9)cos(z/9) 2.8794 odd
my = 4m, cos(w/18)cos(z/9) 3.7017 even

Dynkin diagram of the affine e,), and the S-matrix in the disordered phase S,
commutes with spin reversal Q,

$.,=07's,0. (5.2)

The massive spectrum in the K = 0 sector is shown in fig. 8. The optimal point to
read off the infrared spectrum (2.11) can be identified from fig. 9 which shows the
effective scaling exponent (4.2) for the ground-state energy. Our numerical values
for the masses below threshold,

m,, my=1208)m,, m;=18(Tm,, m,=196)m,, (53)

agree with the theoretical ones within our accuracy. Von Gehlen [23] obtained
similar values from a finite-size analysis of the Blume—Capel model.
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-1t

Fig. 9. Leading energy perturbation (A, = +1), periodic boundary conditions: effective scaling expo-
nent a of the ground-state energy, as defined in eq. (4.2).

For A, <0, the situation is related by duality to the previous case. Since ¢ is odd
under duality, we have

H_, =D7'H, D. (54)

The duality transformation maps the spin-even sector of the Hilbert space onto
itself; therefore the even levels do not depend on the sign of A,. The odd states
lo;) are mapped onto their duals |u;) = Dlo;); the odd levels behave differently
for A, <0. In the massive scaling region, they become degenerate with the even
ones so that in the infrared theory (for periodic boundary conditions) only the
levels

eoR, &R+m,, ¢eR+m,, gR+2m, (threshold),... (55)

appear (the K = 0 sector is shown in fig. 10). The system is in a two-phase region
of spontaneously broken spin reversal symmetry; in the thermodynamic limit there
are two degenerate ground states

[+), |=)=0l+). (5.6)

In a finite volume, the two lowest states are split exponentially; fig. 11 shows this in
the crossover region R ~ £. The massive excitations in the two-phase region are
(anti)-kinks and bound states thereof. The conserved kink number (mod2) now
plays the role that the spin reversal symmetry had in the high-temperature phase.



608

M. Lissig et al. / Tricritical Ising model

Fig. 10. Leading energy perturbation (A,

—1), periodic boundary conditions, K=0 sector: the

lowest eleven levels in the massive two-phase region. Long-dashed lines are even and short-dashed lines
are odd under spin reversal. The short-dashed lines alone are the bosonic levels for twisted boundary

All mass eigenstates
kinks and antikinks)

conditions and A, = 1.

can be classified into even states (having an equal number of
and odd states (where those numbers differ by one). This is

the unbroken Z, symmetry Q of the low-temperature phase which corresponds to
the Z, symmetry in the Dynkin diagram of the S-matrix in this phase S _. It follows

from eq. (5.4) that §

log(E|—E

_ is related to the S-matrix in the disordered phase S by

S_=D7'S,D. (5.7)

o)

t

+ + + ¢ t :R
0.2 0.4 0.6 0.8 I~z 1.4

Fig. 11. Leading energy perturbation (A, = —1), K =0 sector: exponential splitting of the two lowest

states in the crossover region.
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Therefore the dynamics of the kinks and their bound states is described by the
same elastic and factorizable S-matrix based on e,. The spectrum consists of three
odd particle masses m;, m;, m¢, and four even bound states with masses m,, m,
ms and m, (see table 7). The role of periodic boundary conditions is to restrict the
in-states to the even sector. Since the kink number is conserved,

S =07's_0, (5.8)

also the out-states are even. The Z, symmetry ensures the equality of the k., —k _
and k_—k_ interactions (unlike in the case of the subleading magnetic perturba-
tion); so we expect, and indeed find, that all bound states are doubly degenerate.

5.1.2. Twisted boundary conditions. Twisted boundary conditions, on the other
hand, restrict the bosonic Hilbert space to the disorder states |p;) = Dlo;), which
are odd under Q and even under Q. By (5.4), the hamiltonian matrix elements
between these states are given by those of the dual system:

(milH_,,ln;) =<{o;|D7'H_, Dlo;) = {g;|H, |o;} . (59

Hence in the infrared theory for A, <0, only the states with an odd kink number
appear (the short-dashed lines in fig. 8); the low-lying spectrum is

ggR+m,, €eR+m;, eR+m;+m, (threshold),.... (5.10)

For A, > 0, only the even levels (5.5) (the short-dashed lines in fig. 10) appear.

