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Abstract. The delocalization and unbinding transitions of two semi-flexible polymers which experience
attractive interactions are studied by a variety of theoretical methods. In two-dimensional systems, one
has to distinguish four different universality classes for the interaction potentials. In particular, the delocal-
ization transitions from a potential well and the unbinding transitions from such a well in the presence of
a hard wall exhibit distinct critical behavior governed by different critical exponents. In three-dimensional
systems, we predict first-order transitions with a jump in the energy density but with critical or self-similar
fluctuations leading to distribution functions with power law tails. The predicted critical behavior is con-
firmed numerically by transfer matrix calculations in two dimensions and by Monte Carlo simulations in
three dimensions. This behavior should be accessible to experiments on biopolymers such as actin filaments
or microtubuli.

PACS. 64.60.Fr Equilibrium properties near critical points, critical exponents – 61.41.+e Polymers, elas-
tomers, and plastics – 05.40.-a Fluctuation phenomena, random processes, noise, and Brownian motion

1 Introduction

Semi-flexible polymers play an important role in many
biomaterials [1] and biomimetic systems. In a physical de-
scription of their statistical properties the chemical de-
tails of these polymers can be summarized in a small set
of parameters characterizing the individual features of a
given polymer species. One important parameter is the
bending stiffness. The latter quantity can be character-
ized by the persistence length, which is the length scale
over which correlations in the orientation of single polymer
segments decay. A polymer which is much longer than its
persistence length behaves effectively as a flexible chain
of loosely connected rigid segments, the size of which is
set by the persistence length. This limit is well under-
stood [2]. In some cases, the persistence length is quite
large compared to atomic length scales. One example for
such a semi-flexible polymer which behaves as a worm-like
chain [3–5] is provided by double-stranded DNA which has
a persistence length of the order of 50 nm. In general, the
persistence length of a polymer is determined by several
interactions between the monomers such as the stiffness
of covalent bonds and the electrostatic repulsion between
charged chain segments [6,7].

If two semi-flexible polymers interact with each other
via an attractive short-range interaction they can be
bound together, because this is energetically favorable.
On the other hand, the entropy of two bound polymers
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fluctuating together is reduced compared to the situation
where both polymers are separated and fluctuate inde-
pendently of each other. This competition of energy and
entropy leads to a phase transition at some critical tem-
perature [8–10]. This transition is called the unbinding
transition and can arise for all kinds of flexible or semi-
flexible manifolds [9,11]. In this article, we will classify
and characterize the unbinding transitions of semi-flexible
polymers in 1 + 1 and 1 + 2 dimensions.

The unbinding transition of semi-flexible polymers is
driven by their thermally excited bending fluctuations.
The latter fluctuations dominate as long as the corre-
sponding correlation length is small compared to the per-
sistence length. This regime which is studied below from
a theoretical point of view is experimentally accessible for
biopolymers such as actin filaments or microtubuli which
have a large persistence length of the order of many mi-
crometers [12–14].

The article is organized as follows: In Section 2 we dis-
cuss how the critical behavior of semi-flexible polymers
can be characterized in general and especially at an un-
binding transition. Section 3 then discusses the case of
1 + 1 dimensional polymers, i.e., of semi-flexible poly-
mers confined to a two-dimensional system. All univer-
sality classes are determined which are needed to describe
the unbinding transitions in 1+1 dimensions and the crit-
ical exponents characterizing these transitions. These ex-
ponents are confirmed numerically. We also discuss how
the unbinding transitions are modified by the presence of
long-ranged interactions. In the last section we study the
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unbinding transition in 1+2 dimensions, i.e., the behavior
of semi-flexible polymers in three-dimensional systems.

2 Delocalization and unbinding transitions

2.1 Statistical weight and partition function

As already mentioned in the introduction, we will study
semi-flexible polymers on length scales which are small
compared to their persistence length. These polymers then
undergo bending fluctuations governed by their bend-
ing stiffness or rigidity. We describe their conformations,
which have no overhangs, by the parameterization (t, z(t))
where the longitudinal coordinate t satisfies 0 ≤ t ≤ L||
and the transverse coordinate z(t) is a d⊥-dimensional dis-
placement field. For d⊥ = 2, one has the usual physical
situation of a polymer embedded in three dimensions but
the case d⊥ = 1 can also be realized if the fluctuations
of the polymers are restricted in one direction by the ex-
perimental setup. The energy functional of the polymer is
given by

H0{z} ≡
∫ L||

0

dt
κ

2

(
d2z
dt2

)2

, (1)

where κ is the bending stiffness. It is related to the persis-
tence length lp by lp = 2κ/T with temperature T in en-
ergy units. For a compact description of the semi-flexible
polymer it is convenient to absorb these phenomenological
parameters into rescaled quantities. Thus, we will use the
rescaled displacement field


 ≡
(
κ

T

)1/2

z (2)

for the description of the polymer conformations. Its di-
mensionless energy functional is

H0{
} ≡ H0

T
=

∫ L||

0

dt
1
2

(
d2

dt2

)2

. (3)

The partition function of the polymer with boundary con-
ditions 
(t = 0) = 
0 and d
/dt|t=0 = v0 at one end and

(t = L||) = 
1 and d
/dt|t=L|| = v1 at the other end has
the path integral form

ZL||(
1, v1|
0, v0) =
∫

D{
} exp
( −H0{
}

)
and can be easily calculated [10] with the result

ZL||

(

1, v1|
0, v0

)
=

( √
3

πL||
2

)d⊥

× exp
[ − 6Ω(
1, v1|
0, v0)/L||

3
]
, (4)

with

Ω
(

1, v1|
0, v0

) ≡ (

1 − 
0 − v0L||

)2
−L||

(

1 − 
0 − v0L||

)(
v1 − v0

)
+
L||

2

3
(
v1 − v0

)2
. (5)

We now consider two semi-flexible polymers with mu-
tual interactions. Their behavior can be fully described
in terms of a freely fluctuating displacement field for the
“center of mass” motion and another displacement field
which describes the separation of the two polymers. In
the following we will therefore focus on the behavior of
the separation field only, again denoted by 
. The inter-
action between the two polymers is now equivalent to the
interaction of one polymer with a localized external po-
tential at 
 = 0.

