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16. Commutator 4 points

The Solovay-Kitaev theorem for efficient unitary approximation uses following relation for rotations
on the Bloch-sphere:
—1 -1
RS,S Rl,s R375 RLE = RQ,—EQ + 0(53)7

where R, = '@ . Verify this relation and give a geometrical interpretation of it.

17. Depolarizing channel 2+2+2=6 points

a) A quantum operation £ on a qubit is given by
1
Elp) = Z(p—i—XpX—l—YpY—I—ZpZ).

Show that
E)=1I, and EX)=E&Y)=&(Z)=0.

b) Use the Bloch-vector representation of a general qubit state p in order to show that the
operation & defined in a) satisfies £(p) = 1.
c) The depolarizing qubit channel is described by the map

E(p) =1 —plp + pé, (1)

where p € [0, 1]. Show that &, can be written in the form

3 p
Elp) = <1— 4p>p + o (XpX +YpY +ZpZ) .

18. Kraus-operator expansion 3+3=6 points
a) Give Kraus-operator expansions for the following two quantum operations on a quantum
system with Hilbert space H of dimension d:

G =)W (W eH),  Elp)=7T.



b) Quantum operations £ and F on a quantum system () are given by Kraus operators
Ei1,...,FEx and Fi,... Fy, respectively. Find Kraus-operator expansions for the quantum
operations £ o F and £ ® F.

[The operation £ ® F on Q ® Q is defined by £ ® F(p ® o) = E(p) ® F(o), and by linearity for
general density operators.]

19. Number of Kraus-operators 10 points

The Kraus-operators F1, ... Ex of a quantum operation £ on a quantum system () can be transformed
to an equivalent set of Kraus-operators Fi,... Fx by a unitary matrix U = (u),

F = ZUZkEk :
k

Use this fact in order to show that one can expand &£ with at most d? Kraus-operators, where d is
the dimension of the Hilbert space H.

[ Hints: Show that the matrix W := (Tr E;" E;);; is hermitian and of rank < d?, and thus can be unitarily
transformed to a diagonal matrix W = UWU* with at most d2 non-vanishing eigenvalues. Use U to transform
from {E}} to operators {F}} satisfying Tr F;' Fy,, = Wi, ]