In addition to these bosonic levels, there are now states whose momenta are
half-integer multiples of 27 /R (fermionic particles). They are odd under both Q
and Q. Hence one expects (independently of the sign of A) the infrared spectrum
(5.10). This is confirmed by fig. 12, which shows the massive region of the K=7/R

-1+

Y

Fig. 12. Leading energy perturbation (A, = + 1), twisted boundary conditions: the lowest eight levels of
the sector K = 7 /R (solid lines), together with the lowest two bosonic levels for A, = —1 (short-dashed
lines).
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sector. The levels Ef in this sector show the following gaps*:
E!-E{=0809)m,, Ei-E{=1209)m,,.... (5.11)

Thus for T > T, the combined infrared spectrum of bosons and fermions equals
the spectrum (5.3) for periodic boundary conditions. This is necessary to ensure
that correlation functions become independent of the boundary conditions in the
thermodynamic limit. The quantum number Q classifying the levels can be
reinterpreted as the fermion number (mod 2).

For T <T_, the combined spectrum differs from the one in the periodic sector;
only the masses (3.10) appear. The levels are pairwise exponentially split and
become degenerate in the thermodynamic limit.

The S-matrix in the twisted sector should be related in a simple way to the
S-matrix in the periodic sector.

5.2. SUBLEADING ENERGY PERTURBATION

The subleading energy operator £’ is even under spin reversal and duality. For
A3> 0, it is believed to induce the crossover to the critical Ising model [19]. The
infrared behavior of the energy levels on the strip should be given by eq. (2.11),

AE 2w 5.12
i‘?xi’ ( . )

where x; are the scaling dimensions of the Ising model.

In its present form, however, the truncation method on the strip fails to
reproduce this situation accurately. As fig. 13a shows for the ground state, the
energy eigenvalues are strongly dependent on the level of truncation; for this
perturbation, the Hilbert space truncated at level 5 is not yet a good approximation
of the infinite-dimensional Hilbert space. But even in the absence of truncation
effects, the asymptotic behavior (5.12) would be more difficult to extract since the
corrections to it are also algebraically decaying and not exponentially as in the
massive cases. However, our overall results are in no way consistent with a massive
infrared theory. Fig. 13b shows, as an example, the lowest even excitation in the
infrared region which is emerging at the highest level of truncation. In this region

the pattern is consistent with the expected massless behavior of the Ising energy
density, AE, =27 /R.

* Measuring the lowest fermionic excitation E { — E, involves the comparison of levels from different
Hilbert space sectors. Since the truncation effects differ between sectors, this is considerably less
accurate than measurements within one sector; we find Ef— Eq=m, only with an error of about
ten percent (see the two lowest lines in fig. 12).
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Fig. 13. Subleading energy perturbation (A,=1), periodic boundary conditions: truncation depen-
dence of (a) the ground-state energy and (b) the lowest even excitation. Hilbert space truncation at level
3 (dotted), level 4 (dashed) and level 5 (solid).

For A, <0, the system is in the three-phase coexistence region [14]. The lowest
three states are exponentially split in the finite-size system (fig. 15); in the
thermodynamic limit there are three degenerate ground states

10)=010)=DI0), |+), [-)>=0l+). (5.13)

The massive theory is integrable. The lowest conserved charges with integer spin
are easily identified by the counting argument; they are just the Coxeter exponents
of su(2) [27]. It was conjectured by Zamolodchikov that the kinks do not form
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Fig. 14. Subleading energy perturbation (A, = —1), periodic boundary conditions, K =0 sector: the

lowest nine levels in the massive three-phase coexistence region. Long-dashed lines are even and

short-dashed lines are odd under spin reversal. The short-dashed lines alone are the bosonic levels for
twisted boundary conditions and A= —1.

bound states [14]. This is confirmed by fig. 14 which shows that the lowest
excitation is a doubly degenerate two-particle state (an unbound kink-antikink
pair) at threshold.