We will distinguish several types of interactions: i) The
interaction of two polymers which cannot penetrate each
other is described by a repulsive hard wall interaction;
ii) Two polymers which attract each other by intermolec-
ular forces experience a combined interaction potential
which consists both of a repulsive hard wall interaction
and of an attractive potential well; and iii) It is also in-
structive to study interactions with an attractive potential
well but without a hard wall interaction even though such
a potential is difficult to realize experimentally.

As one varies a parameter such as the temperature,
two polymers which attract each other may undergo an
unbinding transition from a bound state at low tempera-
tures to an unbound state at high temperatures. Likewise,
a polymer which experiences an attractive potential well
may undergo a delocalization transition from a localized
to a delocalized state.

In general, one must distinguish several universality
classes for these interaction potentials which depend on
the decay of these potentials for large separation 
. Below,
we will explicitly discuss short-ranged potentials which
have a finite potential range. However, these potentials
belong to a rather large universality class which contains
all potentials decaying faster than |
|−2/3 for large separa-
tion 
 [9,10]. Therefore, the critical behavior obtained here
for the short-ranged case applies in fact to all physically
relevant interactions.

2.2 Scaling behavior

First, let us again consider the free polymer of length L‖
with the statistical weight as given by (3) and the partition
function (4). The latter function may be rewritten in the
scaling form

ZL||(
, v|0, 0) = L−2d⊥
|| Ξ

(|
|L−3/2
|| , vL

−1/2
||

)
, (6)

with the scaling function

Ξ
(

̄, v̄

) ≡
(√

3
π

)d⊥

exp
[ − 6
̄2 + 6
̄v̄ − 2v̄2

]
, (7)

which depends on the rescaled displacement 
̄ ≡ |
|L−3/2
||

and the rescaled orientation v̄ ≡ vL
−1/2
|| . These rescaled

quantities arise from the typical fluctuations of the poly-
mer. Indeed, using the statistical weight (3), one easily
finds that 〈
2〉 ∼ L3‖ and 〈v2〉 = 〈(d
/dt)2〉 ∼ L‖. Thus,
the typical displacements are governed by the length scale
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L⊥ ≡ 〈
2〉1/2 ∼ L
3/2
‖ and the typical orientations are of

the order of 〈(d
/dt)2〉1/2 ∼ L1/2
‖ = L⊥/L‖.

It will be convenient to rewrite the scaling form (6)
in terms of 
̄ = |
|L−3/2

|| and the L‖-independent ratio
v̄/
̄1/3 = v|
|−1/3 which leads to

ZL||(
, v|0, 0) = L−2d⊥
|| Ω

(
|
|L−3/2

|| , v|
|−1/3
)
, (8)

with

Ω
(

̄, ṽ

) ≡ Ξ(

̄, ṽ|
|1/3

)
(9)

for the free polymer.
Next, let us introduce an interaction potential which

the polymer experiences at small values of |
|. Such a
potential will, in general, change the form of the parti-
tion function. However, since the potentials considered
here are localized at |
| = 0 and are (effectively) short-
ranged, the large scale excursions of the polymer will be
unaffected by these potentials. Thus, its typical displace-
ments are again governed by the length scale L⊥ ∼ L3/2

‖ ,
and its typical orientations are again of the order of
〈(d
/dt)2〉1/2 ∼ L⊥/L‖ = L

1/2
‖ for large L‖. On the other

hand, these interaction potentials are expected to change
the short-distance behavior of the partition function at
small values of |
|. Therefore, an interaction potential lo-
calized at |
| = 0 should lead to the generalized scaling
form

ZL||(
, v|0, 0) = |
|θ/2L−x
|| Ω

(
|
|L−3/2

|| , v|
|−1/3
)

(10)

for the restricted partition function ZL|| . An equivalent
scaling form has been proposed previously for the (1 + 1)-
dimensional case [8,10]. The two critical exponents θ and
x are defined by the regularity condition Ω(0, 0) = const
for the scaling function Ω at small arguments.

The exponents x and θ in (10) are not independent but
satisfy a scaling relation as in d = 1 + 1 [10]. This scal-
ing relation follows from the property that the partition
function ZL satisfies a Chapman-Kolmogorov equation in
which ZL+M (
2, v2|
0, v0) is expressed as the convolution
of ZL(
2, v2|
1, v1) and ZM (
1, v1|
0, v0). Using this prop-
erty in d = 1 + d⊥, one obtains the scaling relation

x = 2d⊥ + 3θ/2 , (11)

which can be easily verified for the free system with x =
x0 = 2d⊥ and θ = θ0 = 0 as follows from (6) and (8).

The exponent θ describes the short-distance behav-
ior of several observables and is therefore particularly
suited for characterizing the critical behavior at the delo-
calization or unbinding transitions. In order to determine
this critical behavior, we vary a parameter, typically the
rescaled potential strength, and study how the polymer
evolves from a strongly bound state to a weakly bound
one. In a bound state, the fluctuations of the polymer are
confined and are governed by a longitudinal correlation

length, ξ‖. This implies that the restricted partition func-
tion still has the scaling form as given by (10) provided
one has L‖ � ξ‖. On the other hand, if the system size L‖
satisfies L‖ � ξ‖, the restricted partition function attains
the asymptotic form

ZL||(
, v|0, 0) ≈ |
|θ/2ξ−x
|| Ω

(
|
|ξ−3/2

|| , v|
|−1/3
)

(12)

as follows from (10) with L‖ replaced by ξ‖.
Now, consider the probability distribution ψ(
, v) in

such a stationary state which describes the probability to
find the end of the polymer at a distance 
 from the origin
with orientation v. This distribution is obtained by nor-
malization of the restricted partition function and, thus,
given by

ψ(
, v) =
ZL||(
, v|0, 0)∫ ∞

0
d


∫ ∞
−∞ dv ZL||(
, v|0, 0)

, (13)

where ZL||(
, v|0, 0) has the L||-independent scaling
form (12) in the limit of large L|| � ξ||.

