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0. Measurement 2+2+2=6 Punkte

a) We consider an ideal measurement of the observable A =
∑N

l=1 alPl (al are the eigenvalues
of A, Pl the projections on the eigenspaces) of a quantum system, which initially is in a
general state ρ. Show that, if the measurement outcome is not known, the state of the
system immediately after the measurement is

ρ′ =
N∑
l=1

PlρPl .

b) Now we consider a non-ideal measurement, in which an outcome al triggers a unitary trans-
formation Vl of the system’s state. Again, assume the measurement outcome is not known
and show that in this case the final state is

ρ′ =
N∑
l=1

MlρM
+
l ,

where Ml = VlPl. Verify

N∑
l=1

M+
l Ml = 1, pl = Tr(M+

l Mlρ) ,

where pl is the probability of measurement outcome al.
c) Specifically, we consider a non-ideal spin-z measurement

σz = |↑〉〈↑| − |↓〉〈↓| =
(
1 0
0 −1

)
on a spin-1/2 particle. In this measurement the outcome “↓” triggers

σx = |↓〉〈↑|+ |↑〉〈↓| =
(
0 1
1 0

)
,

while the outcome “↑” leaves the system unchanged. What is the final state ρ′ on measuring
a general initial state ρ ?
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1. A criterion for purity 4 Punkte

Let ρ be a density operator. Show that Tr(ρ2) ≤ 1, with equality if and only if ρ is a pure state.

2. Blochsphere 3+3+3=9 Punkte

Let ρ be the density operator of a general qubit state. The operator ρ represented as 2 × 2 matrix
w.r.t. to the orthonormal system {|0〉 , |1〉} then defines the density matrix ρ̂ of that state.
a) Show that ρ̂ can be written as

ρ̂ =
1

2
(1 + ~r · ~σ) ,

where the Bloch vector ~r is a real three-dimensional vector such that |~r| ≤ 1. ~σ = (σ2, σ2, σ3)
denote the standard Pauli matrices.

b) What are the Bloch vectors corresponding to pure qubit states |0〉, |1〉, |0〉+|1〉√
2

and |0〉+i|1〉√
2

?

What is the Bloch vector representing the state ρ = 1
21 ?

c) Show that ρ is pure if and only if |~r| = 1. Hint: Problem 1.

3. Entanglement 2+2+6=10 Punkte

We define a family of 2-qubit states |ψ(α)〉 ∈ HA ⊗HB for α ∈ R with 1
2 ≤ α ≤ 1 as

|ψ(α)〉 =
(α
2

) 1
2 |00〉+

(α
2

) 1
2 |11〉+

(
1− α
2

) 1
2

|01〉+
(
1− α
2

) 1
2

|10〉

a) You measure the first qubit. What is the probability of finding the measurement outcome
that corresponds to the |0〉 state for the first qubit?

b) If you indeed find this measurement outcome, what is the post-measurement state?
c) Show that |ψ(α)〉 is entangled for all values of α, except α = 1

2 . You are allowed to assume
that all amplitudes are real.
Hint 1: Assume that |ψ(α)〉 is a product state and work towards a contradiction for values
other than α = 1

2 .
Hint 2: Another option is to look at the Schmidt rank of |ψ(α)〉.
Hint 3: A third way is by looking at Tr(ρ2A). If this is your preferred way, also explain why
this is sufficient.
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