Since

H, =D 'H, D, (5.14)

the bosonic levels in the twisted sector coincide with the odd levels in the periodic

E
1.51 \
\
1; \
0.51 \
\\1
\, o.\1\ 0.2 0.3 0.4 05 °
-0.5 NN
’ Tl
-1 T
-1.5 // TR

Fig. 15. Subleading energy perturbation (A, = — 1), periodic boundary conditions: exponential splitting
of the three lowest states in the crossover region, modified by truncation effects for R > 1.
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Fig. 16. Subleading energy perturbation (A, = —1): unbound kink—antikink pairs in the three-phase

coexistence region. (a) Periodic boundary conditions. The configurations (i) and (ii) represent the same

K = 0 state, so do (iii) and (iv). (b) Twisted boundary conditions. All four configurations represent the
same K = 0 state.

sector (the short-dashed lines in fig. 14). There is a nondegenerate ground state
[0) (this state is unaffected by the twisting) and a single lowest two-particle
excitation at threshold. One-kink states exist in neither case.

It is interesting to understand why the lowest state of the continuum is doubly
degenerate with periodic boundary conditions, but non-degenerate in the twisted
case. This may be seen in a semiclassical picture of the kinks. The kink—antikink
pairs of the periodic sector are shown in fig. 16a. The lowest excitation is the K =0
state, which is obtained by averaging over all positions of the kinks. Hence on a
circle (i) and (ii) are in fact equivalent, so are (iii) and (iv). There are two
independent states, related by spin reversal. In the finite volume, they are split
expenentially. In the twisted sector, there are the four configurations of fig. 16b.
When we join the ends of the line to form a Mdébius strip, and average over all
positions of the kinks to obtain the zero-momentum state, we find that all four
configurations are equivalent. The reader is encouraged to make this experiment
for him /herself.
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6. Conclusions

In the following, we summarize our main results on the scaling region of the
tricritical Ising model. The leading magnetic perturbation, generated by the field
¢ », breaks all known symmetries of the conformal theory. Accordingly, the
spéc;mm of the off-critical hamiltonian shows no crossing lines. In the infrared
theory, the masses below the threshold are very close to those of the Ising model in
a magnetic field, indicating that the two systems have a similar dynamics at length
scales of the order of the correlation length. Unlike the Ising model, however, the
tricritical Ising model in a magnetic field is probably not integrable; hence the
S-matrix is not purely elastic and there are no stable masses above threshold.

The subleading magnetic field, conjugate to $: 1, drives the system into a
two-phase coexistence region. This fact may be related to the algebraic structure of
the underlying ultraviolet field theory: ¢ . belongs to a subalgebra of the
conformal algebra. This deformation of the tricritical Ising model is also inte-
grable, and we see crossing lines in the spectrum that might signal the existence of
additional conserved charges. There are massive kink states, and a single bound
state whose mass appears to equal that of a single kink.

The leading energy perturbation ¢ a1 generates in the high-temperature phase
the predicted spectrum of E,. In the low-temperature phase, where the spin-rever-
sal symmetry is spontaneously brokes, only the odd or the even particles appear as
kink states or bound states thereof, depending on the boundary conditions.

On the three-phase coexistence line, generated by the subleading energy opera-
toro: with a negative coupling constant, we observe the expected spectrum; the
kinks do not form bound states in this case. The same perturbation with a positive
coupling constant should induce the crossover to the Ising model. Our numerical
data are consistent with this prediction, but they do not prove it, because they
strongly depend on the level of truncation. Applying scaling theory to this depen-
dence may be one way to improve the results in this case of a massless crossover.

We are grateful to Al.B. Zamolodchikov for his interest in our work and for

several useful discussions. This work was supported in part by NSF Grant PHY
86-14185 and by INFN.

Appendix A

CONFORMAL HILBERT SPACE AND INTERACTION MATRIX ELEMENTS

The states of the conformal field theory organize into conformal families, i.e.
products of holomorphic and antiholomorphic Verma modules (irreducible repre-
sentations of the Virasoro algebra). Each Verma module 2, contains one primary
state 1d) of conformal dimension A and descendant states of dimension A +n



M. Lassig et al. / Tricritical Ising model 615

TaBLE A.1
The Verma modules of the tricritical Ising model: number d(n, A) of independent states

(left column) and number d(n, 4) of quasi-primaries (right column)

n A=0 A=3 A=1% A=% A= A=13

0 1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 1 0 1 0 1 0 1 (] 1 (]
2 1 1 2 1 1 0 1 0 2 1 2 1
3 1 0 3 1 2 1 2 1 2 ] 2 0
4 2 1 4 1 3 1 3 1 4 2 3 1
5 2 0 6 2 4 1 4 1 5 1 4 1