It now follows from the relations (13) and (12) that
the form of the probability distribution ψ(
, v) for small 

is completely characterized by the exponent θ. This gives
us the behavior of several observables at small separations
from the potential well. First, consider the behavoiur in
d⊥ = 1. The probability P (e)

tan(
) to find the end of the
polymer at the distance |
| with an orientation parallel to
the potential well scales as

P
(e)
tan(
) ≡ ψ(
, 0) ∼ |
|θ/2. (14)

Likewise, the probability to find the polymer at a certain
distance |
| with any orientation v is given by

P (e)(
) ≡
∞∫

−∞
dv ψ(
, v) ∼ |
|(θ/2)+(1/3). (15)

If we consider segments in the middle of the polymer, we
have to take into account the statistics of the two pieces of
the polymer which connect the segment in the middle with
both ends. It follows from the transfer matrix formalism
that the probability to find a segment in the middle of the
polymer at a given distance with an orientation parallel
to the potential well is given by ψ(
, 0)2 and, thus, scales
as

Ptan(
) ≡ [ψ(
, 0)]2 ∼ |
|θ. (16)

If we do not resolve the orientation of the segment, we
again have to integrate over the orientations and get the
probability

P (
) ≡
∞∫

−∞
dv ψ(
, v)ψ(
,−v) ∼ |
|θ+(1/3) (17)

to find the segment at a given distance |
| with an ar-
bitrary orientation. For d⊥ > 1, the radial distributions
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P (|
|) are obtained multiplying (14) and (16) by |
|d⊥−1,
but (15) and (17) by |
|4(d⊥−1)/3.

At this point, let us summarize the scaling properties
discussed above. First, without any interaction potential
at 
 = 0, the semi-flexible polymer makes wide excursions
from this reference line in order to increase its configu-
rational entropy. This state is characterized by the expo-
nents θ = θ0 = 0 and x = x0 = 2d⊥. If we now add
a short-ranged interaction potential which is localized at
|
| = 0, we will change the scaling properties of the poly-
mer fluctuations for small values of |
|. If this potential is
attractive, we can induce a phase transition from the free
state to a state in which the polymer is bound to the po-
tential well (or the two polymers are bound together.) At
this delocalization (or unbinding) transition, the system
is again scale invariant and therefore characterized by ex-
ponents θ = θ∗ and x = x∗ which are, in general, different
from the exponents θ0 and x0 for the free polymer.

2.3 Relation with directed lines or strings

The systematic field-theoretic study of delocalization or
unbinding transitions of semi-flexible polymers in refer-
ences [15,16] shows that these transitions are intimately
related to the corresponding transitions of directed lines
or strings. This relation becomes apparent if one compares
the perturbation series for the partition functions as ap-
propriate in both cases. In the absence of the short-ranged
attraction, the partition function Z of the semi-flexible
polymer exhibits the scaling behavior Zt(0, 0|0, 0) ∼ t−x0

as in (6). As explained in the appendix, the perturba-
tion series arising from the short-ranged attraction can
be formally mapped, term by term, onto the correspond-
ing perturbation series for the delocalization or unbinding
transitions of directed lines in 1 + d′⊥ dimensions with
d′⊥ = 2x0.

If one ignores the formal character of these perturba-
tion series, one also concludes that the critical exponent
x = x∗ at the delocalization or unbinding transition of the
semi-flexible polymer is identical to the contact exponent
ζ2 = ζ∗2 which governs the probability of local contacts
between the directed line or string and the potential well
at the transitions. Note that the critical exponent x deter-
mines the decay of the probability for tangential contacts
of the semi-flexible polymer, i.e., for local contacts with
orientation v = 0. In contrast, the exponent ζ2 governs
the probability for all local contacts of directed lines or
strings.

If the semi-flexible polymer is “completely free” in
the absence of the short-ranged attraction, i.e., if it does
not experience any repulsive wall or constraint, one has
x0 = 2d⊥ as follows from (4). In this case, the short-
ranged attraction leads to a delocalization transition from
a potential well (or penetrable defect line). The pertur-
bative mapping then implies that this transition belongs
to the same universality class as the delocalization transi-
tion of a directed line or string in 1 + d′⊥ dimensions with
d′⊥ = 4d⊥. If the semi-flexible polymer is subject to repul-
sive or impenetrable walls, the critical exponent x0 should

be increased which implies the inequality x0 ≥ 2d⊥ and,
thus, d′⊥ ≥ 4d⊥.

The critical behavior of directed lines or strings can be
calculated exactly using analytical transfer matrix meth-
ods [17]. One then finds that the contact exponent ζ∗2 has
the value ζ∗2 = 2 − d′⊥/2 for d′⊥ ≥ 2. The latter inequality
is fulfilled in the present context as long as d⊥ ≥ 1/2 as
will be assumed here. Since x∗ = ζ∗2 and d′⊥ = 2x0 as
mentioned, one obtains the scaling relation

x∗ = 2 − d′⊥/2 = 2 − x0. (18)

In fact, it has been previously shown for directed lines
or strings, that the contact exponents ζ2 = ζ∗2 at the tran-
sition and ζ2 = ζ2,0 as appropriate for the delocalized
or unbound state satisfy ζ∗2 + ζ2,0 = 2 in all dimensions
d′⊥. From the latter equality, one immediately obtains the
scaling relation x∗ + x0 = 2 as in (18) if one identifies
x = x(d⊥) with ζ2 = ζ2(d′⊥) both at the transition and for
the unbound state. The latter property should apply to
any mapping d′⊥ = d′⊥(d⊥) between the critical behavior
of the semi-flexible polymer and the corresponding behav-
ior of the directed line or string since this mapping cannot
depend on the strength of the short-ranged attraction.

Using the two relations (11) and (18), one also obtains

θ∗ =
2
3
(
x∗ − 2d⊥

)
=

2
3

(2 − 2d⊥ − x0) . (19)

Note that x∗ changes sign at d′⊥ = 4. For d′⊥ > 4, one
enters the so-called subregime (C) which exhibits unusual
scaling properties [17]: in this latter subregime, the delo-
calization or unbinding transitions are discontinuous but
observables such as those defined by (14)–(17) still exhibit
nontrivial scaling properties.