(n=1,2,...). The number d(n, 4) of linearly independent descendant states at
level n is given by the character of the Verma module 7,

xal@) ==/ Y, d(n, d)q". (A1)

n=0

The Verma module can be decomposed into two orthogonal subspaces (this
decomposition is convenient for the computation of the matrix elements below).
The quasiprimary subspace consists of the states |8) which satisfy the equation
L,18) =0 (and hence cannot be written as the derivative of states at the previous
level). The number of linearly independent quasiprimary states at level n is
d(n, A) = d(n, A) — d(n — 1, A). Table A.1 lists the values of d(n,A) and d(n, A)
(n=0,1, ...,5) for the six Verma modules of the tricritical Ising model. A basis in
the quasiprimary subspace of 2, may be obtained recursively as follows. At each
level n=2,3,... there is one “primitive” quasiprimary state P,(A)|A), where
P(A)IA) =1 and P(4), n>2, is a polynomial in the lowering operators L_;
given by

n-1

P(4) =p, (A)L_,+ ¥ p, (A)L"P(4), (A2)
I1=1
with 7= 0 if I =1, [=1 otherwise,
(1 ifl=1,

24+1),_
_224+1)4 ifl=2,3,...and n =1,
P..(4) = n+1 (A3)

(24 +1),_
__nX )1 if1=2,3,...and n>1,
| T (n—-D'24+20),_,

and (a),, = I'(a + m)/I'(a). The quasiprimary subspace of a nondegenerate Verma
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module 7, is spanned by the composite states
P, (A+n;_ +...+n))...P, (A +n,)P,(4)4), (A4)

with n, <n,_, < ... <n,;. In a degenerate Verma module, the null states have to
be projected out. For the tricritical Ising model, we use the quasiprimary basis

10>, P,(0)10>, P,(2) P,(0)I0),

155> Poa)l 567> Po(a)l 557> Po(s5 + 2)Po(5)1 560 Ps( )l )s Pl + 3)Ps(s5) 35 »
15575 Ps(36)1 767> Pa(36)1 360> Ps(6)l 15

1567, Ps(36)1567» Pali6 )l 6 Ps() 76,

13675 Pa(36) 167> Pal(16) 167> Pa(35 + 2) Po(55)l 157 » Ps(36)136” »

122, P(3)132), Py(3 + 2)P,(3)1), P(3)13), (A5)

which is truncated at level 5.

The orthogonal subspace consists of pure derivative states. Any such state at
level n is of the form L"_,|6), where |8) is a quasiprimary state at level n —r. A
holomorphic descendant state is thus characterized by three quantum numbers
labelling its Verma module, its quasiprimary subfamily and its level.

The full Hilbert space is obtained by taking the tensor product of the holomor-
phic and antiholomorphic Verma modules for each conformal family. Each state is
characterized by six quantum numbers. We truncate the Hilbert space at level 5,
which leaves us e.g. for periodic boundary conditions with ¥¢_, > _ d%(n, 4,) = 228
states in the K = 0 sector.

The dimensionless interaction matrix elements between these states,

R 24
Uji(A,C)=(—2';;) (d;ld4 4(0,0)6,), (A.6)

are analytic functions of the conformal dimensions 4;, A; and A, and the central
charge c. The matrix elements between primary states are fundamental structure
constants which we extract from the crossing symmetric four-point functions in the

plane [1,6,28]. The matrix elements between descendant states may then be
obtained by repeated use of the relation

(L b4 a0, )] =2"(mA +20/02) 4 (0, D) (A.7)

and its complex conjugate. We compute first the matrix elements between the
quasiprimary states (A.5) in a recursive way. The matrix elements between deriva-
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tive states are then given by the formula [11]
(8|Ld,(0)L":,18,>
= (8,1,(0)|8,>r,!r)!

y min‘gfz’ (5,+8,-4)(4+8,-8,),,-(A+8,-8,),,
1=0 N(r, =Y r,—-1)! .
(A.8)

The Hilbert space basis chosen is not orthonormal; the inner product between two
states is

gji(c) = (fb,ld’.) = Uji(o’c) . (A9)

The interaction matrix elements appearing in the logarithm of the transfer matrix
(2.3) are obtained from (A.6) by raising the index j,

vf(4A,c) =g"(c)r;(A,c). (A.10)

We computed the matrix elements using a Mathematica computer program. The
detailed algorithm is not specific to the tricritical Ising model; it will be published
elsewhere [29].
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