3 Semi-flexible polymers in 2-dimensional
systems

3.1 Universality classes for the strong fluctuation
regime

In this section, we will study semi-flexible polymers in 2-
dimensional systems, i.e., for d⊥ = 1. Examples are pro-
vided by polymers which are confined to thin slabs. Several
cases must be distinguished. In the context of two semi-
flexible polymers with short-range attractions, these poly-
mers can either cross each other or feel a hard core repul-
sion which prevents such crossings. In terms of the separa-
tion coordinate 
, the hard core repulsion corresponds to a
hard wall potential at zero separation 
 = 0. Thus four dif-
ferent cases will be considered: i) Two semi-flexible poly-
mers, which cannot cross each other, ii) two freely fluc-
tuating semi-flexible polymers without any restrictions,
iii) two semi-flexible polymers with an attractive short-
ranged interaction, which cannot cross each other, and
iv) two semi-flexible polymers, which feel an attractive
short-range interaction but may cross each other. The
corresponding interaction potentials V (
) are displayed in
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(c) (d)

V

Fig. 1. Prototypes of interaction potentials V (�) which belong
to four different universality classes for the critical behavior of
semi-flexible polymers in 1+1 dimensions. As explained in the
text, the associated fixed points are: (a) hard wall; (b) Gaus-
sian; (c) unbinding transition; and (d) delocalization transi-
tion.

Figure 1. These four potentials represent four different
universality classes, which, in the framework of the renor-
malization group, correspond to different fixed points of
the renormalization group flow.

Each of these universality classes is characterized by
specific values for the critical exponents x and θ which will
now be determined. The calculation of the freely fluctu-
ating polymer is trivial; from (4) we immediately read off
the values x0 = 2 and θ0 = 0. According to (18) and (19),
this implies x∗ = 0 and θ∗ = −4/3 at the corresponding
delocalization transition which belongs to the prototype
potential as shown in Figure 1(d).

With a hard wall but without a short-range interac-
tion the problem can also be solved analytically [18] and
one gets x0 = 5/2 and θ0 = 1/3. The scaling relation (19)
then leads to θ∗ = −5/3 at the unbinding transition in
the presence of a hard wall which belongs to the prototype
potential in Figure 1(c). The transition will be discontin-
uous. This unbinding transition in the presence of a hard
core repulsion has already been studied semi-numerically
in [10] with the result θ∗ = −5/3.

Thus, the critical behavior of semi-flexible polymers is
governed by four different universality classes. This has
to be compared with the behavior of thermally excited
strings [19–21] and of strings in a random potential [22–
26] for which one finds two and six different universality
classes, respectively.

3.2 Numerical method

In order to test the theoretical predictions, extensive
transfer matrix calculations have been performed numer-
ically in d = 1 + 1. By this method the path integral

ZL||

(

1, v1|
0, v0

)
=∫

D{
} exp
[
−

∫ L||

0

dt
1
2

(
d2

dt2

)2

+ V
(

,

d

dt

)]
(20)

for the partition function is explicitly calculated. For this
purpose, the time coordinate along the polymer is dis-
cretized into integer multiples of the time interval ∆t.

A discretization of the position 
 of the semi-flexible poly-
mer into integer multiples of some length scale ∆
 then
implies that the possible velocities are integer multiples of
∆
/∆t. The number of possible positions and velocities is
made finite by choosing appropriate boundary conditions
and allowing only the positions −L⊥∆
/2, . . . , L⊥∆
/2
and the velocities −Lv∆
/2∆t, . . . , Lv∆
/2∆t. This in-
troduces two finite-size scales L⊥ and Lv. However, these
two scales are not independent of each other. Since the
roughness exponent ζ of a semi-flexible polymer is ζ =
3/2, i.e., the width of typical excursions of a semi-flexible
polymer grows as the 3/2 power of the length of the poly-
mer, the velocities of a semi-flexible polymer which is re-
stricted to a width of L⊥ in position space will only grow
up to about L(ζ−1)/ζ

⊥ = L
1/3
⊥ . We will always choose the

large-scale cutoff Lv in velocity space sufficiently large
compared to this value. In this way we ensure that the
partition function does not change significantly if Lv is
further increased. Thus, L⊥ is the only relevant finite-size
scale.

For fixed initial conditions (
0, v0) and each time k∆t
the restricted partition function

qk(n,m) ≡ Zk∆t

(
n∆
,m

∆


∆t

∣∣∣
0, v0
)
, (21)

with n = −L⊥/2, . . . , L⊥/2 and m = −Lv/2, . . . , Lv/2 is
a vector of L⊥Lv entries. The Markov property

qk+1(n,m) =
L⊥/2∑

n′=−L⊥/2

Lv/2∑
m′=−Lv/2

z
(
n,m|n′,m′)qk(

n′,m′) (22)

of the partition function allows an iterative calculation of
the restricted partition function via the short time prop-
agator

z
(
n,m|n′,m′) ≡ (∆
)2

∆t
Z∆t

×
(
n∆
,m

∆


∆t

∣∣∣n′∆
,m′∆

∆t

)
. (23)

Ignoring global prefactors, which affect only the nor-
malization, we approximate the path integral defining the
short time propagator by its value along the “classical
path”, i.e.,

z
(
n,m|n′,m′) ∼ exp

[
−

∫ ∆t

0

dt
1
2

(
d2
cl(t)

dt2

)2
]

× exp
[
−

∫ ∆t

0

dtV
(

cl(t),

d
cl(t)
dt

)]
, (24)

where 
cl(t) is the classical path with the boundary con-
ditions 
cl(0) = n∆
, d�cl

dt |t=0 = m∆
/∆t, 
cl(∆t) = n′∆
,
and d�cl

dt |t=∆t = m′∆
/∆t. Since d4
cl/dt4 = 0 is the clas-
sical equation of motion corresponding to (3), the classical
path is a polynomial of third degree. Inserting the classi-
cal path into the first exponential in (24) gives the free
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propagator as shown in (4) with L|| replaced by ∆t, i.e.,
up to a normalization factor

z
(
n,m|n′,m′) ∼

exp
{
− 6(∆
)2

(∆t)3

[(
n′−n−m)(

n′− n−m′)+
(m′ −m)2

3

]}

× exp
[
−

∫ ∆t

0

dt V
(

cl(t),

d
cl(t)
dt

)]
. (25)

From (25) it is clear that the largest contribution
to the short time propagator z(n,m|n′,m′) comes from
the elements with m′ = m and n′ = n + m. In order
to keep the computer time within reasonable limits, we
use the “RSOS” condition that we disallow any tran-
sitions for which the argument of the first exponential
in (25) is smaller than −10. These transitions are natu-
rally suppressed by a factor of e−10 compared to the most
probable transition. Thus, the choice of the discretiza-
tion which determines the factor (∆
)2/(∆t)3, also de-
termines how many points (n′,m′) in the neighborhood
of (n+m,m) can be reached by allowed transitions from
(n,m). By comparison with the analytically available so-
lution for a semi-flexible polymer in a harmonic poten-
tial for different values of the discretization units, the
choice of (∆
)2/(∆t)3 = 1 leading to the 7 allowed points
(n+m,m), (n+m,m+1), (n+m,m−1), (n+m+1,m),
(n+m+ 1,m+ 1), (n+m− 1,m) and (n+m− 1,m− 1)
has been selected as a good compromise between numeri-
cal accuracy and computing time requirements.

In the case of directed lines or strings it is possible
to replace the integral in the second exponential of (25)
by the value of the potential at time ∆t. This approxi-
mation is, however, not appropriate in the case of semi-
flexible polymers. Indeed, the semi-flexible polymer can
make transitions between two distant positions in one time
step if its velocity is large. In the case of a spatially lo-
calized potential—such as the attractive short-range po-
tentials considered here—the polymer can then jump over
the potential in one time step without noticing the possi-
ble energy gain arising from the potential. Therefore, the
integrals in the second exponential in (25) have been ex-
plicitly calculated via Monte Carlo integration along the
classical path for every allowed combination (n,m, n′,m′)
before the iteration step as given by (22) has been per-
formed.

The short-ranged potential used here has been chosen
to have a width 
V of one discretization unit 
V ≡ ∆

symmetrically around the origin and is given by

V (
, v) = Vδ(
) ≡
{ g

∆t
, |
| ≤ 
V ,

0, |
| > 
V ,
(26)

where g < 0 measures the strength of the attraction. In the
presence of a hard wall, the potential used in the transfer-
matrix calculations has the functional form

V (
, v) = Vw(
) ≡



∞, 
 < 0,
g

∆t
, 0 ≤ 
 ≤ 
V ,

0, 
 > 
V .

(27)

In physical units, the potential well has the strength

u = T

(
T

κ

)1/3

z
−2/3
V g (28)

and the potential width zV ≡ (T/κ)1/2
V = (T/κ)1/2∆
.
After the relation (22) has been iterated for a sufficient

number of times, the obtained restricted partition function
becomes, after normalization, the stationary distribution
ψ(
, v) for the positions and slopes of the end of the semi-
flexible polymer. Convergence toward a stationary state is
monitored by direct comparison of distributions which are
several hundred time steps apart. For the largest systems
used with L⊥ = 10240 and Lv = 111 close to the unbind-
ing transition, up to L|| = 3000 iterations were necessary
in order to reach the stationary state. This amounts to a
computing time on the order of 3 hours on an SGI or HP
work station for one set of parameters.

Once the stationary distribution ψ(
, v) has been ob-
tained, the small-
 behavior of the four distributions (14)–
(17) has been measured independently at the delocaliza-
tion or unbinding transition. The position of the transi-
tion has been determined in two different ways. On the
one hand, the quantity σ(g, L⊥) ≡ 〈
2〉g,L⊥/L

2
⊥ has been

measured as a function of the system size L⊥ and of the
strength g of the attractive short-ranged potential. In the
localized phase, this quantity is close to zero whereas it ap-
proaches a finite value in the delocalized phase. Plotting σ
as a function of g for different L⊥ shows that it becomes
independent of L⊥ for one specific value of g which we
identify as the critical attraction strength g = gu for the
transition. On the other hand, direct inspection of the dis-
tribution ψ(
, 0) shows that this distribution decays expo-
nentially for large separations 
 provided g = −|g| is suf-
ficiently attractive but is cut off by the finite system size
for sufficiently small values of |g|. This distinct behavior
gives another estimate of the critical attraction strength
gu. Both estimates become more accurate with increasing
system size L⊥. The uncertainty in the value of the crit-
ical attraction strength gu is mainly responsible for the
errors in the measured exponents at the transition, see
the discussion below.

3.3 Numerical results for the strong fluctuation regime

Using the methods described in the last section, the prob-
ability Ptan(
) as given by (16), i.e., the probability to
find the two polymers tangential to each other at a given
distance 
, has been measured for the four prototype po-
tentials shown in Figure 1. The numerical data are dis-
played in Figure 2. Inspection of this figure shows that
the numerical values for the critical exponent θ are in fair
agreement with the theoretical predictions we obtained in
Section 3.1.

We now focus on potentials V = Vδ as described by
equation (26) which have a symmetric potential well but
no hard wall, see Figure 1(d). First, we determined the
critical attraction strength g = gu using the two different
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Fig. 2. Double logarithmic plots of the probability distribution Ptan(�) to find the two polymers at a distance � and parallel to
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methods described in Section 3.2 above. Both methods
lead to the same estimate given by gu = −0.398 ± 0.002.

At the critical value g = gu, the four probability distri-
butions described by (14)–(17) are governed by the crit-
ical exponent θ = θ∗. From the numerical data for these
different distributions, we have obtained four numerical
estimates for θ∗: i) The probability P

(e)
tan for the poly-

mer end to be at distance |
| with a tangential orienta-
tion parallel to the potential well is predicted to scale as
P
(e)
tan ∼ |
|θ/2. A double-logarithmic plot of the data for

this distribution leads to the estimate θ∗/2 = −0.64±0.05
and, thus, θ∗ = −1.28 ± 0.10; ii) The probability P (e)(
)
for the polymer end to be at distance |
| (irrespective of
its orientations) should scale as P (e)(
) ∼ |
|θ/2+1/3. The
corresponding data lead to θ∗/2+1/3 = −0.35±0.04 and,
thus, to θ∗ = −1.37±0.08; iii) The probability Ptan(
) for
a polymer segment which is located in the middle of the
polymer should behave as Ptan(
) ∼ |
|θ. From the data

for this quantity, we find θ∗ = −1.26 ± 0.09; and iv) The
probability P (
) for a polymer segment in the middle of
the polymer is predicted to behave as P (
) ∼ |
|θ+1/3 and
the data analysis now gives θ∗ + 1/3 = −0.97 ± 0.10 and,
thus, θ∗ = −1.30 ± 0.10.

The numerical error in these estimates is relatively
large and mainly arises from the numerical uncertainty
for the value of the critical potential strength gu. We es-
timated this error from a systematic variation of the crit-
ical potential strength gu. Thus, we plotted each distri-
bution for different values of gu chosen from the interval
−0.396 ≤ gu ≤ −0.400 and estimated the critical ex-
ponents for each of these values. Within the numerical
accuracy obtained in this way, all measured values for θ∗
are compatible with the predicted value θ∗ = −4/3.

It is instructive to consider a somewhat different po-
tential well which is only effective if the polymer enters
the well (or defect) tangentially. In the presence of a hard
wall, such a restriction for the attractive potential does
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not change the polymer behavior since the semi-flexible
polymer must touch the wall tangentially (otherwise, the
curvature would be infinite). It seems plausible to expect
that the same universality holds for the symmetric po-
tential well considered here. This expectation is indeed
confirmed by our numerical studies as described next.

Thus, we study the modified potential well

V (
, v)=Vδδ(
, v)≡



g

∆t
, |
| ≤ 
V and |v| ≤ 
V

∆t
,

0, |
| > 
V or |v| > 
V
∆t
,

(29)

which is only effective if the polymer lies within the well
and has an orientation which is (almost) parallel to this
well.

In physical units, this corresponds to a potential well
which has width zV and strength u as given by equa-
tion (28) and for which the polymer only gains energy
if its slope is sufficiently small and satisfies∣∣∣∣dz

dt

∣∣∣∣ ≤
(
TzV
κ

)1/3

. (30)

For this modified potential, we could obtain the im-
proved estimate gu = −0.468 ± 0.001 for the the critical
attraction strength gu using again the two methods de-
scribed at the end of Section 3.2. We have now repeated
the numerical analysis of the four different distribution
functions as described above for the potential V = Vδ.
From the data for P (e)

tan(
), P (e)(
), Ptan(
), and P (
), we
obtain θ∗/2 = −0.64 ± 0.04, θ∗/2 + 1/3 = −0.35 ± 0.03,
θ∗ = −1.29 ± 0.08, and θ∗ + 1/3 = −0.98 ± 0.08, re-
spectively. Again, all of these values are in reasonable
agreement with the predicted value θ∗ = −4/3. Fur-
thermore, these numerical results confirm the expectation
that the modified, orientation-dependent potential wells
V = Vδδ(
, v) belong to the same universality class as the
usual potential wells V = Vδ(
).

3.4 Intermediate fluctuation regime

For directed lines or strings, i.e., for one-dimensional ob-
jects which are governed by a line tension, a long-ranged
potential can change the critical behavior [19]. This ap-
plies both to the unbound state and to the unbinding
transition. The most interesting case is obtained in the
so-called intermediate fluctuation regime [19,11]. In the
latter case, the long-ranged interaction has a power law
behavior which corresponds exactly to the behavior of the
fluctuation-induced repulsion. Since such a long-ranged
interaction is a marginal perturbation in the renormal-
ization group sense the critical exponents depend contin-
uously on the strength of this potential.

For a semi-flexible polymer, the relevant power law
is 1/
2/3 [9,10]. Although the exact values of the critical
exponents are not known, we can study the relation be-
tween the critical exponents x0 and x∗ for the unbound
state and for the unbinding transition, respectively. This
relation should still be given by x∗ + x0 = 2 as in (18).

For a hard wall and a long-ranged potential, the criti-
cal behavior has been studied numerically in [10]. Indeed,
the conjecture expressed as equation (17) in [10], based
only on numerical data, represents a special case of our
general scaling relation (18) since the quantities α and β
of reference [10] are identical with θ0/2 and θ∗/2, respec-
tively.

As shown in Section 3.1, the critical behavior at the
delocalization transition in the absence of a hard wall dif-
fers from the behavior at the unbinding transition in the
presence of such a wall. Thus, we expect that this distinc-
tion also applies to systems with a long-ranged potential
which decays as 1/
2/3 for large 
. In exactly the same way
as before, we can measure the exponents θ∗ or x∗ at the
delocalization transition and determine their functional
dependence on the strength of the long-ranged potentials.
In order to regularize the divergence of the 
−2/3 power
law at the origin, we use the potential

V (
) =

{
w
−2/3 for |
| ≥ 
V ,
w(∆
)−2/3 + g for |
| < 
V , (31)

with 
V = ∆
 as before where w parameterizes the
strength of the long-ranged potential. We choose g = 0 in
order to measure x0 and θ0 and study negative g in order
to reach the delocalization transition at g = gu(w) < 0.
Since the critical exponents in the presence of a long-
ranged potential are not known analytically we measure
θ0 or x0 numerically as a function of the potential strength
w. Inspection of Figure 3(a) shows that x0 and x∗ as mea-
sured in this way are quite symmetric with respect to
x = 1 and, thus, fulfill the relation x0 + x∗ = 2 as in (18).
As shown in Figure 3(a), a parabolic w-dependence given
by

x0(w)=1+
√

1 − w/wc and x∗(w)=1−
√

1 − w/wc

(32)

with wc � −0.07 represents a good fit to the numeri-
cally obtained values of the exponents. For directed lines
or strings, such a parabolic w-dependence is an exact re-
lation for all values of w. For w < wc, the semi-flexible
polymer is always bound, see Figure 3(b), and delocaliza-
tion transitions occur only for w > wc. As shown in Fig-
ure 3(b), the location of the transition line is described by
the critical value gu of the short-range attraction which
varies with the strength w of the long-ranged potential.

4 Semi-flexible polymers in three dimensions

Two semi-flexible polymers without any interaction in a
3-dimensional system are described by the expression (4)
with d⊥ = 2 from which we can immediately extract
the exponent x0 = 4. The general mapping discussed
in Section 2 then implies that the delocalization transi-
tion induced in this system by a short-ranged attraction
should belong to the same universality class as the tran-
sition of directed lines or strings in 1 + 8 dimensions. The
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Fig. 3. Intermediate fluctuation regime. (a) Dependence of the
critical exponent x on the strength w of the long-ranged poten-
tial. The solid lines correspond to the functions 1±√

1− w/wc

with wc = −0.07; and (b) Phase diagram of the delocaliza-
tion transitions: The parameter gu is the strength of the short-
ranged potential at which the unbinding transition takes place.
The shaded region corresponds to the bound state of the poly-
mer.

latter transition is discontinuous but exhibits nontrivial
scaling properties characterized by ζ∗2 = −2 as follows
from the results of reference [17]. The scaling relation
θ∗ = 2(x∗ − 2d⊥)/3 = 2(ζ∗2 − 4)/3 then leads to θ∗ = −4.
Thus the probability distributions (14)–(17) should ex-
hibit nontrivial power law behavior with θ∗ = −4. We
will now present the results of numerical studies which
are consistent with these scaling predictions.

In contrast to the situation in 1+1 dimensions, a trans-
fer matrix approach is not feasible in 1 + 2 dimensions.
Instead, we used Monte Carlo (MC) simulations in order
to study the critical behavior. The semi-flexible polymer
is discretized into L|| segments of size ∆t with periodic
boundary conditions in the direction parallel to the poly-
mer. The displacement of segment i is described by the
continuous variable 
i. The corresponding length scale ∆

was chosen to be ∆
 ≡ (2T/κ)1/2(∆t)3/2 which corre-
sponds to the reduced bending stiffness κ(∆
)2/T (∆t)3 =
2. The excursions of the polymer in the perpendicular di-
rection are confined to a cylinder of radius L⊥. In the
center of this cylinder, the polymer experiences an attrac-

tive potential well of strength g and of radius 
V with

V = ∆
/10. Thus, the potential is given by

V (
, v) = Vcyl(
) ≡



g, |
| < 
V ,
0, 
V ≤ |
| ≤ L⊥,
∞, |
| > L⊥.

(33)

In one MC step, each polymer segment undergoes a ran-
dom perpendicular displacement. Such a displacement is
accepted depending on the energy difference between the
original and the displaced configuration according to the
usual Metropolis rules. The maximal length of a trial dis-
placement is chosen in such a way that a reasonable ac-
ceptance rate is achieved. The configurations are evalu-
ated after an adjustable number of MC steps has been
performed and the observables are averaged over many
such measurements. The total number of MC steps and
the number of steps between measurements are adjusted
according to the system size and to the distance from the
transition point in order to sample uncorrelated configura-
tions. The maximal number of MC steps used was 2 ·1010.

As expected, we find a delocalization transition at
some critical value g = gu for the strength of the attractive
potential well. One way to estimate this critical strength
is via the dependence of the expectation value 〈E〉 of the
total energy per polymer segment on the strength of the
attractive well. As an example, we display the correspond-
ing MC data for L|| = 200 in Figure 4. Inspection of this
figure shows that this quantity exhibits a jump at the tran-
sition point as expected for a first-order phase transition.

The first-order character can also be seen in Fig-
ure 5(a). This histogram shows, for L|| = 200, the fraction
of those polymer segments which are close to the poten-
tial well during the MC simulation for different depths g
of the potential well. At g = −4.25, i.e., slightly above the
delocalization transition, essentially all segments are un-
bound. At g = −4.35, i.e., below the delocalization tran-
sition, all configurations contain about 65 percent bound
segments. For a second-order phase transition, the num-
ber of bound segments should increase continuously at the
phase transition. In contrast, the histogram for g = −4.3
shows a bimodal distribution with two separate maxima.
One maximum corresponds to configurations with almost
no bound segments; the configurations, which represent
the other maximum, also have of the order of 65 percent
bound segments. Therefore, we observe the coexistence
of the bound and the unbound state of the semi-flexible
polymer.

As mentioned, we expect that the probability distribu-
tion P (|
|) decays as a power law even though this phase
transition is of first order. For periodic boundary condi-
tions, the probability distribution P (|
|) should behave as
P (|
|) ∼ |
|θ∗+5/3. For θ∗ = −4, this leads to the theoreti-
cal prediction P (|
|) ∼ |
|−7/3. If we consider the distribu-
tion P (|
|) slightly below the transition point, we indeed
find a power law decay with θ1 ≡ θ∗ + 5/3 � −2.22 as
shown in Figure 5(b) for polymer length L|| = 800. How-
ever, if the interaction strength g is too close to its critical
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dependence of the expectation value 〈E〉 of the total energy
per polymer segment on the strength g of the attractive well.
(a) The complete g-range studied in the simulations for dif-
ferent system sizes L⊥ at a fixed length L|| = 200; and (b) A
closer look at the g-values in the vicinity of the transition point.

value g = gu � −4.3 at the transition, this power law is ob-
scured by exceptional fluctuations of the polymer from the
bound to the unbound state. A good compromise seems
to be the choice g = −4.38 as shown in Figure 5. This is
still close enough to the phase transition so that the local-
ization length which cuts off the power law still leaves a
window of more than one order of magnitude to measure
the power law behavior. This power law decay leads to
the estimate θ1 = −2.22 ± 0.03 for g = −4.38. However,
as in 1 + 1 dimensions, the precise value of this exponent
is found to depend on the strength g of the attractive well.
Measuring again an effective exponent θ1(g) in the vicinity
of gu � −4.3, we get the estimate θ1 = −2.2± 0.2. There-
fore the numerical data are consistent with the prediction
P (|
|) ∼ |
|−7/3.

We also measured the distribution Ptan(|
|) of tangen-
tially oriented segments which should scale as Ptan(|
|) ∼
|
|θ∗+1. For the latter quantity, we find a power law with
exponent θ∗ + 1 ≈ −2.7 ± 0.25, where the error is again
estimated from the variation of the measured effective ex-
ponent with the potential strength g in the vicinity of
gu � −4.3. This is again consistent with the theoretically
predicted value θ∗ = −4.
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Fig. 5. Critical behavior in 1+2 dimensions. (a) Histogram of
the fraction of bound segments. The two maxima correspond
to configurations without bound segments and with approx-
imately 65 percent bound segments, respectively. The differ-
ent behavior at the three different g-values is explained in the
text; and (b) Double logarithmic plot of the probability dis-
tribution P (|�|) for finding a polymer segment at distance |�|
for attractive potential strength g = −4.38 and polymer length
L|| = 800. The line corresponds to the power law decay �θ∗+5/3

with θ∗ + 5/3 = −2.22.

5 Conclusion and outlook

In summary, we have systematically studied unbinding
and delocalization transitions of semi-flexible polymers in
the presence of short-ranged interactions. In 1 + 1 dimen-
sions, four different universality classes must be distin-
guished governed by four different fixed points which cor-
respond i) to a free semi-flexible polymer, ii) to a semi-
flexible polymer in the presence of an attractive potential
well, iii) to a semi-flexible polymer in the presence of a
hard wall, and iv) to a semi-flexible polymer in the pres-
ence of both a hard wall and an attractive well. In all four
cases, a combination of scaling arguments, transfer ma-
trix calculations, and field-theoretic perturbation theory
leads to definite theoretic predictions for the critical ex-
ponents which have been confirmed numerically. In 1 + 2
dimensions, the delocalization transition was shown to be
strongly first order. Nevertheless, the probability distri-
butions close to the transition point were found to decay
with characteristic power laws.
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In real systems, one often has bundles of many semi-
flexible polymers which are bound together by attractive
interactions. Examples are provided by bundles of actin fil-
aments or by symplexes of semi-flexible polyelectrolytes.
The size of these bundles is also governed by the com-
petition between attractive interactions and fluctuation-
induced repulsions of entropic origin. Therefore, such bun-
dles also undergo unbinding transitions as one varies a
control parameter such as, e.g., the temperature. A sys-
tematic study of these transitions remains to be done.

We thank C. Hiergeist and T. Hwa for useful discussions, and
J. Kierfeld for a critical reading of the manuscript.

Appendix A. Field-theoretic approach to
unbinding transitions

In this appendix we want to give a brief explanation of the
mapping between the field theory for a semi-flexible poly-
mer with short range interactions and the field theory for
a directed line or string with similar interactions. As ex-
plained in Section 2.3, this mapping allows the derivation
of the relations (18) and (19) for semi-flexible polymers by
translating the corresponding results as obtained in [17]
for directed lines.

A semi-flexible polymer subject to a short-ranged at-
traction is described by the energy functional

H[
] = H0[
] + g0
∫ L||

0

Φ0(t)[
] dt , (A.1)

with the interaction operator

Φ0(t)[
] = δ(
(t)). (A.2)

Due to the fact, that the semi-flexible polymer is stiff,
an interaction can in principle depend on the local orien-
tation of the polymer in an arbitrary way. It turns out
that the interaction relevant for the unbinding transition
is described by the local field

Π0(t)[
] ≡ δ(
(t))δ
(

d
(t)
dt

)
(A.3)

acting only if the polymers touch tangentially [16]. This
kind of interaction stems from the fact that a semi-flexible
polymer which crosses the potential well in several points
not too far away from each other is forced by its own
stiffness to stay tangential to the potential well. So any
noticeable (multi contact) interaction with the potential
well can only come from configurations where the poly-
mer is tangential to the well. This is exactly what the
additional factor δ(d
/dt(t)) in the interaction operator
Π0 describes. So we replace Φ0 by Π0 in (A.1) and work
with the energy functional

H[
] = H0[
] + h0
∫ L||

0

Π0(t)[
] dt. (A.4)

A perturbative expansion of, e.g., the free energy of this
problem will be a series in h0 with the coefficients ex-
pressed as integrals over expectation values of the form
〈Π0(t1)Π0(t2) . . . Π0(tn)〉0. The expectation values have
to be taken with respect to the free system at h0 = 0. Since
the polymer is one-dimensional we can always assume that
the “times” t1, t2, . . . , are ordered which makes calculat-
ing this expectation value very easy. Using the Markov
property of the path integral we simply get the product

〈Π0(t1)Π0(t2) . . . Π0(tn)〉0
=〈Π0(0)〉0Z0,t2−t1(0, 0|0, 0). . .Z0,tn−tn−1(0, 0|0, 0), (A.5)

over several of the propagators of the free system.
Now imagine doing the same operations for directed

lines. A free directed line is described by the energy func-
tional

HDP

0 [
] ≡
∫ L||

0

1
2

(
d

dt

)2

dt

and its unbinding transitions are described by

HDP
[
] = HDP

0 [
] + g
∫ L||

0

δ(
(t)) dt. (A.6)

Since the typical path of a directed line does not have a
well-defined slope its partition function (or propagator) is
already fixed by prescribing the starting and end position

(0) = 
0 and 
(L||) = 
1. It is defined by the path integral

ZDP
L|| (
1|
0) =

∫
D
 exp

(
−HDP

0 [
]
)
.

Evaluating this path integral gives for a d′⊥-dimensional
displacement field 
(t)

ZDP
L|| (
1|
0) =

(
1

2πL||

)d′
⊥/2

exp
[
− (
1 − 
0)2

2L||

]
. (A.7)

Calculating the perturbation expansion of (A.6) will
obviously give exactly the same series as the per-
turbation expansion of (A.4) except that each expec-
tation value 〈Π0(t1)Π0(t2) . . . Π0(tn)〉0 is replaced by
〈δ(
(t1)) . . . δ(
(tn))〉DP

0 . For the directed line these expec-
tation values also factorize giving

〈δ(
(t1)) . . . δ(
(tn))〉DP
0 =

〈δ(
(0))〉DP
0 ZDP

0,t2−t1(0|0) . . . ZDP
0,tn−tn−1

(0|0).

Comparing this with (A.5) we conclude that except for the
uninteresting global prefactor 〈Π0(0)〉 or 〈δ(
(0))〉DP

0 the
only difference between the perturbation theory describ-
ing the unbinding transition of a semi-flexible polymer and
the perturbation theory describing the unbinding transi-
tion of a directed line is the replacement of ZDP

0,t (0|0) by
Z0,t(0, 0|0, 0).

Looking at (10) we conclude that Z0,t(0, 0|0, 0) ∼ t−x

whereas (A.7) gives us ZDP
0,t (0|0) ∼ t−d′

⊥/2. So up to a
number which always can be absorbed into the definition
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of the coupling constants the perturbation series for the
unbinding transition of the semi-flexible polymer charac-
terized by the exponent x is term by term the same as the
perturbation series of directed lines in d′⊥ = 2x dimen-
sions. We therefore conclude that the phase transitions of
these two systems are equivalent. In particular, for semi-
flexible polymers with mutual attractions and no other
constraints like a hard wall, we get from (4) x = 2d⊥.
Therefore the unbinding transition for free semi-flexible
polymers in 1 + d⊥ dimensions is equivalent to the un-
binding transition of directed lines in 1 + 4d⊥ dimensions.
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